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ON CUBIC (α, β)-METRICS IN FINSLER GEOMETRY
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Abstract. In this paper, we study the class of cubic (α, β)-metrics. We show that every
weakly Landsberg cubic (α, β)-metric has vanishing S-curvature. Using it, we prove that
cubic (α, β)-metric is a weakly Landsberg metric if and only if it is a Berwald metric.
This yields an extension of the Matsumoto’s result for Landsberg cubic Finsler metrics.
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1. Introduction

Let (M,F ) be an n-dimensional Finsler manifold, TM its tangent bundle and
(xi, yi) the coordinates in a local chart on TM . Let F = F (x, y) be a scalar function
on TM defined by F = m

√
A, where A := ai1...im(x)yi1yi2 . . . yim and ai1...im is

symmetric in all its indices. F is called an m-th root Finsler metric. The theory of
m-th root metrics has been developed by Shimada [13], and applied to Biology as an
ecological metric by Antonelli [1]. The third root metrics are called the cubic metric
F = 3

√
aijk(x)yiyjyk. The class of cubic metrics first were considered by Wegener

in 1935 and then by Kropina in 1961 (see [27] and [6]). In [27], Wegener studied
cubic Finsler metrics of dimensions two and three. Wegener’s paper is only an
abstract of his PhD thesis without almost all calculations. In [8], Matsumoto gave
an improved version of Wegener’s paper. Also, Matsumoto studied two-dimensional
cubic metrics and based on the main scalar, he found the necessary and sufficient
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condition under which a Finsler metric be a cubic metric. For more progress on
m-th root Finsler metrics one can see [14]-[21] and [23]-[26].

In order to understand the structure of m-th root metrics, one can study the
non-Riemannian curvatures of these metrics. Let (M,F ) be a Finsler manifold.
The second derivatives of F := 1

2F
2
x at a non-zero vector y ∈ TxM0 is an inner

product gy on TxM . The third order derivatives of F at y ∈ TxM0 is a symmetric
trilinear forms Cy on TxM . We call gy and Cy the fundamental form and the
Cartan torsion, respectively. Taking a trace of Cartan torsion give us mean Cartan
torsion I := trace(C). The horizontal derivative of I along geodesics is called the
mean Landsberg curvature J := I|ky

k. Finsler metrics with J = 0 are called weakly
Landsberg metrics. The mean Landsberg curvature Jy is the rate of change of Iy
along geodesics for any y ∈ TxM0. In [2], Bao-Shen proved that on a weakly Lands-
berg manifold, the volume function V ol(x) is a constant. In [11], Shen showed that
for a weakly Landsberg manifold all the slit tangent spaces TxM0 are minimal in slit
tangent bundle TM0. Some rigidity problems also lead to weakly Landsberg mani-
folds. For example, Shen proved that every closed Finsler manifold of non-positive
flag curvature and constant S-curvature is weakly Landsbergian [12]. Apparently,
weakly Landsberg manifolds deserve further investigation.

In [27], Wegener proved that two and three-dimensional cubic metrics with van-
ishing Landsberg curvature are Berwald metrics. It seems that his proof is com-
plicated. Then Matsumoto showed that cubic metrics with vanishing Landsberg
curvature are Berwald metrics. Every Landsberg metric is a weakly Landsberg
metric. It is natural to study cubic Finsler metric with vanishing mean Landsberg
curvature. Then we prove the following.

Theorem 1.1. Let F = F (x, y) be a cubic (α, β)-metric on a manifold M . Then
F is a weakly Landsberg metric if and only if it is a Berwald metric.

Thus Theorem 1.1 can be consider as a generalization of Matsumoto’s result.

By Theorem 1.1, one can obtain the following.

Corollary 1.1. Let F = 3
√
c1α2β + c2β3 be a cubic metric on a manifold M ,

where α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a 1-form on M .

Then the following are equivalent:
(a) F is a Landsberg metric;
(b) F is a weakly Landsberg metric;
(c) F is a Berwald metric;
Also, (a)-(c) hold if and only if only if there exist functions fi = fi(x) on M satisfy
following

bi|j = 3(c1 + c2b
2)bifj + (c1 + 3c2b

2)bjfi − bkfk(c1aij + 3c2bibj),(1.1)

where b2 = bib
i. In this case, fi are given by following

fi =
1

6c1

∂

∂xi

[
log(b2)

c1 + c2b2

]
.(1.2)
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A Finsler metric F = F (x, y) on a manifold M is called relatively isotropic
mean Landsberg metric if its mean Landsberg curvature satisfies J = cF I, where
c = c(x) is a scalar function on M . As a conclusion of Theorem 1.1, one can get
the following.

