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1. Introduction

An even dimensional differentiable manifold M™ is said to be a Hermitian man-

ifold if a complex structure J of type (1, 1) and a Riemannian metric g of the
manifold satisfy

(1.1) J? =1,
and
(1.2) g(JX,JY) =g(X,Y),

where X,Y € x(M) and x(M) is Lie algebra of vector fields on the manifold.
An Einstein manifold is a Riemannian or pseudo-Riemannian manifold (M™, g)(n >
2) in which the Ricci tensor is a scalar multiple of the Riemannian metric i.e.

(1.3) S(X,Y) =ag(X,Y),
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where S denotes the Ricci tensor of the manifold (M™, g)(n > 2) and « is a non-zero
scalar.
From the equation (1.3), we get

(1.4) r = na.

The notion of a quasi-Einstein manifold arose during the study of exact solutions
of the Einstein field equations as well as during considerations of quasi-umbilical
hypersurfaces. The same notion of quasi-Einstein manifolds is also studied by M.
C. Chaki and R.K. Maity [10].

A semi-Riemannian manifold (M™, g)(n > 2) is said to be a quasi-Einstein manifold
[2, 15] if its Ricci tensor S of type (0, 2) of the manifold satisfies

(1.5) S(X,Y) = ag(X,Y) + BACX)A(Y),

where «, [ are scalars such that § # 0 and A are a non-zero 1-form associated
with a unit vector field p defined by g(X,p) = A(X), for every vector field X. p
denotes the unit vector called the generator of the manifold. An n-dimensional
quasi-Einstein manifold is denoted by (QE),.

Contraction of the equation (1.5), gives

(1.6) r=an+ .

From the equations (1.2) and (1.5), we can easily write

S(X,p) = (a+PAX), S(p, p) = (a+b),
9(Jp,p) =0 and S(Jp, p)=0.

In 2004 U. C. De and G. C. Ghosh [22] introduced the notion of generalised quasi-
Einstein manifolds. A Riemannian manifold (M™, g)(n > 2) is said to be a gener-
alised quasi-Einstein manifold if a non-zero Ricci tensor of type (0, 2) satisfies the
condition

(1.8) S(X,Y)=ag9(X,Y) + BAX)AY) +1C(X)C(Y),

(1.7)

where «, 5 and 7 are scalars such that 5 # 0, v # 0 and A, C are non-vanishing

1-forms associated with two orthogonal unit vectors p and p by

9(X,p) = A(X), 9(X, n) = C(X),

(1.9)
9(p;s p) = g, 1) =1,

An n-dimensional generalised quasi-Einstein manifold is denoted by G(QE).,,.
After contraction of the equation (1.8), we get

(1.10) r=an+B+7.
From the equations (1.2), (1.8) and (1.9), we can easily write

(1.11)
S(X, p) = (a+ BAX), S(X, p) = (a +7)C(X), S(p, p) =+,
S(ps p) =a+ B, g(Jp, p) = g(Jpu,p) =0, and  S(Ju, p) = S(Jp, p) = 0.
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Some classes of generalised quasi-Eiinstein manifold studied by A. A. Shaikh and
S. K. Hui [3]. Also in 2004, M. C. Chaki [11] introduced the notion of super quasi-
Einstein manifolds. A Riemannian manifold (M™,g)(n > 2) is said to be a super
quasi-Einstein manifold if a non-zero Ricci tensor of type (0, 2) satisfies
(1.12)

S(X,Y) = ag(X,Y) + BACX)A(Y) +1[A(X)C(Y) + C(X)A(Y)] + 6D(X, V),

where «, (3, v and § are non-zero scalars, A, C' are non-vanishing 1-forms defined
as (1.9) and p, p are orthogonal unit vector fields, D is symmetric tensor of (0, 2)
with a zero trace which satisfies the condition

(1.13) D(X,p) =0, VX.

