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Abstract. The aim of the present work is to study and establish conditions for an
LP-Sasakian manifold on the tangent bundle TM . An LP-Sasakian manifold with the
generalized symmetric metric connection on TM is investigated. Next, the curvature
tensor and the Ricci tensor of an LP-Sasakian manifold with respect to the generalized
symmetric metric connection on TM are calculated. Moreover, the projective curvature
tensor with respect to the generalized symmetric metric connection on TM is studied
and showed that TM is not ξ̂C-projectively flat. In particular, if α = 0 and β = 1 then
TM is ξ̂C-projectively flat.
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1. Introduction

H. A. Hayden introduced a metric connection with non-zero torsion on a Rieman-
nian manifold in [8]. The properties of Riemannian manifolds with semi-symmetric
(symmetric) and a non-metric connection have been studied by many authors ([1],
[5], [7], [16]). The idea of quarter-symmetric linear connections in a differential
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manifold was introduced by S. Golab [7]. A linear connection is said to be a quarter-
symmetric connection if its torsion tensor T is of the form

T (X,Y ) = η(Y )φX − η(X)φY(1.1)

for any vector fields X,Y on a manifold, where η is a 1-form and φ is a tensor of
type (1, 1). If φ = I, then the quarter-symmetric connection is reduced to a semi-
symmetric connection. Hence the quarter-symmetric connection can be viewed as
a generalization of semi-symmetric connection. A linear connection ∇ is said to be
a generalized symmetric connection if its torsion tensor T is of the form

T (X,Y ) = α{η(Y )X − η(X)Y }+ β{η(Y )φX − η(X)φY }(1.2)

for any vector fields X,Y on a manifold, where α and β are smooth functions. φ is
a tensor of type (1, 1) and η is a 1-form. Moreover, the connection ∇ is said to be
a generalized symmetric metric connection if there is a Riemannian metric g in M
such that ∇g = 0, otherwise it is non-metric.

On the other hand, in 1989, K. Matsumoto [17] introduced the notion of Lorentzian
para-Sasakian manifolds. I. Mihai and R. Rosca [18] studied the same manifolds
independently and they obtained several results on such manifolds. Lorentzian para-
Sasakian manifolds have also been studied by K. Matsumoto and I. Mihai [19], I.
Mihai, A.A. Shaikh, and U. C. De [20]. S. K. Srivastava and R. P. Kushwaha [24]
studied Lorentzian para-Sasakian manifolds admitting a special semi-symmetric re-
current metric connection.

In the framework of the geometry of tangent bundles, it is classical to consider
geometrical structures and connections using some natural operations transforming
structures and connections on the base manifold to its tangent bundle. The study
of the geometry of the tangent bundle becomes then equivalent to the study of
the relationship between the geometrical properties of the tangent bundle endowed
with the obtained structure and the base manifold. The classical prolongations i.e.
vertical, horizontal and complete lifts of the tensor fields and connections have been
introduced by Ishihara, Kobayashi, and Yano. M. Tani introduced the notion of
prolongations of surfaces to tangent bundle and developed the theory of the surface
prolonged to the tangent bundle with respect to the metric tensor [27]. The com-
plete, vertical and horizontal lifts of almost r-contact structures in tangent bundle
were studied by Das and Khan [3]. Khan studied the lifts of hypersurface with quar-
ter symmetric semi-metric connection and semi-symmetric non-metric connection
on Kähler manifold to tangent bundle in [14] and [15], respectively.

The present paper is organized as follows: Section 2 relates to preliminaries on
the subject of LP-Sasakian manifold, tangent bundle, Vertical and Complete lifts.
Section 3 deals with induced metric and connection on TS, as well as the condi-
tons for LP-Sasakian manifold in tangent bundle TM . The Section 4 is devoted
to the study of LP-Sasakian manifiold with the generalized symmetric metric con-
nection on the tangent bundle TM . The curvature tensor and the Ricci tensor
of a Lorentzian para-Sasakian with respect to the generalized symmetric metric



Tangent bundles of LP-Sasakian Manifold endowed with GSMC 127

connection on TM have been calculated. In the last Section, the projective curva-
ture tensor with respect to the generalized symmetric metric connection on TM is
discussed.

