
FACTA UNIVERSITATIS  
Series: Automatic Control and Robotics Vol. 11, No 2, 2012, pp. 91 - 97 

A NOTE ON THE SMOOTHING FORMULATION OF MOVING 
HORIZON ESTIMATION  

UDC 681.5.01   621.372.852.1 

Morten Hovd 

Engineering Cybernetics Department, Norwegian University of Science and Technology, 
N-7491 Trondheim, Norway 

Abstract. This note points out two discrepancies in the formulation of the arrival cost in the 
smoothing formulation of Moving Horizon Estimation (MHE). The first is an apparent 
misprint in the expression for the arrival cost in [1], the second is that we cannot assume that 
the control inputs and the state excitation noise sequences are uncorrelated over the 
estimation horizon. 
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1. INTRODUCTION 

Model Predictive Control (MPC) has found wide application in the process industries [2]. 
The main reason for the popularity of MPC compared to other advanced control methods is 
commonly held to be its ability to handle constraints. Inspired by the success of MPC, Moving 
Horizon Estimation (MHE) - occasionally also termed Receding Horizon Estimation (RHE) - 
adopting similar constraint handling mechanism as MPC [3]. It may reasonably be argued that 
these constraint handling mechanisms are more systematic than the a posteriori ’clipping’ of the 
estimated states that is commonly used in the (E)KF to enforce state constraints. 

However, the focus in this note is not the constraint handling mechanism of MHE. 
Rather, we focus on the formulation of the ’arrival cost’ for MHE, i.e., the term in the objec-
tive function that accounts for the information received prior to the start of the estimation 
horizon. Weighting this information too heavily may cause convergence or instability prob-
lems, whereas too little weigh on this information may cause poor performance [4]. 

This note is organized as follows; Section 2 introduces the MHE formulation and the 
difference between the  filtering and  smoothing formulation of MHE. In Section 3 the 
arrival cost for the smoothing formulation is presented. Section 4 addresses the fact that 
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when considering the estimation problem over a horizon, the state excitation noise cannot 
be assumed to be independent from the control inputs - if the control inputs are 
determined using feedback from (estimated) states.  

2. MHE FORMULATION  

The state estimation problem is formulated as follows: 
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The noises w and v  are assumed to be zero mean, independent and normally distributed, 
with covariances W and V, respectively. Here constraints other than the model equations 
are ignored - although in the absence of such constraints there would seem to be little 
reason to use an MHE formulation instead of the much simpler Kalman filter. The 
variables x , w  and v  are defined as: 
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Remark: The above formulation reflects the situation where the estimation is performed  
before the MPC calculations for each timestep, i.e., when the MPC at time k is supplied 
with the state estimate xk|k. Thus, the MPC will be supplied with the a posteriori state 
estimate at time k. Likewise, the ˆk Nx   supplied to the state estimation at time k is (in the 
filtering formulation of the MHE) the  a posteriori state estimate obtained at time k  N, 
and the weight S (also for the filtering formulation) is the inverse of the  a posteriori 
Kalman filter covariance at time k  N. The information in the measurement equation for 
time k  N is therefore accounted for by ˆk Nx  , and the measurement ykN is therefore not 
included in the MHE. Instead, the measurement yk is included, as this is assumed to be 
available at time k. Other MHE formulations, such as the one used in [1], instead provide 
the a priori state estimate xk|k1, which leads to slight differences in the MHE formulation. 
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2.1. Filtering and smoothing formulations of the MHE 

The Kalman filter efficiently represents the ’prior knowledge’ using the  a priori and  
a posteriori state estimate covariance matrices together with the corresponding state 
estimates. Unfortunately, such a simple and exact representation of the prior knowledge 
(of what has occurred prior to the start of the backward-looking estimation horizon) is not 
readily available for MHE when constraints (or nonlinearity) are present. However, to 
simple approximations are available [5]: 
 The filtering formulation of MHE.  
 The smoothing formulation of MHE.  
Properties of these two formulations are discussed in [5, 1, 6], and stability analysis is 

provided in [4, 1]. 

2.1.1. The filtering formulation of MHE 

In the filtering formulation, the state estimate ˆk Nx   in (1) is the  a posteriori state 
estimate at time k  N, |k N k Nx   , and the corresponding weight S  is the inverse of the 
Kalman filter a posteriori covariance matrix at time k  N, i.e., 1

|= k N k NS 
  . This 

covariance matrix is easily available by running a Kalman filter covariance updates in 
parallel with the MHE - as this would incur a modest computational cost compared to the 
MHE optimization solution. If some transient performance loss is acceptable, the steady 
state Kalman filter covariance matrix may also be used. 

2.1.2. The smoothing formulation of MHE 

In the smoothing formulation, the state estimate ˆk Nx   in (1) is the  a posteriori state 
estimate of the state at time k  N available at time k  1, | 1k N kx   . The expression for the 
arrival cost weight S in (1) is more complex when using the smoothing formulation. This 
will be addressed in more detail in the next section. 

