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DISCRETE-TIME VARIABLE STRUCTURE CONTROLLER
SYNTHESIS FOR OBJECTS WITH FINITE ZEROS

UDC: 62-52

Olivera Iskrenovi¢-Momcilovié¢

Institute IRIN, Ni§, Yugoslavia

Abstract. The paper deals with the control of n-th order objects with finite zeros in the
transfer function. Control signal is formed on the basis of the discrete-time values of
the error signal and its derivatives using variable structure control algorithm. The
structure commutation law process is realized on the base of smaller sample period,
which is neglected. Only regulator type of system will be analyzed. For the considered
discrete-time variable structure systems mathematical model is given and the general
quasi-sliding mode existence conditions on the switching hyperplane are derived.

1. INTRODUCTION

The variable structure system (VSS) is a special type of nonlinear systems
characterized by a discontinuous control action which changes the system structure upon
state reaching a set of switching surfaces. The VSS theory was developed in Russia by S.
Emel'yanov [2], V. Utkin [3] and their co-workers. From nearly fifteen years ago the VSS
theory was widely applied in the West to the design of practical control systems. The
main advantage of VSS is its insensitivity of plant parameter variations and external
disturbances. Up to 1980. the theory of analogous VSS was studied only. Microprocessor
based control systems, as it is well known, are widely used in a great number of
applications as a flexible, reliable and not expensive solution. However, the control
design implementation by digital computers requires a certain sampling interval which
may bring chattering along the switching surface and cause instability. The discrete-time
VSS theory is in a studding phase. Up to now a few published results, in English
language, which deals with discrete-time VSS are known: Dote, et. al. [4], Milosavljevic
[5, 6, 7], Furuta [8], Chan [9], Sira-Ramirez [10], Bartolini [11], Wang and Wu [12],
Gao [13].

There were no attempts in the stated papers in the field of discrete-time VSS to
analyze the possibilities of implementing sliding modes (quasi-sliding modes), when the
object has finite zeros. The problem of implementing sliding modes in analogue VSS,
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when the object has finite zeros, has been discussed in several papers, the results of
which have been summed up in monographs [2], [3]. It was pointed out there that due to
the differentiable features of the object the sliding mode could not be implemented by the
control, suffering from break, which is characteristic of VSS. Because of that, three
methods of implementing VSS with sliding operating modes were proposed:

(i) to decompose the starting system to the noncontrollable and controllable part by
introducing the output variable differentials so that the sliding mode can be organized in
the controllable subspace [3];

(i1) to use method of model reference control [11];

(iii) the control break signal to be previously passed through the first order low-pass
filters cascade; if the object parameters are variable, then the cascade of these filters is
also encompassed by the commutation feedback [1, 2] (Fig.1.).

An attempt will be made in this paper to unite the approaches of obtaining conditions
of the quasi-sliding mode existence in the discrete-time VSS without finite zeros from [5,
6, 7] and introducing the commutation low-pass filters cascade from [1, 2]. In principle,
the impossibility of using digital low-pass filters cascade instead of those analogous
should then be pointed out. The reason lies in the fact that, due to the continuous object,
the coupling between the filter output and the object input would be realized by means of
a D/A converter. A D/A converter, as we know, gives a signal at the output with the first
order breaks, which would, considering differentiable features of the object, result in
problems which in VSS are resolved by introducing a commutation filter. Thus, a
system, with analogous commutation filters and a variable structure digital regulator will
be discussed as shown in Fig. 1.

A mathematical system model in analogous-discrete and fully discrete forms is given
in the second part of the paper, while conditions of the quasi-sliding mode existence on
the selected sliding hyperplane are determined. Then, an illustrative example is given.
Detailed mathematical derivations to obtain a discrete mathematical model of the system
discussed and derivations of the quasi-sliding mode existence are given in the appendix
to this paper.

