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Abstract. Correctness of the theory of “homogeneous formalism” in celestial
mechanics is considered. It is shown that the equations (0.1a) do not include, in the
classical mechanics, the ‘“canonical forces” Q°. Then the relation p,=-H is

abandoned and, instead of it, the existence of the momentum Po ::% = agy q-O +ag; q-j
q

is established. Consequently, instead of the differential equations (0.1a) and (0.1b),
appear the differential equations of motion (3.7a) and (3.7b).

Keywords: celestial mechanics, homogeneous formalism, “rheonomic coordinate”
concept

1. INTRODUCTION

A theory known as a homogeneous formalism, where the time is used as n + 1'th
coordinate (¢”:=1) and the corresponding generalized momentum as the negative
Hamilton's function H (py:=-H), is very wide-spread in the classical analytical
mechanics and theoretical physics. This concept can be seen in some valuable works of
celestial mechanics too, where one can find, inter alias, a system of 2n + 2 canonical
differential equations of motion of the celestial bodies in the form'.

. 0H
¢ =5 =07 (q=1g".q' " OMT =N, (1.12)
Pa
. 0H *
Pa :_aq: +Pﬂ (p = {Po’le-’pn}DT N)’ (1lb)
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with “canonical forces” Q% and P® (s. for example [1] or [2]); the homogeneous
Hamiltonian A, = H + py is a first integral.
As the concept

=1, (1.2)

po=-H, (1.3)

can be considered as “a far reaching analogy” [3], we shall look for its meaning on the
basis of the axioms and principles of classical mechanics.

2. MECHANICAL CANONICAL SYSTEMS

We shall consider the motion of a celestial body as a material point (of mass m)
motion with respect to the point O. The position vector is* r=: y'e;=y'ei+ 12e,+ e,
where e =: {e], e, €3} are mutually orthogonal unit basis vectors, de/dt=0, and
y=:{y',»%,y’}0E’ are cartesian rectilinear coordinates. We accept Descartes’ primeval
notion and Newton’s definition of the momentum p as a product of the mass m and the

velocity v =j'e; R, i.e.

p=mv=my'e; (i=123) 2.1)

The vector p projection on the coordinate axis p; =pl¢; =m6ijy" is also called the

momentum. However, with respect to another, curvilinear coordinate system
X = {xl,xz, x3}, the form of this covariant momentum coordinate will be somewhat
complex. Namely, if the mapping y « x is one-to-one correspondence (i.e. if |0y/0x|Z0),
we can write
dr Or . k -k
p=m—=m—-X =mg;x (k=1,2,3), 2.2)
dt ox

where x = d_X ={x',x*,%°}" are the generalized velocities, and {g|.g,.83} are the basis
t

vectors for the system x. By taking the scalar product of (2.2) with the vectors g; we
obtain the generalized momenta

p; = ga()", (23)
where
or _or ' oy ..
() =m—O—=md, =——— i, j,k,01=1273
&) ax/ oxk " oxd oxt & )

is the inertial tensor. The same covariant form of momenta we meet in the body rotation
description. Hence, the momenta p of celestial bodies are the homogeneous linear
functions of the generalized velocities. At the classics like Lagrange, Jacobi, Hamilton,
Helmholtz... we find that

? Einstein’s summation convention for diagonally repeated indices will be used.
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_or

= oL
A%/

P (2.4)

Pj:

but the kinetic energy 7 = 7 giix’x/ and the kinetic potential L = T'- V(x) are assigned in

advance and are in full accordance with the equations (2.3). Sinse always |g;| # 0, from
the equations (2.3) it follows

W=glp,, (2.5)

where g” is the contravariant inertial tensor.
If we introduce the Hamilton's function H = T + V, without difficulty reducible to the
form

1
H= Eg”pipj +V(x), (2.6)
the fundamental equations of motion
my' = —6—7+E* (2.7)
oy’
can be written in the canonical form
w =9 , (2.82)
op;
Y, H *
p' =—a—.+P,» , (2.8b)
ox'

where P = F ; B:;Li are any non-potential forces.
X

1

As we can see, the equations (2.8a) do not contain any “canonical forces” QY
appearing in the equations (1.1a). So, the classical mechanics does not introduce the
“canonical forces” Q° into equations (0.1a), nor py = -H is established.

