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COUPLED FIXED POINT THEOREMS FOR CONTRACTIVE
TYPE CONDITION IN PARTIAL METRIC SPACES WITH
APPLICATIONS

Gurucharan Singh Saluja

H.N. 3/1005, Geeta Nagar, Raipur,
Raipur-492001 (Chhattisgarh), India

Abstract. This paper deals with a coupled fixed point theorem for a mapping satisfying
contractive type condition in the setting of partial metric spaces. Furthermore, we give
some consequences of the established result. Also, we give an example to validate the
result and state some applications to the main result of a self mapping which is involved
in an integral type contraction. Our results extend and generalize several previously
published results from the existing literature. Specially, our results generalize the results
of Aydi [5].
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1. Introduction

In 1922, Banach has proved a fixed point theorem for a contraction mapping in
a complete metric space. It plays an important role in analysis to find a unique
solution of many mathematical problems. It is very popular tool in many branches
of mathematics for solving existing problems. Since then there are numerous gen-
eralizations [18, 20, 23, 49, 59, 60, 63] of this result by weakening its hypothesis
while retaining the convergence property of successive iterates for a unique fixed
point of mappings. Wolk [62] and Monjardet [37] investigated the extension of the
Banach contraction principle to partially ordered sets (poset) in order to obtain
fixed points under certain conditions. In 2004, Ran and Reurings [47] established
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fixed points in partially ordered metric spaces (POMS) with some applications to
matrix equations. Later on, many researchers [2, 3, 22, 37, 39, 43, 47, 58] settled
fixed point results in POMS (see, also [15], [56]).

On the other hand, the concept of coupled fixed points in ordered spaces was
introduced by Bhashkar and Lakshmikantham [9] and applied their results to bound-
ary value problems for the unique solution. Also, Ciric and Lakshmikantham [10]
introduced the concept of coupled coincidence, common fixed points to nonlinear
contractions in ordered metric spaces. More results on coupled fixed points, coupled
coincidence points and common coupled fixed points in various spaces, one can see
[5, 7, 11, 12, 14, 16, 17, 25, 27, 28, 29, 40, 42, 48, 51, 54, 55, 57] and many others.

Matthews [35, 36] introduced the concept of partial metric space (PMS) as a
part of the study of denotational semantics of data flow networks. It is widely
recognized that partial metric spaces play an important role in constructing models
in the theory of computation (see, e.g., [21], [44] and some others). Introducing
partial metric space, Matthews proved the partial metric version of Banach fixed
point theorem ([8]). The PMS is a generalization of the usual metric spaces in
which the distance of a point in the self may not be zero, that is, d(z,z) may not
be zero (for more details, see [4], [34], [45]).

Motivated and inspired by the works of Aydi [5] and many others, the aim
of this paper is to establish a coupled fixed point result for a mapping satisfying
generalized contractive condition in the setting of partial metric spaces and also
prove well-posedness of coupled fixed point problem. Furthermore, we give some
applications of the established result.

2. Preliminaries
In the sequel, we need the following definitions, lemmas and auxiliary results to
prove our main result.
Definition 2.1. ([36]) Let Y be a nonempty set and p:Y x Y — RT be a self
mapping of Y such that for all p,o,7 € V the followings are satisfied:
(P1) p =0 < plp,p) = p(p,0) = p(o,0),

(P2) p(p,p) < plp,0),
(P3) p(p,o) = p(o,p),
(P4) p(p,o) <p(p,7) +p(7,0) — (7, 7).

Then p is called partial metric on ) and the pair (), p) is called partial metric
space (in short PMS).

Remark 2.1. It is clear that if p(p,o) = 0, then from (P1), (P2), and (P3), p = 0. But
if p = o, p(p, o) may not be 0.

If p is a partial metric on X, then the function p*: Y x Y — RT given by

(2.1) p*(p, o) = 2p(p,0) — p(p, p) — p(o,0),

is a metric on Y.
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Example 2.1. ([6]) Let Y = R*, where RT = [0, +0c0) and p: Y x Y — R™ be given by
p(p,0) = max{p,c} for all p,c € RT. Then (R, p) is a partial metric space.

Example 2.2. ([6]) Let I denote the set of all intervals [v, w] for any real numbers v < w.
Let p: I x I — [0,00) be a function such that

p([v,w], [r, s}) = max{w, s} — min{v, r}.

Then (I,p) is a partial metric space.

