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Abstract. In this paper, we investigate the concepts of deferred statistical convergence
of order af and strongly s-deferred Cesaro summability of order af for fuzzy vari-
able sequences in credibility space. Furthermore, the conditions of deferred statistical
convergence almost surely of order af, deferred statistical convergence in credibility
of order af3, deferred statistical convergence in mean of order af, deferred statistical
convergence in distribution of order a3, and deferred statistical convergence uniformly
almost surely of order af of fuzzy variable sequences have been examined. We have
proved relations between these notions.
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1. Introduction

The theory of fuzzy sets was originally proposed by Zadeh through membership
degree function in 1965 [55]. Fuzzy theory can be used in an exhaustive variety
of real problems. For example, possibility theory has been advanced by several
researchers, such as Dubois and Prade [8], Nahmias [37]. A fuzzy variable is a
function from a credibility space (demonstrated with the credibility measure) to
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the set of real numbers. The convergence of fuzzy variables is important compo-
nent of credibility theory, which can be applied into real problems in mathematical
finance and engineering. Fuzzy variable, possibility distribution and membership
function were presented by Kaufmann [19]. Possibility measure, which is usually
defined as supremum preserving set function on the power set of a nonempty set, is
a fundamental concept in possibility theory but it is not self-dual. Since a self-dual
measure is absolutely required in both theory and practice, Liu and Liu [26] in-
vestigated a self-duality credibility measure. The credibility measure plays the role
of possibility measure in fuzzy world because it shares some basic properties with
possibility measure. Since Liu has begun the survey of credibility theoryn many
specific contents have been studied (see [20, 21, 23, 24, 28, 29, 43]). Considering the
fact that sequence convergence plays a key role in credibility theory, Liu [27] put
forward four kinds of convergence concept for fuzzy variables: convergence in credi-
bility, convergence almost surely, convergence in mean, convergence in distribution.
In addition, based on credibility theory, some convergence properties of credibility
distribution for fuzzy variables were studied by Jiang [16] and Ma [31].

Wang and Liu [50] established the relationships among convergence in mean,
convergence in credibility, convergence almost uniformly, convergence in distribu-
tion, and convergence almost surely. Besides, several researchers presented conver-
gence notions in classical measure theory, credibility theory, probability theory, and
obtained the connections between them. The concerned readers may examine Chen
et al. [5], Lin [25], Liu and Wang [30], Xia [51], You [52], and You et al. [54].

Statistical convergence was first presented by Fast [11] and Steinhaus [45] as a
generalization of ordinary convergence for real sequences. Statistical convergence
turned out to be one of the most active areas of research in the summability theory
after the works of Fridy [12] and Salat [41]. Statistical convergence has also been
worked in more general abstract spaces such as the fuzzy number space [38]. More
investigations in this direction and more applications of statistical convergence can
be seen in [3, 14, 15, 18, 32, 33, 34, 35, 39, 40, 42, 48, 49]. Also, the readers
should refer to the monographs [2], and [17], and recent papers [36] and [46] for the
background on the sequence spaces.

In 1932, Agnew [1] investigated deferred Cesaro mean by modifying Cesaro mean
to obtain more useful methods including stronger features which do not belong to
nearly all methods. Kiiciikaslan and Yilmaztiirk [22] came up with the idea of
combining the deferred Cesaro mean and the concept of statistical convergence.
This gave them the opportunity to generalize both strong s-Cesaro summability
and statistical convergence with the sense of deferred Cesaro mean.

This paper is devoted to present a new kind of convergence for fuzzy variables
sequences. In Section 2, some preliminary definitions and theorems related to fuzzy
variables sequences, credibility space and statistical convergence are presented. In
addition, in Section 3 we plan to study the notion of deferred statistical convergence
of order af for fuzzy variables and construct fundamental properties of the deferred
statistical convergence of order af in credibility.
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2. Preliminaries

A set function Cr is credibility measure if it supplies the subsequent axioms:
Let © be a nonempty set, and P (0) the power set of O (i.e., the largest algebra
over 0). Each element in P is called an event. For any A € P (©), Liu and Liu
[26] presented a credibility measure Cr {A} to express the chance that fuzzy event
A occurs. Li and Liu [24] proved that a set function Cr{.} a credibility measure if
and only if

Axiom i. Cr{©} =1;

Axiom ii. Cr{A} < Cr{B} whenever A C B;

Axiom iii. Cr is self-dual, i.e., Cr{A} + Cr{A°} =1, for any A € P (O);

Axiom iv. Cr{U;A;} = sup;Cr{A;} for any collection {A;} in P(O) with
sup, Cr {4;} < 0.5.
The triplet (©,P (0),Cr) is named a credibility space. A fuzzy variable is investi-
gated by Liu and Liu [26] as function from the credibility space to the set of real
numbers.

Definition 2.1. ([26]) The expected value of fuzzy variable p is given by

+oo 0
E [y ::/ Cr{qu}dr—/ Cr{u<r}dr
0 —00
provided that at least one of the two integrals is finite.
If there is a M > 0 such that
Cr{ip<-M}=0

and
Cr{p<M}=1,

then fuzzy variable p is named as essentially bounded.

