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Abstract. The 32-bit floating-point format (FP32) is standardly used for digital 
representation of data in computers, providing high quality of digital representation in 
a very wide dynamic range of data. However, the FP32 format has a very high 
computational complexity, requiring the use of expensive and powerful hardware, as 
well as high energy consumption. Hence, the implementation of the FP32 format on 
devices such as smart sensors, embedded and edge devices that have limited hardware 
resources becomes very problematic. On the other hand, the fixed-point format has 
significantly less computational complexity, consumes less power, requires less area on 
chip and provides faster calculations than the floating-point format, being much more 
suitable for implementation on devices with limited hardware resources.  
The main goal of this paper is to find a fixed-point format that will be a good replacement 
for the FP32 format, in the sense that it provides the same performance as the FP32 
format and at the same time significantly reduces the computational complexity. 
Therefore, the paper considers the 30-bit fixed-point format, optimizes the value of its 
parameters and evaluates its performance, using the analogy between the fixed-point 
digital representation and uniform quantization. As the main result, the paper shows that 
the 30-bit fixed-point format can achieve a better quality (i.e. higher SQNR) of digital 
representation for 3.352 dB compared to the FP32 format, saving at the same time 2 bits 
per each piece of data (which can be a significant saving for a large amount of data) and 
significantly reducing the complexity of the implementation. Therefore, the proposed 30-
bit fixed-point format can be successfully used as a replacement for the FP32 format on 
devices with limited resources. 
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1. INTRODUCTION 

Today there is the dominance of digital systems that use digital representation of data. 

The main condition that the digital representation must satisfy is to ensure the appropriate 

accuracy of the digitized data (usually increasing the number of bits in the digital 

representation increases the accuracy of the representation). Also, it is important for the 

digital representation to be adapted to the dynamic range of data, i.e. to ensure the 

required accuracy in the entire dynamic range of data (this is very important for data with 

a wide dynamic range, i.e. with a large difference between the smallest and the largest 

value). However, due to the constantly increasing amount of data, it is very important for 

the digital representation to be efficient in terms of providing the required accuracy of the 

representation with as few bits as possible.  

There are two basic types of digital formats for data representation: the floating-point 

format [1, 2] and the fixed-point format. The floating-point format, defined by the IEEE 

754 standard [1], is dominantly used for the digital representation of data in computers 

since it provides a high quality of digital representation in a very wide dynamic range of 

data (from very small to very large data values). However, the main disadvantage of the 

floating-point format is the high computational complexity, which requires the use of 

expensive and powerful hardware. Another negative consequence of the floating-point 

processing is high energy consumption [3]. While powerful computers can easily support 

the floating-point format, its implementation on devices such as smart sensors, embedded 

and edge devices that have limited hardware resources (limited processing power, limited 

energy since they are mostly battery-powered, as well as limited memory capacity) 

becomes very problematic. In fact, many embedded and edge devices do not support the 

floating-point format at all [4].   

On the other hand, the fixed-point format has significantly less computational complexity, 

consumes less power, requires less area on chip and provides faster calculations than the 

floating-point format [5, 6, 7], being much more suitable for implementation on devices with 

limited hardware resources.  

A particularly current trend is the implementation of DNN (deep neural networks) [8] on 

smart sensors and edge devices. Since DNN parameters are standardly represented in the 32-

bit floating-point format (FP32), the possibility of implementing DNN on these devices is 

significantly limited. One very effective way to overcome this problem is to represent the 

DNN parameters in the fixed-point format. Based on all the above, the analysis and 

optimization of the fixed-point format becomes a very important research topic. 

The main goal of this paper is to find a fixed-point format that will be a good 

replacement for the FP32 format, in the sense that it provides the same performance as 

the FP32 format and at the same time significantly reduces the computational complexity. 

In the paper [9], an analogy was established between the floating-point digital format 

and piecewise uniform quantization, showing that the floating-point format can be 

considered as a piecewise uniform quantizer. Also, in the paper [10], an analogy between 

the fixed-point format and uniform quantization was established, showing that the fixed-

point digital format can be considered as a uniform quantizer. These analogies between 

digital formats and quantizers are very important because they allow us to express the 

performance of digital formats through an objective quantizer performance, such as 

distortion and signal-to-quantization noise ratio (SQNR).  
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As the performance of the quantizers depends on the probability density function 

(PDF) of the input data, the accuracy of the digital representation also depends on the 

PDF of the input data. This paper considers the Laplacian PDF, which is widely used for 

statistical modeling of different types of data [11, 12].  