Example 2.3. ([13]) Let Y =R and p: Y x Y — R* be given by p(p, o) = e™**{77} for
all p,o € R. Then (Y, p) is a partial metric space.

Many applications of this space has been extensively investigated by many au-
thors (see, [30], [61] for details).

Note also that each partial metric p on Y generates a T topology 7, on YV, whose
base is a family of open p-balls {B,(p,e) : p € Y, > 0} where

By(p.e) ={o €Y :p(p,o) <plp;p) +e},

for all p € Y and € > 0.
Similarly, closed p-ball is defined as

Bylp,el = {o €Y :p(p,o) < plp,p) + ¢},
for all pe Y and € > 0.

Definition 2.2. ([35]) Let (), p) be a partial metric space. Then

(T'1) a sequence {v,} in (Y, p) is said to be convergent to a point v € Y if and
only if p(v,v) = limy, 00 p(Vn, V);

(T'2) a sequence {v,} is called a Cauchy sequence if lim,, 100 P(Vin, Vp,) exists
and is finite;

(T's) (I, p) is said to be complete if every Cauchy sequence {v,,} in ) converges
to a point v € Y with respect to 7,. Furthermore,

m}rilrgoop(ymv Vn) = nlLH;OP(Vm l/) = p(V, V)'

(T'4) A mapping g:Y — Y is said to be continuous at vy € Y if for every € > 0,
there exists 6 > 0 such that g(Bp(V0,5)) C By (g(uo),5>.
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Lemma 2.1. ([35, 36, 5]) Let (¥,p) be a partial metric space. Then

(A1) a sequence {v,} in (V,p) is a Cauchy sequence if and only if it is a Cauchy
sequence in the metric space (Y, p*),

(A2) a partial metric space (Y, p) is complete if and only if the metric space
(Y, p®) is complete, furthermore, lim,, oo p°(Vn,v) = 0 if and only if

(2.2) p(v,v) = lim p(v,,v) = lm  pWn, Vm).

n—oo n,m—oQ

Lemma 2.2. (see [24]) Let (Y, p) be a partial metric space.
(©1) If for all p,o € Y, p(p,0) =0, then p=o0;
(©2) If p# o, then p(p,o) > 0.

Definition 2.3. ([5]) An element (p,0) € Y x Y is said to be a coupled fixed point
of the mapping F:Y x Y — YV if F(p,0) = p and F(o,p) = 0.

Example 2.4. Let Y = [0,+00) and F:Y x Y — Y defined by F(p,0) = ££2 for all
p,0 €Y. One can easily see that F' has a unique coupled fixed point (0, 0).

Example 2.5. Let X = [0,400) and F:Y x Y — Y be defined by F(p,0) = ££% for all
p,o € Y. Then we see that F' has two coupled fixed point (0,0) and (1,1), that is, the
coupled fixed point is not unique.

In 2011, Aydi [5] proved the following result.

Theorem 2.1. Let (V,p) be a complete partial metric space. Suppose that the
mapping F:Y x Y — Y satisfies one of the following contractive conditions (N1),
(N2), (Ns):

(N1) for all p,o,m,0 € Y and nonnegative constants hy, hy with hy + ha < 1,

(2.3) p(F(p,0), F(n,0)) < hap(p,n) + hap(o,0),

(N3) for all p,o,n,0 € Y and nonnegative constants hy, hy with hy + hy < 1,
(2.4) p(F(p,0), F(n,0)) < hap(F(p, o), p) + hap(F(n,0),n),

(N3) for all p,o,n,0 € Y and nonnegative constants hq, ho with hq 4+ 2hy < 1,

(2.5) p(F(p,0), F(n,0)) < hap(F(p,0),n) + hap(F(n,0), p).

Then F has a unique coupled fixed point.
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3. Main Results

In this section, we shall prove a unique coupled fixed point theorem for a mapping
satisfies generalized contractive condition in the framework of partial metric spaces.

Theorem 3.1. Let (V,p) be a complete partial metric space. Suppose that the
mapping F: Y xY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

p(F(p,0), F(n,0)) < a [p(p,n) +p(o,0)] +aqp(F(p,0),p) + a3 p(F(n,0),n)
+4q4 p(F(,O, 0')7 7)) + g5 p(F(n’ 9)7 P) + qs p(F(O’7 P)7 9)
(3.1) +q7 p(F(0,n),0),

where q1,q2, . .., q7 are nonnegative constants with 2q1 +qa+q3+qa+2q¢5+qs+2q7 <
1. Then F has a unique coupled fized point.