Corollary 1.2. Let F = F (x, y) be a cubic (α, β)-metric on a manifold M . Then
F is a relatively isotropic mean Landsberg metric if and only if it is a Berwald
metric.

2. Preliminary

Let M be a n-dimensional C∞ manifold, TM =
⋃
x∈M TxM the tangent bundle

and TM0 := TM − {0} the slit tangent bundle. Suppose that (M,F ) is a Finsler
manifold. The following quadratic form gy on TxM is called fundamental tensor

gy(u, v) :=
1

2

∂2

∂s∂t

[
F 2(y + su+ tv)

]∣∣
s,t=0

, u, v ∈ TxM.

Let {∂i := ∂/∂xi} be a basis for TxM at x ∈M and {dxi} is its dual. Put

gij :=
1

2

∂2F 2

∂yi∂yj
= FFyiyj + FyiFyj .

Then
gy(u, v) = gij(y)uivj , u = ui∂i, v = vj∂j .

By homogeneity of F , it follows that F 2 = gijy
iyj .

Let x ∈M and Fx := F |TxM . To measure the non-Euclidean feature of Fx, one
can define Cy : TxM × TxM × TxM → R by

Cy(u, v, w) :=
1

2

d

dt

[
gy+tw(u, v)

]
t=0

, u, v, w ∈ TxM.

The family C := {Cy}y∈TM0
is called the Cartan torsion. It is well known that

C = 0 if and only if F is Riemannian.

For y ∈ TxM0, define Iy : TxM → R by

Iy(u) :=

n∑
i=1

gij(y)Cy(u, ∂i, ∂j),

where gij := (gij)
−1. The family I := {Iy}y∈TM0 is called the mean Cartan torsion.

By definition, Iy(y) = 0 and Iλy = λ−1Iy, λ > 0. Therefore, Iy(u) := Ii(y)ui, where
Ii := gjkCijk.

For a Finsler manifold (M,F ), a global vector field G is induced by F on TM0,
which in a standard coordinate (xi, yi) for TM0 is given by G = yi ∂

∂xi−2Gi(x, y) ∂
∂yi ,

where

Gi :=
1

4
gil
[ ∂2F 2

∂xk∂yl
yk − ∂F 2

∂xl

]
, y ∈ TxM.(2.1)
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In this case, G is called the spray associated to (M,F ). In local coordinates,
a curve c = c(t) is called a geodesic if and only if its coordinates (ci(t)) satisfy
c̈i + 2Gi(ċ) = 0.

For a Finsler metric F on an n-dimensional manifoldM , the Busemann-Hausdorff
volume form dVF = σF (x)dx1 · · · dxn is defined by

σF (x) :=
Vol(Bn(1))

Vol
{

(yi) ∈ Rn
∣∣ F (yi ∂

∂xi |x
)
< 1
} .

Let Gi denote the geodesic coefficients of F in the same local coordinate system.
Then for y = yi ∂

∂xi |x ∈ TxM , the S-curvature is defined by

S(y) :=
∂Gi

∂yi
(x, y)− yi ∂

∂xi
[

lnσF (x)
]
,(2.2)

where y = yi ∂
∂xi |x ∈ TxM . The S-curvature is introduced by Shen for a comparison

theorem on Finsler manifolds [11]. It is proved that S = 0 if F is a Berwald metric.

For a non-zero vector y ∈ TxM , define By : TxM × TxM × TxM → TxM by
By(u, v, w) := Bijkl(y)ujvkwl ∂

∂xi |x, where

Bijkl :=
∂3Gi

∂yj∂yk∂yl
.

B is called the Berwald curvature and F is called a Berwald metric if B = 0.

Define the mean of Berwald curvature by Ey : TxM × TxM → R, where

Ey(u, v) :=
1

2

n∑
i=1

gij(y)gy

(
By(u, v, ei), ej

)
.

The family E = {Ey}y∈TM\{0} is called the mean Berwald curvature or E-curvature.
In local coordinates, Ey(u, v) := Eij(y)uivj , where

Eij :=
1

2
Bmmij .

E is called the mean Berwald curvature. F is called a weakly Berwald metric if
E = 0. By (2.2), one can get the following

Syiyj =
[
Gm
]
yiyjym

= Eij .

Thus S = 0 implies that E = 0.

For y ∈ TxM , define Jy : TxM → R by Jy(u) := Ji(y)ui, where

Ji := Ii|sy
s.
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J is called the mean Landsberg curvature or J-curvature [4]. A Finsler metric F
is called a weakly Landsberg metric if Jy = 0. Mean Landsberg curvature can be
defined as following

Ji := ym
∂Ii
∂xm

− Im
∂Gm

∂yi
− 2Gm

∂Ii
∂ym

.