An n-dimensional super quasi-Einstein manifold is denoted by S(QF),. From the
equations (1.2), (1.9), (1.12) and (1.13), we can easily write

(1.14)
S(X, p) = (a+ BA(X) +7C(X), S(X, p) = aC(X) + vA(X),
S(p, p) = a+ 90D (u, p), S(p, p) = a+ B+3D(p,p), g(Jp, p) = g(Jp, 1) =0,
S(Jp, p) =~vA(Jp) + 6D (Jp, ), S(Jp, p) =~C(Jp) +6D(Jp, p).

Super quasi-Einstein manifold studied P. Debnath and A. Konar [13] and S. K. Hui
and R. S. Lemence [19]. In 2009, A. A. Shaikh [1] introduced the notion of a pseudo
quasi-Einstein manifold. A semi-Riemannian manifold (M", g)(n > 2) is said to be
a pseudo quasi-Einstein manifold if a non-zero Ricci tensor of type (0, 2) satisfies
the condition

(1.15) S(X,)Y)=ag(X,Y) + BAX)AY) +6D(X,Y),

where «, B, and 0 are non-zero scalars and A is a non-zero 1-form defined by
g(X,p) = A(X). p denotes the unit vector called the generator of the manifold
and D is symmetric tensor of type (0, 2) with a zero trace defined as (1.13). An
n-dimensional pseudo quasi-Einstein manifold is denoted by P(QE),,.
From the equations (1.2), (1.9) (1.13) and (1.15), we can easily write

S(X7 p) = (a"i'ﬁ)A(X)) S(pa p) =a+p,

(1.16) 9(Jp, p) =0and S(Jp, p) = 0D(Jp, p).

2. Semi-symmetric and Ricci semi-symmetric manifold

Let (M™, g) be a Riemannian manifold and V be the Levi-Civita connection on
(M™, g) then, a Riemannian manifold is said to be locally symmetric if VR = 0,
where R is the Riemannian curvature tensor of (M™,g). The locally symmetric
manifold has been studied by different geometers through different approaches and
different notions have been developed, e.g., a semi-symmetric manifold by Szabo
[23], recurrent manifold by Walker [4], conformally recurrent manifold by Adati
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and Miyazawa [20] Ricci recurrent manifolds by E. M. Patterson [8], Concircular
recurrent manifold by T. Miyazawa [17, 21] and weakly symmetric manifolds by T.
Tamassy and T. Q. Binh[25].

According to Z. I. Szabo[23], if the manifold M satisfies the condition

(2.1) (R(X,Y).R)(U V)W =0, X,Y,UV,W € x(M)

for all vector fields X and Y, then the manifold is called a semi-symmetric manifold.
For a (0, k)- tensor field T on M, k > 1 and a symmetric (0, 2)-tensor field A on
M, the (0, k + 2)-tensor fields R.T and Q(A, T) are defined by

(2.2) — — T(Xh .......... Xk_l,R(X7 Y)Xk)7
and
g QAT X Xo¥) = ~T(X Mg Y)Xa, X Xi)

— s —T(Xl, .......... kal,(X Na Y)Xk>,
where X A4 Y is the endomorphism given by
(2.4) (XAaY)Z=AY,2)X — AX, 2)Y.

Definition 2.1. ([14]) A semi-Riemannian manifold is said to be Ricci semi-sy-
mmetric if

(2.5) (R(X, Y).8)(Z,W) = —S(R(X,Y)Z,W) — 8(Z, R(X,Y)W) =0,

forall X, Y, Z W € x(M™).

The above developments allow several authors to generalize the notion of quasi
Einstein manifolds. In this process, generalized quasi-Einstein manifolds are studied
by Prakasha and Venkatesha [7] and N(k)-quasi Einstein manifolds are studied by
[5, 12]. In 2012, S. K. Hui and R. S. Lemence [18] discussed generalised quasi-
Einstein manifold admitting a W5s- curvature tensor and they proved that if a Ws-
curvature tensor satisfies W5.5 = 0, then either the associated scalars 5 and v are
equal or the curvature tensor R satisfies a definite condition. D. G. Prakasha and
H. Venkatesha [7] studied some results on generalised quasi-Einstein manifolds and
they proved that in generalised quasi-Einstein manifold if a conharmonic curvature
tensor satisfies L.S = 0, then either M is a nearly quasi-Einstein manifold N(QFE),,
or the curvature tensor R satisfies a definite condition. Recently, B. B. Chatuurvedi
and B. K. Gupta [6] have studied Ricci pseudo-symmetric mixed generalized quasi-
Einstein hermitian manifolds. We have studied the above developments in quasi-
Einstein manifold (QFE),, generalised quasi- Einstein manifold G(QFE),, a super
quasi-Einstein manifold and decided to study Bochner Ricci semi-symmetric and
holomorphically projective Ricci semi-symmetric super quasi-Einstein Hermitian
manifold .
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3. Bochner Ricci semi-symmetric super quasi-Einstein Hermitian
manifold