Proof. Choose pg,00 € Y. Set p1 = F(po,00) and o1 = F (00, po). Repeating this
process, we obtain two sequences {p,} and {0, } in Y such that p,11 = F(pn,0n)
and On+1 = F(Un7pn)~ Let U, = p(pn,pn-‘rl)a Vo = p(0n70n+1) and S, = U, + V.
Then, from the equation (3.1) and using (P2), (P3), (P4), we have

Upn = p(pn;pnt1) =2(F(pn—1,0n-1), F(pn,0on))
< @ [p(pn—1,pn) +P(0n-1,00)] + G2 P(F(prn—1,0n-1); Prn—1)
+qs p(F(pn, Un)a pn) + p(F(pnfl, Unfl)a pn)
+a5 p(F'(pny 0n)s pr—1) + a6 P(F (On—1,pn—1),n)
+q7 p(F(0n;s pn)s on-1)
= q1 [p(pn—1,pn) + P(On-1,00)] + @2 P(Pn, Pr—1)
+43 p(Pn+1, Pn) + @1 P(Pns )
+a5 P(Pnt1, Prn—1) + 6 P(On; 0n)
+q7 p(Ont1,00-1)
01 [P(pn—1, pn) + P(On—1,00)] + G2 P(Pn;s Pr—1)
+43 p(Pn+1, Pn) + @1 P(Pns Prt1)
+4s5 [p(pn+1, pn) + P(Pn; pr—1) — P(Pn, pn)]
+q6 P(0n, Ong1) + @7 [P(Ong1,00)
+p(0ny On—1) = p(0n; 00n)]
= q1[p(pn-1,pn) +P(0n—1,00)] + G2 P(Pn;s Pr—1)
+¢3 p(Pn+1, Pn) + @1 P(Pns Prt1)
+45 [P(pn+1, Pn) + (P, pr—1)]
+¢6 p(On, Ont1) + a7 [P(Ont1,00)
"‘p(gm Unfl)]
= (+@+¢) U1+ (@3 +a+0)Un+ (@1 +q7)Var
(3.2) +(g6 + q7) V.-

IN
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Likewise, we obtain

Vi = p(Una Un-‘rl) = p(F(Un—lapn—l)a F(Unvpn))
< (@a+@+a)Vacr+ (@3+aa+a5)Va+ (@1 + q7)Un—1
(3.3) +(g6 + q7)Un.

A

Hence from equations (3.2) and (3.3), we obtain

S, = Up+V,

(1 +a2+¢5)(Un—1+ V1) + (g3 + 2+ q5)(Un + V2n)
+(q1 + q7) (Un—1 + Vao1) + (g6 + q7)(Up + Vi)

(291 + g2+ g5 + q7)(Un—1 + V1)

+(g3 + g4+ g5 + g6 + q7)(Un + V2)

(3.4) = (201 +q2+ ¢ +q7)Sn—1+ (g3 + g1+ g5 + g6 + q7)Sn,

IN

which implies

2
S, < ( G1+q+q+qr )Sn—l
1—q3—q1—q5—q6 — g7
(35) = 'YSn—la

where v = (1_531_232_235_227_(17) < 1, since 2q1 + g2 + q3 + q4 + 295 + g6 + 2q7 < 1.

Then for each n € N, we have
(3.6) Sn < AS8n-1 < 8p 2 < ... <™.

If So = 0, then p(po, p1) +p(00,01) = 0. Hence, from Remark 2.1, we get pg = p1 =
F(po,00) and o9 = 01 = F(00, po), means that (pg,00) is a coupled fixed point of
F. Now, we assume that Sy > 0. For each n > m, where n,m € N, we have, by
using condition (P4)

P(prspm) < PPy Pr1) + P(Pn—1, pn2) + ...

+0(pm+15Pm) — P(Pr—1, Pn—1) — P(Pn—2, Pn—2)
— .= p(Pms1, Pm+1)

(P, pn—1) + P(Pn—1, pn—2) + - .. + P(Pmt1, Pm)-

IN

(3.7)

Likewise, we have

IN

P(on,0n-1) +p(On-1,0n-2)+...