In this paper, the 32-bit floating-point (FP32) digital format is considered first. The 

analogy between the FP32 format and the 32-bit piecewise uniform quantizer is explained; 

then, using this analogy, the quality of the FP32 format is expressed by the SQNR of the 32-

bit piecewise uniform quantizer. It is shown that the quality of digital representation of the 

FP32 format corresponds to the SQNR value of 151.934 dB. Since the FP32 format is robust 

[9], this value of SQNR is constant in a very wide range of variance of the input data.  

The key part of the paper is the optimization of the 30-bit fixed-point format in terms of 

determining the optimal value of the parameter n which represents the number of bits used to 

encode the integer part of real numbers, using an analogy with the 30-bit uniform quantizer. 

An iterative algorithm for the calculation of the optimal value of the parameter n is defined 

and it is shown that the optimal value is n = 5 for data with the unit variance. Using the 

mentioned analogy, the performance of the 30-bit fixed-point format is analyzed, showing that 

it achieves a quality of digital representation equivalent to the SQNR value of 155.286 dB for 

data with the unit variance. As the fixed-point format is not robust [10], the SQNR value will 

decrease if the variance of the input data deviates from 1. However, if an adaptation is 

performed as suggested in the paper, the 30-bit fixed-point format will achieve constant 

SQNR of 155.286 dB in a very wide range of variance, similar to the FP32 format.  

Hence, the main contribution of this paper is the design of the 30-bit fixed-point 

format that achieves a better quality (i.e. higher SQNR) of digital representation for 3.352 

dB in a wide range of data variance compared to the FP32 format, saving at the same 

time 2 bits per each piece of data (which can be a significant saving for a large amount of 

data) and significantly reducing the complexity of the implementation. Therefore, the 

proposed 30-bit fixed-point format can be successfully used as a replacement for the 

FP32 format on devices with limited resources. 

2. THE 32-BIT FLOATING POINT QUANTIZER 

We will firstly consider the 32-bit floating-point (FP32) binary format, standardly 

used for the binary representation of data. A real number x can be represented in the FP32 

format as: 

 22321821 )......( mmmeesex = . (1)  

In the binary representation (1) we have one bit ‘s’ intended for encoding the sign of the 

real number x, 8 bits (e1e2...e8) intended for encoding the exponent and 23 bits 

(m1m2...m23) representing the significand. The exponent E is calculated as:  
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and can take values from 0 to 255. A real number x represented in the FP32 format (1) is 

calculated as:  
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where E* = E − 127 represents the biased exponent that can take values from -127 to 128. 

However, according to the IEEE 754 standard [1], the two end values (E* = − 127 and 

E* = 128) are reserved for special purposes, hence the values from E* = − 126 to E* = 127  

are available for the binary representation of numbers. It is valid that: 
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whereby the parameter M, defined as: 
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can take values from 0 to 223 −1. Based on (3) and (4), a real number x represented in the 

FP32 format is calculated as: 
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For each positive number represented in the FP32 format, there is a corresponding 

negative counterpart, meaning that the FP32 format is symmetrical about zero. The 

maximal positive number that can be represented in the FP32 format (for E* = 127 and 

223 −1) is  
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Due to the symmetry, the maximal negative number represented in the FP32 format is 

−2128.  

Let us consider the positive numbers in the FP32 format. There are 254 values of E* 

( 127126 * − E ) and for each value of E* there are 232  values of M ( 120 23 − M ). 

For each value of E* we have a group of 223 numbers (each of them corresponding to one 

value of M). Therefore, in total we have 254 groups (whereby each group corresponds to 

one value of E*) with 223 numbers within each of them. Let us consider a group GE* of 223 

adjacent numbers for some arbitrary value of E*. Let xE*,i denote the i-th number in that 

group obtained for iM =  ( 120 23 − i ). According to (6) we have that: 
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The distance between two adjacent numbers within the group GE* is  
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Numbers from the group GE* belongs to the interval SE* = [2E*,2E*+1).  