The notion of Bochner curvature tensor was introduced by S. Bochner [16]. The
Bochner curvature tensor B is defined by

(3.1)

B(Y,Z,UV)=R(Y,Z,UV)— {S(Y7 Wg(Z,U) - S(Y,U)g(Z,V)

2(n+2)
+9(Y,V)S(Z,U) —g(Y,U)S(Z,V)+ S(JY,V)g(JZ,U)
— S(IY,Ug(JZ, V) + S(JZ,U)g(JY,V) — g(JY,U)S(JZ,V)

—98(JY, Z)g(JU,V) — 2¢(JY, Z)S(JU, V)}

T en+ 2;(2n ) {g(Z’ U)g(Y,V) = g(Y,U)g(Z,V)

+9(JZ,U)g(JY,V) = g(JY,U)g(JZ,V) = 29(JY, Z)g(JU, V)},

where r is a scalar curvature of the manifold.
In a Hermitian manifold a Bochner curvature tensor satisfies the condition

(3.2) B(X,Y,U,V) = —B(X,Y,V,U).

Now we introduce the following:

Definition 3.1. A Hermitian manifold is said to be a super quasi-Einstein Hermi-
tian manifold if it satisfies the equation (1.12). Throughout this paper, we denote
the super quasi-Einstein Hermitian manifold by S(QEH),,.

Definition 3.2. An even dimensional Hermitian manifold (M™,g) is said to be
a Bochner Ricci semi-symmetric super quasi-Einstein Hermitian manifold if the
Bochner curvature tensor of the manifold satisfies B.S = 0, i.e.

(3.3) (B(X,Y).8)(Z,W) = —S(B(X,Y)Z,W) — S(Z,(B(X,Y)W) =0,

forall X,Y, Z, W € x(M™).
If we take a Bochner Ricci semi-symmetric super quasi-Einstein Hermitian manifold,
then from the equations (1.12) and (3.3), we have

a[B(X,Y,Z,U) + B(X,Y,U, Z)]

+B[A(B(X,Y)2)A(U) + A(Z)A(B(X, Y)U)]
+1[AB(X,Y)Z)C(U) + C(B(X,Y)Z)A(U)
+A(Z)C(B(X,Y)U) + C(2)A(B ( )U]
+3[D(B(X,Y)Z,U) + D(Z, B(X,Y)U)] =
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where g(B(X,Y)U,Z) = B(X,Y,U, Z).
Now from the equations (3.2) and (3.4), we have

BIAB(X,Y)Z)A(U
MAB(X,Y)Z
+ A(Z)C(B(X,

+[D(B(X,Y)

(U) + A(Z2)A(B(X,Y)U)]
)C(U) + C(B(X,Y)Z)A(U)
Y)U) + C(Z2)A(B(X,Y)U)]
Z,U)+ D(Z,B(X, Y) )] =0,
putting Z = U = p in equation (3.5), we get

(3.6) vB(X,Y, p, /’L) =0,

this implies either v =0 or B(X,Y, p,u) = 0.
From equation (3.6) if v = 0 then from equation (1.12), we have

(3.7 S(X,Y) =ag(X,Y)+ BAX)A(Y) +0D(X,Y),

this is the condition for pseudo quasi-Einstein manifold.
Thus we come to the conclusion:

Theorem 3.1. A Bochner Ricci semi-symmetric super quasi-FEinstein Hermitian
mamnifold is either a Bochner Ricci semi-symmetric pseudo quasi-Einstein Hermitian
manifold or

B(X,Y,p,u) =0.

