FACTA UNIVERSITATIS (NIS)

SER. MATH. INFORM. Vol. 37, No 4 (2022), 667-682
https://doi.org/10.22190/FUMI220306047S
Original Scientific Paper

ON SOME COMMON FIXED POINT THEOREMS FOR
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Abstract. In this article, we prove some common fixed point theorems for generalized
integral type F-contractions in the setting of complete partial metric spaces and give
some consequences of the main result. Also we give an example in support of the result.
Our result extends and generalizes several results from the existing literature.
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1. Introduction

Banach contraction principle [7] is one of the milestones in the development of
fixed point theory. Its significance lies in the vast applicability to a great number
of branches of mathematical sciences, for example, theory of existence of f solutions
for nonlinear differential, integral and functional equations, variational inequalities
and optimization and approximation theory. There are many generalizations of
this principle. These generalizations are made either by using different contractive
conditions or by imposing some additional condition on the ambient spaces.

A mapping S:U — U, where U is a nonempty set and (U, d) is a metric space,
is said to be a contraction if there exists ¢ € [0,1) such that for all y,z € U,

(1.1) d(S(y),S(2)) < cd(y, 2).

If the metric space (U, d) is complete then the mapping satisfying (1.1) has a unique
fixed point. Inequality (1.1) implies continuity of S. Many authors generalized this
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famous result in different ways. Indeed, one of those ways is integral type contrac-
tion which was introduced by Branciari [8] in 2002 and proved a fixed point result
for mappings defined on a complete metric space satisfying a general contractive
type condition of integral type.

Matthews [14] introduced the concept of partial metric space as a part of the
study of denotational semantics of dataflow networks [13, 14, 16, 23]. It is widely
recognized that partial metric spaces play an important role in constructing models
in the theory of computation. In partial metric spaces the distance of a point in
the self may not be zero. Introducing partial metric space, Matthews extended the
Banach contraction principle [7] and proved the fixed point theorem in this space.

Wardowski [22] (Fized Point Theory Appl. 2012, Article ID 94(2012)) intro-
duced a new type of contraction called F-contraction and proved a new fixed point
theorem related to F-contraction and gave an example showing that the obtained
extension is significant. Later, a large number of researchers have proved many
results in this direction (for more details see, [2], [3], [4], [5], [10], [12], [17], [18],
[19], [20] and many others).

In this paper, we establish a common fixed point theorem for generalized integral
type F-contraction in partial metric spaces and give some consequences of main
result as corollaries. We also give an example in support of the result. Our result
extends and generalizes many comparable results in the existing literature.

2. Preliminaries

Now, we give some basic properties and auxiliary results on the concept of partial
metric space (PMS) and F-contraction.

Definition 2.1. ([14]) Let U be a nonempty set and p:U x U — R be such that
for all y, z, w € U the followings are satisfied:

(P1) y =z py,y) =py,2) = p(z,2),
(P2) p(y,y) < p(y, 2),

(P3) ply, 2) = p(2,y),

(P4) p(y, 2) < ply, w) + p(w, 2) — p(w, w).

Then p is called partial metric on I/ and the pair (U, p) is called partial metric
space (in short PMS).

Remark 2.1. It is clear that if p(y,y) = 0, then y = z. But, on the contrary p(y,y)
need not be zero.

Example 2.1. ([6]) Let &/ = R and p:U x U — R* given by p(y, z) = max{y, z} for all
y,z € RT. Then (RT, p) is a partial metric space.

Example 2.2. ([6]) Let i/ = {[a,b] : a,b € R,a < b}. Thenp([a7 b], [c, d]) = max{b,d}—

min{a, ¢} defines a partial metric p on U.
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Various applications of this space has been extensively investigated by many
authors (see [11], [21] for details).

Remark 2.2. ([9]) Let (U, p) be a partial metric space.

(1) The function dy:U x U — R defined as duw (y, 2) = 2p(y, 2) — p(y,y) — p(2,2) is a
(usual) metric on U and (U, dw) is a (usual) metric space.

