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THE VARIATIONAL PRINCIPLE FOR YANG-MILLS
EQUATION BY THE SEMI-INVERSE METHOD

UDC 517.9(045)

Hong-Mei Liu

College of Science, Donghua University, P.O. Box 471, 1882 Yan'an Xilu Road,
Shanghai 200051, China

Abstract. 4 variational principle is obtained for Yang-Mills equation by Ji-Huan He's
semi-inverse method, which is proved to be a powerful mathematical tool to the search
for a variational formulation directly from the field equations.
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In this paper we will study the coupled Yang-Mills equations in the forms [1]:
B’y —e’p’2’y =0, (1
B’ —ea’y’z=0, )

where o, B, e, and p are constants.

In order to search for a variational formulation for the above coupled equations, we
apply Ji-Huan He's semi-inverse method[3,4]. To this end, we construct the following
trial-functional with an unknown function F:

J(y.2)= j{%ﬁzy’z +oepity? +F}dx, 3

where F is an unknown function of z and/or its derivatives.

There exist many alternative approaches to constructing trial-functionals, illustrating
examples can be found in details in Refs. [5,6,7]. The advantage of the above trial-
functional lies on the fact that the stationary condition with respect to y results in Eq. (1).

Calculating the first order variation of the above functional, Eq. (3), with respect to z
yields the following Euler equation:
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where — is called variational derivative with respect to z, which is defined as
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We search for such an F so that Eq.(4) turns out to be one of the field equations,
Eq. (2), so we set
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from which we can immediately identify F in the form:

F=LP B : (6)

2 o

Finally we obtain the following variational principle:
Lo 1

J(.2)= [1-p2 4P B T ezpzzzyz dx (7)

2 2 o?

[Proof] Assuming that the values of y and z are prescribed on the boundary, i.e.,
dy = 8z = 0, and calculating variation of the above obtained functional, Eq.(7), we have

&](y,z)zﬁ‘[{%ﬁ 1o B —7 +2ezp222y2}dx
= J.{Bzy'Sy PP B 2’8z + ezpzzzyﬁy + ezpzzyzﬁz}dx
= J.{ B2y oy — 2 62+ezp222y5y+ezp22y252}dx

2n2

= J{— By ~e’p’2"y)oy - (pog

" —e’p’zy? )8z}dx =0.

In view of the arbitrary of dy and dz, we obtain the following Euler equations:

B2y —e’p’zly =0, ®)
2n2
pag’ 2 —epzy? =0. ©)

It is obvious that the system of Egs. (8) and (9) is equivalent to the original system of
Egs. (1) and (2).
From the obtained functional, Eq. (7), we can obtain the following Hamiltonian:
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zﬁy 7 o SePEy (10)

which is an invariant.

To conclude, we find the semi-inverse method proposed by He is a powerful

mathematical tool to the construction of variational formulations for physical problems.
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