Definition 2.2. ([27]) Suppose ¢, ¢1, @2, ... are fuzzy variables defined on credibil-
ity space (©,P (©),Cr). The sequence {¢;} is said to be convergent almost surely
to ¢ if and only if there exists A with Cr{A} = 1 such that

klim |pr (0) — & (0)] =0
—00
for every 6 € A.

Definition 2.3. ([27]) Suppose ¢, ¢1, @2, ... are fuzzy variables defined on credi-
bility space (©,P (0),Cr). We say that the sequence {¢} converges in credibility
to ¢ if

lim Cr {é — 6| > p} =0

k—o0

for every p > 0.
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Definition 2.4. ([27]) Suppose ¢, ¢1, Pa, ... are fuzzy variables with finite expected
values defined on (0, P (©),Cr). We say that the sequence {¢y} converges in mean
to ¢ if

lim E[|¢x — ¢[] = 0.

k—o0

Theorem 2.1. (Wang and Liu [50]) If the sequence {¢i} convergence in credibil-
ity to ¢o, then {dr} converges a.s. to ¢y.

Theorem 2.2. (Liu, [27]) If the sequence {¢x} convergence in mean to ¢o, then
{or} converges credibility to ¢o.

Theorem 2.3. Let u be a fuzzy variable. Then, for any given numbers t > 0 and
p > 0, we have

E p
(2.1) Cr{lul = 1y < 210,
Theorem 2.4. ([50]) If the sequence {u;} convergence in credibility to p, then
{p:i} converges a.s. to p.

The idea of ordering statistical convergence was given by Gadjiev and Orhan
[13], and was generalized by Bhunia et al. [4] and Colak [6], independently.

Colak [6] named this concept as “statistical convergence of order «, (0 < o < 1)”and
defined it as follows:

A sequence x = () is said to be statistically convergent of order a to L if there
is a real number L such that

1
lim —[{k<n:l|zy - L| >e}| =0,

n—o0o N,
holds, for each € > 0. This concept is much more general than the concept statistical
convergence.

Colak and Bektag [7] combined the concepts of statistical convergence of order «
and A-statistical convergence, and introduced the notion of A-statistical convergence
of order « in the following way.

A sequence z = (zy) is said to be A-statistically convergent to L of order «
provided that

. 1
nlg&E|{k€In:|xka|Zs}|:0

for each € > 0, where A = (A\,) € A, I, =[n— A, +1,n]and 0 < a < 1. By S%, we
will denote the set of all A-statistically convergent sequences of order a.

It can be easily seen that A-statistical convergence of order « generalizes the two
concepts above.
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Another generalization of statistical convergence was brought to the literature
by Et et al. [9] and Et and Sengiil [10, 44] as follows.

Let 6 = (ky,) be a lacunary sequence and « € (0,1]. The sequence x = (z}) € w
is said to be lacunary statistically convergent to L of order «, if

1
lim — {kel, : - L > =0
Jim e I8 |z — L[ > e}
for each & > 0, where 0 = (k)< is a lacunary sequence such that

hy = (ky —kr—1) 5200 as r— o0

By S§, we will denote the set of such sequences. For § = (27) we have S§' = S
and in the special case « =1 and 6 = (27) we get Sy = S.

Deferred Cesaro mean of a sequence was defined by Agnew [1] as follows:

q(n)
D), = >,

1
o)~ p(n) 2=

where {p(n)} and {g(n)} are sequences of non-negative integers satisfying

p(n) < g(n) and li_>m q(n) = +o0.

Throughout this study, by p = {p(n)} and ¢ = {¢(n)} we will denote sequences
of natural numbers satisfying the conditions p(n) < ¢(n) and lim,_, ¢(n) = +o0.

Using Agnew’s approach, Kiigiikaslan and Yilmazturk [22, 53] introduced defi-
nition of deferred density and deferred statistical convergence as follows.

Let K C Nand K, 4(n) :={k: p(n) <k <gq(n),k € K}. The deferred density
of K is defined by

Q=) [Kp.q(n)]

provided the limit exists.

A sequence x = (xy) is said to be deferred statistically convergent to L, if for
each € > 0,

lim

1
i s ) < < ) s~ L2 2} =0,

holds.

By Sp.q, we will denote the set of such sequences. If ¢(n) = n,p(n) = 0, then
deferred density and deferred statistical convergence are the same usual density
and statistical convergence, respectively.
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Temizsu et al. [47] defined the notions of deferred a—density and deferred
statistical convergence of order « as follows:

Let K C N. Deferred a—density of K is defined by

5&(1([{) = lim |Kpq(n)],

provided the limit exists, a € (0, 1].
It is clear that

(i) If K € M, then 6, ,(K) < 65 (M),

(ii) If g(n) = n,p(n) = 0, then &7 (K) = d*(K),

(iii) If g(n) = n,p(n) = 0 and o = 1, then 0, (K) = §(K),

(iv) Let o,y € (0,1], then 6, ,(K) < 67 ,(K), where 0 < a <y < 1.