2. PROBLEM STATEMENT

The system block diagram to be analyzed is shown in Fig. 1. It is supposed that all
necessary information of the plant are accessible for measurement. The problem of
measuring required state coordinates is a general one, which is also present in the system
without finite zeros. Generally, it can be practically resolved by using an observer.
Because of that, we will further suppose that the object is controllable and fully
observable. The variable structure system formatter is the system structure commutator
which is digital. Dual rate sampling periods assumed: large (T), in the process of the
control signal formation and small (Ts), in the process of obtaining switching conditions.
It is assumed that Ts<<T and the effects of small sampling-time (Ts) will be neglected
for further analysis. Because of phase trajectories bricking as a consequence of
differentiability of plant, we should use the method of eliminating finite zeros influence
in the object transfer function by introducing additional commutation filters of adequate
time constants proposed by Kostylova [1].
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Fig.1. Variable structure control system block diagram

The systemes type regulator (7 = const ) is analysed in this paper. Let us adopt » = 0.
Mathematical model of the plant (Fig.1.) was given in the form:

X(1) = AX(¢) + bu(?)
y(0) = dx(?)
where: X(¢) OR" - the object state vector in the phase space,

)

y(¢) R - the object (system) output variable,
u(t) R - the controll signal,

_ I o
A=Q l_x(n ) An=-Dx(n- 1) - [_ —-as ... a, ],
D a] alx(”l -1) D

b= %D(,, 1yx1 O d [dl d2 67m]
0 D

a;,i= 1,...,n;,d_j,j =1,..,m;m<n -the objects parameters.
Let us adopt as new the state coordinates of the system in Fig.1. :
x; =e -the system error
xX; = e - the i-th derivative of the system error
which can be expressed by the following relations :
X, =e=r—y=-dx
n-l1

=e = -y = —gA"'x - zEX’”‘f*EuU‘”; i=1l..,n
J=1

or x=-Qx —Eu 2)
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where: X=[x X x,1, u=[u" u? u'™]
Od O O 0 0 00

o— 0O O = t

o=09A Og_o db o 00

S;. % S_EAb db .. ...E

RA"™'§ @A™ b dA™b .. dbf

Taking into consideration relations (2), expressions for x and x, assume the forms :
x=-Q'x-EQ'u

m-1
%, =dA"Q'x+dA""'EQ u- > dA" 7y )
=

The mathematical model of the system in the new state coordinates system has the
following form :
X, =xqi=12,.n-1
m-1
%, =dA"Q'x +dA"'EQ 'u - ZEX’”‘-"‘1M<-/'>
J=1

ex; =xi=12,.n-1

- n m (1) _ 3
xn:—Zaixi—zlbjuj 5 a;=a;b; =b;
= =

Based on relations (1) i (3), it can be concluded that the transformation matrix for
transition from the mathematical model of the plant to the mathematical model of the
system in the new state coordinate system is the unit matrix. From the practical point of
view it means that the system error signal and its differential are not accessible for
measuring purposes, the corresponding object state coordinates can be applied. If the
required object state coordinates are not accessible for immediate measuring, some of the
known methods for the object state reconstruction (observer) can be applied.

We should use the method of eliminatimg finite zeros influence by introducing
additional analoguos filters (aperiodical elements of the first order) of adequate time
constants, proposed by Kostyleva [1]. Mathematical model of the given system with
additional filters (Fig.1) was given in the next form [1, 2]":

' To complete the paper, a method of obtaining this mathematical model, taken over from [2], is given in
Appendix].
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X; =x;i=12,.n-1;

n m=2 m-1
X, = _IZI a;x; = ;(;bm A; i)z~ 4)

m-1

z (bisi Aoy +b1)2 =y Ay 203

1 1
Aj,i+1 = Aj—l,i T_ - Aj,i T—;
m—j m—j-1 (5)
Ay = ! A, = ! A =0, 4 =0;
0,1 =~ > L1 = > -1, — V> i+l =Y
Tm—l Tm—l "
n-1 m-1
29 =y W (k1) +y ®,z,(kT); (6)
i=1 i=T

[, (kT )g(kTs)>0
W= Jorx;(kTs)g(kT) T :z’T>> Ty - 0,d ON; (7
B\ forx (kT)g(kTy)<0™* ~ d

_ Ly, forz;(kT)g(kTs)>0

®:=0 ®)
W Sforz,(kTs)g(kTs)< 0
g(kTg) = zcixi (kTg),c; =const >0,i =1,2,.n—1,c, =1, 9)
i=T
where :
i min < 4 < Ajmax > i=12,---n; '
. are objects parameters.
bjminSbijjmax’ Jj=12,...m;

Discrete-time VSS controller parameters ¢, @, A, i=12,.n-1 and y, W,
j=12,..m- should be determined so that the zigzag (quasi-sliding) movement mode
will occur in the system.