By definition, we get

Jy(u) :=
d

dt

[
Iσ̇(t)

(
U(t)

)]
t=0

,

where y ∈ TxM , σ = σ(t) is the geodesic with σ(0) = x, σ̇(0) = y and U = U(t) is
a linearly parallel vector field along the geodesic σ with U(0) = u.

3. Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1. First, we are going to remark
the relation between an m-th root metric and an (α, β)-metric. For this aim, we
remark that the (α, β)-metric F = αm+1β−m is called m-Kropina metric. In [9],
Matsumoto-Numata studied the class of cubic metrics and proved the following.

Lemma 3.1. ([9]) Let F = 3
√
A be a cubic Finsler metric on an n-dimensional

manifold M , where A = aijky
iyjyk. Then the following hold:

(1) If dim(M) = 2, then by choosing suitable quadratic form α =
√
aij(x)yiyj and

one form β = bi(x)yi, F is a (− 1
3 )-Kropina metric

F = 3
√
α2β,(3.1)

where α2 may be degenerate.

(2) If dim(M) ≥ 3 and F is a function of a non-degenerate quadratic form α =√
aij(x)yiyj and a one-form β = bi(x)yi which is homogeneous in α and β of

degree one, then it is written in the following form

F = 3
√
c1α2β + c2β3,(3.2)

where c1 and c2 are real constants.

Lemma 3.1 explains that the complete form of a cubic (α, β)-metric is written by
(3.2). In [5], Kim-Park used the strategy of Matsumoto for indication of structure
of m-th root (α, β)-metrics. More precisely, they showed that an m-th root (α, β)-
metric is given by following

F =

m∑
r=0

cm−2rα
2rβm−2r, s ≤ m

2
.



444 A. Tayebi, M. Amini and B. Najafi

In this paper, we focus on (3.2) which is more complete than (3.1). Also, we suppose
that the associated Riemannian metric α is positive-definite.

Let F = αφ(s), s = β
α be an (α, β)-metric, where φ = φ(s) is a C∞ on (−b0, b0)

with certain regularity, α =
√
aij(x)yiyj is a Riemannian metric and β = bi(x)yi is a

1-form on a manifoldM . For an (α, β)-metric, let us define bi|j by bi|jθ
j := dbi−bjθji ,

where θi := dxi and θji := Γjikdx
k denote the Levi-Civita connection form of α. Let

rij :=
1

2
(bi|j + bj|i), sij :=

1

2
(bi|j − bj|i), ri0 := rijy

j , r00 := rijy
iyj ,

rj := birij , si0 := sijy
j , sj := bisij , r0 := rjy

j , s0 := sjy
j .

In order to prove Theorem 1.1, we need the following.

Proposition 3.1. Let F = F (x, y) be a weakly Landsberg cubic (α, β)-metric on
an n-dimensional manifold M . Then S = 0.

Proof. For an (α, β)-metric F = αφ(s), s = β/α, the mean Landsberg curvature is
given by

Ji = − 1

2∆α4

{
2α3

b2 − s2
[Φ

∆
+ (n+ 1)(Q− sQ′)

]
(r0 + s0)hi

+
α2

b2 − s2
(Ψ1 + s

Φ

∆
)(r00 − 2αQs0)hi + α

[
− α2Q′s0hi + αQ(α2si − yis0)

+α2∆si0 + α2(ri0 − 2αQsi)− (r00 − 2αQs0)yi

]Φ

∆

}
.(3.3)

where

Q :=
φ′

φ− sφ′
,

∆ := 1 + sQ+ (b2 − s2)Q′,

Ψ :=
Q′

2∆
,

Φ := −(Q− sQ′){n∆ + 1 + sQ} − (b2 − s2)(1 + sQ)Q′′,

Ψ1 :=
√
b2 − s2∆

1
2

[√b2 − s2Φ

∆
3
2

]′
,

hi := bi − α−1syi.