A sequence x = (zy) is said to be deferred statistically convergent of order « to
L, if for each € > 0,

) 1
nh_}rrgo G0 = )" Hp(n) <k <q(n):|zx — L| > e} =0.
In this case, we write DS7  —limx, = L. By DS}, we will denote the set of such
sequences. If g(n) = n,p(n) = 0, then DS = S If « = 1 then DSy, = DS, ,
and also in the special case ¢(n) = n,p(n) =0 and a = 1 we get DS, = S.
As can be seen in the example below, deferred statistical convergence of order
« is well defined for « € (0, 1], but it is not well defined for @ > 1. To see this let
() be a sequence defined as follows:

|1, k=2n,neN
=N 0, k+#£2n
Then, both
1 n
im — < ey — 1] > &Y < lim — =
Jim o [{p(n) <k < q(n) ok —1] 2 e} < lim -2 =0,
and 1 ‘1
n
im — < : —0|>eY < 1 =
Jim —= [{p(n) <k <q(n):|zx —0[ 2 e} < lim ——==0,

holds, for a > 1 and for ¢(n) = 4n,p(n) = 3n. So DSy, — limz; = 1 and
DSy, —limxy = 0 which is impossible.

3. Main results

In this section we give the definitions of deferred statistical convergence of order
af and strongly s-deferred Cesaro summability of order a3 in credibility space. The
definitions and results which we give in this section more general than the above
definitions and related results.

Let
¢ :N— (0,P(0),Cr)

be a sequence of fuzzy variables for all k£ € N.
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Definition 3.1. Assume the sequences {p(w)}, {g(w)} be two sequences as above,
a and B be any real numbers such that 0 < a < 8 < 1. In credibility, the sequence
{ér} is called deferred statistically convergent almost surely (d.s.a.s.) of order a3
to fuzzy variable ¢g if and only if there exists A € P (O) having Cr{A} = 1 such
that

i ; w w) : - A=
A = s {p(w) <k < q(w) : 6 (0) = ¢o (0)] = p}|” =0,

for each p > 0 and all § € A. In this case, we denote DSS:F (a.s.) — lim ¢ = ¢o.

By DSXf (a.s.), we will denote the set of such sequences. If we take § = 1 in

this definition we get DSg‘,’qﬁ(a.s.) = DS (a.s.). If we take @ = 8 = 1, then

g(S;f’f)(a.s.) = DSy 4(a.s.). I g(n) = n,p(n) = 0and a = 8 = 1 then DS (a.s.) =
a.s.).

Example 3.1. Deferred statistical convergence of order a8 almost surely is well defined
for 8 > «, but it is not well defined for f < «. To demonstrate this, consider the credibility
space (©,P (0),Cr) to be {0:1,02,...} with Cr{6:} = s for s = 1,2, ... The fuzzy variables
are defined by

2, s=k=2w

qsk(es):{ O s—kriow W=LZ3e

If we take ¢(w) = 4w, p(w) = 3w, then we obtain

1 B8
lim — [{p(w) < k < q(w) : [6x (9) =2 = p}* < lim —2— =0

w—ro0 WY 2B
and 5
. 1 . w+1
lim — [{p(w) < k < q(w) : |6 (6) — 0] > p})” < tim L2FD° g
w—oo W n—oo 28w

for B < a, for each 0 < p < 1 and for all 8 € A. so DSﬁ’qﬁ(a.s.) — lim¢r = 2 and
DSy (a.s.) — lim ¢ = 0 which is impossible.

Remark 3.1. In view of Definition 3.1 is obvious that

(i) In credibility, if g(w) = w, p(w) = 0 and S = 1, then deferred statistical convergence
almost surely of order af8 is the same statistical convergence almost surely of order a.
Moreover, if we take @ = 1, then deferred statistical convergence almost surely of order
af is reduced to statistical convergence almost surely.

(ii) In credibility, if we take ¢(w) = kw and p(w) = kw—1, where (k) is a lacunary se-
quence and 8 = 1, then deferred statistical convergence almost surely of order af is the
same lacunary statistical convergence almost surely of order a. In addition, if we take
a = 1, then deferred lacunary statistical convergence almost surely of order a3 coincides
with lacunary statistical convergence almost surely.

(iii) In credibility, if we consider ¢(w) = w and p(w) = w — A, where (Ay) is a nonde-
creasing sequence of natural numbers such that \;y = 1 and Ay41 < Ay +1 and 8 = 1,
then deferred statistical convergence almost surely of order a8 coincides with definition
of A-statistical convergence of order o almost surely. In addition if we take a = 1, then
deferred statistical convergence almost surely of order a3 is the same A-statistical conver-
gence almost surely.
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Definition 3.2. The sequence {¢x} is called deferred statistically convergent in
credibility of order af to fuzzy variable ¢q, if there exists A € P (©) having
Cr{A} =1 such that

m L w w) : Cr — o} =
11111—I>noo (q(w)fp(w))o‘ |{p( )<k§q( )C {‘(bk ¢0|2p}2 }| 0

for any preassigned o > 0 and p > 0. Symbolically, we write DSZ‘){QIB (Cr) —lim ¢y, =
Po-

Definition 3.3. Assume that {¢} is a sequence of fuzzy variables having finite
expected values defined on (©,P (©),Cr). The sequence {¢y} is called deferred
statistically convergent in mean of order a8 to fuzzy variable ¢ if

m — L w w) : — =
Jim e () < k< g(w) £ Bl — dol) = o} = 0

for each p > 0. Symbolically, we indicate DSg‘f

)

(E) — lim ¢, = ¢o.