+p(Omt1,0m) — P(On—1,0n-1) — P(On_2,0n_2)
— . = p(Omt1, Omat1)

(3.8) < plon,on-1) +p(On-1,0n-2)+ ...+ D(Om+1,0m)-

p(o-’ﬂ; Um)
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Thus,
P(Pns pm) + P(On,0m) < Sne14Sp—2+ ...+ S,
< (TP ) S
,ym
. < (—L—)S,.
(3:9) - (1—7)50

By definition of metric p*, we have p*(p, o) < 2p(p, o), therefore for any n > m

P*(Pns Pm) +0°(Ons0m) < 20(pn, pm) + 20(0n; )

m

(12’z 'y)SO’

which implies that {p,,} and {0, } are Cauchy sequences in (Y, p®) because 0 < v <
1, where v = 2q1 + g2 + q3 + q4 + 2¢5 + g6 + 2q7 < 1. Since the partial metric space
(Y, p) is complete, by Lemma 2.1, the metric space (), p®) is complete, so there
exist uy,us € ) such that

(3.10)

IN

(3.11) lim p°(pp,ur) = ILm p° (o, u2) = 0.

n—oo

From Lemma 2.1, we obtain

(3.12) plur,ur) = T p(pp, ur) = lm p(pn, pn),
and
(3.13) p(ug, ug) = 7}1—>H;op(0”’ ug) = nli)ngop(on,an).

But, from condition (P2) and equation (3.6), we have

(3-14) p(pnapn) < p(pna pn+1) < Sp <" S,

and since 0 < v < 1, hence letting n — 0o, we get lim,,— o0 p(pn, pn) = 0. It follows
that

(3.15) p(ur,ur) = T p(pp, ur) = lim p(pn, pn) = 0.
Likewise, we obtain

(3.16) p(uz,uz) = lim p(on,uz) = lim p(on,0,) = 0.

n—oo n— oo
Now, using equation (3.1), the conditions (P3) and (P4), we have
P(F(u1,uz), prs1) + P(Pny1s ) = pPns1s prsr)

p(F(u1,u2), pry1) + p(Pny1,ur)
p(F(ulv’U’?)vF(pann)) +p(pn+lvul)

p(F(u1,uz),u1)

INIA
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= p(F(pn,on), F(ur,uz2)) + p(pnt1,u1)
< q1 [p(pn,u1) + p(on, u2)] + g2 p(F(pn, on), pn)
+q3 p(F(u1,u2),u1) + qa p(F(pn, on), u1) + g5 p(F(u1, u2), pn)
+q6 P(F(0n, pn)s u2) + g7 p(F (u2,u1),0n) + p(Pn+1,u1)
= q1[p(pn,ur) + p(on,u2)] + g2 p(Pn+1, pn) + g3 p(F(u1, uz), u1)
+qa p(prt1,u1) + g5 p(F (w1, u2), pr) + g6 P(Ont1, u2)
(3.17) +q7 p(F(ug,u1),0p) + p(pnt1,u1).

Passing to the limit as n — oo in equation (3.17) and using equations (3.15), (3.16),
we obtain

(3.18) p(F'(u1,u2),u1) < (g3 + g5) p(F(u1, u2), u1) + g7 p(F (u2, u1), uz).
Likewise, we have

(3.19) p(F(uz2,u1), u2) < (g3 + g5) p(F(u2,u1), u2) + g7 p(F (w1, uz), ur).
Set

(3.20) x1 = p(F(ur,uz),u1) and x2 = p(F(ug,ur),us).

Hence from equations (3.18)-(3.20), we obtain

xit+txz < (g3+a5) (a+x2) +a7 a+xe)

(g3 + g5+ q7) (x1 + x2)

< Qe+ g2+ g3+ 910+ 2g5 + g6 +297) (X1 + x2)
< X1+ Xz

which is a contradiction, since 2q1 + g2 + ¢3 + q4 + 2q5 + g6 + 2g7 < 1. Hence,
we conclude that x1 + x2 = 0, that is, p(F(u1, u2),u1) + p(F(ug,u1),us) = 0 and
hence p(F(u1,uz2),u1) = 0 and p(F(ug,u1),uz) = 0. Thus, F(ui,uz) = u; and
F(ug,u1) = ug. This shows that (uq,us) is a coupled fixed point of F.