(2) The function ds:U x U — R defined as ds(y, 2) = max{p(y, z) — p(y, y),p(y, 2) —
p(z,2)} is a (usual) metric on U and (U, ds) is a (usual) metric space.

Note also that each partial metric p on U generates a Ty topology 7, on U, whose

base is a family of open p-balls {B,(y,¢) : y € U,e > 0} where B,(y,e) = {z € U :
p(y,2) <ply,y)+e} forally elf and € > 0.

On a partial metric space the notions of convergence, the Cauchy sequence,
completeness and continuity are defined as follows [13].

Definition 2.2. ([13]) Let (U, p) be a partial metric space. Then

(a) a sequence {y,} in (U,p) is said to be convergent to a point y € U if and
only if p(y, y) = limp— 0 P(Yn, y);

(b) a sequence {y,} is called a Cauchy sequence if limy, oo P(Ym, Yn) €xists
and finite;

(¢) (U,p) is said to be complete if every Cauchy sequence {y,} in U converges
to a point y € U with respect to 7,. Furthermore,

im  p(ym,yn) = T p(yn,y) = p(y,y).

m,n— oo

(d) A mapping R:U — U is said to be continuous at zy € U if for every e > 0,
there exists 6 > 0 such that R(Bp(zo, 6)) C By (R(zo),a>.

Definition 2.3. ([15]) Let (U, p) be a partial metric space. Then
(el) a sequence {y,} in (U, p) is called 0-Cauchy if lim,, o0 P(Ym, Yn) = 0;

(e2) (U,p) is said to be 0-complete if every 0-Cauchy sequence {y,} in U con-
verges to a point y € U, such that p(y,y) = 0.

Lemma 2.1. ([13, 14]) Let (U,p) be a partial metric space. Then
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(f1) a sequence {y,} in (U, p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (U,dy,);

(f2) U, p) is complete if and only if the metric space (U, d,,) is complete;

(f3) a subset E of a partial metric space (U, p) is closed if a sequence {y,} in E
such that {y,} converges to somey € U, theny € E.

Lemma 2.2. ([1]) Assume that y, — u as n — oo in a partial metric space (U, p)
such that p(u,u) = 0. Then lim,_ oo P(Yn,y) = p(u,y) for everyy € Y.

Remark 2.3. (see [9]) Let (U, p) be a PMS. Therefore, for all y,z € U
(1) if p(y7 Z) =0, then y = z;
(ii) if y # 2, then p(y,z) > 0.

The definition of F-contraction is due to Wardowski [22], which can be stated
as follows.

Let F be the family of all functions F:[0,00) — R satisfying the following
conditions:

(F1.) F is strictly increasing, i.e., for all o, 8 € [0, 00) such that o < 8, F(a) <
F(B).

(F2.) For each sequence {ay, }nen of positive numbers, lim, o o, = 0 if and
only if lim,, o F(a,) = —00.

(F3.) There exists k € (0,1) such that lim,_, o+ o*F(a) = 0.

Let Fi(a) = In(a), Fa(a) = —% and F3(a) = a+ In(«) for & > 0, then
Fi,Fy, F5 € F.

Definition 2.4. ([22]) A mapping 7:U — U is said to be an F-contraction if there
exists 7 > 0 such that

(21) Vy,zelU, {(d(Ty,Tz)) >0=71+F(d(Ty,Tz)) < F(d(y,2))}

Example 2.3. ([22]) Let F:[0,00) — R be given by F(a) = Ina. Then F satisfies
(F1)-(F3). Each mapping satisfying (2.1) is an F-contraction such that

(2.2) d(Ty, Tz) <e "dly,2),

for all y,z € U and Ty # T 2.

It is clear that for y, z € U such that Ty = Tz the inequality d(Ty,Tz) < e " d(y, z)
also holds, i.e., 7 is a Banach contraction [7].

Example 2.4. ([22]) Let F:[0,00) — R be given by F(a) = o + Ina for a > 0. From
(2.1) we get
d(Ty7 TZ) ed(Ty,Tz)fd(y,z) < 677,
d(y, 2)
forall y,z € U and Ty # Tz, i.e., d(Ty,Tz) > 0.
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Wardowski [22] proved the following fixed point theorem.