Definition 3.4. Suppose ®, 1, @5, ... be the credibility distribution of fuzzy vari-
ables ¢, @1, da, ..., respectively. Then, we say that the sequence {¢y} is called de-
ferred statistically convergent in distribution of order a5 to a fuzzy variable ¢ whose
credibility distribution function is @ if for any given p > 0, we have

N S e ) B >t
i ey P <k S a(w) 12 (2) — @ ()] 2 p} =0

where z is any real number where ® is continuous.

Definition 3.5. The sequence {¢;} of fuzzy variables in the space (0, P(0),Cr)
is called deferred statistically convergent with respect to uniformly almost surely of
order a8 to fuzzy variable ¢q if there exists some events A; (i € N) each of whose
credibility measure approaches zero such that the sequence is deferred statistically
converges with respect to uniformly almost surely of order a8 to the same limit. In
this case

litny o0 e {p(w) < k < qw) : | (0) = do (0)] > p}” =0

for all # € © — A;, and p > 0.

Definition 3.6. The sequence {¢y} is called a deferred statistically Cauchy se-
quence in credibility of order af if there is a A € P (0) with Cr{A} = 1 and
Q@ = Q (o) such that

wlggom {p(w) < & < q(w) : Cr {|éx — bl = p} = o}’ =0

for each p,o > 0.
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Example 3.2. Let 0 < a < 8 < 1. Deferred statistical convergence a.s. of order «f3
does not imply deferred statistical convergence in credibility of order a8. To denote this,
let © = {601,0,,...}, Cr{6:} =1 and Cr{6;} = (s—1)/s for s = 2,3,... and the fuzzy
variables are established by

k, ifs=k
P (0) = { 0, otherwise

for k = 1,2,... and ¢ = 0. By choosing arbitrary «, 3 we get DS’ (a.s.) — lim ¢r = ¢o.
But, for any small number p > 0 and o € (0,%), the sequence {¢r} is not deferred
statistically convergent in credibility of order «af.

Example 3.3. Conversely, deferred statistical convergence in credibility of order af
does not imply deferred statistical convergence a.s. of order af, too. For instance,
O = {601,0:,...}, Cr{0:} = 1/s for s = 1,2,... and the fuzzy variables are identified
by

[ D)/ ifs=kk+1k+2,
(3.1) Pk (0s) = { 0, otherwise

for k =1,2,... and ¢po = 0. Then, for arbitrary «,3, for any small number p > 0, o € [%, 1),
¢(w) = 4w and p(w) = 3w,

lim %|{3w<k§4w:0r{\¢k—¢>o| >pr>0} =0

w—o00 W
which states that DSg: (Cr) —lim ¢), = ¢o. But, it is obvious that DS’ (a.s.) —lim ¢ #
®o.

Example 3.4. Let 0 < a < 8 < 1. Deferred statistical convergence in mean of order
af does not imply deferred statistical convergence a.s of order af. Consider the fuzzy
variables defined by (3.1) which does not deferred statistically converge a.s. of order af
to ¢o. However

k+1
E[\flﬁk—fﬁoﬂfﬁ 0.
Thus, for all p > 0, for arbitrary «,3, we get
. 1
lim —————— [{p(w) < k < q(w) : E[|¢x — dol] > p}|” =0

w—oo (q(w) — p(w))

which gives that {¢x} statistically converges in mean.of order af to ¢o.

Example 3.5. Deferred statistical convergence a.s. of order a8 does not imply deferred
statistical convergence in mean of order a3, too. For instance, © = {601,02,...}, Cr{0;} =
1/7 for j =1,2,... and the fuzzy variables are itendified as

k, ifj=k
(3.2) or (05) = { 0, otherwise
for i = 1,2,..., ¢o = 0, q(w) = 4w and p(w) = 3w. Then, the sequence {¢r} deferred
statistically converges a.s.of order a8 to ¢o. But, for any p € (07 %),
1
lim e |{3w < k < 4w : E[|¢x — ¢o|] > p}|° # 0.

w—>00

That is to say, the sequence {¢r} does not deferred statistically converge in mean of order

af to ¢o.
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Theorem 3.1. Assume {¢r} be a sequence of fuzzy variables. If the sequence
{ér} deferred statistically converges in mean of order af to a fuzzy variable ¢,
then {¢r} deferred statistically converges in credibility of order af8 to ¢g.

PROOF. Let DS;’f (E) — lim ¢, = ¢o. For any taken p > 0 and o > 0, with
the aid of Markov inequality, we obtain

limy 00 m [{p(w) <k < q(w): Cr{|gr — do| = p} > U}|'6
{p(w) <k <g(w): (M) > UHB.

As a result, Dng’qﬁ (Cr) — lim ¢y, = ¢p.