Now, we show the uniqueness. Suppose that (v1,vs) is another coupled fixed
point of F such that (u1,us) # (v1,v2), then from equation (3.1) and using (3.15),
(3.16) and (P3), we have

plur,v1) = p(F(u1,uz), F(vi,v2))
< q [p(ur,v1) + p(ug, v2)] + g2 p(F(u1,u2),uy)
+q3 p(F'(v1,v2),v1) + qa p(F(u1,u2),v1) + g5 p(F(v1,v2), u1)
+q6 p(F(uz,u1),v2) + q7 p(F(v2, v1), uz)
q1 [p(u1,v1) + p(u2, ve)] + g2 p(u, ur)
+q3 p(vi,v1) + qap(ur,v1) + g5 p(v1, ur)
+q6 p(uz, v2) + q7 p(v2, u2)
(3.21) = (q1 +q4+gs5)p(ur,v1) + (g1 + g6 + q7) p(uz, v2).



Coupled fixed point theorems for contractive type. . . 585

Similarly, we have

p(uz,v2) = p(F(u2,u1), F(va,v1))
(3.22) < (g1 +qa + g5) p(uz,v2) + (q1 + g6 + q7) p(u1, v1).
Set
(3.23) G =pur,v1) and (o = p(ug,vs)

Then from equations (3.21)-(3.3), we get

G+ ¢ @1+ qa+qs) (G +C2) + (1 + g6 + q7) (1 + C2)
21 +qa+ a5 + g6 + q7) (G1 + &)
2q1 + @2+ a3 + qa + 2g5 + g6 + 2q7) (C1 + (2)

Cl + CQ)v

(
(
(
(

<
<

which is a contradiction, since 2q1 4+ g2 + g3 + g4 + 2¢5 + g + 2g7 < 1. Hence, we
conclude that ¢; 4+ (s = 0, that is, p(u1,v1) + p(usz,v2) = 0 and hence p(u1,v1) =0
and p(ug,v) = 0. Thus, u; = v1 and ug = ve. This shows that the coupled fixed
point of F' is unique in ). This completes the proof of Theorem 3.1. [

4. Consequences of Theorem 3.1
By taking ¢; = % and g2 = ¢q3 = ... = g7 = 0 in Theorem 3.1, then we obtain

the following result.

Corollary 4.1. (/5], Corollary 2.2) Let (¥,p) be a complete partial metric space.
Suppose that the mapping F:Y x Y — Y satisfying the following contractive condi-
tion for all p,o,n,0 € Y:

(4.1) p(F(p,0), F(n,0)) <

N | T

[p(p.m) + p(o, 0)],
where k € [0,1) is a constant. Then F has a unique coupled fized point.

By taking ¢o = k, g3 =l and ¢1 = q4 = ... = g7 = 0 in Theorem 3.1, then we
obtain the following result.

Corollary 4.2. ([5], Theorem 2.4) Let (¥,p) be a complete partial metric space.
Suppose that the mapping F:Y x Y — Y satisfying the following contractive condi-
tion for all p,o,n,0 € Y:

(4.2) p(F(p,0),F(n,0)) < kp(F(p,0),p) +1p(F(n,0),n),

where k,l are nonnegative constant with k +1 < 1. Then F has a unique coupled
fixed point.
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By taking ¢4 = k, gs =l and ¢1 = ¢2 = ... = g7 = 0 in Theorem 3.1, then we
obtain the following result.

Corollary 4.3. (/5], Theorem 2.5) Let (Y,p) be a complete partial metric space.
Suppose that the mapping F:Y x Y — Y satisfying the following contractive condi-
tion for all p,o,n,0 € Y:

(4.3) p(F(p,0), F(n,0)) < kp(F(p,0),n) +1p(F(n,0),p),

where k,l are nonnegative constant with k + 21 < 1. Then F has a unique coupled
fixed point.

By taking g = k, g7y =1l and q¢1 = ¢2 = ... = g5 = 0 in Theorem 3.1, then we
obtain the following result.

Corollary 4.4. Let (Y,p) be a complete partial metric space. Suppose that the
mapping F:YxY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

(4.4) p(F(p,0), F(n,0)) < kp(F(o,p),0) +1p(F(0,n),0),

where k,l are nonnegative constant with k + 21 < 1. Then F' has a unique coupled
fixed point.

Remark 4.1. Theorem 3.1 extends the results of Aydi [5].