This can be proved for the most general form of the canonical equations ([4], [5])

. oH .
¢ = . @" =a®(9)pp). (2.92)
a
. oH "
pa = _aq—a + Pa , (29b)

where g =: {¢°¢"...., ¢"}OM """ =: N are the generalized coordinates and p =: {p"p"...., p"}
OT'N  the corresponding momenta. “Rheonomic coordinate” ¢°= 1(K,f) is a known
function of time, obtained from the existing constraints of the system, and

Po = aoqq™ =agd’ +ag ' +...+ay,q" # —H . Hamiltonian H is here too (as in classical

mechanics) equal to the mechanical energys, i.e.
H :T+V:%aaﬁpap/3+V(q):E (2.10)

It should be noted that Hamilton's equations (1.1) are not fundamental, primeval
relations of dynamics, but arise as the consequences of Newton's equations
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%ﬂv =grad V +F, (v=1..,N) @2.11)

or follow (by means of Legendre's transformations) from the Lagrange's equations

* N £
4oL o _p SF, o (2.12)
dt 0g"  0q” e=T

or are, finally, obtained from the variational principle (6)
f g
[(6 L+ P8 q%)dt = [[8(pag® = L)+ Fy0 ¢ dt (2.13)
to 1,

where L is introduced in [4] and [5].

Therefore, none of the starting relations (2.11), (2.12) and (2.13) do not contain any
other non-potential forces, except the forces P; . The relations (1.1a), (2.8a) or (2.9a) are
nothing else then the part of the following Legendre's transformations

0L o _0H
FYC 0py

In essence, this is the relation between the momentum p and the velocity z, as it can
be seen from the equations (2.3) or (2.5).

It has been demonstrated in the paper [5] that O from the equations (1.1a) can not be
the perturbational forces either. The functions Q% can appear only as the consequences of
the various transformations, but in that case too it is already known which functions are
transformed and with which transformations.

H=p.4" - L¢®.¢%.0) , po (2.14)

2 CANONICAL TRANSFORMATIONS

It is known that Hamilton's equations of homogeneous form
i _OH . _ O0H

=5 pi = aql

; 3.1
o, G.1)

are invariant under the canonical transformations
g =f'E.n" . p=0;E".n". (3.2)

Namely, with respect to the transformations (3.2) the differential equations of motion
have the same form as (3.1), i.e.

E ﬁ > 1 a_fl
where H = H(&,n,t)= H(q(&,n), p(€,n), t).

However, non-homogeneous equations of motion (2.8) or (2.9) are not invariant under
the transformations (3.2). Really, substituting equations (3.2) in the non-homogeneous
equations

_0H . _ O0H



On the Homogenous Formalism in Celestial Mechanics 405

.i _O0H
f=—, 3.3
o, (3.32)
b=-2Tep, (3.3
oq'
and composing them with 99, and L respectivelly, we obtain
ony U
Uor’ 0¢, ;;  of' 0¢, . U_0H o,
Df ¢1 E,/ + f ¢1 nj[l: ¢l (343)
&/ ony on; on, g5 Op; 0Ny
Y. Caci 0O i . o
09, o' ¢y, 00 0" O _OH Y 0 (.40

@&/ on, on; on, '/E aq' an, " an,

By subtracting equations (3.4a) and (3.4b), having in mind the properties of Lagrange
- brackets

o' o' 08,55

(€7, 1:=) ; ; ‘
’ gon, oo’y
and putting
ék = P*ﬂ
O (3.5)
we obtain the equations
. . 0H —
;&= & =—-0" (3.62)
ony
. . .09, of'
In the same way, composing equations (3.3a) and (3.3b) with F and F
respectivelly, we obtain the equations
. 0H  —=
=——+P, s 3.6b
M ok k (3.6b)
where B, :Pl*aL
Sk

Obviously, the equations (3.6), obtained by the canonical transformations of the
equations (3.3), are not of the same form as (3.3) (cf. (3.3a) and (3.6a)). Only in the case
of the canonical transformations of the form

qi =fi(fj) > Di =¢i(£j,’7k)

the equations (3.3) are invariant, in view of the fact that the “forces™ (3.5) disappear.
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3. HOMOGENEOUS FORMALISM VERSUS “RHEONOMIC COORDINATE” CONCEPT

As we have pointed out at the very beginning of the paper, the fundamental point of
view is now taken in the general canonical theory by introducing the (n + 1)’th coordinate
x°, coinciding with the independent variable 7. The (n + 1)’th momentum p,, conjugate to
x", is introduced, as it is well known, by p,=-H(f). In Hamilton’s and Jacobi’s
mechanics, as well as at the other classics, the Hamiltonian H is usually defined by the
relations (2.14) or, what is the same, by (2.6). As a natural scalar invariant, it should be
invariant under any mathematical transformations. However, in the standard analytical
mechanics of the system with time-dependent constraints, the kinetic energy is not a
homogeneous quadratic form, but the sum of three forms 7 (s = 0,1,2) with the degree of
homogeneity s, i.e.