. 1
<l 0 Gry—pane

Example 3.6. Let 0 < a < 8 < 1. Deferred statistical convergence in credibility of
order a8 does not imply deferred statistical convergence in mean of order af. Consider
the fuzzy variables defined by (3.2) which does not deferred statistically converge in mean
of order a8 to ¢9 = 0. But, for any small number p > 0, o € [%, 1)7 for arbitrary «o,f3, we

get
im e w w) : Cr {|dr — do o —
wl—>oo (q(w) _p(w))a |{p( ) <k< q( ) : C {‘()23 b | > P} > }I 0

for each p > 0 and o > 0. Namely, the sequence {¢x} deferred statistically converges in
credibility of order a3 to ¢o.

Theorem 3.2. Let0<a<pg<1.

(i) If DSg:P(a.s.) —lim ¢y = ¢g and s € C, then DSSP(a.s.) — lim sy, = sobo,

(i) If DS&f(a.s.) —lim ¢y, = ¢o and DS;";IB — limwy, = wy, then DSK*f(a.s.) -
lim ¢y, + wi = ¢o + w@o.

PROOF. (i) Assume that DS/ (a.s.) — lim ¢, = o, then, for each p > 0 and
forallf € A

e {p(w) <k < q(w) : [sx (0) — séo (0)] > p}|°
B
{pw) <k < q(w) s 61 0) ~ 00 )] = 4 }|
holds. This implies that DS;‘,;]B(a.s.) — lim s¢pp, = s¢y.
The proof of (ii) follows from the below inequalities:
e Hp(w) <k < q(w) : [(¢x (0) + =i (0)) — (d0 + @0)| > p}|”

B
SWHP ) <k <q(w):|¢r(0) —¢o(0)] > 5}
B
e [{p(0) < k< a(w) : 2 6) — 0 (6)] 2 5}
Suppose that ¢ denotes the collection of all convergent fuzzy variable sequences. It

is easy to see that ¢ C DS“qB(a s.) for all 0 < a < 8 <1 and the inclusion is strict
for some o < . For this, establish a sequence ¢ = {¢} defined by

_ 1
— (q(w)—p(w))™

a2
G
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Then

Y w) - _ s - (Valw) —p(w) +1)°
(w) — plwyya [ P) < k< atw): 10w (6) =01 = e}" < =0 o v ey

and so DS;f(a.s.) —lim ¢y, = 0 for a > L and 3 > q, but it is not convergent.

—0

Theorem 3.3. A fuzzy variable sequence {¢y} is deferred statistically convergent
in credibility of order af iff {¢i} is deferred statistically Cauchy sequence in cred-
ibility of order af3.

PROOF. Assume DSS:# (Cr) — lim¢y = ¢. Then, there is a A € P (©) with
Cr{A} =1 such that

1
lim ————— [{p(w) < k < q(w) : Cr{lgr — | > p} > 0}" =0,
w=oo (q(w) — p(w))*
for each p,o > 0. Select @ € N such that Cr{|¢g — ¢| > p} > o. Describe the sets
U1,U;y and Uj as follows:

Ur = {p(w) <k < q(w) : Cr{|¢x — ¢l = p} = 0},
Uz = {p(w) <k < q(w) : Cr{|¢x — ¢| > p} > 0},
Us = {p(w) <k < q(w): Cr{l¢q — ¢ = p} = o}.

Clearly, Uy C U UUs. As a result, 057 (Uy) < 6327 (Uz) + 057 (Us) = 0, since
DS;";IB (Cr) — lim ¢y, = ¢. Hence, {¢r} is deferred statistically Cauchy sequence in
credibility sense of order af.

Conversely, let {¢r} be a deferred statistically Cauchy sequence in credibility of
order af. Then, there is a A € P (0) with Cr {4} =1 and Q = @ (o) such that

i ; w w) : Cr — o} =
Jim e Hpl) <k < ) Ce {6 0] > p} = o} = 0

for each p > 0 and o > 0. Assume in contrast that it is not deferred statistical

convergence in credibility of order . Then, there exists A € P (©) with Cr{A} =
1 such that

1
lim

Jm S T {p(w) <k§q(w):Cr{\¢k—¢| > g} > g}\ﬁ £0

for each p > 0 and o > 0. Let
. P g
B—{p(w)<k§q(w).Cr{|gz5;c ¢|22}22}

and
C = {p(w) < k < qlw) : Cr{|éx — do| > p} > o}.
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Thus

BC:{p(w)<k§q(w):Cr{|¢k—¢|Zg}<%}.

Next we prove B C C. Suppose C C B and k € BN C. Then
p o
Cr{len—ol = £} < 2. Cr{lon— dol = p} > 0.
Let @ € B¢, we have
P
_ ol >E
Cr{lgg—0l= 2} <
Hence, there is a Q = Q (o) such that
o < Cr{lor — 9q| > p}
< Cr{lgq — 9ol = 5} + Cr{lon — | = §}

el o _
<§+§—0',

g
B .

which is not possible. Hence B C C. This gives that

1
lim

w s (g(w) — plw))® {p(w) <k<qw): Cr{|¢k_¢| > g} > %}‘5 o,

ie.,

. 1 8
lim ———— {p(w) <k < q(w) : Cr{|opx — ¢| > p} > }|" =0.
i () (w) : Cr {|ox — 9| > p} > o]
As a result, the sequence {¢} is deferred statistically convergent in credibility of
order af3.