In total, we have 254 groups of 223 numbers in the positive part; the numbers from 

one group have the same value of E*, being uniformly distributed in the segment 

SE* = [2E*,2E*+1) with the step-size E* = 2E*−23. Since the step-size E* depends on E*, it is 

obvious that the step-size has different values in different groups. A symmetrical structure 

exists in the negative part.  

We can see that the structure of the FP32 format corresponds to the structure of a 

symmetrical 32-bit piecewise uniform quantizer with the support region [-xmax, xmax], which 

consists of 254 segments [2E*,2E*+1) in the positive part (−126  E*  127), whereby the 

uniform quantization with 223 quantization levels and with quantization step-size E* = 2E*−23 

is performed within each segment. This 32-bit piecewise uniform quantizer that corresponds 

to the structure of the FP32 format will be called the 32-bit floating-point quantizer. This 

analogy between the FP32 representation and the 32-bit floating-point quantizer will allow us 

to determine the quality of the FP32 binary representation, based on the objective performance 

(distortion D and SQNR) of the 32-bit floating-point quantizer.  

During the quantization, an irreversible error is made, which is expressed by distortion. 

For the 32-bit piecewise floating-point quantizer, the distortion D is calculated as:  
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Multiplication by 2 in the expression (10) serves to incorporate the distortion in the 

negative part, which is the same as the distortion in the positive part due to the symmetry. 

The first term in (10), expressed in the form of a sum, represents the granular distortion 

that corresponds to the quantization error caused by quantizing data belonging to the 

support region of the quantizer. The granular distortion of the 32-bit piecewise uniform 

quantizer is expressed in the form of a sum, where each member of the sum represents 

the distortion of the uniform quantization in one of 254 segments. PE* represents the 

probability that the input data belongs to the segment [2E*
,2E*+1). The probability PE* is 

defined as:  
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where p(x) represents the probability density function (PDF) of the input data.  

The second term in the expression (10) represents the overload distortion that 

corresponds to the quantization error caused by quantizing data outside the support region 

of the quantizer. We can see that the overload distortion also depends on the PDF of the 

input data. In general, the performance of any quantizer depends on the PDF of the input 

data, i.e. we need to know the PDF of the input data to determine the performance of the 

quantizer. In this paper, we will consider the Laplacian PDF which is widely used for 

statistical modeling of many types of data [11, 12]. The Laplacian PDF is defined by the 

following expression [11]:  
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where  2 represents the variance of the input data. Quantizers are usually designed for 

the unit variance ( 2 = 1), hence we will below consider the Laplacian PDF with the unit 

variance defined as:  

 ( )2exp
2

1
)( xxp −= . (13)  

The probability PE* for p(x) defined by (13) is calculated as:  
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The expression for the overload distortion for )(xp  defined by (13) becomes:  

 128

maxexp( 2 ) exp( 2 2 )ovD x= − = −  . (15)  

Substituting (11), (14) and (15) into (10), the expression for the distortion of the 32-bit 

floating-point quantizer becomes:  
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Quality of the quantization is expressed by SQNR (signal-to-quantization noise ratio), 

which is defined as  
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2
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For 2  = 1 and for the distortion defined by (16), the expression for the SQNR of the 32-

bit floating-point quantizer becomes:  
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After calculation we obtain that SQNR = 151.934 dB.  

The 32-bit floating-point quantizer is very robust since it has a constant SQNR over a 

very wide range of variance [9]. This means that even if the variance of the input data 

deviates significantly from  2 = 1, the SQNR will keep the same value, i.e. the quality of 

the FP32 representation will remain the same. 

3. THE 30-BIT FIXED POINT QUANTIZER 

A real number x is represented in the 30-bit fixed-point binary representation as: 

 210121 ).......( mnn aaaaasax −−−−= . (19)  
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The binary representation (19) consists of one bit ‘s’ intended for encoding of the sign of 

x (s = 0 if x > 0 and s = 1 if x < 0), n bits ( 0121 ... aaaa nn −− ) intended for encoding of the 

integer part of x and m bits ( maa −− ...1 ) intended for encoding of the fractional part of x.  It 

holds that n + m + 1 = 30, therefore, we have that: 

 nm −= 29 . (20)  

The main issue related to the fixed-point format is how to choose values of parameters n 

and m. According to (20), if we find the optimal value of n, we can easily calculate the 

optimal value of m.  