Theorem 2.1. ([22]) Let (U, d) be a complete metric space and let T-U — U be
an F-contraction. Then T has a unique fized point in U.

3. Main Results

In this section, we shall prove some unique common fixed point theorems in
the setting of complete partial metric spaces through generalized integral type F-
contractions.

Theorem 3.1. Let (U,p) be a complete partial metric space and let Sy, So:U — U
be two self-mappings. Suppose that there exist FF € F and 7 > 0 such that for all
Y,z € U satisfying p(S1y, S2z) > 0, the following holds:

(3.1) T+ F(/Op(swﬁm zp(t)dt) < F(/O#(W) z/J(t)dt),

where
p.2) = max {p(y,2), 5lo0,2) + pl,S10) + bl S22)],
(3.2) %[p(y, z) +p(y, S1y) + p(z, 522)]}

and 1: [0, 00) — [0, 00) is a Lebesgue-integrable mapping which is summable on each
compact subset of [0,00), nonnegative and for each € > 0

1>
(3.3) / W($)dt > 0,
0
and if F' is continuous. Then 81 and Sy have a unique common fixed point in U.

Proof. Let zp € U be an arbitrary point. Define a sequence {z,} for n > 0 by
(3.4) Zon41 = S122n, and Zopyo = SaZopy1.

Step I. Now, we have to prove that p(z,+1,2n) — 0 as n — co. By equation (3.1),
we have

p(22n+1,22n) p(S122n,S222n—1)
T+F(/ w(t)dt) - T+F(/ w(t)dt)
0 0

F( /O“(zm%_l) w(t)dt>,

—~
@
ot

~

IN
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where

1(22n, Zon—1)

(3.6)

IN
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1
max {P(sz Zon—1), g[P(ZQm Zon—1) + P(22n, S22an—1) + P(22n—1,S1220)],

1
3 [P(22n, 2an—1) + D(22n, S122n) + P(22n—1, S222n—-1)] }

1
max {p(zzm Zon—1), g[p(ZQm Zon—1) + P(22n, 22n) + D(22n—1, Z2n+1))s
1

S [p(22n, 22n—1) + (221, 22n+1) + P(22n—1, 22n)]
3

1
max {p(22n—17 Zon), g[p(zzn—h Zon) + D(22n—1, 22n) + D(22n+1, 22n)],
1

S1P(nm1,200) + Plzzns1, 220) + Plean—1, 220)] | (by(P3) and (P4))

max {p(ZQn—h ZQn,)7p(22n+17 ZQn)}-

If max {p(zzn,h zon), P(Z2n+1, zzn)} = p(2zan+1, 22n), then it follows from (3.5)

37 o+ F( /0 P w(t)dt) < F( /0 P w(t)dt),

which is a contradiction (as 7 > 0). Thus,

(3.8)

max {p(Zanl, Z2n)ap(z2n+la Z2n)} = p(Z2n—1, 2277,)-

From equation (3.5), we have

9 F( /0 p(m“’zzn)z/;(t)dt) < F( /0 p(zz'hm")w(t)dt) _r

Continuing in the same fashion, we obtain

(3.10)  F( /O pmnihnn)zﬁ(t)dt) <F( /0 p(nm’zml)w(t)dt) _r

Using (3.9) and (3.10), we get

P /Op(zz"“’zz")w(t)dt) < F( /0 p(zzn’zznfl)zﬁ(t)dt)”
0
< .. o
< F(/o ¢(t)dt)—(2n)7-

(3.11)
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Then, it follows limn_moF( Jpnzn) w(t)dt) — —c0. By F € F and (F2), we
have

(3.12) lim p(zp41,2n) =0.

n—oo

Step II. Now, we show that {z,} is a p-Cauchy sequence. Put b, = p(zp+1,2n), n =
0,1,2,.... By F € F and (F'3), there exists k € (0,1) such that

(3.13) lim (b,)*F(b,) = 0.

n— oo

By (3.11), we have
k P(22n+1,22n
(p(22n+lvz2n)) F(/
0

(3.14) < —(2n) (p(z%H, zzn)>k7' <0.