Deferred statistical convergence in credibility of order a8 supplies some usual
axioms of convergence in credibility of order o3. The known axioms of convergence
in credibility are the following axioms:

Consider ¢, ¢1, P2, ... as fuzzy variables defined on credibility space (0, P (©),Cr).

(H) If there exists a subset T = {m; < ma < ...} C N such that § (T) = 1 and
{®m, } converges in credibility of order af to ¢, then {¢r} deferred statistically
converges in credibility of order af to ¢q.

(U) The uniqueness of limit: If DS/ (Cr) —lim¢y = ¢ and DSSP (Cr) —
lim ¢, = ¢2, then ¢1 = @2 in credibility.

Theorem 3.4. The azioms (U) and (H) are supplied by deferred statistical con-
vergence in credibility sense of order af3.

PROOF. Assume that there is a subset T = {m; < m2 < ...} C N such that
5 (T) =1 and {¢m,, } converges in credibility of order a3 to ¢y, i.e., for each ¢ € A,
any p,o > 0, there is a A € P (0) with Cr{A} =1 and ko = ko (p) such that

Cr{|¢mk - ¢0| > p} <7,
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for each k > ko. Let T = {mpy+1,Miyt2,.-}. Then, there is a A € P (0O) with
Cr{A} =1 such that

NS U AF =
o Tty —pluye 1 €T3 Crllon = ool 2 ) 2 o320

for each p,o > 0. Hence, we obtain

m L w w) : Cr — oY =
Jim e ) < < ) Cr (01— ul 2 5} 2 0} =0,

for each p,o > 0, i.e., {¢} is deferred statistically convergent in credibility of order
af to ¢g. So, deferred statistical convergence in credibility of order af supplies the
axiom (H).

Now, we demonstrate that deferred statistical convergence in credibility of order
af supplies the axiom (U). Assume that DS (Cr)—lim ¢y = ¢; and DS/ (Cr)—
lim ¢, = ¢p2. Then, there is a A € P (0) with Cr{A} =1 such that

: 1 : N B _

wlgnooWerT'cr{Wk ¢1| > p} > a}|” =0,
and )

lim ——————[{k € T: Cr{|¢x — | > p} > 0}|” =0,

w—o (g(w) — p(w))
for all p,o > 0. Establish the sets By and Bs as follows:

By = {p(w) <k < q(w) : Cr{|dr — ¢1| = p} > 0},

and
By = {p(w) <k < q(w) : Cr{|¢x — 2| > p} > 0}.
Now let k£ € By U By. Then, we get

Cr{|px — #1| > p} <7, Cr{|px — 2| > p} < 0.
Therefore

Cr{l¢1 — d2| > p} = Cr{[¢1 — dk + dx — b2| > p}
< Cr{lor — ¢1] > L} + Cr{|pr — o] > £}
< 20.

Since o > 0 is arbitrary, we can obtain Cr {|¢1 — ¢2| > p} = 0, which gives ¢1 = ¢o
in credibility of order af.

Theorem 3.5. Suppose 0 < a1 < ag < By < [ < 1. Then, DS&;’HQ (a.s.) C
DSZ‘ifI’ﬂl (a.s.) holds and the inclusion is strict for some ay,as, 1 and By such that
a; < az < B < Ba.
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PROOF. If 0 < oy € g < 61 < ﬂg <1 then

s {p(w) <k < q(w) : |64 (0) — 6o (0)] > p}™
< sy {p(w) <k < q(w) ¢ (0) — ¢ (0)] > p}|”
forallp > 0,0 € A(€ P (©)) having Cr {A} = 1, and this implies that DS5172 (a.s.) C
Dngl’ﬁl (a.s.).
To demonstrate that the inclusion is strict, take ¢(w) = 3w — 1, p(w) = 2w — 1

and identify a sequence ¢ = {¢i} by

— 2
w0 ={ 5 b

Then DS;‘,Z’ﬂl (a.s.) —lim ¢ = 0 namely, {¢r} € DS;‘_Z’ﬁl (a.s.) for ay € (i, 1] and
B1 =3 but {¢} ¢ D,S';‘i}]’ﬁ2 (a.s.) for ay € (0,4] and B2 = 3.

Corollary 3.1. (i) DSg (a.s.) C DSy2 (a.s.) for0 <a; <az <1, 81 =P =1
and the inclusion is strict,
(i) DSy (a.s.) = DSp2 (a.s.) & a1 = .

[e%
Theorem 3.6. Suppose lim,, (W) ’ >0. Ifgw) <w and 0 < a1 < ag <
B < By <1, then S22 (a.s.) C Dng’ﬁl (a.s.).

PROOF. For a given p > 0, and for all § € A € P (0) with Cr{A} =1 we get
{k<w:[or(0) — g0 (0)] = p} 2 {p(w) <k < q(w) : |pr (8) — ¢o (0)] = p},

therefore

S [{k < w [ (0) — do (0)] > p}|™
> o [{p(n) <k < q(n) : 6k (6) — 60 (0)] > p}|”
= Q22 . e () < k < a(n) : [6x (6) — d0 ()] = p}|”

If we consider the fact that lim,, (W) ’ > 0, we obtain

512 (a.5.) — lim ¢y, = o = DSE2P" (a.s.) — lim ¢y, = ¢o.