3. THE ARRIVAL COST IN THE SMOOTHING FORMULATION 

The term ˆ ˆ( ) ( )T
k N k N k N k Nx x S x x       in (1) is often termed the ’arrival cost’, as it 

represents the cost related to information from times prior to the estimation horizon. It is shown 
in [4], that the arrival cost weight S  in the smoothing formulation consists of two terms: 

1. One term reflecting the covariance of the smoothed estimate of ˆk Nx  , and  
2. One term preventing the measurement information inside the moving horizon to be 

used twice (both in the estimate ˆk Nx   supplied, and when performing the MHE calculations. 
The first term then corresponds to 1ˆ ˆ( ) ( )T

k N k N k N k Nx x S x x      , with 1
1 | 1= k N kS 

  , where 
| 1k N k   is the covariance of the smoothed estimate of k Nx   accounting for all measurements 

up to and including time k  1. The determination of | 1k N k   is described in,  e.g. [7]. 
To calculate the second term, we need the covariance of the estimate of the 

measurement sequence 
1 1 1=

TT T
N k N kY y y      , given k Nx  . 
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Manipulating the model equations, we get 
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 (2) 

Noting that 1NY   is independent of kv , this may be reformulated as 

 1 1 =N N k NY x Bu Ew Iv        (3) 

We are starting from a given xkN, and u is the vector of (known) plant inputs. YK1 is 
therefore the only uncertain term on the left hand side of ((3)). The variance of YK1 is 
therefore 

 1
2 = T TS EWE IVI       (4) 

where = d { }W iag W  and = d { }V iag V . The arrival cost for the smoothing formulation of 

the MHE therefore becomes: 
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 (5) 

This raises two points: 
1. The expression for S2 above yields a result that is slightly different from the one 

given in [1], there seems to be a slight misprint in that publication (the diagonal elements 
are the same, after accounting for changes in assumptions and nomenclature).  

2. The above derivation assumes u to be independent of both xkN and w. This is not 
the case. In the linear, unconstrained case u  is fully determined by xkN, w and v. For this 
situation, with a normal QP formulation of the MPC, the MPC will correspond to the LQ 
optimal controller. It therefore should be clarified how the arrival cost for the smoothing 
formulation should be modified to reflect this. This point is not clear from [1], since the 
problem statement therein does not include a manipulated variable u .  

The latter point is the subject of the next section. 
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4. ACCOUNTING FOR CONTROL IN THE CALCULATION OF THE ARRIVAL COST 

We here assume that a (’conventional’) QP-based MPC formulation is used, for which 
the controller in the unconstrained case corresponds to the LQ-optimal state feedback 
controller, denoted K. Similarly, the MHE formulation used in the unconstrained case 
corresponds to a Kalman filter, with steady-state filter gain L. The plant model, together 
with the (unconstrained) control and estimation, then yields 

 1| 1 | | |= ( ) = ( )k k k k k k k k k k k k kx Ax Bu L y Cx w A BK x Lv w          (6) 

Starting from a given value of k Nx  , we then obtain 
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Thus, we get 
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 (8) 

 1= K k N K K kKA x KB w KB Lv       (9) 

where = { }K diag K  and = { }L diag L . Substituting (9) into (3) we obtain 

 1 1 1( ) = ( ) ( )N N K k N K K kY KA x E KB w I KB L v              (10) 
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This corresponds to the arrival cost 
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with 
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4. DISCUSSION AND CONCLUSIONS 

This note addresses two issues related to the smmothing formulation of MHE. The 
arrival cost formulation in (11 - 12) is based on the unconstrained solution to the MPC 
and MHE problems. This has the advantage of using values that can be pre-computed at 
the design stage. On the other hand, the presence of constraints is the main reason for 
introducing MPC and MHE. It is well known from the theory of explicit MPC [8] that 
when constraints are active, the optimal input can be calculated as 

 =k i k iu K x k  (13) 

where the index i reflects the set of constraints that are active at the optimum of the MPC 
problem for the state xi. A similar expression can be derived for the optimal MHE solution 
when constraints are active. Whereas exploring the state space to find the explicit MPC 
controller (all the Ki ’s and ki’s) quickly becomes unmanageable even for modest size MPC 
problems, it would be possible to find the current Ki  and ki  quite easily when the solution to the 
current MPC problem is available. One could consider using this information in real time to 
find an improved version of (12). Conceptually, this should not be too hard, although it would 
add to the required notational complexity. A more challenging problem would be how to 
handle cases when the state is at the border between two different sets of active constraints, as 
in such cases the optimal input will not be differentiable with respect to the state. 

A more mundane - but nonetheless relevant - task for further work is to study the 
importance of the issues raised in this note, for realistic MPC/MHE problems. 
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NAPOMENA O UBLAŽENOJ FORMULACIJI ESTIMACIJE 
POKRETNOG HORIZONTA 

Morten Hovd 

Ovaj rad ukazuje na dva neslaganja u definisanju kriteriujumske funkcije u ublaženoj formulaciji 
estimacije pokretnog horizonta. Prvo neslaganje je očigledna greška u izrazu za kritierijumsku 
funkciju [1], dok je drugo u nepostojanju pretpostavke da su ulazni signali i  sekvence šuma za 
pobuđivanje stanja nekorelaisani na horizontu estimacije. 

Ključne reči: MPC, pokretni horizont, estimacija 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