3. DETERMINING THE DISCRETE-TIME VSS CONTROLLER PARAMETERS

The discrete-time mathematical model of the given system may be obtained in this
form :
x[(k + )T =H(a,b,T)x(kT) + L(a,b, T)z(kT), (10)
where :
thy, h,0 p=12.n-1,

H= o, . (11)
i,p Hi,n Dl,n 1= 2,3,71,
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1 2 3
OLiy  Lipa L, B i=12 .m-2
L=0! L2 Lo,0 . j=mm+l (12)
a :

m—1,q m—1,m-1

1 2 3 O - _
ELj,q L% L’ an q=12,..m-2

The elements of matrices H and L are given in Appendix 2.
Sufficient conditions of the zig-zag mode existence on the hyperplane g=c'x=0 were
derived in [5,6,7] in the form:

lim Ag(kT)<O, lim Ag(kT)=0; (13)
g(kT) 0" g(kT) -0~
n
g(kT) = Y ¢; x;(kT) =¢" x(kT), k =0,1.2,...n; (14)
i=1
Ag(kT) = g((k +1)T) —g(kT). (15)

Taking into consideration relations (10) and (14), expression (15) assumes the form
of (16) :

Ag(kT) =c"[H - 1x(kT) + ¢" Lz(kT)

(16)
= cDx(kT) +cLz(kT),I —unitymatrix;
where :
[ﬂ],p dl,n D
D= g) a 0 (17)
i,p in Dv,n
d,, =[h, _l’hl,p]l,n—l; (18)
diy =h,; (19)
di,n :[hi,mhn,n _l]n—l,l; (20)
Ok i#p,p=12,.n-1
Di,p :[di,p]n—l,n—l’d = P (21)

Y _%’i,p ~Li=pp=23.n-1

Starting from the conditions (13), taking in account (16) and (17) of the zig-zag
movement mode existence for the system analyzed, the following relations are obtained:

K0 forg>0
[erdyy = erepdry + €D, =esdin e, W, (DT L (22)
u u X0 forg>0
1 1 .
(iZI CiLlig)zy(kT) + (; ¢ Li 1)z (KT) EPOforg<O’ (23)

LT _ T _ _
where: ), —[cl,cz,...cn_l],cj =[c,,c3,..0,,g =1,2,.m = 2.

Replacing relations (17) - (21) and (11), expression (23) assumes the following
form:
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[((4¥ (Zc w2y + z (Z(cqal ciaq)w(m+i_p+q_3) -

i=p+l g=l

CpCin W(m+i—3)) _ Z (Cp ¢ W(m+i—2) -, W(m+n—p+i—2) )+

noop
e .

(Y O (ega=c;agw™" 7 —c e w™) - (24)

i=p+l g=l

< K0 forg>0)

> ey e S e BN

= [P0 forq

p=12,.n-1
Taking into consideration relation (7), expression (24) can be written in the form:
1 L2 o
(x)pza‘r.r"lgxb - (i-2) {[ (cya; _Ciaq)w(mﬂ P
T A S e wtiTY) =LA
2,
p-
C,C; 1W(m+t 3)) z(c ¢ Wm+i=2) —¢; wlmm=pi 2))]+
i=T
L2 : p-l '
[ z (Z(Cq a; =c;a WP —c e W) =F e e w4
i=p+l g=1 i=1
n
z e wPDIBLp=12,.n—-1;
i=T
: -1 - prg-2 -3
A, < amtllnb (Z (c,a; —ca W(mri=pra=2) —c,ci w3y

n>

A(c]]+zc W(l 2)) 1p+1 q=

pl . , ,
_ z (Cp ¢ W(m+1—2) -¢ W(n+m pHi— 2)) Z (Z (C -¢ aq )W(z—p+q—2) _ Cp iy W(:—Z))

i=p+l ¢q=l
n
zc e, w4 zciw(p_z)]B},p =12,.n-1.