Definition 3.7. Assume {p(w)} and {g(w)} be given as above, o and 8 be any
real numbers such that 0 < o < 8 < 1, s € RT, and {¢y} be a fuzzy variable
sequence. In credibility, a fuzzy variable sequence {¢y} is called to be strongly
s-deferred Cesaro summable of order af to fuzzy variable ¢g provided that

. g(w) A

JEHOO W p(%;l 91 (6) — o (0)]° =0,
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for all # € A, and this is demonstrated by Dw2?[p, ] —lim ¢5, = ¢o. By Dw#[p, q,
we will indicate the set of such sequences. If we take in this definition a = 8 =1,
we get Dw®P[p, q] = Dw,|p, q]. If g(w) = w, p(w) = 0 and a = B = 1 then we have
Dw®P[p, q] = ws, and also we have Dwaﬁ[ ,q| in case ¢g = 0.

Theorem 3.7. Suppose 0 < a1 < as < 1 < P2 <1, s €RY, and {¢r} be a fuzzy
variable sequence. Then, Dw®52[p,q] C Dw2*1[p,q] and the inclusion is strict
for some ay, a9, 81 and By such that oy < as < B < fBo.

PROOF. Assume ¢ = {¢p} € Dw®52[p, q]. Then, given oy, as, 31 and fo such
that 0 < a1 < g < 81 < By <1 and s € RT. We can write

B
q(w)
e | 2 |9k (0) — o (0))°
(g(w)—p(w)) (p(w)-H
< oo @50 @)
S G =etmeT k(0) — @0
(g(n)—p(n)) p) b1

and this yields that Dw2+2[p, q] C Dw2*P1[p, q].
To denote that the inclusion is strict, take ¢ = {¢} as

k:2
0 ®={ 5 tim

Then, for ay € (%, 1] and 5 =1

a(w) o a(w) e
1 s o 1 s
@ | 2o 16k(0) =0 = = | D> 19k (0)]
p(w)+1 p(w)+1

(v a(w)—p(w)+1)°1
= (q(w)—p(w))*>2

— 0.

namely, ¢ € Dw221[p, q]. But for a; € (O, %) and By =1

B>
(vq(w) — p(w) — )P ) a(w) o
(q(w) — p(w))™ < (q(w) = plw))™ Z |px (8) — 0| o

p(w)+1

ie., ¢ ¢ DwP2[p, ql.

Corollary 3.2. Let0 < a; <as <1 < B2 <1 and s € RT, and {¢r} be a fuzzy
variable sequence. Then

(Z) Dw?ILP,Q] - Dw?2£p7q] Z.[fﬁl = 62 =1,

(i) Dw2[p, q] C Dwglp,q] for allay =1 =P2=1and 1 < s < o0.
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Theorem 3.8. Let 0 < a < B <1land 0 <r < s < oo, and {¢r} be a fuzzy
variable sequence. Then Dw®P[p, q] € Dw®Bp, q|.

PROOF. Omitted.

Theorem 3.9. Let {¢r} be a fuzzy variable sequence, ay, a9, S1 and B2 be fized
real numbers such that 0 < a1 < ag < f1 < By < 1 and s € [1,00). Then,
Dw?1”32 [P, q] - DS;zqﬁl'

PROOF. For any fuzzy variable sequence {¢x} and p > 0, we have

q(w) &
( > |¢k(9)—¢0(9)|8>

p(w)+1

B2
q(w) s q(w) s
= > |65 (0) — o (O)]" + > |éx (8) — ¢o (0)]
p(w)+1 p(w)+1
[¢x(0)—o(0)|>p |6k (0)—bo(0)|<p
q(w) )
> log — LI
p(w)+1
[¢r(8)—d0(8)|=p
> [{p(w) < k < q(w) : |¢x (8) — do (8)] > p}|™* p*Fr.
and so that
q(w) P2
sy | O 19k (0) = b0 (O)°
p(w)+1

> W H{p(w) < k < q(w) : |é () — do (0)] > p}|° - p*Br
sy | pw) < k< g(w) : |95 (0) — 60 (0)] = p}|™ - p.

%

Corollary 3.3. (i) Let 0 < a1 < a3 < 1 and 81 = B2 = 1 be fized real numbers
and s € [1,00). Then Dwg'[p,q] C DSP?.
(ii) Let 0 < oy < 1,90 = 1 = B2 =1 and s € RT. Then DwS [p,q] C DS, 4.