For more details, one can see [7]. It is easy to see that the function of cubic (α, β)-

metric F = 3
√
c1βα2 + c2β3 is given by φ = 3

√
c1s+ c2s3. Let us put

λ :=
1

2c1s3(b2 − s2)(−3c2b2s2 − 4c1s2)3
,
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By putting φ = 3
√
c1s+ c2s3 in (3.3), one can get the mean Landsberg curvature of

F as follows
Ji := λ

(
Abi +Byi + Cri0 +Dsi − Esi0

)
α2,(3.4)

where

A := nα13b8c1
4s0 − 12nα11b8β2c1

3c2s0 + 54nα9b8β4c1
2c2

2s0 − 108nα7b8β6c1c2
3s0

+81nα5b8β8c2
4s0 − 3α13b8c1

4s0 + 24α11b8β2c1
3c2s0 − 54α9b8β4c1

2c2
2s0

+81α5b8β8c2
4s0 − 15nα11b6β2c1

4s0 + 144nα9b6β4c1
3c2s0 − 38nα7b6β6c1

2c2
2s0

+17α11b6β2c1
4s0 + 96α9b6β4c1

3c2r0 − 192α9b6β4c1
3c2s0 + 2nα9b6β3c1

4r00

−144α7b6β6c1
2c2

2r0 − 522α7b6β6c1
2c2

2s0 − 30nα7b6β5c1
3c2r00 − 6α9b6β3c1

4r00

+216α5b6β8c1c2
3s0 + 90nα5b6β7c1

2c2
2r00 + 81α3b6β10c2

4s0 + 96nα9b4β4c1
4s0

−54nα3b6β9c1c2
3r00 + 162α7b6β5c1

3c2r00 − 516nα7b4β6c1
3c2s0 + 256α5β8c1

4r0

+18α5b6β7c1
2c2

2r00 + 288nα5b4β8c1
2c2

2s0 − 54α3b6β9c1c2
3r00 + 256α5β8c1

4s0

+324nα3b4β10c1c2
3s0 + 144α9b4β4c1

4r0 − 108α9b4β4c1
4s0 − 480α7b4β6c1

3c2r0

−648α7b4β6c1
3c2s0 − 36nα7b4β5c1

4r00 + 144α5b4β8c1
2c2

2r0 − 128nα3β9c1
4r00

−288nα3b2β9c1
3c2r00 − 192α5b2β7c1

4r00 + 192nα5β8c1
4s0 − 96α3b2β9c1

3c2r00

−216α3b4β9c1
2c2

2r00 + 180α7b4β5c1
4r00 − 25nα7b2β6c1

4s0 + 192nα3β10c1
3c2s0

+432nα3b2β10c1
2c2

2s0 − 384α7b2β6c1
4r0 − 144α7b2β6c1

4s0 + 384α5b2β8c1
3c2r0

−156α5b4β7c1
3c2r00 + 336nα5b2β8c1

3c2s0 − 144α3b4β9c1
2c2

2 r00

+828α5b4β8c1
2c2

2s0 + 228nα5b4β7c1
3c2r00 + 216α3b4β10c1c2

3s0

+960α5b2β8c1
3c2s0 + 144nα5b2β7c1

4r00 + 144α3b2β10c1
2c2

2s0

+21nα5b6β8c1c2
3s0 + 81nα3b6β10c2

4s0 − 16α11b6β2c1
4r0

B := −nα11b8βc1
4s0 + 12nα9b8β3c1

3c2s0 − 54nα7b8β5c1
2c2

2s0 + 108nα5b8β7c1c2
3s0

−24α9b8β3c1
3c2s0 − 6nα8b8β3c1

3c2s0 + 54α7b8β5c1
2c2

2s0 + 54nα4b8β7c1c2
3s0

+6α8b8β3c1
3c2s0 − 2nα8b8β2c1

4r00 − 144nα7b6β5c1
3c2s0 + 36α6b8β5c1

2c2
2s0

+18nα6b8β4c1
3c2r00 + 378nα5b6β7c1

2c2
2s0 − 54α4b8β7c1c2

3s0 − 81α2b8β9c2
4s0

+18α6b6β5c1
3c2s0 + 26nα6b6β4c1

4r00 − 162α5b6β6c1