Replacmg (12), expression (23) assumes form :

n

[Zci(Bik +OE; )]z, (kT) +

i=l (25)
u KO0 forg>0
Cim1 ¥ Py Ei )]z, (KT)O
[;C( 1 SEi0)zma( )[Pof <0

Taking into consideration relation (8), expression (25) can be written in the form :
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n n m—1 o
Y ciBy, > iD= (S b A YW +D2 )]
Y, 2 max (= ijl ) = max (- Z:L ] ),q =12,..m=2;
By, b .
| z ¢ Ei,O I z ¢ [D;U B bm Am—l,m—l (W(l+m Y + DZZU )]
i=T =
n n m-1 .
> B S iDL, = (3 b Ay )™ +D2 )]
M, < min (] )= min (- ] g =12,..m=2;
By By .
| z ¢ Ei,O I Z ¢ [D;O - bm Am—l,m—l (W(l+m ? + DZZO )]
i=T i=1
n
z i Cimm
i=1 -
Yot 2 max (~H———) =
1 2eniby,
¢iEio
=
n m—1 G 3 |
e
S el b+ Y by do Y 4 D) ]
max (— = = );
bysib,, n . T 5 ’
Z ¢ [Dzn - bm Am—l,m—l(w(l+m ) + Dzo )]
i=T
n
Z ¢ Cimmi
i=1 -
byt S max(-5———) =
Z ¢iEio
i=T
n m-1 3 |
-
Y il + Y by dy W+ D] )
max (_ i=1 Jj=1 )’
by,

n

1 i+m=3 2
Zci [Dz(] _bm Am—l,m—l (W(l+m ) +DZO )]
i=1

4. ILLUSTRATIVE EXAMPLE

For the purpose of verifying the relations obtained for the discrete-time VSS regulator
synthesis, a digital regulation of a dc motor rotor current was simulated. A dc motor of
the following characteristics was taken as an example :

K, =2.12 Vs/rad, T, =23ms, 0.575 kgm’< J <2.3 kgm?;
K, =2.12 Nm/A, T,; = 25.5ms, 0.05 Nms/rad< F < 0.1 Nms/rad.

Starting from the basic relations for the dc motor, the following transfer function is
obtained :
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ey = 126) - (T [ RS + (T | RNEF D)
UR(S) TmehTelsz+(Tmeh+TmehTelF/J)S+1
1.15s +0.1

0.002645s% +0.11523s + 4.5

If discretization of the sampling period T =5 ms was introduced and the influence of
finite zero is eliminated by introducing time constant of filter 73 =11.5 s, the following
parameter values can be selected for the implementation of the discrete-time VSS
controller :

w; =100, A, =-100, y; =0.02, p, =-0.02 and c =40,
s0 as to satisfy relations (22) and (23). The simulation results are presented in the form of
the control signal diagram (Fig. 4.) as well as the output variable diagram (Fig. 2. and
Fig. 3.). They show that the implemented discrete-time VSS controller makes the high
quality process regulation possible which is reflected in: monotonous aperiodic regulation
process, high speed performance and system movement invariance at the final phase of
regulation from the object parameters change over the wide range.

Yoo Y
1 1

T T T T T T T T T T T T T T T T T T
0 s o 01 0z Wl

Fig. 2. Output variable diagram for Fig. 3. Output variable diagram for
J=1.15 kgm® and F = 0.1 Nms/rad. J=2.3kgm’ and F = 0.05 Nms/rad.

5. CONCLUSION

mode in the discrete-time VSS, when
regulating the objects with finite zeros, were
analyzed in this paper. For the considered
discrete-time VSS, mathematical model is
. given and the general quasi-sliding mode
' ' existence conditions on the switching
Fig. 4. Control signal hyperplane are derived.

A variable structure system regulator
synthesis procedure was presented in an illustrative example. Based on a test, a
conclusion was drawn that the proposed controlling mode is possible and that it provides
good results as well as that the discrete-time VSS characteristics are better than those of

the corresponding conventional linear system.

_ The conditions of the zigzag movement
HHHHHHH\
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6. APPENDIX

Appendix 1 [2]
ig. 1., may be given in the following

The mathematical model of the given system, Fig. |
initial form:
X; =Xpy, i=Lo,n—1,

m-1

X, = —Z a;x; —PB—HI PB—E— Zblﬂ ,
= (26)

de1 [de O

. 1
z;=—(z,4-z;), i=L..m—1
T;
Zog =V, Zp-1 =Uu.