2. Preliminaries

A differentiable manifold of dimension n is called Lorentzian para-Sasakian (briefly,
LP-Sasakian) ([17], [18]), if it admit a (1, 1) tensor field φ, a contravariant vector
field ξ, a 1− form η and Lorentzian metric g which satify

η(ξ) = −1,(2.1)

φ2(X) = X + η(X)ξ,(2.2)

g(φX, φY ) = g(X,Y ) + η(X)η(Y ),(2.3)

g(X, ξ) = η(X),(2.4)

∇Xξ = φX,(2.5)

(∇Xφ)(Y ) = g(X,Y )ξ + η(Y )X + 2η(X)η(Y )ξ,(2.6)

where ∇ is Levi-Civita connection with respect to the Lorentzian metric g. It can
be easily seen that in an LP-Sasakian manifold the following relations hold:

φξ = 0, η(φX) = 0, rankφ = n− 1,(2.7)

If we write

Φ(X,Y ) = g(φX, Y ),(2.8)

for any vector field X and Y , then the tensor field Φ(X,Y ) is a symmetric (0,2)
tensor field. Also, since the vector η is closed in an LP-Sasakian [17] manifold, we
have

(∇Xη)Y = Φ(X,Y ), Φ(X, ξ) = 0,(2.9)

for any vector field X and Y .

Let M be an n-dimensional LP-Sasakian manifold. Then the following relations
hold ([20], [23]):

g(R(X,Y )Z, ξ) = η(R(X,Y )Z) = g(Y,Z)η(X)− g(X,Z)η(Y ),(2.10)

R(ξ,X)Y = g(X,Y )ξ − η(Y )X,(2.11)

R(X,Y )ξ = η(Y )X − η(X)Y,(2.12)

R(ξ,X)ξ = X + η(X)ξ,(2.13)

S(X, ξ) = (n− 1)η(X),(2.14)

S(φX, φY ) = S(X,Y ) + (n− 1)η(X)η(Y )(2.15)

for any vector fields X, Y and Z, where R and S are the curvature and Ricci tensors
of M , respectively.
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A LP-Sasakian manifold M is said to be η-Einstein if its Ricci tensor S is of the
form

S(X,Y ) = ag(X,Y ) + bη(X)η(Y ),(2.16)

where a, b are scalar functions such that b 6= 0. If b = 0 then M is called η-Einstein
manifold.

Let TM be the tangent bundle of n-dimensional differentiable manifold over M
with the bundle projection πM : TM → M define the natural bundle structure of
TM over M . Let {U ;xi} coordinate neighborhood in M where {xi} is a system of
local coordinates in neighborhood U . Let {xi, yi} be a system of local coordinates
in π−1M (U) ⊂ TM i.e. {xi, yi} the induced coordinate in π−1M (U).

Let ℘r
s(M) be the set of all tensor fields of type (r, s) in M , namely contravariant

of degree r and covariant of degree s. If we denote by ℘(M) the tensor algebra
associated with M i.e. ℘(M) = ℘r

s(M). The set of tensor fields in tangent bundle
represented by ℘r

s(TM) and tensor algebra on the tangent bundle by ℘(TM). The
set of functions, vector fields, 1-forms and tensor fields of type (1,1) are denoted by
℘0
0(TM), ℘1

0(TM), ℘0
1(TM) and ℘1

1(TM) respectively.

Let S be a manifold of dimension n−1. We denote the imbedding by τ : S →M
and by B the mapping induced by τ from T (S) to TM , where T (S) to TM denote
tangent bundle of manifold S and M respectively. Then the mapping B induces its
tangential map dB : T (T (S))→ T (TM) and denoted by B̃ i.e.

τ : S →M

dτ = B : T (S)→ TM

dB = B̃ : T (T (S))→ T (TM).

Let the tensor algebra corresponding sets of tensor fields in T (S,M) be denoted by
℘(S,M). Then

B : ℘(S)→ ℘(S,M)

B : ℘(T (S))→ ℘(T (S,M)).

Let f,X, ω and F be the elements of ℘(S) and f,X, ω and F be the elements of
℘(S,M) [27].

2.1. Vertical and complete lifts

If X = Xi ∂
∂xi is a local vector field on M , then its vertical, complete and horizontal

lifts in the term of partial differential equations are

XV = Xi ∂

∂yi
(2.17)

XC = Xi ∂

∂xi
+
∂Xi

∂xj
yj

∂

∂yi
(2.18)

(2.19)
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where Γi
js represent components of the affine connection. The vertical and complete

lifts of a function, a vector field and a 1-form defined as fV = foπM , fC =
yi∂if, where ∂i = ∂

∂xi

(fX)V = fVXV , (fX)C = fCXV + fVXC ,(2.20)

XV fV = 0, XV fC = XCfV = (Xf)V , XCfC = (Xf)C ,(2.21)

ωV (fV ) = 0, ωV (XC) = ωC(XV ) = ω(X)V , ωC(XC) = ω(X)C ,(2.22)

FVXC = (FX)V , FCXC = (FX)C ,(2.23)

[X,Y ]V = [XC , Y V ] = [XV , Y C ], [X,Y ]C = [XC , Y C ],(2.24)

We extend the vertical and complete lifts to a linear isomorphism of tensor algebra
℘(M) into ℘(TM) with respect to constant coefficient. Let PV and QV be vertical
lift and PC and QC be complete lift of arbitrary tensor fields P and Q of ℘(M).
Then by using mathematical operators [11]

(P ⊗Q)V = PV ⊗QV , (P ⊗Q)C = PC ⊗QV + PV ⊗QC

(P +Q)V = PV +QV , (P +Q)C = PC +QC .