3c2r00 + 516nα5b4β7c1

3c2s0

−216αb4β11c1c2
3s0 + 216nαb4β10c1

2c2
2r00 − 54b6β10c1c2

3r00 + 32nb4β11c1c2
3s0

+54α2b8β8c1c2
3r00 − 378nα2b6β9c1c2

3s0 − 81αb6β11c2
4s0 + 54nαb6β10c1c2

3r00

+480α5b4β7c1
3c2r0 + 648α5b4β7c1

3c2s0 + 36nα5b4β6c1
4r00 + 126α4b6β6c1

3c2r00

−120nα4b4β6c1
4r00 + 16α3b4β8c1

3c2r00 − 36α3b2β9c1
3c2s0 + 72α2b4β9c1

2c2
2s0

+32nα2b4β8c1
3c2r00 + 14αb4β10c1

2c2
2r00 − 432nα b2β11c1

2c2
2s0 − 12nβ10c1

4r00

+216b4β11c1c2
3s0 − 216nb4β10

1
2c2

2r00 + 384α5b2β7c1
4r0 + 144α5b2β7c1

4s0

+144α4b4β6c1
4r00 − 112nα4b2β7c1

4s0 − 384α3b2β9c1
3c2r0 − 960α3b2β9c1

3c2s0

−14nα3b2β8c1
4r00 − 12nα2b2β9c1

3c2s0 − 14αb2β11c1
2c2

2s0 + 28αb2β10c1
3c2r00

−144b4β10c1
2c2

2r00 + 432nb2β11c1
2c2

2s0 + 48α4b2β7c1
4s0 + 192α3b2β8c1

4r00



446 A. Tayebi, M. Amini and B. Najafi

−192nα3β9c1
4s0 + 192α2b2β9c1

3c2s0 + 224nα2b2β8c1
4r00 + 96αb2β10c1

3c2r00

−192nαβ11c1
3c2s0 + 144b2β11c1

2c2
2s0 − 288nb2β10c1

3c2r00 − 256α3β9c1
4r0

−72α6b4β5c1
4s0 − 180α5b4β6c1

4r00 + 256nα5b2β7c1
4s0 − 216α4b4β7c1

3c2s0

−13nα8b6β3c1
4s0 − 96α7b6β5c1

3c2r0 + 192α7b6β5c1
3c2s0 − 2nα7b6β4c1

4r00

+54αb6β10c1c2
3r00 − 324nαb4β11c1c2

3s0 + 81b6β11c2
4s0 − 54nb6β10c1c2

3r00

−144α7b4β5c1
4r0 + 108α7b4β5c1

4s0 − 54α6b6β4c1
4r00 + 60nα6b4β5c1

4s0

−228nα3b4β8c1
3c2r00 + 126α2b6β8c1

2c2
2r00 − 50nα2b4β9c1

2c2
2s0

−256α3β9c1
4s0 − 96α2b2β8c1

4r00 + 64nα2β9c1
4s0 + 128nαβ10c1

4r00

−81α3b8β9c2
4s0 − 81nα2b8β9c2

4s0 − 3α10b8βc1
4s0 + 15nα9b6β3c1

4s0

−54nα4b8β6c1
2c2

2r00 − 216nα3b6β9c1c2
3s0 + 54nα2b8β8c1c2

3r00

−81nαb6β11c2
4s0 + 16α9b6β3c1

4r0 − 17α9b6β3c1
4s0 + 6α8b8β2c1

4r00

−30α6b8β4c1
3c2r00 + 42nα6b6β5c1

3c2s0 + 144α5b6β7c1
2c2

2r0

+522α5b6β7c1
2c2

2s0 + 30nα5b6β6c1
3c2r00 + 18α4b8β6c1

2c2
2r00

+108nα4b6β7c1
2c2

2s0 − 216α3b6β9c1c2
3s0 − 90nα3b6β8c1

2c2
2r00

+81nb6β11c2
4s0 + 27α8b6β3c1

4s0 + 6α7b6β4c1
4r00 − 96nα7b4β5c1

4s0

−252α4b6β7c1
2c2

2s0 − 162nα4b6β6c1
3c2r00 − 18α3b6β8c1

2c2
2r00

−288nα3b4β9c1
2c2

2s0 − 162α2b6β9c1c2
3s0 + 270nα2b6β8c1

2c2
2r00

−36nα4b4β7c1
3c2s0 − 144α3b4β9c1

2c2
2r0 − 828α3b4β9c1

2c2
2s0

−96b2β10c1