If we take a Bochner flat curvature tensor then from equation (3.1), we have

= S S V2 U) = S U)(Z.Y)
+9(Y,V)S(Z,U) - g(Y,U)S(Z,V)+ S(JY,V)g(JZ,U)

— S(IY,U)g(JZ,V) + S(JZ,U)g(JY,V) — g(JY,U)S(JZ,V)
— 28(JY, 2)g(JU,V) — 29(JY, Z)S(JT, V)}

R(Y,Z,U,V)

(3.8)

C(2n+ 2;(% +4) {92, 0)9(v.V) —g(v.0)g(2.V)

+9(JZ,U)g(JY,V) = g(JY,U)g(JZ,V) = 29(JY, Z)g(JU, V)},
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From equation (2.5) and (3.8), we infer

{S(QK V)g(2,U) —g(Y,U)S(QZ,V) + S(QJY,V)g(JZ,U)

—9(JY,U)S(JQZ,V) —29(JY, Z)S(JQU,V)
(3.9) — g(JY,V)S(JQZ,U) — 29(JY, Z)S(JQV, U)}
T
G A DSV~ gV UIS(ZV) + g2, U)S (Y, V)
1 g(JZ,V)S(IY,U) — g(JY,V)S(JZ, U)} —0,
If we take A be an eigen value of Q and JQ corresponding to eigen vectors X and

JX respectively then QX = AX and QJX = AJX ie. S(X,U) = Ag(X,U) (where
the manifold is not Einstein) and hence

(3.10) S(QX,U) = AS(X,U) and S(QJX,U)=AS(JX,U).

Using equation (3.10) in equation (3.9), we have

(A= @) (500100200 - sv.005(2V)
B11) 48V, U)g(Z,V) — g(Y,V)S(Z,U) + S(JY,V)g(JZ,U)

~ S(JZ,V)g(IY,U) + S(JY,U)g(JZ,V) = g(JY,V)S(JZ,U) } =0,
If we take A\ # m, then from equation (3.11), we obtain

S(Ya V)g(Zv U) - g(Yv U)S(Za V)
(3.12)  +S(Y,Ug(Z,V)—g(Y,V)S(Z,U) + S(JY,V)g(JZ,U)
— S(JZ,V)g(JY,U) + S(JY,U)g(JZ,V) — g(JY,V)S(JZ,U) = 0.

Now putting V = p and U = pu, we get

(3.13)
[S(Y,p)g(Z, 1) — (Y, 1) 5(Z, p) + S(Y, ) 9(Z, p) — g(Y, p)S(Z, 11)
+S(JY,p)g(JZ, 1) = S(JZ, p)g(JY, 1) + S(JY, n)g(J Z, p) = S(J Z, n)g(JY, p)] = 0.

Now using equations (1.9) and (1.14) in equation (3.13), we get
(3.14) YAY)C(Z) - A(Z)CY)+ A(JY)C(JZ) — A(JZ)C(JY)] = 0,
this implies either v =0 or

(3.15) A(Y)C(Z) — A(Z)C(Y) = A(JZ)C(JY) — A(JY)C (I Z).
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If we take A # oty and v = 0, then equations (1.2), (1.9) and (3.15) im-

ply 9(Y.p)9(Z, 1) — 9(Z,p) g(Y, 1) = 9(Z,Jp) g(Y, Jp) — g(Y,Jp) g(Z, Jp), ie.

9(Y,p) 9(Z, 1) = 9(Z,p) 9(Y, 1) if and only if (2, Tp) g(Y, Tp) = 9(Y. Jp) 9(Z, ),
therefore we can say that if \ # @ +2) and v = 0 the vector fields p and p corre-
sponding to 1-forms A and C respectlvely are codirectional if and only if the vector
fields p and i corresponding to 1-forms A and C respectively are codirectional.
Thus we conclude:

Theorem 3.2. In a Bochner flat Ricci semi-symmetric super quasi-FEinstein Her-
mitian manifold if m is not an eigen value of the Ricci operator @ and JQ and
v # 0 then the vector fields p and p corresponding to 1-forms A and C respectively
are codirectional if and only if the vector fields p and i corresponding to 1-forms A
and C respectively are codirectional.