Even if {¢x} € fx, the converse of Theorem 3.9 and Corollary 3.3 does not
supply. To demonstrate this we have to establish a sequence that bounded and
deferred statistically convergent almost surely of order as(;, but need not to be
strongly s-deferred Cesaro summable of order a3 B2. To denote this assume p(w) = 0
and g(w) =w for all w € N, ay = as = «, f1 = B2 = 1 and ¢ = {¢} be defined as

follow: L 5
-, k#u
= \/E7
%k () { 1, k=u



On some generalized deferred statistical convergence . .. 615

It is obvious that ¢ € o N DSy, for a € (%, 1]. Recall that the inequality

Zﬁ > y/w is supplied for w > 2. Consider

Lw:{p(w)<k§q(w):k%u?’,uzl,273,...}

and take s = 1. Since

q(w) w w w

> Ion (9)|SZZ|¢I€ O = lex O+ Y o (0)]

p(w)+1 keL k¢ L.,

= Z Tt Z 1> Z\f > Vw
K€Ly k¢ Lo

we obtain

1 q(w) 1
T, O = 2 01> G g e

a—3
p(w)+1 w

as w — oo for a € (0,%). So ¢ ¢ Dw?[p,q] for a € (0,3) and therefore
¢ € DSy, — Dwg[p,q] for a € (%, %)

Theorem 3.10. Let {¢x} be a fuzzy variable sequence, {p(w)},{q(w)}, {p'(w)}
and {¢'(w)} be sequences of nonnegative integers such that

(3.3) P (w) < p(w) < q(w) < ¢'(w) for allw € N

and aq, s, B1, B2 be fized real numbers such that 0 < o < ag < 1 < P < 1, then

(i) If

e (g(w) = p(w))*
3.4 lim inf o >0
(34) w2 ™ g (w) — pw))
then DS/ C DSgLo.
(ii) 1f
/ o
(3.5) lim — P (w)_ P (w)2 ~1

then DSg12 C DSOS

PROOF. Suppose (3.4) be satisfied. For given p > 0 we get

4)
{P'(w) <k < q'(w): o (0) — do (0)] = p}
2{19( ) <k < q(w):[or (0) — o (0) = p},
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and so
W\{p( w) <k < q'(w): |¢x (0) = b0 (0)] > p}|™
> (51 Ezg z((wg)” (aw)— p(w))al H{p(w) <k < q(w) : |¢x (0) — do (0)| = P}|ﬁl .

02,8 B
As a result DSpfq,2 C DSpLP.
(ii) Omitted.

Theorem 3.11. Suppose ¢ = {¢pr} be a fuzzy variable sequence, {p(n)},{q(n)}, {p'(n)}
and {q'(n)} be four sequences of nonnegative integers given as in (3.3) and oy, as, 1, B2
be fized real numbers such that 0 < a; < as < 1 < P < 1. Then

(i) Let (3.4) satisfies, if a sequence is strongly Dw252 [p' ¢']-convergent to ¢o, then

it is DSS}I’& -convergent to ¢,

(ii) Let (3.5) satisfies and ¢ € Lo, if a sequence is DS;}J’ﬁQ-convergent to ¢o then

it is strongly Dw"5 [p', ¢']-convergent to ¢g.

PROOF. (i) Omitted.
(ii) Suppose that DSZ‘Q"Z& —lim ¢y, = ¢g and {pr} € L. Then, there is some Q > 0
such that |¢y (0) — ¢p (0)| < Q for all k and for each 6 € A, then for each p > 0 we
write

q'(w) b
@@= @ < > ok (0) - (9)Is>

P’ (w)+1

B1
q' (w) p(w .
< @ —p@ye p(w < |¢k(9)—¢o(9)l
q(w)—p(w)+
B1
1 q(w) .
Taw=ran | 2 16k (0) — o (0)]
p(w)+1

B
(w)—p! (w)) = (a(n)—p(n)) s a(w) s
< (P ) 00 Qo+ trabrayes ( > 16k (6) = o (0)] )

p(w)+1

61
' (w)—p (w))—(a(w)—p(w))*2 a(w)
<l <§'(w>)—p'?w>>a2p Q" + = ( > ok (0) — 9o (9)3>
p(w)+1
Ba
¢’ (w)=p' (w) b ) a{w) .
< ((q(w)fp(w))‘w - 1) Q + (¢’ (w)—p' (w))°2 (Z) . ‘gbk (9) - ¢O (9)|
p(w)+
[k (0)—0(0)|>p
62
oY e -wor
+ w)—p(w))® k — @0
(@(w)—p(w)) ST

[k (0)—do(0)|<p
¢ (w)—p'(w) 5B
< (a i) 7)) 1)
+7<q(w> sner {p(w) <k < q(w) : |dr (0) — ¢o (0)] = P}
+ q' (w)—p' (w) B2
Ta(w)—p(w)ez P
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Utilizing (3.5), we get Dw22%1 [p/, ¢']—lim ¢5, = ¢¢, whenever DSIO,‘}I’B2 —lim ¢y, = ¢p.

4. Conclusion

In this paper, within framework credibility theory, we presented several notions
of statistical convergence of fuzzy variable sequences. The convergence of fuzzy
variable sequences such as the notion of convergence in credibility, convergence in
distribution, convergence in mean, and convergence uniformly virtually certainly
via postponed Cesaro mean were examined using fuzzy variables. We investigated
the connections between these concepts. Significant results on deferred statistical
convergence for fuzzy variable sequences were thoroughly investigated. The find-
ings of this study are more general and a natural extension of the conventional
convergence of fuzzy variable sequences.
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