3c2r00 + 192nβ11c1

3c2s0 − 81nα3b8β9c2
4s0

+3α11b8βc1
4s0 + nα10b8βc1

4s0

C := 2nα10b8β2c1
4 − 18nα8b8β4c1

3c2 + 54nα6b8β6c1
2c2

2 − 54nα4b8β8c1c2
3

−6α10b8β2c1
4 + 30α8b8β4c1

3c2 − 18α6b8β6c1
2c2

2 − 54α4b8β8c1c2
3

−26nα8b6β4c1
4 + 162nα6b6β6c1

3c2 − 270nα4b6β8c1
2c2

2 + 54nα2b6β10c1c2
3

+54α8b6β4c1
4 − 126α6b6β6c1

3c2 − 126α4b6β8c1
2c2

2 + 54α2b6β10c1c2
3

+120nα6b4β6c1
4 − 432nα4b4β8c1

3c2 + 216nα2b4β10c1
2c2

2 − 144α6b4β6c1
4

+144α2b4β10c1
2c2

2 − 224nα4b2β8c1
4 + 288nα2b2β10c1

3c2 + 96α4b2β8c1
4

+96α2b2β10c1
3c2 + 128nα2β10c1

4,

D := 6nα10b8β3c1
3c2 − nα12b8βc1

4 − 54nα6b8β7c1c2
3 + 81nα4b8β9c2

4 − 192nα2β11c1
3c2

−81nα2b6β11c2
4 − 27α10b6β3c1

4 − 18α8b6β5c1
3c2 + 252α6b6β7c1

2c2
2 − 64nα4β9c1

4

+3α12b8βc1
4 − 6α10b8β3c1

3c2 − 36α8b8β5c1
2c2

2 + 54α6b8β7c1c2
3 + 81α4b8β9c2

4

+13nα10b6β3c1
4 − 42nα8b6β5c1

3c2 − 108nα6b6β7c1
2c2

2 + 378nα4b6β9c1c2
3

+540nα4b4β9c1
2c2

2 − 324nα2b4β11c1c2
3 + 72α8b4β5c1

4 + 216α6b4β7c1
3c2

−72α4b4β9c1
2c2

2 − 216α2b4β11c1c2
3 + 112nα6b2β7c1

4 + 192nα4b2β9c1
3c2

−432nα2b2β11c1
2c2

2 − 48α6b2β7c1
4 − 192α4b2β9c1

3c2 − 144α2b2β11c1
2c2

2

+162α4b6β9c1c2
3 − 81α2b6β11c2

4 − 60nα8b4β5c1
4 + 36nα6b4β7c1

3c2
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E := nα12b10c1
4 − 12nα10b10β2c1

3c2 + 54nα8b10β4c1
2c2

2 − 192α4b2β8c1
4

−108nα6b10β6c1c2
3 + 81nα4b10β8c2

4 − 3α12b10c1
4 + 24α10b10β2c1

3c2

−54α8b10β4c1
2c2

2 + 81α4b10β8c2
4 − 17nα10b8β2c1

4 + 156nα8b8β4c1
3c2

−486nα6b8β6c1
2c2

2 + 540nα4b8β8c1c2
3 − 81nα2b8β10c2

4 + 39α10b8β2c1
4

−204α8b8β4c1
3c2 + 162α6b8β6c1

2c2
2 + 324α4b8β8c1c2

3 − 81α2b8β10c2
4

−180α8b6β4c1
4 + 468α6b6β6c1

3c2 + 324α4b6β8c1
2c2

2 − 324α2b6β10c1c2
3

−352nα6b4β6c1
4 + 1344nα4b4β8c1

c2 − 864nα2b4β10c1
2c2

2 + 336α6b4β6c1
4

−96α4b4β8c1
3c2 − 432α2b4β10c1

2c2
2 + 512nα4b2β8c1

4 − 768nα2b2β10c1
3c2

−720nα6b6β6c1
3c2 + 1296nα4b6β8c1

2c2
2 − 432nα2b6β10c1c2

3

−192α2b2β10c1
3c2 − 256nα2β10c1

4 + 112nα8b6β4c1
4.

By assumption, we have Ji = 0. Contracting Ji = 0 with bi and using (3.4) imply
that

d5α
5 + d4α

4 + d3α
3 + d2α

2 + d1α+ d0 = 0,(3.5)