The fixed-point binary format is a weighted format, whereas each bit ai ( 1,..., −−= nmi ) 

has the weight of 2i. Using this fact, we can calculate the real number x represented in the 30-

bit fixed-point binary format as:  
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For each positive number represented in the fixed-point format, there is a negative 

counterpart. Hence, the fixed-point format is symmetrical about zero. The number 0 is 

represented with all bits equal to 0. The largest positive number that can be represented in 

the 30-bit fixed-point format is: 
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Using (20) it is obtained that: 
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Due to the symmetry, the largest negative number that can be represented is - 2n.  

Let us consider the first few positive numbers represented in the 30-bit fixed point 

format: 
m−= 2)01...0.0...0( 2 , 

mm −−− == 222)010...0.0...0( )1(

2 , 

mmm −−−− =+= 2322)011...0.0...0( )1(

2 , etc.  

It is obvious that the numbers represented in the 30-bit fixed point format are uniformly 

distributed (i.e. equidistant) discrete numbers, whereas the distance between adjacent 

numbers is  = 2
−m

. Hence, we can conclude that the 30-bit fixed-point format represents 

uniformly distributed discrete numbers from the range ]2,2[],[ maxmax

nnxx −=− , with the 

step-size m−= 2 . According to (20), the step-size   can be written as: 

 292 −= n . (24) 

Based on the above, the 30-bit fixed-point representation can be considered as a 30-bit 

uniform quantizer with the following parameters: the maximal amplitude xmax = 2
n
, the 

support region [−2
n
,2

n
] and the quantization step-size  = 2

n−29
. This uniform quantizer 

that corresponds to the 30-bit fixed-point representation will be called the 30-bit fixed-

point quantizer. This analogy between the 30-bit fixed-point representation and the 30-bit 
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fixed-point uniform quantizer will allow us to assess the quality of the 30-bit fixed-point 

representation based on the performance of the 30-bit fixed-point quantizer. Therefore, 

we will analyze the performance of the 30-bit fixed-point quantizer below.   

Based on the quantization theory, the distortion of the 30-bit fixed-point quantizer can 

be expressed as [11]:  
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The first term in the expression (25) represents the granular distortion while the second 

term in (25) represents the overload distortion. For the unit-variance Laplacian PDF 

defined with (13), the overload distortion becomes:  
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Substituting (26) in (25), we obtain the following expression for the distortion of the 30-

bit fixed-point quantizer: 
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Using (24) and (23), the distortion D can be expressed as a function of the parameter n, in 

the following way:  
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The quality of the 30-bit fixed-point quantization is expressed by an objective measure 

SQNR (signal-to-quantization noise ratio), which is defined in the following way, being 

also a function of the parameter n: 
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The performance of the 30-bit fixed-point quantizer is expressed by objective 

measures: by the distortion D and by SQNR.  

Our goal is to optimize the value of the parameter n in a way to maximize the quality 

of the 30-bit fixed-point representation. Because of the analogy between the 30-bit fixed-

point representation and the 30-bit fixed-point quantizer, maximizing the quality of the 

30-bit fixed-point format is equivalent to achieving the best performance of the 30-bit 

fixed-point quantizer. Therefore, the optimization of the value of the parameter n can be 

performed by maximizing the SQNR or minimizing the distortion D of the 30-bit fixed-

point quantizer. Thus, the analogy between the 30-bit fixed-point format and the 30-bit 

fixed-point quantizer allows us to optimize the 30-bit fixed-point representation using 

objective quality measures (D and SQNR) of the 30-bit fixed-point quantizer.  
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In order to minimize the distortion D, we will find the first derivative of the function 

D(n): 
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From the condition 0
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Let us define the following substitution: 
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The equation (31) becomes: 
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By logarithmization of both sides of the equation (33), it is obtained that: 
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Based on (34), we can define the following iterative process for calculating the optimal 

value of the parameter t:  

 ii tt ln6874.421 −=+ . (35)  

where ti denotes the value of t in the i-th iteration. 

Let us arbitrarily choose the value of the starting point of the iterative process as t0 = 20. 