)w(t)dt> _ F(/OP(ZI’ZO) w(t)dt)

Using the above inequality and (3.13), we get

(3.15) lim n(p(zn+1,zn))k = 0.

n—roo

k
Therefore, there exists a positive integer N7 € N such that n(p(an, zn)) < 1 for
all n > Ny, or

1
(3.16) P(Znt1, 2n) < ik

Let m,n € N with m > n > Ny, using (P4) (triangular inequality), we have

p(zn, Zm) < p(Zn» Zn+1) +p(zn+17 Zn+2) + ... +P(Zm—1, Zm)
_[p(zn-‘rla Zn-i—l) +p(zn+27 Zn+2) +... +p(zm—15 Zm—l)]
< p(z'm ZnJrl) +P(Zn+17 Zn+2) +...+ p(szb Zm)

m—1

0
= Z p(ZT+1a Zr) < Zp(zr-i-h Zr)
r=n

r=n
o0

1
(3.17) < ) 7

r=n
As k € (0,1), the series Y (ﬁ) is convergent, so

(3.18) lim  p(zn,2m) = 0.

n,m—oo

Thus {z,} is a Cauchy sequence in (U, p). Therefore, {z,} is a Cauchy sequence
in (U,dy). Since (U,p) is a complete partial metric space, then by Lemma 2.1,
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(U,d,) is also complete. Thus, there exists a v € U such that lim, . 2, = v and
limy, s 00 iy (2, v) = 0. Moreover, by Definition 2.2 (3’) and equation (3.18), we
have

(3.19) p(v,v) = lim p(z,,v) = lim p(zn, zm) = 0.

n— oo 7n,Mm—00

Step III. Now, we shall show that v is a common fixed point of §; and Ss. Using
given contractive condition (3.1) for y = 23, and z = v, we have

p(22n41,S2v) p(S122n,S2v)
T+F(/ w(t)dt) - T+F(/ 1/)(t)dt>
0 0

I—L(ZQTL"U)
(3.20) < F(/ ¢(t)dt>,
0
where
1
M(Z2n, U) = Imax {p(zzn, ”U), g[P(ZQm U) + p(sz 52U) er(va Sl@n)L
1
g[P(Zm, v) + p(22n, S1220) + p(, 520)}}
1
= max {p(zzn, v), 5[P(2an, V) + P20, S20) + P(v: 2241)],
1
(3.21) g[P(Zzn, v) + p(22n, 22n41) +P(U»Szv)]}-

Passing to limit as n — oo in (3.21) and using (3.19), we obtain

p(’u,;zll) 7 p(%;ﬂ) } — M < p(v, SQU)-

1(z2p,v) — max {0, 3

(3.22)

Now, using (3.20) and (3.22), we get

(3.23) T+F( /O p(Z2n+1,szv)¢(t)dt> < F( /O p(wszv)w(t)dt).

Passing to limit as n — oo in (3.23) and using continuity of F', we obtain

T+F(/OP(U7SQU)¢(t)dt> < F(/OP(U7$2U)¢(t)dt),

which is a contradiction since 7 > 0. Thus, we have Sov = v. This shows that v is
a fixed point of Sy. Similar, we can show that S;v = v. Hence v is a common fixed
point of &7 and Ss.

Step I'V. Now, we shall show the uniqueness of the common fixed point. Assume
that v’ is another common fixed point of S; and Ss, that is, S;v’ = v/ = Syv’ with
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v # v'. From the given contractive condition (3.1), we have

T+F(/0p(v’v/)w(t)dt) = F(/Op(smszv/)w(t)dt)
(3.24) < F(/OM(M/)w(t)dt),
where
plo,) = max {p(v, '), 3 p(o,) + (0, 510) + pl0, S,
S16(0,) + b0, 810) + (0, S201)]}
= max {p(v, ), 5 p(0,0") + (W', 0) + p(o,)],
(3.25) Slp(0, ') + pv,0) + p(0', )] .

Using condition (P3) and (3.19), we get

(3.26) w(v,v') — max {p(v, V'), p(v, ), 3 } = p(v,?’).