Example 4.1. Let Y = [0,400) endowed with the usual partial metric p defined by
p:Y x Y — [0, +00) with p(p, o) = max{p,c}. The partial metric space (Y, p) is complete
because (Y, p°) is complete. Indeed, for any p,o € Y,
p’(p,o) = 2p(p,o) —plp,p) —p(o,0)
= 2max{p,oc}—(p+o)=|p—0|
Thus, (Y,p°) is the Euclidean metric space which is complete. Consider the mapping

F:Y x )Y — Y defined by F(p,0) = p%’. Now, for any p,o,7n,0 € ), we have

(1)

P(E(p,0), Fn,0) = gmax{p-+ 0,1+ 0}

< Slmax{p, ) + max{o,0}]

_ %[p(p, 1) +p(0,0)),

which is the contractive condition of Corollary 4.1 for k = 1/3 < 1. Therefore, by Corol-
lary 4.1, F has a unique coupled fixed point, which is (0, 0).
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P(F(p,0), Fn,0) = gmax{p+0,n+0}

1
glmax{p + o, p} + max{n +6,7}]

1
= glp(E(p,0),p) +p(E(n,6),m)],
which is the contractive condition of Corollary 4.2 for k = 1/3 < 1 (if k = [). Therefore,
by Corollary 4.2, F has a unique coupled fixed point, which is (0, 0).

IN

3)

1
g max{p+o,n+6}

1
glmax{p + 0,1} + max{n + 6, p}]

p(F(p,0), F(n,0))

IN

1
g[p(F(p, 0)7 77) + p(F("L 0)7 p)]7

which is the contractive condition of Corollary 4.3 for k = 1/3 < 2/3 < 1 (if £ = ).
Therefore, by Corollary 4.3, F' has a unique coupled fixed point, which is (0, 0).

Note that if the mapping F:Y x Y — Y is given by F(p, o)
=1

= HT", then F' satisfies
contractive condition of Corollary 4.1, 4.2, 4.3 for k =1 (if k ,

)

1
s max{p+o,n+0}

p(F'(p,0), F(n,0)) 5

5 max{p, 1} + max{o, 6}]

IA

= %[p(l% n) + p(o,0)].

In this case (0,0) and (1,1) are both coupled fixed points of F', and hence, the coupled
fixed point of F' is not unique. This shows that the condition k£ < 1 in Corollary 4.1, 4.2
and hence hi + he < 1 in Theorem 2.1 (N;), (N2) and the condition k < 2/3 in Corollary
4.3 and hence h1 4+ 2hs < 1 in Theorem 2.1 (N3) cannot be omitted in the statement of
the aforesaid results.

5. Well-Posedness Theorem

In this section, we prove well-posedness of coupled fixed point problem of map-
ping in Theorem 3.1.

Definition 5.1. ([50]) Let (), d) be a metric space and let 7:) — ) be a map-
ping. The fixed point problem of 7T is said to be well posed if:

(1) T has a unique fixed point po,
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(2) for any sequence {p,} € Y with lim,,_, o d(7 pp, pn) = 0, we have

lim d(pn,po) = 0.
n— o0

Now, we define well-posedness of coupled fixed point in partial metric spaces.

Let CoFP(F,Y x V) denote a coupled fixed point problem of mapping F and
CoF(F) denote the set of all coupled fixed points of F'.

Definition 5.2. Let (), p) be a partial metric space and let F:) x Y — ) be a
mapping. CoFP(F,Y x ) is called well posed if:

(1) CoF(F) is unique,
(2) for any sequences {p,}, {on} in Y with (p,5) € CoF(F) and
lim P(F(Pm Jn)vpn) =0= HILTT;OP(F(CTmPn), Un)

n— oo

implies
p= lim p,, 6= lim o,.
n—oo

n—roo

Theorem 5.1. Let (V,p) be a complete partial metric space and F:Y x Y — Y

be a mapping as in Theorem 3.1. For any sequences {pn}, {on} in Y and (p,0) €
CoF(F), if

nlingop(va(pnagn)) = 0= lim p(o, F(on,pn)),

n— oo

then the coupled fized point problem of F is well-posed with p(w,w) = 0 for some
weE Y.

Proof. From Theorem 3.1, the mapping F has a unique coupled fixed point, (pg, 00) €
Y x Y. Let {p,}, {on} in Y and

lim p(F(Pnaon)apn) =0= lim p(F(Un7pn)aO'n)-

n—oo n—oo

Without loss of generality, we assume that (pg,0¢) # (pn,0r) for any non-negative
integer n. Using F'(po,00) = po and F'(og, po) = 09, we obtain

p(po,pn) = p(F(po,00), F(pn;on)) + p(F(pn,0n), pn)

—P(F(pn;0n), F(pn,on))

