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Abstract. Lately a big attention has been paid to the second order gauge connection, but the 
investigations are mostly restricted to the d-connection. Here this connection is generalized and 
a recurrent gauge connection is given on the manifold E n+m+l .  
Let us denote by TH(E),TV1(E),TV2(E) the subspaces of T(E) spanned by adapted bases, then 
T(E) = TH(E) ⊕ TV1(E) ⊕ TV2(E) = TH(E) ⊕ TV(E).  
If an almost complex structure J on the tangent space T(E) of the gauge E2n manifold and the 
fv (2k + 1,1) -structure on TV (E) are given, then the fh (2k + 1,1) -structure on the horizontal 
subspace is defined in the natural way. We can define the F(2k+1, 1)-structure on T(E) using 
fv (2k + 1,1) and fh (2k + 1,1). The condition for the reduction of the structural group of such 
manifolds is given. 
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Key words: Generalized connection, gauge connection, f-structure 

1. ADAPTED BASIS IN T(E) 

Let E be an n+m+l dimensional C ∞ manifold. Some point has coordinates (xi,y a,zp) 

and the allowable coordinate transformations are given by the equations 

)(     xxx ii ′′ = nhkji ,...,1,,,,     = ),(     yxyy aa ′′ = mnnedcba ++= ,...,1,,,,   (1.1) 

lmnmntsrqpzxzz pp ++++== ′′  ,...,1,,,,   ),(   
where 

.
z
zrank  ,

y
yrank ,xrank     p

p

a

ai

lmn
xi =⎥

⎦

⎤
⎢
⎣

⎡
∂
∂

=⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

=⎥
⎦

⎤
⎢
⎣

⎡
∂
∂ ′′′

 

Proposition 1. 1. The coordinate transformations of type (1.1) form a group. 

                                                           
  Received May 20, 2005 



92 J. NIKIĆ, I. ČOMIĆ 

If the functions  ),( yxN b
i ′′′
′ and ),( zxM p

i ′′′
′ satisfy the following law of transformation: 
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then the adapted basis of T(E) is B(N,M)= },,{ pai zyx ∂
∂

∂
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δ
δ , where 
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Let us denote by TH(E),TV1(E),TV2(E) the subspaces of T(E) spanned by 

}{},{},{ pai zyx ∂
∂

∂
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δ
δ respectively; then ).()()()(

21
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Putting ,),(,),( ia
i

ppia
i

aa dxyxMdzzdxyxNdyy +=δ+=δ the adapted basis 

},,{* pai zydxB δδ= of T ∗(E) is formed [3]. 
Orthogonality of the subspaces of T(E). The metric tensor G in E is a symmetric, 

positive definite tensor of type (0, 2). 
In the adapted dual basis B* = {dxi, δya, δyb}of T*(E) the metric tensor G has the 

following components 
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Proposition 1.2. If TH(E), TV1(E) and TV2(E) are mutually orthogonal spaces with 
respect to the metric tensor G, then 
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where pjiqajibirrjiccjij ggggggggg ,,,,,;,, are components of the metric in the natural 
basis. 

Theorem 1.1. If TH(E), TV1(E) and TV2(E) are mutually orthogonal with respect to the 
metric tensor G given by (1.5), then: 
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Proposition 1.3. The nonlinear connections c
iN and r

jM determined by (1.8) satisfy 
the transformation laws (1.2) and (1.3). 
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2. GAUGE COVARIANT DERIVATIVES OF THE SECOND ORDER 

Let ∇ : T(E) × T(E) → T(E) (× is Descarte’s product) be a usual linear connection, 
such as that ∇ : (X,Y) → ∇XY ∈ T(E), ∀X,Y ∈ T(E) The operator ∇ is called the generalized 
gauge connection of the second order. It is called d-gauge connection of the second order 
if ∇XY is in  TH(E),TV1(E),TV2(E) if Y is in TH(E),TV1(E),TV2(E) respectively ∀X ∈ T(E) It 
has been studied by many authors, mostly Romanian geometers. 

We shall suppose that on E the metric tensor G is given by (1.5) ([5], [6]). 
If we form the adapted basis B* using the nonlinear connection coefficients 

determined by (1.8), as functions of the metric tensor G and suppose that TV1is orthogonal 
to TV2, then according to Theorem 1.1 in this basis the metric tensor (1.5) has the form : 
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Definition 2.1. The generalized gauge connection ∇ of the second order is defined by 

 γ,
γ
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       (2.2) 

where ,,...,1,...,, lmn ++=γβα and α∂ are elements of the adapted basis B [4]. 
Theorem 2.1. If the vector field X, Y expressed in B have the form 
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Theorem 2.2. The covariant derivatives are transformed as tensors if all connection 
coefficients are transformed as tensors except 
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3. RECURRENT GAUGE CONNECTION OF SECOND ORDER 

In the following we shall use such adapted basis B* in which the nonlinear 
connections are given by (1.8) and the metric tensor G has the form (2.1). 