From (3.24) and (3.26), we obtain

T+F(/Op(v)v/)1/)(t)dt> < F(/Op(wl)w(t)dt),

which is a contradiction since 7 > 0. Thus, we have v = v’. This shows that the
common fixed point of §; and Sz is unique. This completes the proof. O

Theorem 3.2. Let (U,p) be a complete partial metric space and let Ry, Ro:U — U

be two self-mappings. Suppose that there exist F € F and T > 0 such that for all
Y,z € U satisfying p(R1y, Rez) > 0, the following holds:

(3.27) T+ F(/OP(RIMZZ) b)) < F(/OV(W) b)),

where
W) = max {p(y, ), 500 Ray) + (4, Ra2),
p(y, R1y)p(z,R22) p(y, R1y)p(2, Raz)
(3.28) L+p(y,z) 7 1+p(Riy, Rez2) }

and F, ¢ are as in Theorem 3.1. Then Ry, and Ro have a unique common fixed
point in U.
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Proof. Let o € U be an arbitrary point. Define a sequence {r,} for n > 0 by
(3.29) Ton+1 = Rﬂ“zn and Ton4+2 = R2T2n+1.

Step I. Now, we have to prove that p(r,11,7,) = 0 as n — co. By equation (3.27),
we have

P(T2n41,72n) p(R17r2n,Raran—1)
T+ F(/ z/;(t)dt) = T+ F(/ ¢(t)dt)
0 0

(3.30) A /0 ity v(t)dt),

IN

where

1
V(ron, Tan—1) = maX{P(T2mT2nf1),g[P(TQmRQTan)+p(7”2n7177317“2n)]7

p(T’zm er2n)p(r2n—1; R27'2n—1) p(sz R1T2n)p(r2n—1a R2T2n—1) }
14 p(ron, ran—1) ’ 14+ p(Ri72n, Raron—1)
1
) 5[27(7“27“7“271) + p(r2n—1,r2n41)],
P(sz 7’2n+1)P(7‘2n71, 7“2n) P(T2n, T2n+1)p(7°2n71, Tzn) }
14 p(ron, r2n—1) ’ 14+ p(ran+1,72n)

= max {p(T2n, 7“2n—1)

1
max P(T2n, 7’2n—1), *[P(TQn—l, T’2n) er(7’2n+17 7”2n)L
2

P(T2n415T20)P(T20—1,T2n) p(rzn_l,Tzn)p(rzn_umn)}
14+ p(ron—1,72n) ’ 14+ p(rant1,72n)
(by (P3) and (P4))

IN

(331) = max {p(r2n717T2n)7p(r2n+laT2n)}-

If max {p(rgn_l, ron)s P(T2nt1, Tgn)} = p(ran+1,T2n), then it follows from (3.30)

332 4+ F( /O i) v(tydt) < /0 p(m“’m)w(t)dt),

which is a contradiction (as 7 > 0). Thus,

(333 max {p(ran-1,720), p0rans1,72n) | = plran-1,720).

From equation (3.30), we have

(3.34) F( /O p(MHM)z/J(t)dt) < F( /0 p(wnfl’ww(t)dt) .

Continuing in the same manner, we obtain

335) £ /0 p(m’_l’m)zp(t)dt) < p( /O p(m_w%_l)w(t)dt) o
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Using (3.34) and (3.35), we get

P /Op(”"“’m)w(t)dt) < F( /0 p(%m_l)w(t)dt)”

(3.36)

A

S F(/P(T27117T2n2) w(t)dt> _9r
0

= p(r1,70)

< F( /0 1/1(t)dt> — (2n)r.

Then, it follows limn_)ooF(ff(r"“’r") w(t)dt) = —00. By F € F and (F2), we

have

(3.37)

HILH;OP(TMM 7y) = 0.

Step II. Now, we show that {r,} is a p-Cauchy sequence. Put ¢, = p(rpy1,7n), n =
0,1,2,.... By F € F and (F3), there exists k € (0,1) such that

lim (qn)kF(qn) =0.

n—o0

(3.38)

By (3.36), we have
(plrnssran) / Y i) - v / " o)

(3.39)

(3.40)

< —(2n) (p(7"2n+1,7“2n))k7' <0.