P(F(po;00), F(pn,0n)) + p(F(pn, on), pn)

a1 [p(po, pr) + p(00, 0n)] + a2 P(F(p0, 00), po) + a3 P(F(pn, o), pr)
+q1p(F(po, 00), pn) + a5 P(F (P, o), po) + a6 P(F (00, po)s o)
(5.1) +q7 p(F(0n, pn); 00) + P(F(Pns 0n), pn),

INIA
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and
p(oo,0n) < p(F(00,p0), F(on, pn)) + p(F(0n; pn),on)
—P(F(on, pn), F(on; pn))
< p(F(o0,p0), F(on, pn)) + p(F(0n; pr)s on)
< q1[p(00,05) + p(po, pn)] + a2 P(F (00, po), 00) + a3 P(F (00, pr), 70)
+4¢4 p(F (00, p0), 0n) + a5 p(F (00, pr), 00) + g6 P(F'(po; 00), )

(5.2) +q7 p(F(pn, 0n), po) + P(F(Ons pn), on)-
Since

Jim_p(po, F(pn, o)) = 0= Tim p(oo, F(on, pn)),
for (po,00) € CoF(F), using (P3), we obtain

Jim p(po,pn) < (@1 +q4) lim p(po, pn)
(5.3) +(q1 + g6) nli_{r;op(ooﬂn),

lim p(oo,0n) < (g1 +qa) nli_{fgop(ooaan)

n—oo
(5.4) +(a1 +gs) lim p(po, pn)-
Set
(5.5) Y1 = p(po, pn) and = p(00,00n).

Now from equations (5.3)-(5.5), we obtain

lim ¢y + lim ¢ < (g1 +qa)[lim o + lim 1)
n—00 n—00 n—00 n—oo
+(q1 + g6) [ lim 1y + lim )]
= (2q1 + 4 +g6) [ lim 1 + lim )]
< (2q1 + a2+ g3+ qa+ 2g5 + g6 + 2q7) X
(]

hm U + hm o]
< hm 1 + hm o,
n—oo n—oo

which is a contradiction, since 2¢q7 + g2 + g3 + q4 + 2q5 + g6 +2q7 < 1. Hence, we con-
clude that lim,, o0 91 4+1im, o0 P2 = 0, that is, lim, o0 p(po, pr)+Hlimy, oo p(og, on) =
0 and hence
lim p, =po and lim o, = 0yp.
n—oo n—oo
Thus the coupled fixed point problem of the mapping is well-posed. This com-
pletes the proof. [
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6. Applications

In this section, we state some applications to the main result of a self mapping
which is involved in an integral type contraction.

Let us denote a set 7 of all of functions x:[0,4+00) — [0, +00) satisfying the
following properties:

(7) Each x is a Lebesgue-integrable mapping on every compact subset of [0, +00),

(1) For any & > 0 we have [ x(t)dt > 0.

Theorem 6.1. Let (V,p) be a complete partial metric space. Suppose that the
mapping F: Y xY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

p(F(p,0),F(n,0)) [p(p,m)+p(5,0)]

/ p(t)dt < ¢ / o(t)dt

0 0
p(F(p,o’),p) P(F(nﬁ)ﬂ?)

iy o+ o [ o (t)dt

0 0
p(F(p,o),m) p(F(n,0),p)

(6.1) +q4 / o(t)dt + gs / p(t)dt
0 0

p(F(o’,p),@) p(F(e,’r]),o')
+%/' wma+m/' o(t)dt,
0 0

where q1, gz, - . ., @7 are nonnegative constants with 2q1+qo+q3+qa+2q5+q6+2q7 < 1
and ¢ € T. Then F has a unique coupled fized point.

Similarly, we can obtain the following coupled fixed point results by taking (i)

ql:kandqzzqu...:(hzo(ii)qzzk,qg,:landql:q4:.“:q7:0
(iii) ¢4 = kygs = land 1 = ¢2 = g3 = g6 = gr = 0 (iv) g6 = k,q7 = | and
g1 = q2 = ... = g5 = 0 and many more results.

Theorem 6.2. Let (V,p) be a complete partial metric space. Suppose that the
mapping F: Y xY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

p(F(p,0),F(n,0))
(6.2) /

[p(p,m)+p(5,0)]
o()dt < k / o(t)dt,
0 0

where k € [0,1/2) is a constant and ¢ € 7. Then F has a unique coupled fized

point.