Definition (3.1) The generalized gauge connection ∇ of the second order is recurrent 
(metric) if 

 ),0(        ,, =ω= γαβαβγγαβ ggg  (3.1) 

where s
s

a
a

h
h zydx δω+δω+ω=ω is a 1-form in T*(E) and  
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Theorem 3.1. The connection coefficients of the recurrent gauge connection of the 
second order are determined by 
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From (2.1) and (3.1) follows gaj,γ = 0, gpj,γ = 0, gaq,γ = 0, where γ = i or γ = b or γ = s. 
Theorem 3.2. The connection coefficients of the metric  gauge connection of the 

second order are given by ).~(2 αχβακβ
κγγ

αβ +γ=Γ Tg  

4. )1,12( +kf -STRUCTURES 

Let in (1.1) m + l = n, then dimTH(E) = n = dim(TV1(E) ⊕ TV2(E)) = dimTV(E) TH(E) is the 
subspace spanned by {δi}, i = 1,...,n and the subspace TV(E) is spanned by .},{ inii +=∂  

Let X ∈ T(E) then i
i

i
i XXX ∂+δ= and the automorphism ))((: ETP ℵ  ))(( ETℵ→ defined 

by ,)(,)(, iiiii
i

i
i PPXXPX ∂=δδ=∂∂+δ= is the natural almost product structure on T(E)i.e. 

P2 = I If we denote by v and h the projection morphism of T(E) to TV (E) and TH (E) 
respectively, we have PvhP oo = [1]. 

The automorphism iiiii
i

i
i JJXXJX δ−=∂∂=δ∂+δ−= )(,)(, is the natural almost 

complex structure on T(E). 
Definition 4.1. We call metric vertical fv(2k + 1,1) -structure of rank r onTV (E) a non-

null tensor field fv of type (1.1) and of class C ∞  such  that ,,012 Nkff v
k

v ∈=++ and rank 
fv = r, where r is constant everywhere. 
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Definition 4.2. We call metric horizontal fh (2k + 1,1) structure on TH (E) a non-null 
tensor field fh on TH (E) of type (1.1) of class ∞C satisfying ,,012 Nkff h

k
h ∈=++ rank 

fh = r where r is constant everywhere. 
An F (2k + 1,1) -structure on T(E) is a non-null tensor field F of type ( )11

11  such that 
F 2k+1 + F = 0, k ∈ N  rank = F = 2r const. 

For our study it is very convenient to consider fv or fh as morhisms of vector bundles. 
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Let fv be a metric vertical fv (2k + 1,1) -structure of rank r. We define the morphisms 
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applied to the ℵ(TV(E)) are complementary projection morphisms, then there exist 
complementary distributions VL and VM corresponding to the projection morphisms 1 
and m respectively such that dimVL = r and dimVM = n − r. 

It is easy to see that 
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Proposition 4.1. If a metric fv (2k + 1,1) -structure if rank r is defined on TV (E) ,then 
the horizontal fh (2k + 1,1) structure of rank r is defined on TH (E) by the natural almost 
product structure of T(E), as fp  or by the natural almost complex structure of T(E), as fj  

Proof. If we put 
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and rank fp = rank fj = r. It is easy to see that fp = fj = fh 
Proposition 4.2. If a metric fv (2k + 1,1) -structure of rank r is defined on TV (E), then 

an Fp (2k + 1,1) -structure or Fj (2k + 1,1) -structure are defined on T(E) by the natural 
almost product or natural almost complex structure of T(E). 
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If Lp, Mp are complementary projection morphisms of the Fp (2k + 1,1) structure on 
T(E), then we have 
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Thus, if there is a given  metric fv (2k + 1,1) -structure on TV (E) of rank r, then there 
exist complementary distributions HLp, HMp of TH (E), corresponding to the morphisms 
1p, mpsuch that 
 .,    PVMHMPVLHL pp ==  (4.4) 

Thus we have the decomposition T(E) = TH(E) ⊕ TV(E) = PVL ⊕ PVM ⊕ VL ⊕ VM.  
If TLp, TMpdenote complementary distributions corresponding to the morphisms Lp, 

Mp respectively, then from (4.3) and (4.4) we have 

VMPVMTMVLPVLTL pp ⊕=⊕= , [2]. 