2.2. Vertical and complete lifts of ℘r
s(S,M) to TM)

If f is a function on S. The vertical lift f
V

of f to TM is given by f
V

= f ◦πS . Let
U be neighborhood of p in M . Then the function f̂ fits with f in U ∪ S containing

p. The complete lift f̂ Ĉ of f̂ is given as f̂C = yi∂if̂ in π−1M (U). If X is an element of

℘r
s(S,M). The vertical lift X

V
to TM is defined by X

V
f̂C = (Xf̂)V and complete

lift X
C

to TM is defined as X
C
f̂C = (Xf̂)C , for each f̂ ∈ ℘0

0(M) along S. Similarly,

If ω is an element of ℘0
1(S,M). The vertical lift ωV and complete lift ωC to TM

are defined by ωV (X
C

) = (ω(X))V and ωC(X
C

) = (ω(X))C for each X ∈ ℘0
1(M)

respectively [10, 13].
We extend the vertical and complete lifts to linear isomorphism of ℘(S,M) to

℘(T (S,M)) with respect to constant coefficients. Let P
V

and Q
V

be vertical and
complete lifts of arbitrary tensor fields P and Q on ℘(S,M). Then by definition

(P ⊗Q)V = P
V ⊗QV

(P ⊗Q)C = P
V ⊗QC

+ P
C ⊗QV

.

The relation between lifts of ℘0
0(M) to TM and the lifts of ℘0

0(S) to T (S) are
given by

f
V

= f
V
, f

C
= f

C
,∀f ∈ ℘0

0(S,M) = ℘0
0(S).

Moreover, we have following properties:

T̂C(X
V
, Y

C
) = T̂V (X

C
, Y

C
) = T̂C(X,Y )V
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T̂C(X
C
, Y

C
) = T̂ (X,Y )C

T̂C(X
V
, Y

V
) = T̂V (X

C
, Y

V
) = T̂V (X

V
, Y

V
),∀f ∈ ℘0

0(S), X ∈ ℘1
0(S,M).

3. Induced metric and connection on T (S)

Let g be a Riemannian metric in manifold M . The complete lift of ĝ is ĝC in TM .
The induced metric from ĝC on T (S) is denoted by g̃. Then we can write

g̃(XC , Y C) = ĝC(B̃XC , B̃Y C),∀X,Y ∈ ℘1
0(S).(3.1)

Let ∇̂ be an affine connection in M and ∇̂C be the complete lift of ∇̂ on TM .
Then by definition

∇̂C
XCY

C = (∇̂X̂ Ŷ )C

∇̂C
XCY

V = (∇̂X̂ Ŷ )V

where ∇̂ is the Riemannian connection with respect to ĝ and ∇̂C is the Riemannian
connection of TM with respect to ĝC .

Taking complete lifts of (2.1)-(2.6), we have the following

η̂V (ξ̂V ) = η̂C(ξ̂C) = 0, η̂V (ξ̂C) = η̂C(ξ̂V ) = −1,(3.2)

(φC)2 = I + η̂V ⊗ ξ̂C + η̂C ⊗ ξ̂V(3.3)

g̃((φX)C , (φY )C) = g̃(B̃XC , B̃Y C) + η̂C(B̃XC)η̂V (B̃XC)

+ η̂V (B̃XC)η̂C(B̃XC)(3.4)

Put Y = ξ̂ in (2.3) and φC ξ̂C = 0, we get

g̃(B̃XC , B̃ξ̂C) = η̂C(B̃XC)(3.5)

∇C
XC ξ̂

C = (φX)C = φC ξ̂C(3.6)

(∇C
B̃XC B̃φ

C)(B̃Y C) = g̃(B̃XC , B̃Y C)ξ̂V + g̃(B̃XV , B̃Y C)ξ̂C

+ η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

+ 2η̂V (B̃XC)η̂C(B̃Y C)ξ̂C + 2η̂C(B̃XC)η̂V (B̃Y C)ξ̂C

+ 2η̂C(B̃XC)η̂C(B̃Y C)ξ̂V(3.7)