where

d0 := β9
(
3c2b

2 + 4nc1
)2 (

3nc2b
2 + 3nb2c2 + 4c1

) (
3c2βs0 − 2c1r00

)
,

d1 := −β9(3c2b
2 + 4nc1)2(3nc2b

2 + 3nc2b
2 + 4c1)(3c2βs0 − 2c1r00),

d2 := β7
(
3c2b

2 + 4c1
)(

27nb6βc2
3s0 + 27b6βc2

3s0 + 18b4βc1c2
2r0 + 90b4βc1c2

2s0

+132nb2βc1
2c2s0 + 18nb4c1

2c2r00 − 6b4c1
2c2r00 + 48nb2βc1

2c2r0

+90nb4βc1c2
2s0 + 24b2βc1

2c2r0 + 96b2βc1
2c2s0 + 24nb2c1

3r00

+18b4βc1c2
2r0 − 24b2c1

3r00 + 80nβc1
3s0 + 32nβc1

3r0

)
,

d3 := −β7
(

81nc2
4b8βs0 + 81b8βc2

4s0 + 216nb6βc1c2
3s0 + 216b6βc1c2

3s0

+18b6c1
2c2

2r00 + 288nb4βc1
2c2

2s0 + 144b4βc1
2c2

2r0 + 828b4βc1
2c2

2s0

−156b4c1
3c2r00 + 336nb2βc1

3c2s0 + 384b2βc1
3c2r0 + 960b2βc1

3c2s0

−192b2c1
4r00 + 192nβc1

4s0 + 256βc1
4r0 + 256βc1

4s0

+90nb6c1
2c2

2r00 + 228nb4c1
3c2r00 + 144nb2c1

4r00

)
,

d4 := −2c1b
2β5
(

54nb6βc2
3s0 + 27nb4βc1c2

2r0 + 216nb4βc1c2
2s0

−36b4βc1c2
2s0 + 9nb4c1

2c2r00 − 15b4c1
2c2r00 + 72nb2βc1

2c2r0

−48b2βc1
2c2r0 − 132b2βc1

2c2s0 + 12nb2c1
3r00 − 24b2c1

3r00

+152nβc1
3s0 − 48βc1

3r0 − 120βc1
3s0 − 9b4βc1c2

2r0

+36nb2βc1
2c2s0 + 48nβc1

3r0

)
,

d5 := 2b2β5c1

(
54nb6βc2

3s0 + 189nb4βc1c2
2s0 + 72b4βc1c2

2r0

+15nb4c1
2c2r00 − 81b4c1

2c2r00 + 258nb2βc1
2c2s0 + 72βc1

3s0

+324b2βc1
2c2s0 + 18nb2c1

3r00 − 90b2c1
3r00 + 128nβc1

3s0
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+240b2βc1
2c2r0 + 261b4βc1c2

2s0 + 192βc1
3r0

)
.

By (3.5), we get

d5α
4 + d3α

2 + d1 = 0,(3.6)

d4α
4 + d2α

2 + d0 = 0.(3.7)

(3.6) implies that there exists a non-zero function f = f(x, y) such that

r00 = cβs0 + fα2,(3.8)

where c := 3c2/(2c3) is a real constant. Similarly, (3.7) implies that there exists a
non-zero function g = g(x, y) such that the following holds

r00 = cβs0 + gα2.(3.9)

Since f 6= g and also f is not a multiplication of g, then by (3.8) and (3.9) we get

r00 = cβs0(3.10)

or equivalently

rij =
c

2

(
bisj + bjsi

)
.(3.11)

(3.11) implies that

r0 =
c

2
b2s0.(3.12)

Putting (3.10) and (3.12) in (3.7) yields

F (x)s0 = 0,(3.13)

where

F (x) = 27nb8cc1
2c2

2α4 − 27nb8cc1c2
3β2α2 − b8cc12c229α4 + 108 nb8c1c2

3 α4

−81nb8c2
4β2α2 + 90nb6cc1

3c2α
4 − 81b8c2

4β2α2 − 162nb6cc1
2c2

2β2α2

+48b4cc1
3c2β

2α2 − 756nb4c1
2c2

2β2α2 + 144b4cc1
2c2

2β4 − 34b4c1c2
3β4

−264b4c1
3c2α

4 − 648b4c1
2c2

2β2α2 − 160nb2cc1
4β2α2 + 28nb2cc1

3c2β
4

−54b6cc1
2c2

2β2α2 − 378nb6c1c2
3β2α2 + 54b6cc1c2

3β4 − 81nb6c2
4β4

−72b6c1
2c2

2α4 + 72nb4c1
4α4 − 378b6c1c2

3β2α2 − 288nb4cc1
3c2β

2α2

+304nb2c1
4α4 + 96b2cc1

4β2α2 − 768nb2c1
3c2β

2α2 + 96b2cc1
3c2β

4

+216nb4cc1
2c2

2β4 − 96b4cc1
4α4 + 612nb4c1

3c2α
4 − 216b4c1c2

3β4

−78b6cc1
3c2α

4 + 432nb6c1
2c2

2α4 + 128ncc1
4β4 − 320nc1

4β2α2

−43b2c1
2c2

2β4 − 240b2c1
4α4 − 38b2c1

3c2β
2α2 − 144b2c1

2c2
2β4

−27b8cc1c2
3β2α2 − 81b6c2

4β4 + 54nb6cc1c2
3β4 − 192nc1

3c2β
4

Let F (x) = 0. Then we get

f1α
4 + f2β

2α2 + f3β
2 = 0,(3.14)
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where f1 = f1(x), f2 = f2(x) and f3 = f3(x) are scalar functions on M . (3.14)
implies that

α2 =
(−g ±√g2 − 4fh

2f

)
β2.(3.15)