1 i N
T=T,+T, +T =Ea,»j(q,t)q G’ +b;(q.1)q" +c(q,1). 4.1

For these systems the Hamiltonian reduces to the form (s. for example [3])
H=T,-T,+V #E. (4.2)

Obviously, the invariance of the energy is violated.

On the other side, if on the base of the system time-dependent constraints we assume
1(k,t) -as a prescribed function of the time 7 and a parameter £-to be an supplementary,
auxiliary coordinate ¢° = 1(k,f), then the kinetic energy, instead of (3.1), represents a
homogeneous quadratic form [4]

1 a-
T=_agq"q" (4.3)
where
N or Or. 0 1 n
g = Y m, —=F—"~=a,(Gq .9 ,.-,q")
Uﬂ \Zl aqa aqﬁ Uﬂ

is the inertial tensor. It follows immediately that the momenta have the same form as in
(2.3),i.e.

L T . . L
pi = :_, = g_, = 44" = aioqo + a;’,‘qj > (4.4a)
q q
oL _aT . . L
Do :6_'0:6_'0:a0aqa = agg” +ay;q’ . (4.4b)
q q

It is easy to show that now, on the base of the definition (2.14), the Hamiltonian H is
equal to the mechanical energy

oL
9g°

just as in the classical formulation (2.6). This is, in fact, in literature frequently
encountered the “new” Hamiltonian H), depending of 2n + 2 variables ([4], [5])

H =

¢ -L=p,g°-L=2T—(T-V)=E, (4.5)

H,(0",q" 0" Pos Proes P0) = H(G 1 o5 Proes D) + Dy - (4.6)

Really, if we suppose, as it is usual in the homogeneous formalism, that ¢°=1t
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(- q'o =1), on the base of (1.4) and (3.1) we obtain py= T,+27,. Substitution of this
expression and (3.2) in (3.6) gives
H, =T, ~Ty+V +T, +2T, =T, +T, + Ty +V =T +V = E ,
which was to be proved.
Further, from the relations (3.3) and ¢% = % pp it follows

B

1
vpv =—at

1 .q - 1
T:—aaﬁqaqﬁ :Eaaﬁaa“pua 2

5 PuDy

and then

1w
H =5a“ pup, V.

If we write the function V(¢°,q",....¢") in the form V = M q°.q",...qg")+P(q"),
where P =IR0 (qo)dq0 is the “rhenomic potential” [4], and the function H in the form

H=T+N+P¢")=H(q",q",...q"; pos P1»-r p,) + P(q"), the equations (2.9) can be
write down in the following way

PUSLL (4.72)
op; dpy
p=-2ip == p, (3.7b)
oq' 0q
* N * al'
where Fy =P ,and Fy =35 _F, GB_B .
q

Now it is clear, similarly as in the equations (2.8a) and (2.9a), that the equations
(4.7a) are nothing else than the relations between the generalized velocities and the
generalized momenta, and therefore they do not contain any “canonical forces”. In the
like manner, it becomes evident that now the momentum coordinate pj is not equal to the
negative Hamiltonian nor H = 0, as it is proved in the paper [7], too.

Finally, it should be noted that the Leone's method [2]) fits in our concept of the
“rhenomic coordinate” and the corresponding momentum (4.4b).
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O HOMOGENOM FORMALIZMU U NEBESKOJ MEHANICI
V. Vuji-i}, Z. Dra{kovi}

Komentarise se valjanost teorije “homogenog formalizma” u nebeskoj mehanici. Pokazuje se
da u klasi¢noj mehanici jednacine (0.1a) ne sadr’e “kanonske sile” Q°. Zatim se napusta relacija

po=-H i umesto nje pokazuje se da postoji impuls Stoga umesto

_BT _ .0 -j
Po=—g=a0q *agq "
0q ’

diferencijalnih jednacina (0.1a) i (0.1b) egzistiraju diferencijalne jednacine kretanja (3.7a) i
(3.7h).

Kljuéne reéi. nebeska mehanika, homogeni formalizam, koncept “reonommne koordinate”.