Now in the view of (2.7) and (2.8), we have

φC ξ̂V = φC ξ̂C = φV ξ̂V = 0,(3.8)

η̂C(φX)C = η̂C(φX)V = η̂V (φX)C = η̂V (φX)V = 0(3.9)

ΦC(B̃XC , B̃Y C) = ĝ(B̃(φX)C , B̃Y C)(3.10)

where ΦC is a symmetric tensor field of type (0,2) in TM .
From (2.9), we have

(∇C
B̃XC B̃η̂

C)B̃Y C = φC(B̃XC , B̃Y C), ĝ(B̃(φX)C , η̂C) = 0(3.11)
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Let M be n-dimensional LP- Sasakian manifold and TM its tangent bundle.
Then the following conditions hold [19], [20]:

ĝC(RC(B̃XC , B̃Y C)B̃ZC , ξ̂C) = η̂C(RC(B̃XC , B̃Y C)B̃ZC)

= ĝC(B̃Y C , B̃ZC)η̂V (B̃XC)

+ ĝC(B̃Y V , B̃ZC)η̂V (B̃XC)

− ĝC(B̃XC , B̃ZC)η̂V (B̃Y C)

− ĝC(B̃XC , B̃ZC)η̂V (B̃Y C)(3.12)

RC(ξ̂C , B̃XC)B̃Y C = ĝC(B̃XC , B̃Y C)(3.13)

− η̂C(B̃Y C)B̃XV − η̂V (B̃Y C)B̃XC(3.14)

RC(B̃XC , B̃Y C)ξ̂C = η̂C(B̃Y C)B̃XV + η̂V (B̃Y C)B̃XC

− η̂C(B̃XC)B̃Y V − η̂V (B̃XC)B̃Y C(3.15)

RC(ξ̂C , B̃XC)ξ̂C = B̃XC + η̂C(B̃XC)ξ̂V + η̂V (B̃XC)ξ̂C(3.16)

SC(B̃XC , ξ̂C) = (n− 1)η̂C(B̃XC)(3.17)

SC(B̃(φX)C , B̃(φY C)) = SC(B̃XC , B̃Y C) + (n− 1)η̂V (B̃XC)ˆ̂η
C

(B̃Y C)

+ (n− 1)ˆ̂η
C

(B̃XC)η̂V (B̃Y C)(3.18)

for any XC , Y C ∈ ℘1
0(TM).

4. LP-Sasakian manifold with the generalized symmetric metric
connection on the tangent bundle

Let ∇C
be a complete lift of linear connection ∇ and ∇C be complete lift of Levi-

Civita connection ∇ of an LP-Sasakian manifold M such that

∇C

B̃XC B̃Y C = ∇C
B̃XC , B̃Y

C + H̃(XC , Y C).(4.1)

where H̃ is a tensor of type (0,2) in TM. and given by

H̃(XC , Y C) =
1

2
[TC(XC , Y C) + T ′C(XC , Y C) + T ′C(XC , Y C)],(4.2)

Taking complete lift of (1.2), we get

TC(B̃XC , B̃Y C) = α{η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

− η̂C(B̃XC)(B̃Y V )− η̂V (B̃XC)(B̃Y C)}
+ β{η̂C(B̃Y C)(B̃(φX)V ) + η̂V (B̃Y C)(B̃(φX)C)

− η̂C(B̃XC)(B̃(φY )V )− η̂V (B̃XC)(B̃(φY )C)}(4.3)

For ∇C
to be a generalized symmetric metric connection of ∇C , we have

ĝC(T ′C(XC , Y C), Z) = ĝC(TC(ZC , XC), Y C).(4.4)
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where TC is the torsion tensor of ∇C
. From (4.3) and (4.4), we get

T ′C(XC , Y C) = α{η̂C(B̃XC)(B̃Y V ) + η̂V (B̃XC)(B̃Y C)

− ĝC(B̃XC)(B̃Y C)ξ̂V − ĝC(B̃XV )(B̃Y C)ξ̂C}
+ β{η̂C(B̃XC)(B̃(φY )V ) + η̂V (B̃XC)(B̃(φY )C)

− ĝC(B̃(φX)C), (B̃Y )C)ξ̂V

− ĝC(B̃(φX)V ), (B̃Y )C)ξ̂C}(4.5)

Using (4.3),(4.2) and (4.5), we obtain

H̃(XC , Y C) = α{η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

− ĝC(B̃XC)(B̃Y C)ξ̂V − ĝC(B̃XV )(B̃Y C)ξ̂C}
+ β{η̂C(B̃Y C)(B̃(φX)V ) + η̂V (B̃Y C)(B̃(φX)C)