The values of the parameter t in the first few iterations are: t1 = 39.6917, t2 = 39.0063, 

t3 = 39.0237, t4 = 39.0233, t5 = 39.0233, t6 = 39.0233. We can see that the iterative 

process very quickly (after 4 iterations) reaches the value 39.0233 and remains at that 

value. We can say that the iterative process (35) converges to the value 39.0233, therefore 

the optimal value of the parameter t is topt = 39.0233. Based on (32), the optimal value of 

the parameter n is calculated as:  

 786.4
2

1
)(log 2 =−= optopt tn . (36)  

However, the parameter n must be an integer. Since nopt  is between 4 and 5, it is clear 

that the optimal integer value of the parameter n must be 4 or 5. According to (29), 

SQNR(n = 4) = 98.270 dB and SQNR(n = 5) = 155.286 dB. Since SQNR(n = 5) > 

SQNR(n = 4), it is obvious that the optimal value of the parameter n for the 30-bit fixed-

point format is n = 5. Based on (20), (23) and (24), the optimal values of the parameters 

of the 30-bit fixed-point quantizer are:  

 n = 5, m = 24, nx 2max = = 32 and 2422 −− == m . (37)  

The SQNR of the 30-bit fixed-point quantizer with parameters defined by (37) is 155.286 dB. 
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Let us calculate SQNR of the 30-bit fixed-point quantizer for several values of the 

parameter n close to the optimal value n = 5, which is shown in Table 1. We can see from 

Table 1 that the wrong choice of the value of the parameter n drastically reduces the 

SQNR, therefore reducing the 30-bit fixed-point representation. This fact confirms the 

importance of determining the optimal value of the parameter n. 

Table 1 SQNR of the 30-bit fixed-point quantizer for different values of the parameter n 

n SQNR [dB] 

3 49.135 

4 98.270 

5 155.286 

6 149.266 

7 143.245 

The fixed-point format has significantly less robustness than the floating-point format 

[10], so the SQNR value will decrease as the value of the data variance moves away from 

1. However, by applying well-known adaptation methods (such as the forward adaptation, 

which involves grouping data into blocks, calculating the variance 2 of each block, 

dividing data in the block by  to normalize the variance of the block to 1, and storing   

in order to subsequently reconstruct the original data values) [11], the SQNR of the 30-bit 

fixed-point format can easily maintain a constant value of 155.286 dB over a very wide 

range of variance of the input data. Increasing of the processing time due to adaptation 

depends on the size of the block of data for adaptation, therefore the size of the block 

should be optimized taking into account the allowed processing time and the required 

quality of adaptation for a specific application. The proposed adaptation techniques have 

been successfully used in real-time applications for a long time (e.g. speech and image 

transmission [11]), showing that the increasing of complexity and processing time due to 

the adaptation techniques is not critical. 

We can see that the adaptive 30-bit fixed-point format achieves for 3.352 dB higher 

SQNR compared to the 32-bit floating-point format (FP32), with a saving of 2 bits per 

each data element. At the same time, the 30-bit fixed-point format has significantly less 

complexity compared to the FP32 format. Increasing of SQNR contributes to the quality of 

digital data representation. In the context of DNN, there is a direct correlation between SQNR 

of data representation and prediction/classification accuracy; hence, the increasing the SQNR 

of 3,352 dB may have a certain positive effect on the prediction/classification accuracy.  

7. CONCLUSION  

The paper considered the 30-bit fixed-point format using an analogy with the 30-bit 

uniform quantizer in terms of determining the optimal value of the parameter n which 

represents the number of bits used to encode the integer part of real numbers, using an analogy 

with the 30-bit uniform quantizer. An iterative algorithm was defined for optimization of the 

parameter n (the number of bits used to encode the integer part of real numbers). It was shown 

that the optimal value of n is 5 for data with the unit variance. Also, it was shown that the 30-

bit fixed-point format could achieve a quality of digital representation equivalent to the SQNR 
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value of 155.286 dB. By performing some of the well-known adaptation techniques (such as 

the forward adaptation), the mentioned value of SQNR can be kept constant in a very wide 

range of variance.  

The main conclusion of the paper is that the 30-bit fixed-point format can achieve a 

better quality (i.e. higher SQNR) of digital representation for 3.352 dB in a wide range of 

data variance compared to the FP32 format, saving at the same time 2 bits per each piece 

of data (which can be a significant saving for a large amount of data) and significantly 

reducing the complexity of the implementation. Therefore, the proposed 30-bit fixed-

point format can be successfully used as a replacement for the FP32 format on devices 

with limited resources. 
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