This contradicts with the positive-definiteness of α. Thus F 6= 0. Therefore, by
(3.13) we get si = 0. Putting it in (3.10) yields rij = 0. On the other hand, the
S-curvature of an (α, β)-metric F = αφ(s), s = β/α, on an n-dimensional manifold
M is given by

S =
[
2Ψ− f ′(b)

bf(b)

]
(r0 + s0)− Φ

2α∆2
(r00 − 2αQs0),(3.16)

where

f(b) :=

∫ π
0

sinn−2 t T (b cos t)dt∫ π
0

sinn−2 tdt
,

T (s) := φ(φ− sφ′)n−2
[
(φ− sφ′) + (b2 − s2)φ′′

]
.

The relation (3.16) is independent of dimension of manifold. By putting si = rij = 0
in (3.16), we get S = 0.

Proof of Theorem 1.1: By Proposition 3.1, every weakly Landsberg cubic metric
on a manifold M of dimension n ≥ 3 satisfies S = 0. In [3], Cheng-Shen proved that
an (α, β)-metric F := αφ(s), s = β/α, satisfies S = 0 if and only if rij = si = 0. In
[7], Li-Shen considered weakly Landsberg (α, β)-metric and proved that a weakly
Landsberg (α, β)-metric satisfies sij = 0. Then β is parallel with respect to α and
F is reduced to a Berwald metric. Thus Theorem 1.1 is proved for the dim(M) =
n ≥ 3.

Now, we consider the class of 2-dimensional cubic (α, β)-metrics. Every 2-
dimensional Finsler manifold is C-reducible

Cijk =
1

3

{
hijIk + hjkIi + hkiIj

}
.(3.17)

Taking a horizontal derivation of (3.17) yields

Lijk =
1

3

{
hijJk + hjkJi + hkiJj

}
.(3.18)

Putting J = 0 in (3.18) implies that L = 0. On the other hand, the Berwald
curvature of 2-dimensional Finsler manifold can be written as follows

Bijkl = − 2

F
Ljkl`

i +
2

3

{
Ejkh

i
l + Eklh

i
j + Ejlh

i
k

}
.(3.19)

For more details see formula (3.15) in [22]. By Putting L = 0 and E = 0 in (3.19)
it follows that F is a Berwald metric. This completes the proof.
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Proof of Corollary 1.1: In [5], Kim-Park proved that the cubic metric F =
3
√
c1α2β + c2β3 is a Berwald metric if and only if (1.1) holds. Also, in [8] Matsumoto

showed that every cubic Finsler metric with vanishing Landsberg curvature is a
Berwald metric. Then by Theorem 1.1, we get the proof.

Proof of Corollary 1.2: Let F = 3
√
A be a cubic metric on M , where A is given

by
A := aijk(x)yiyjyk(3.20)

with aijk symmetric in all its indices. Put

Ai =
∂A

∂yi
, Aij =

∂2A

∂yi∂yj
, Axk =

∂A

∂xk
, A0 = Axkyk, A0j = Axkyjy

k.

Suppose that (Aij) is a positive definite tensor and (Aij) denotes its inverse. Then
the following hold

gij =
1

9
A−

4
3Aij , gij = A−

2
3Aij , yi =

1

3
A−

1
3Ai,

where

Aij := 3AAij −AiAj , Aij := 3AAij +
1

2
yiyj .

The Cartan tensor of F is given by the following

Cijk =
1

3
A−

7
3Cijk,(3.21)

where

Cijk := A2Aijk +
4

9
AiAjAk −

1

3
A
{
AiAjk +AjAki +AkAij

}
.

Thus the mean Cartan torsion is as follows

Ik = gijCijk =
1

3
A−3AijCijk.(3.22)

In [28], Yu-You found that the spray coefficients of F are given by

Gi =
1

2
(A0j −Axj )Aij .(3.23)

It is easy to see that Gi are rational functions in y. Since Lijk = − 1
2ysG

s
yiyjyk ,

then we have

Lijk = −1

6
A−

1
3AsG

s
yiyjyk .

Therefore, we have

Jk = gijLijk = −1

6
A−1AijAsGsyiyjyk .(3.24)
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Since F has relatively isotropic mean Landsberg curvature J = cF I, then by (3.22),
(3.24) and F = 3

√
A we get

A2AsG
s
yiyjyk = −2c

3
√
ACijk.(3.25)

The left hand side of (3.25) is a rational function in y, while its right hand side is
an irrational function in y. Thus c = 0 and F is reduced to a weakly Landsberg
metric. By Theorem 1.1, we get the proof.
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