− ĝC(B̃(φX)C), (B̃Y )C)ξ̂V

− ĝC(B̃(φX)V ), (B̃Y )C)ξ̂C}(4.6)

Thus we have the following corollary:

Corollary 4.1. For an LP-Sasakian manifold, a generalized symmetric metric

connection ∇C
of type (α, β) is given by

∇C

B̃XC B̃Y C = ∇C
B̃XC B̃Y

C + α{η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

− ĝC(B̃XC)(B̃Y C)ξ̂V − ĝC(B̃XV )(B̃Y C)ξ̂C}
+ β{η̂C(B̃Y C)(B̃(φX)V ) + η̂V (B̃Y C)(B̃(φX)C)

− ĝC(B̃(φX)C), (B̃Y )C)ξ̂V − ĝC(B̃(φX)V ), (B̃Y )C)ξ̂C}.(4.7)

If we choose (α, β) = (1, 0) and (α, β) = (0, 1), a generalized symmetric met-
ric connection is reduced a semi-symetric metric connection and quarter-symetric
metric connection as follows:

∇C

B̃XC B̃Y C = ∇C
B̃XC B̃Y

C + η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

− ĝC(B̃XC)(B̃Y C)ξ̂V − ĝC(B̃XV )(B̃Y C)ξ̂C(4.8)

∇C

B̃XC B̃Y C = ∇C
B̃XC B̃Y

C + η̂C(B̃Y C)(B̃(φX)V ) + η̂V (B̃Y C)(B̃(φX)C)

− ĝC(B̃(φX)C), (B̃Y )C)ξ̂V − ĝC(B̃(φX)V ), (B̃Y )C)ξ̂C(4.9)

from (2.5), (3.7), (3.11) and (4.7), we have following proposition:

Proposition 4.1. Let M be an LP-Sasakian manifold with the generalized sym-
metric metric connection and TM its tangent bundle. We have the following rela-
tions:

(∇C

B̃XC B̃φC)(B̃Y C) = (1− β){ĝC(B̃XC)(B̃Y C)ξ̂V + ĝC(B̃XV )(B̃Y C)ξ̂C}
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+ (2− 2β){η̂V (B̃XC)η̂C(B̃Y C)ξ̂C + η̂C(B̃XC)η̂V (B̃Y C)ξ̂C

+ η̂C(B̃XC)η̂V (B̃Y C)ξ̂V }
− α{ĝC(B̃(φX)C), (B̃Y )C)ξ̂V + ĝC(B̃(φX)V ), (B̃Y )C)ξ̂C}
+ (1− β){η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)}
− α{η̂C(B̃Y C)(B̃(φX)V ) + η̂V (B̃Y C)(B̃(φX)C)}(4.10)

∇C

B̃XC ξ̂C = (1− β)B̃(φX)C − φB̃XC

− αη̂V (B̃XC)ξ̂C − αη̂C(B̃XC)ξ̂V(4.11)

(∇C

B̃XC η̂C)(B̃Y C) = (1− β){ĝC(B̃(φX)C , B̃Y C)}
− αĝC(B̃(φX)C , B̃(φY )C)(4.12)

for any XC , Y C , ZC ∈ ℘1
0(TM).

5. Curvature Tensor of an LP-Sasakian manifold with respect to the
generalized symmetric metric connection on the tangent bundle

Let M be an n− dimensional LP−Sasakian manifold with the generalized symmet-

ric metric connection and TM its tangent bundle. Let R
C

be the curvature tensor

of ∇C
on T (S) in TM , then we have

R
C

(B̃XC , B̃Y C)B̃ZC = ∇C

B̃XC∇
C

B̃Y C B̃ZC −∇C

B̃Y C∇
C

B̃XC B̃ZC

− ∇C

[B̃XC ,B̃Y C ]B̃Z
C(5.1)