4. Holomorphically projective Ricci semi-symmetric super
quasi-Einstein Hermitian manifold

The holomorphically projective curvature tensor is defined by [24]

) PEYZW) = RXY,ZW) - L IS(Y, 2)g(X, W)  5(X, Z)g(¥, W)

+S(JX, Z)g(JY, W) = S(JY, Z)g(JX,W)].
This tensor has the following properties
(42) PX,)Y,Z,W)=-P(Y,X,ZW), PUX,JY,Z,W)=PX,Y,Z,W).
Now we introduce the following:

Definition 4.1. An even dimensional Hermitian manifold (M™,g) is said to be
a holomorphically projective Ricci semi-symmetric super quasi-Einstein Hermitian
manifold if the holomorphically projective curvature tensor of the manifold satisfies
P.S=0,ie.

4.3)  (P(X,Y).8)(Z,W) = —S(P(X,Y)Z, W) — S(Z,(P(X,Y)W) =0,

forall X,Y, Z, W € x(M™).
If we take a holomorphically projective Ricci semi-symmetric super quasi-Einstein
Hermitian manifold, then from the equations (1.12) and (4.1), we have

a[P(X,Y,Z,W)+ P(X,Y,W, Z)]
+BIA(P(X,Y)Z2)A(W) + (Z)A(P(XvY)W)]
+A[AP(X, Y)Z)C(W) + A(W)C (P(
+AZ)C(P (X,Y)W) C(2)A(P(X
+[D(P(X,Y)Z, W)+ D(Z, P(X W)]

(4.4)
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Now putting Z = W = p in equation (4.4) and using equation (1.14), we have

(4.5) (a+ B)P(X,Y,p,p) + vP(X,Y,p, ) = 0.
Using Z = W = p in equation (4.1), we have

P(X,Y,p,p) = ———[C(Y)A(X) — A(Y)C(X
(46) (XY, p,p) = —— [C(V)A(X) - AY)C(X)

+ C(JX)A(JY) — C(JY)A(JX)].
Similarly putting Z = p and W = p in equation (4.1), we get

(o + B)
n—2

+C(JX)A(JY) — C(JY)A(JX)].
Using equations (4.6) and (4.7) in (4.5), we get

(48) YR(X,Y, p, ) =0,

P(X7Y7p7/’[’) = R(X7Kp7/’[’) -

(4.7) [A(Y)C(X) - C(Y)A(X)

this implies that either v = 0 or R(X,Y,p,u) = 0. If v = 0 then from equation
(1.12), we get the condition of a pseudo quasi-Einstein manifolds.
Thus we can conclude:

Theorem 4.1. A holomorphically projectively Ricci semi-symmetric super quasi-
Einstein Hermitian manifold is either a holomorphically projective Ricci semi-symmetric
pseudo quasi-Finstein Hermitian manifold or

R(X,Y,p,p) = 0.

Putting Z = p and W = p in equation (4.4), we get
(4.9)
a[P(X,Y, p, )+ P(X, Y, p, p)|+BP(X, Y, 1, p) +7[P(X, Y, p, p) + P(X, Y, 1, )] = 0.

Putting Z = U = p in (4.1), we get

P(X,Y, p, 1)
(4.10) = 1 5 [AY)C(X) - CY)A(X)+ C(JY)A(JX) — C(JX)A(JY)].
Adding equations (4.6) and (4.10), we get
(4.11) P(X,Y, p, i) + P(X,Y, p,p) =0,
from equations (4.9) and (4.11), we have
(4.12) o[P(X, Y, p, 1) + P(X, Y, p)] + BP(X, Y, 1, p) = 0.
From equations (4.1), (4.7) and (4.12), we have
(4.13) BR(X,Y,p,p) = 0.

This implies either 5 =0 or R(X,Y, u,p) =0.

Theorem 4.2. In a holomorphically projective Ricci semi-symmetric super quasi-
FEinstein Hermitian manifold either 8 # 0 or R(X,Y, u,p) = 0.
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