Let g be a pseudo-Riemannian metric tensor, which is symmetric, bilinear and non-
degenerate on TV (E).  

)).(())(()((: ETETETg VV Φ→ℵ×ℵ  

(For example g can be the vertical part of metric structure G). 
The mapping  
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which is defined by 
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is a pseudo-Riemannian structure on T(E) such that 

a(X,Y) = 0, ∀X ∈ ℵ(T(VL), Y ∈ ℵ(T(VM) 

Theorem 4.1. If a metric fv (2k + 1,1) –structure k ≥ 1 of rank r is defined on TV (E) 
then there exists a pseudo-Riemannian structure of TV (E) with respect to which 
complementary distributions VL and VM are orthogonal and fv is an isometry on TV (E) 

Proof: If we put 
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Using (4.1) we get 
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Thus fv is an isometry with respect to g. 
Let )),(( VLTX ℵ∈ then ))((,...,, 22 VLTXfXfXf k

vvv ℵ∈  and 
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).,(),(...),(),( 21 XXfgXfXfgXfXfgXfXg k
v
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v

k
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k
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k
v −==== +  

Consequently   0),(...),(),( 21 ==== + XfXfgXfXfgXfXg k
v

k
v

k
vv

k
v and r = 2ks. 

Thus we can choose in ℵ(T(VL)) r = 2ks mutually orthogonal unit vector fields such as 
that sXXf +αα =)(  ,)12(,...,2,1 sk −=α  ,)12()( α+−−α −= skXXf  .2,...,1)12( kssk +−=α  

An adapted frame of the metric fv (2k + 1,1) -structure on TV (E) is the orhogonal 
frame R = {Xσ,Xρ}where Xρis an orthogonal frame of ℵ(T(VM)).  

Let },{ ρσ= XXR be another adapted frame of the metric fv (2k + 1,1) -structure and 

,ARR =  then orthogonal matrix A is an element of the group )2()( ksnks OU −× [2]. 
Theorem 4.2. A necessary and sufficient condition for TV (E) to admit metric 

fv (2k + 1,1) -structure, k ≥ 1 of rank r is that r=2ks, k = 2q and the structure group of the 
tangent bundle of the manifold is to be reduced to the group U(ks) × O(n-2ks).  

We can define a mapping gp: 

),,(),( PYPXgYXg p =      )).((, ETYX Hℵ∈∀  

gp is a metric structure on TH (E) Using (4.4), the distributions HLp, HMp are 
orthogonal with respect to gp and the horizontal fp (2k + 1,1) -structure which is defined 
by fp X = Pfv PX, ∀X ∈ ℵ(TH(E)) is an isometry on TH (E) with respect to gp. 

Proposition 4.3. If {Xα,Xβ} is an adapted frame of a given metric fv (2k + 1,1) -
structure fv on TV (E) with respect to g, then the frame {PXσ,PXρ} is an adapted frame of 
the horizontal fp (2k + 1,1) -structure with respect to g. 

It is clear that the frames {PXσ,PXρ,Xσ,Xρ} are adapted frames to the decomposition 
.)( VMVLHMHLET pp ⊕⊕⊕=  

Theorem 4.3. Of a metric fv (2k + 1,1) - structure is defined on TV (E) with pseudo-
Riemannian structure g, then the structure group of the tangent bundle on T(E) is 
reduced to U(ks) × O(n-2ks) ) × U(ks) × O(n-2ks).  
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REKURENTNE I METRIČKE KONEKSIJE I F-STRUKTURE U 
METRIČKIM PROSTORIMA DRUGOG REDA  

Jovanka Nikić, Irena Čomić 

Skoro kompleksna struktura J je data na tangentnom prostoru mnogostrukosti E dimenzije 2n i 
data je u vertikalnom tangentnom prostoru TV(E) struktura fV(2k+1, 1). Tada se na prirodan način 
može dobiti na horizontalnom prostoru TH(E) struktura istog tipa fH(2k+1, 1), pa i na celom 
tangentnom prostoru T(E) struktura f(2k+1, 1). Dobijen je potreban i dovoljan uslov za redukciju 
strukturne grupe mnogostrukosti da bi se ona mogla snabdeti f(2k+1, 1) – strukturom. 

U ovakvom prostoru ispitivane su koneksije i izvršena je generalizacija d – koneksije 

Ključne reči: generalizovana koneksija, gauge koneksija, f – struktura 
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