Using (4.7), (5.1) and Proposition 4.1, we have

R
C

(B̃XC , B̃Y C)B̃ZC = RC(B̃XC , B̃Y C)B̃ZC +KC
1 (B̃Y C , B̃ZC)B̃XC

− KC
1 (B̃XC , B̃ZC)B̃Y C +KC

2 (B̃Y C , B̃ZC)B̃(φX)C

− KC
2 (B̃XC , B̃ZC)B̃(φY )C +KC

3 (B̃XC , B̃Y C)B̃ZC

− KC
3 (B̃Y C , B̃XC)B̃ZC(5.2)

where

KC
1 (B̃Y C , B̃ZC)B̃XC = α(β − 1){ĝC(B̃(φY )C , B̃ZC)B̃XV

− ĝC(B̃(φY )V , B̃ZC)B̃XC}
− α2{ĝC(B̃Y C , B̃ZC)B̃XV + ĝC(B̃Y V , B̃ZC)B̃XC}
+ (α2 + β − β2){η̂V (B̃Y C)η̂C(B̃ZC)B̃XC

+ η̂C(B̃Y C)η̂V (B̃ZC)B̃XC

+ η̂C(B̃Y C)η̂C(B̃ZC)B̃XV }(5.3)

KC
2 (B̃Y C , B̃ZC)B̃(φX)C = β(β − 2){ĝC(B̃(φY )C , B̃ZC)B̃(φX)V

+ ĝC(B̃(φY )V , B̃ZC)B̃(φX)C}
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− α(1− β){ĝC(B̃Y C , B̃ZC)(φX)V

+ ĝC(B̃Y V , B̃ZC)(φX)C}(5.4)

KC
3 (B̃XC , B̃Y C)B̃ZC = (α2 + β){ĝC(B̃Y C , B̃ZC)(η̂(X))V ξ̂V

+ ĝC(B̃Y V , B̃ZC)(η̂(X))C ξ̂V

+ ĝC(B̃Y V , B̃ZC)(η̂(X))V ξ̂C

+ αβ{ĝC(B̃(φY )C , B̃ZC)(η̂(X))V ξ̂V )

+ ĝC(B̃(φY )V , B̃ZC)(η̂(X))C ξ̂V

+ ĝC(B̃(φY )V , B̃ZC)(η̂(X))V ξ̂C}(5.5)

RC(XC , Y C)ZC = ∇C
B̃XC∇C

B̃Y C B̃Z
C −∇C

B̃Y C∇C
B̃XC B̃Z

C

− ∇[B̃XC ,B̃Y C ]B̃Z
C(5.6)

From (5.2) we have, the following theorem

Theorem 5.1. Let M be an n− dimensional LP−Sasakian manifold with the gen-
eralized symmetric metric connection and TM its tangent bundle. Then we have
the following equations:

R
C

(B̃XC , B̃Y C)ξ̂C = (1− β + β2){η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

− η̂C(B̃XC)(B̃Y V )− η̂V (B̃XC)(B̃Y C)}
+ α(1− β){η̂C(B̃XC)(B̃(φY )V ) + η̂V (B̃XC)(B̃(φY )C)

− η̂C(B̃Y C)(B̃(φX)V )− η̂V (B̃Y C)(B̃(φX)C))(5.7)

R
C

(ξ̂C , B̃Y C , B̃ZC) = −α{ĝC(B̃(φY )C), B̃ZC)ξ̂V + ĝC(B̃(φY )V ), B̃ZC)ξ̂C}
+ (1− β){ĝC(B̃Y C , B̃ZC)ξ̂V + ĝC(B̃Y V ), B̃ZC)ξ̂C}
− β2{η̂V (B̃XC)η̂C(B̃Y C)ξ̂C + η̂C(B̃XC)η̂V (B̃Y C)ξ̂C

− η̂C(B̃XC)η̂C(B̃Y C)ξ̂V }+ (1− β + β2){η̂V (B̃ZC)(B̃Y C)

+ η̂C(B̃ZC)(B̃Y V )}+ α(1− β){η̂V (B̃ZC)B̃(φY C)

+ η̂C(B̃ZC)B̃(φY V )}(5.8)

R
C

(ξ̂C , B̃Y C)ξ̂C = (1− β + β2){η̂V (B̃Y C)ξ̂C

+ η̂C(B̃Y C)ξ̂V }α(β − 1)(φY )C .(5.9)

where R
C

be the curvature tensor of ∇C
on T (S) in TM .

The Ricci tensor S of an LP-Sasakian manifold M with respect to the generalized
symmetric metric connection ∇ is given by

S(Y,Z) =

n∑
i=1

εig(R(ei, Y )Z, ei).



Tangent bundles of LP-Sasakian Manifold endowed with GSMC 135

where {e1, e2, ..., en} is an orthonormal frame and εi = g(ei, ei).