After simple transformations, X,, can be written in the form

X, =— a xX; — QZb,+1AJI % ﬁblﬂ Ay; +b E b, Ay v (27)
where:
Aj,i+1 = Aj—l,i Tml_j _Aj,i Tn:j—l >
=0,4,4,i=0, Ay, = _ia Ay = Tml_l .

1~ U

z

Let us prove (27). On the basis of (26) }cn is the function of the coordinate z
Ql by means ole, vz

and (m-1) of its derivations. Let us express all z
Let
i
(28)

H
2= Y Azt
%

Then Z = Z A1 (29)
Taking into consideration the next to last relation in (26)
d 1
(i+l) _ -
Z1 Z()A_/,i?(zm—z—j Zpo1-j) (30)
j= m=1-j
is obtained from relation (29).
The following grouping of addends can be done in the expression (30)
A = (g~ Ao+ G Ao b
Tm m Tm—l Tm—Z (3 1)
1 g 1
(Ai,iﬁ_AinTmiii m=i-2 = Z(A; 1; 7‘_ j,iﬁ)zm—j—l
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where : 4_; =0,4,,,; =0.

Let
i+1 i+]
P :.ZOAJJ+lzm_lij. (32)
J:
Then, based on the relation (28), (31) and (32) :
1 1
A..0i=A. . —A4.. ;
Jitl J-Li Tm_j ol Tm_j_l
Ay; =0,4,,; =0,4 -1 A= L
=1,i s4hi+1,i >410,1 Tm—l s4111 Tm—] >

Taking into consideration the relation (26), the expression for X,, becomes :

n m—1 i

n m—1 i
X, = _z a;x; = z by z A4;iZpy-;= _z a;x; = z by z AjiZpae; —bizyy
= = = i=T iz =

i=

== arx, by (g 2y + A by (Ag s Zmes + Ay 2y + A (33)
= zaixi 2 (Ao Zma ¥ A112m2) —03(Ag 22 + AipZms t 420 Z3)
o

- bm (AO,m—l Zm-1 + Al,m—l Zm-2 +.+ Am—l,m—2 Z + Am—l,m—l ZO) - blzm—l

The following grouping of addends can be done in the expression (33) :
n
X, = _Z a;x; = (by Aoy +b3 Ay p +.t by Ag oy + by Ag 1 )Z
i=T
=(byAyy +b3 Ay g+t by Ay g F Dy Ay y2) 21 = by Ay 1 Z0

Appendix 2

The mathematical induction method was used to obtain the H and the L. matrix
elements values (11) and (12), respectively. Successive relations for the H matrix and L
matrix of the complex form for the II and III order system were derived and the H matrix
and the L matrix forming rule was established for the n-th order system.

Designating with :

w=w(T) =wO(T)
- normal pulse response of the
plant with the additional filters,

J=J(0)=wNT)
- normal step response of the
plant with the additional filters,
w (T)-ith derivative of the
normal pulse response of the plant
with the additional filters,
matrix H and matrix L have the

form :
- for the II order system (Fig. 5)

Fig. 5. Signal flow graph for the II order system
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1 1
Ay, =—, A4, =—;
0,1 T Ll T
b
T ’ T
- 5 AV w—q w —Bayw w? + w(l)BQ
O b, . O
0 ~ (b +bydy Yw+® (= j=by 4 ;w) 0
L=0 ZI 0
E‘(bl +by 4y, yw +¢1(_Flw_b2A1,1W(l)) OE
1

- for the III order system (Fig. 6.)