Using the above inequality and (3.38), we get

lim n
n— 00

(p(?“nH, 7“n)) ’ =0.

k
Therefore, there exists a positive integer N, € N such that n(p(rn_H, rn)> < 1 for
all n > N, or

(3.41)

1

P(rnt1,mn) < ISYIE

Let m,n € N with m > n > N,, using (P4) (triangular inequality), we have

(3.42)

p(rn7 T'm)

<

IN

IN

P(Tn, 1) + P(Tng 1, Tnge) + o+ P(Tm—1,7m)
_[p(rn+17 Tn+1) +p(7‘n+2’ Tn+2) +... +p(rm—17 Tm—l)]
(T, Tnt1) + p(rat 1, Tng2) + o+ P(Tm—1,7m)

m—1

r=n
o

>

r=n

1
o1k

o0
Z P(Teq1,72) < Zp(rx-&-laTa:)
r=n
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As k € (0,1), the series > > (ﬁ) is convergent, so

(3.43) lim p(ry,rm) =0.

n,m— oo

Thus {r,} is a Cauchy sequence in (U,p). Therefore, {r,} is a Cauchy sequence
in (U,d,). Since (U,p) is a complete partial metric space, then by Lemma 2.1,
(U,d,) is also complete. Thus, there exists an s € U such that lim, oo 71, = s
and limy,_, o0 dy(rn, s) = 0. Moreover, by Definition 2.2 (3’) and equation (3.43),
we have

(3.44) p(s,s) lim p(ry,s)= lm p(r,,ry,) =0.

n—oo n,m-—o0

Step III. Now, we shall show that s is a common fixed point of R; and Rs. Using
given contractive condition (3.27) for y = r9, and z = s, we have

p(rant1,R2s) P(Rir2n,R2s)
T+F(/ w(t)dt> T+F(/ w(t)dt)
0 0

F(/OV(T%’S) qS(t)dt),

IN

(3.45)
where

1
V(TQny 8) = Inax {p(TQ’rLu 8)7 §[p<r2n7 RZS) + p(87 R1T2n)]7

p(Tzn,Rszn)P(S,RQS) P(T2n,R1T2n)P(S,R28)}
1+ p(ran, s) " 14 p(Riran, Ras)

1
= max p(Tzn,S),E[p(Tzn,st) + p(s,72n+41)],

P(T2n, r2n+1)p(s, R2s) p(r2n77“2n+1)p(877328)}
1+ p(ran,s) " 14 p(rans1, Res)

(3.46)
Passing to limit as n — oo in (3.46) and using (3.44), we obtain

P Ra9) g} = KO R20) s o)

(347) wv(rap,s) — max {0, 5 5

Now, using (3.45) and (3.47), we get

(3.48) 7+ /O e w(nydr) < F( /O v b(t)dt).

Passing to limit as n — oo in (3.48) and using continuity of F', we obtain

Tt F(/OP(S’RQS) w(t)dt) < F(/OP(S’RQS) z/J(t)dt),
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which is a contradiction since 7 > 0. Thus, we have Ros = s. This shows that s
is a fixed point of Rs. By similar fashion we can show that Ris = s. Hence s is a
common fixed point of R and Ro.

Step IV. Now, we show the uniqueness of the common fixed point. Assume
that s’ is another common fixed point of R and R, that is, R1s’ = s’ = Ros’ with
s # s'. From the given contractive condition (3.27), we have

T+F</Op(s,8/)w(t)dt) = F(/()p(nlsﬁﬁ/)@b(t)dt) < F(/OV(&SI)l/}(t)dt)’

where

N |

v(s,s') = max {p(s,s’)7 [p(s,R28") + p(s', R19)],

p(S,Rls)p(S/7R281) p(szls)p(slvRQS/)}
1+ p(s,s) " 14 p(Ris, Ras')

max {p(s, s, %[p(s, s") +p(s, )],

p(s,s)p(s’,s") p(s, s)p(s,s")
(3.49) 1+p(s,s) 7 1+p(s,s) }

Using condition (P3) and (3.44) in (3.49), we get

(3.50) v(s,s’) — max {10(57 s'),p(s,8'),0, 0} = p(s,s).