Let S
C

be the complete lift of S
C

in TM with respect to the generalized sym-

metric metric connection ∇C
is given by

S
C

(B̃Y C , B̃ZC) =

n∑
i=1

εiĝ
C(R

C
(eCi , B̃Y

C)B̃ZC , eCi ).(5.10)

In the view of (5.2), we get

S
C

(B̃Y C , B̃ZC) =

n∑
i=1

εiĝ
C(RC(eCi , B̃Y

C)B̃ZC , eCi ) +KC
1 (B̃Y C , B̃ZC)ĝC(eCi , e

C
i )

− KC
1 (eCi , B̃Z

C)ĝC(B̃Y C , eCi ) +KC
2 (B̃Y C , B̃ZC)ĝC(B̃φCeCi , e

C
i )

− KC
2 (eCi , B̃Z

C)ĝC(B̃(φY )C , eCi ) +KC
3 (eCi , B̃Y

C)ĝC(B̃ZC , eCi )

− KC
3 (B̃Y C , eCi , )ĝ

C(B̃ZC , eCi ).(5.11)

since the Ricci tensor SC of an LP-Sasakian manifold TM with respect to ∇C is
given by

SC(B̃Y C , B̃ZC) =

n∑
i=1

εiĝ
C(RC(eCi , B̃Y

C)B̃ZC , eCi )

Then using (5.4),(5.5),(5.6) and (5.2), we get

S
C

(B̃Y C , B̃ZC) = SC(B̃Y C , B̃ZC) + {−αβ + (n− 2)(αβ − α)

+ (β2 − 2β)TraceΦC}ΦC(B̃(φY )C , B̃ZC)

− {2α2 + β + β2 + nα2 + (αβ − α)TraceΦC}ĝC(B̃Y C , B̃ZC)

+ {−2α2 + n(α2 + β − β2)}{η̂V (B̃Y C)η̂C(B̃ZC)

+ η̂C(B̃Y C)η̂V (B̃ZC)}(5.12)

ΦC and Ricci tensor SC of Levi-Civita connection are symmetric. Then from (5.12),
we have the following corollary

Corollary 5.1. Let M be an n-dimensional LP-Sasakain manifold and TM its

tangent bundle then the Ricci tensor S
C

of the generalized symmetric metric con-

nection ∇C
is symmetric.

Theorem 5.2. Let M be an n-dimensional LP-Sasakain manifold and TM its
tangent bundle then we have

S
C

(B̃Y C , ξ̂C) = (n− 1)(1− β + β2)η̂C(B̃Y C)

+ (αβ − 1){ĝC(B̃φCeCi , e
C
i )η̂V (B̃Y C)

+ ĝC(B̃φV eCi , e
C
i )η̂C(B̃Y C)}(5.13)
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S
C

(B̃(φY )C , B̃(φZC)) = S
C

(B̃Y C , B̃ZC)

+ (n− 1)(1− β + β2){η̂V (B̃Y C)η̂C(B̃ZC) + η̂C(B̃Y C)η̂V (B̃ZC)}
+ α(β − 1){ĝC(B̃φCeCi , e

C
i )η̂V (B̃Y C)η̂C(B̃ZC)

+ ĝC(B̃φCeCi , e
C
i )η̂C(B̃Y C)η̂V (B̃ZC)

+ ĝC(B̃φV eCi , e
C
i )η̂C(B̃Y C)η̂C(B̃ZC)}(5.14)

Proof: Using (3.2), (3.9) and (3.17) in (5.12), we get (5.13).
By using (3.4), (3.9) and (3.18) in (5.12), we get (5.14).

Theorem 5.3. Let M be an n-dimensional LP-Sasakain manifold and TM its

tangent bundle. If Ricci tensor S
C

is a semi-symmetric with respect to the general-
ized symmetric metric connection on TM , then we have

{(1− β + β2)2 − (αβ − α)2}SC
(B̃Y C , B̃UC)

= {(n− 1)(1− β + β2) + α(β − 1)ĝC(B̃φCeCi , e
C
i )}

{αβĝC(B̃(φY )C , B̃UC)

− (1− β)(1− β + β2 − α2)ĝC(B̃Y C , B̃UC)

+ (−β4 + β3 − β2 + α2β2 − βα2)

(η̂V (B̃Y C)η̂C(B̃UC)

+ η̂C(B̃Y C)η̂V (B̃UC))}(5.15)

Proof: Let R
C

(B̃XC , B̃Y C)S
C

= 0 be on TM for any XC , Y C , ZC , UC ∈ TM ,
then we have

S
C

(R
C

(B̃XC , B̃Y C)B̃ZC , B̃UC) + S
C

(B̃ZC , R
C

(B̃XC , B̃Y C), B̃UC) = 0

(5.16)

if we choose ZC = ξ̂ and XC = ξ̂ in (5.16)

S
C

(R
C

(B̃ξ̂C , B̃Y C)B̃ξ̂C , B̃UC) + S
C

(B̃ξ̂C , R
C

(B̃ξ̂C , B̃Y C), B̃UC) = 0

(5.17)