R S IR IR S 1
01— > 02 ~ 5> 1= 12 =" 5 P 22— >
T, 7, T, 7, 1T, LT,
O 4 ) 3 : 4 ) 0
MY, + z aw' + B(z aD + W) AW+ z aw ™+ Baw+w) WP +wB O
O =2 i=2 = 0
O 4 . g
H=0O A¥Yw- alw(z) - Bayw AV, w+ z aiw(’) + B(a3w(1) +wy WO +pg
O i=3 O
O 2 ) 2 ) 0
O AWIW(I) —alw(3) —Balw(l) A‘Pzw(l) - z aiw(’ﬂ) —Bz aiw(’_l) w® +w@ B0
g = = 8

C=bj Ay w=(by 4, +b34,, yw + byw;

D =~(b +by Ay, +b34, ) +Tl);
1

b] . w 1) w
=—Ay,j+(by,Ay; +b3Ay,)——b3 A, , (W +—);
T, 0,1/ (b, 0,1 T03 0,2)T1 3 2,2( Tz)
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0 C+®E D+®,E 00
L:EF(1>+¢1E(1> pY +@,ED 0%

@ +0,E? D?+0,® 0of

and for the n-th order system, the H matrix elements values (11) of the general form are :

n+l n

by =AW, i+ a4 BCS a0,
i=p+l i=p+l
hy, = ww"™ + B);
p=12,..n-1
Dy plp-1,, O
H,,= h“’]P O . q=23..p
2P it 2 = p 41, p+2,.m

n+l n
hyp= [...Alew(q_z) + Zaiw(m+z-p+q-3) +B( Zai T e W
i=p+l i=p+l

p . p .
h,, = [...Aq-’pw(z_z) - z aiw(m+’_p+z_3) —Bz aiw(’_p”_z)...];
i=1 i=1
— (i1 (m—-1 .
Hy, =[P W™ +B).],

1 m—1 1 M m=2 m-1 i 1
A=—b——w- Z biyi Ao 7w = z {(z by Z A )=
i=1 1=2 i=l i=l
ner 7, A
i=1 J=l1 k=1
I I=-r+l I-r 1-1 (I-r+1)
0 4 w _
r=2 d\=l dy=d\+1 d,._|=d._,+] |—| Tm—dq

q=l1

m=1 m-r m-r+l m=2 W(m—r)

_bm Am—l,m—l[w(m_l) + z ( Z Z Z —)]7

r-1

r=2 d,=ld,=d,+1 d,_=d,_,+] |—| T
m—d
q

q=1
m=1 m—-r m-r+l m-1 W(m—r—l)
B=Y ( Y, dy =0,
r=l d,=ld,=d,+1 d.=d,_,+]
1=ldy=d, 2 |_| qu
g=1

and the L matrix elements values (12) of the general form are :
1 _ .
Li,=B,,+ (DqES,O,

L, =C

s,m—1 s,m—1

+O,,E o, s=12,.m
3 o
L ;=0

— Nl +m-3 2\
ES,O _Dzo _bmAm—l,m—l(W(S ") -'-l)z0 )s
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B, = D;q —( z by Ay YW+ D2 ;

m-1
_ 3 1
Com1 =—(b + me Ay w4 D. )%

1 _ e 1 (-) _ o P
DZO _blm -1 +Zbl+1A01m -2 w Z Z ’+1Z
T = T =
1" "

| I-p I-p+l -1 (I+s=p-1)
G w
[W([+.S 2) + ( .

r=ml I8
p=2 di=ld,=d\+1 d, =d, ,+1 |—| T
g=1
. 1 ( 2 m-1 -2
— 5=
Dzo _bl m—1 +zbl+1AOl

|_|T, i=1 I—lT =2 =l Jj=l

m m-1

mll

k=1

(é - {( bz+le )m —I-1

Ty

k=1

[ I-p l—p+l -1 I+s—p-1
(I+s-2) W( 7D
TGRS YO N M . s
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SINTEZA DISKRETNOG REGULATORA

PROMENLJIVE STRUKTURE ZA OBJEKTE UPRAVLJANJA

SA KONACNIM NULAMA U FUNKCIJI PRENOSA

Olivera Iskrenovi¢-Momcilovié¢

Rad razmatra upravljanje objektima n-not reda sa konacnim nulama u funkciji prenosa.

Upravijacki signal se formira na osnovu diskretnih vrednosti signala greske i njegovih izvoda
koriséenjem algoritma upraviljanja promenljivom strukturom. Zakonitost promene strukture je
realizovana na bazi malog perioda odabiranja, koji se zanemaruje. Analizira se samo sistem tipa
regulatora. Dat je matematicki model za odgovarajuci diskretni sistem promenljive strukture i
izvedeni su opsti uslovi egzistencije kvazi-kliznog rezima na kliznoj hiperpovrsini.