From (3.49) and (3.50), we obtain

4 F( /0 ) v(tydt) < /0 v ol

which is a contradiction since 7 > 0. Thus, we have s = s’. This shows that the
common fixed point of R; and R is unique. This completes the proof. [

4. Consequences of Theorem 3.1

Corollary 4.1. Let (U,p) be a complete partial metric space and let S:U — U be
a self-mapping. Suppose that there exist F € F and T > 0 such that for ally,z € U
satisfying p(Sy,Sz) > 0, the following holds:

i /O vy v(tydt) < /0 H v(t)dt),

where

p.2) = max {p(y,2), 5l ) + (=) + (3,52

%[P(y, z) +ply, Sy) + p(z, SZ)]},
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and 1: [0, 00) — [0, 00) is a Lebesque-integrable mapping which is summable on each
compact subset of [0,00) nonnegative and for each & > 0

/ P(t)dt > 0,
0
and if F' is continuous. Then S has a unique fized point in U.

Corollary 4.2. Let (U,p) be a complete partial metric space and let S:U — U be
a self-mapping. Suppose that there exist F € F and T > 0 such that for ally,z € U
satisfying p(Sy,Sz) > 0, the following holds:

_— F( /0 penss w(t)dt> < F( /O v w(t)dt),

where F and ¢ are as in Corollary 4.1. Then S has a unique fized point in U.

Let (U, p) be a complete partial metric space and let S:U — U be a self-mapping.
Suppose that there exist F' € F and 7 > 0 such that for all y,z € U satisfying
p(Sy,Sz) > 0, the following holds:

p(Sy,52) 3p(y,2)+p(2,8y)+(y,52)]
rep( [ wwd) < p( [ w(t)dr),
0

0

where F' and v are as in Corollary 4.1. Then S has a unique fixed point in U.

Corollary 4.3. Let (U,p) be a complete partial metric space and let S:U — U be
a self-mapping. Suppose that there exist F € F and T > 0 such that for ally,z € U
satisfying p(Sy,Sz) > 0, the following holds:

p(Sy,5%2) 3p(y,2)+p(y,Sy)+(2,52)]
reP( [ wwd) < ([ w(o)dr),

0 0

where F' and ¢ are as in Corollary 4.1. Then S has a unique fized point in U.

We give an example to validate the result.

Example 4.1. Let U = [0,1] and p(y,z) = max{y,z} for all y,z € Y. Then (U,p) is
a complete partial metric space. Let Ri,R2:U — U and 1: (0,00) — (0,00) be defined
by Ri(y) = %, Rz(y) = 0 and ¥(t) = 2t for all ¢ > 0. If F:[0,00) — R be given by
F(B) = Inf. Then all conditions of Theorem 3.1 and the contractive condition (3.1) are
satisfied for some 7 > 0 and for p(y, z) > 0.

If y > 2z, then we have

P(R1(y),R2(2))
T4 F ( / w(t)dt>
0

T+1In (ﬁ) <In(y?)

- F < /OVW) w(t)dt> .
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If y < z, then we have

p(R1(y),R2(2))
- F( / w(t)dt>
0

2
v
T+ln<64>

2’2 2
— 1<
< T+ln(64> <lin(z%)

_ ( /OV(W) w(t)dt) .

Hence 0 € U is a common fixed point of R1 and Ra.

5. Conclusion

In this paper, we prove some unique common fixed point theorems for generalized
integral type F-contraction in the set up of complete partial metric spaces and give
some consequences as corollaries of the main results. Also, an illustrated example is
provided to validate the result. The results presented in this paper generalize and
extend several results from the existing literature.

6. Acknowledgement

The author would like to thanks the learned referee for their careful reading and
valuable remarks on the manuscript.

REFERENCES

1. T. ABDELJAWAD, E. KARAPINAR and K. TAs: Existence and uniqueness of a
common fized point on partial metric spaces. Appl. Math. Lett. 24 (2011), 1900—
1904.