Remark 6.1. Theorem 6.2 extends Theorem 2.1 of Aydi [5] to the case of integral type
contraction.
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Theorem 6.3. Let (V,p) be a complete partial metric space. Suppose that the
mapping F:YxY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

p(F(p,0),F(n,0)) p(F(p,0),p) p(F(n,0),m)
@m/ @@ﬁgk/ wmm+z/ o(t)dt,

0 0 0
where k,l are nonnegative constants with k+1 < 1 and ¢ € 7. Then F has a unique

coupled fized point.

Remark 6.2. Theorem 6.3 extends Theorem 2.4 of Aydi [5] to the case of integral type
contraction.

Theorem 6.4. Let (V,p) be a complete partial metric space. Suppose that the
mapping F:YxY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

p(F(p,0),F(n,0)) p(F(p,0),m) p(F(n,0),p)
(6.4)/ p(t)dt <k / p(t)dt +1 / o(t)dt,

0 0 0
where k,l are nonnegative constants with k + 21 < 1 and ¢ € 7. Then F has a

unique coupled fized point.

Remark 6.3. Theorem 6.3 extends Theorem 2.5 of Aydi [5] to the case of integral type
contraction.

Theorem 6.5. Let (V,p) be a complete partial metric space. Suppose that the
mapping F: Y xY — Y satisfying the following contractive condition for all p,o,n,0 €
Y:

p(F(p,0),F(n,0)) p(F(0,p),0) p(F(0,n),0)
ma/ wwﬁgk/ ¢@ﬁ+l/ o(b)dt,
0 0 0

where k,l are nonnegative constants with k + 21 < 1 and ¢ € 7. Then F has a
unique coupled fized point.

7. Application to integral equation

As an application of Corollary 4.1, we find an existence and uniqueness result
for a type of the following system of nonlinear integral equations:

B

—~
~

~—

M
/0 bt @) [Ha (0, pla)) + Halar, o(a)]d(a) + 5(2),

—
~
—_

—
<)

—
~

=

Il

M
/ k(L a)[Hi(a, o(a)) + Ha(a, p(a))]d(a) +6(2),

0
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Let Y = C([0, M],R) be the class of all real valued continuous functions on
[0, M]. Define F:Y x Y — Y by

M
F(p,o)(t) :/0 k(L @) [Ha (e, p(@)) + Ha(a, o(a))]d(a) +6(2).

Obviously, (p(t),o(t)) is a solution of system of nonlinear integral equations (7.1) if
and only if (p(t),o(¢)) is a coupled fixed point of F. Define p: Y x Y — [0, +00) by

p(p,0) = lp—ol,

for all p,o € Y. Now, we state and prove our result as follows.

Theorem 7.1. Suppose the following:
1. The mappings H1: [0, M] x R = R, H1: [0, M] x R = R, 6: [0, M] — R and
k:[0, M] — R are continuous.

2. There exists A > 0 and k is a nonnegative constant with 0 < k < 1, such that

k

Hi(, p(a)) = Hae, 0(a)) A

IN

(|p—0’|),

IN

A

NN

Ha(o, 0()) — Ha(e, p(ar)) (lo = pl).
M
/ Ak(t, a)|d(a) < 1.
0
Then, the integral equation (7.1) has a unique solution in Y.

Proof. Consider
p(F(p, O—)aF(naa)) = |F(P, 0) - F(7779)|

M
| /0 Rt @) [Ma (a, pla) + Ha(e, o)) ]d(@) + 8(1)

~( /O " k(100 s (0 m() + Ho(r, 6(0) ) + 0]

M
[ e el o ple)) = o)) + Hafor o)

~Ha (e, 8(c))]d()|

M
< [ It ol [0 pe) = (o)) + [Haton o)
—’Hg(a,e(a))”d(a)
M
< [ o) (35—l + 15 (r — o))
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[ i [S o) + £ o o)
"o =+ (o )]

= Ctom) +2(0.0)

IA

for all p,o,n,0 € Y and 0 < k < 1. Hence, all the hypothesis of Corollary 4.1 are
verified, and consequently, the integral equation (7.1) has a unique solution. [

8. Conclusion

In this paper, we prove a unique coupled fixed point theorem in the setting
of partial metric spaces and give some corollaries of the established results. Also
we give some examples to support these results. We also prove well-posedness
of a coupled fixed point problem and give some applications of the main result.
Furthermore, we provide an application to integral equation. Our results extend
and generalize several results from the existing literature. In addition, our future
plan is to investigate coupled and common coupled fixed point results on generalized
metric spaces with applications to integral equations.
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