Using Theorem 5.1 and Theorem 5.2 in (5.17), we obtain

(1− β + β2)S
C

(B̃Y C , B̃UC) + α(β − 1)S
C

(B̃(ΦY )C , B̃UC)

= {(n− 1)(1− β + β2) + α(β − 1)ĝC(B̃φCeCi , e
C
i )}

{−αĝC(B̃(φY )C , B̃UC) + (1− β)ĝC(B̃Y C , B̃UC)

− β2(η̂V (B̃Y C)η̂C(B̃UC)

+ η̂C(B̃Y C)η̂V (B̃UC))}(5.18)

If Y = φY in (5.18) and using (5.13) we obtain

(1− β + β2)S
C

(B̃(φY )C , B̃UC) + α(β − 1)S
C

(B̃Y C , B̃UC)
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= {(n− 1)(1− β + β2) + α(β − 1)ĝC(B̃φCeCi , e
C
i )}

{(1− β)ĝC(B̃(φY )C , B̃UC)− αĝC(B̃Y C , B̃UC)

− αβ{(η̂V (B̃Y C)η̂C(B̃UC)

+ η̂C(B̃Y C)η̂V (B̃UC))}(5.19)

from (5.18) and (5.19), we obtain (5.15). Hence the proof is completed.

Corollary 5.2. Let M be an n-dimensional LP-Sasakain manifold and TM its

tangent bundle. If S
C

is Ricci tensor with respect to the generalized symmetric
metric connection on TM and if α = 0 and β = 0 in (5.15), we get the following
equations:

S
C

(B̃Y C , B̃UC) = (n− 1)(1− β)ĝC(B̃Y C , B̃UC)

− (n− 1)β2{(η̂V (B̃Y C)η̂C(B̃UC) + η̂C(B̃Y C)η̂V (B̃UC)}

S
C

(B̃Y C , B̃UC) = (n− 1− αĝC(eCi , e
C
i ))ĝC(B̃Y C , B̃UC)}.

(5.20)

6. Projective curvature tensor of an LP-Sasakian manifold with
respect to the generalized symmetric metric connection on the

tangent bundle

Let M be an n− dimensional LP−Sasakian manifold. The projective curvature
tensor P of type (1, 3) of M with respect to the generalized metric connection ∇ is
defined by

P (X,Y )Z = R(X,Y )Z − 1

n− 1
{S(Y, Z)X − S(X,Z)Y }.(6.1)

Let P
C

be complete lift of P in TM with respect to the generalized symmetric

metric connection ∇C
is given by

P
C

(B̃XC , B̃Y )B̃ZC = R
C

(B̃XC , B̃Y C)B̃ZC − 1

n− 1
{SC

(B̃Y C , B̃ZC)B̃XC

− S
C

(B̃XC , B̃ZC)B̃Y C}.(6.2)

Definition Let M be an n− dimensional LP−Sasakian manifold and TM its
tangent bundle. Then TM is said to be ξ̂C− projectively flat with respect to the

generalized metric connection ∇C
if P

C
(B̃XC , B̃Y C)ξ̂C = 0 on TM .

Using (6.2) we have

P
C

(B̃XC , B̃Y )B̃ξ̂C = R
C

(B̃XC , B̃Y C)B̃ξ̂C − 1

n− 1
{SC

(B̃Y C , B̃ξ̂C)B̃XC

− S
C

(B̃XC , B̃ξ̂C)B̃Y C}.(6.3)
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From the last equation, using (5.13) we obtain

P
C

(B̃XC , B̃Y C)B̃ξ̂C = α(1− β){ 1

n− 1
(η̂C(B̃Y C)(B̃XV ) + η̂V (B̃Y C)(B̃XC)

− η̂C(B̃XC)(B̃Y V ) + η̂V (B̃XC)(B̃Y C) + η̂C(B̃XC)(B̃(φY )V )

+ η̂V (B̃XC)(B̃(φY )C)− η̂C(B̃Y C)(B̃(φX)V )

+ η̂V (B̃Y C)(B̃(φX)C))(6.4)

Then we have the following theorem

Theorem 6.1. Let M be an n− dimensional LP−Sasakian manifold with the gen-
eralized metric connection and TM its tangent bundle.
(i) TM is not ξ̂C− projectively flat with respect to the generalized metric connec-
tion.
(ii) TM is ξ̂C− projectively flat with respect to the generalized metric connection
of type (0, β).

(iii) TM is ξ̂C− projectively flat with respect to the generalized metric connection
of type (α, 1).
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