2. O. ACAR, G. DURMAZ and G. MINAK: Generalized multivalued F-contractions
on complete metric spaces. Bull. Iranian Math. Soc. 40(6) (2014), 1469-1478.

3. O. ACAR: Fized point theorems for rational type F-contraction. Carpathian Math.
Publ. 13(1) (2021), 39-47.

4. J. AUMAD, AL-RAWASHDEH and A. AzaM: New fized point theorems for general-
ized F'-contractions in complete metric spaces. Fixed Point Theory Appl. (2015),
no. 1, Article ID 80, 2015.

5. A. Astr, M. Nazam, M. ARsSHAD and S. O. Kim: F-metric, F-contraction and
common fized point theorems with applications. Mathematics 7(7) (2019), 586,
1-13.

6. H. Aypi, M. ABBAS and C. VETRO: Partial Hausdorff metric and Nadler’s fized
point theorem on partial metric spaces. Topology and Its Appl. 159 (2012), No.
14, 3234-3242.

7. S. BANACH: Sur les operation dans les ensembles abstraits et leur application auz
equation integrals. Fund. Math. 3 (1922), 133-181.



682

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

G. S. Saluja

A. BRANCIARI: A fized point theorem for mappings satisfying a general contractive
condition of integral type. International J. Math. Math. Sci. 29(9) (2002), 531—
536.

E. KARAPINAR and U. YWUKSEL: Some common fized point theorems in partial
metric space. J. Appl. Math. 2011, Article ID: 263621, 2011.

S. KuMAR and S. LUANBANO: On some fized point theorems for multivalued
F-contractions in partial metric spaces. Demonstratio Math. 54 (2021), 151-161.

H. P. A. Kinz: Nonsymmetric distances and their associated topologies about
the origins of basic ideas in the area of asymptotic topology, Handbook of the
History Gen. Topology (eds. C.E. Aull and R. Lowen), Kluwer Acad. Publ., 3
(2001), 853-868.

S. LuanBaNO, S. KuMAR and G. KAKIKO: Fized point theorems for F-
contraction mappings in partial metric spaces: Lobachaveskii J. Math. 40 (2019),
183-188.

S. G. MATTHEWS: Partial metric topology. Research report 2012, Dept. Computer
Science, University of Warwick, 1992.

S. G. MATTHEWS: Partial metric topology. Proceedings of the 8th summer con-
ference on topology and its applications, Annals of the New York Academy of
Sciences, 728 (1994), 183-197.

H. K. NASHINE, Z. KADELBURG, S. RADENOVIC and J. K. KiM: Fized point
theorems under Hardy-Rogers contractive conditions on 0-complete ordered partial
metric spaces. Fixed Point Theory Appl. 2012 (2012), 1-15.

M. SCHELLEKENS: A characterization of partial metrizibility: domains are quan-
tifiable. Theoritical Computer Science, 305(1-3) (2003), 409-432.

N. A. SECELEAN: [terated function systems consisting of F'-contractions: Fixed
Point Theory Appl. 2013, Article ID 277, (2013).

M. SHOAIB, M. SARWAR and P. KuMaM: Multi-valued fized point theorem via

F'-contraction of Nadler type and application to functional and integral equations.
Bol. Soc. Paran. Mat. 39(4) (2021), 83-95.

S. SHUKLA and S. RADENOVI¢é: Some common fived point theorems for F-
contraction type mappings in 0-complete partial metric spaces. J. Math. 2013,
Article ID 878730, 2013.

A. ToMAR, GINISWAMY, C. JEYANTHI and P. G. MAHESHWARIL: Coincidence

and common fized point of F-contractions via CLRST property. Surveys Math.
Appl. 11 (2016), 21-31.

O. VETRO: On Banach fized point theorems for partial metric spaces. Appl. Gen.
Topology 6 (2005), No. 12, 229-240.

D. WARDOWSKI: Fized points of a new type of contractive mappings in complete
metric spaces. Fixed Point Theory Appl. (2012), 2012:94.

P. WASzZKIEWICZ: Partial metrizibility of continuous posets. Mathematical Struc-
tures in Computer Science 16(2) (2006), 359-372.



