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BERNSTEIN DURRMEYER OPERATORS BASED ON TWO PARAMETERS

Vijay Gupta and Ali Aral

Abstract. In the present paper, we study the applications of the extension of quantum
calculus based on two parameters. We define beta function and establish an identity
with gamma function, for two parameters (p, q), i e. the post-quantum calculus. We
also propose the (p, q)-Durrmeyer operators, estimate moments and establish some direct
results. Depending on the selection of p and q, the rate of convergence of the our
new operators can provide better approximation than those of the Bernstein-Durrmeyer
operators and its q-analogue. In the end, we provide some graphs using the software
Mathematica.
Keywords: Bernstein Durrmeyer operator, quantum calculus, approximation theory,
Bernstein operator.

1. Introduction

In the last eighteen years the applications of quantum calculus (q-calculus) in
the field of approximation theory has been an active area of research. Several new
operators have been generalized to their q variants and their approximation be-
havior have been discussed. We mention here the recent books [1] and [6] on this
topic. Further generalization of q calculus is the post quantum calculus, denoted
by (p, q)-calculus. Some papers have appeared recently in this area related to ap-
proximation theory. This area is in the developing stage. For (p, q)-calculus, we
mention here some basic definitions and theorems, some of them may be found in
the recent papers [7], [10], [8], [11] etc.

The
(
p, q

)
-number is defined as

[n]p,q =
pn − qn

p − q
,

Obviously, it can be seen that [n]p,q = pn−1 [n]q/p . It is obvious from the definition,
that q-integers and (p, q)-integers are different, that iswe cannot obtain (p, q) integers
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just by replacing q by q/p in the definition of q-integers. But if we put p = 1
in definition of (p, q) integers then q-integers becomes a particular case of (p, q)
integers. Thus we can say that (p, q)-integers can be taken as a generalization of
q-integers. The

(
p, q

)
-factorial is defined by

[n]p,q! =
n∏

k=1

[k]p,q , n ≥ 1, [0]p,q! = 1.

The
(
p, q

)
-binomial coefficient is given by[n

k

]
p,q
=

[n]p,q!

[n − k]p,q! [k]p,q!
, 0 ≤ k ≤ n.

Definition 1.1. The (p, q)-power basis is defined below

(x � a)np,q = (x − a)(px− qa)(p2x − q2a) · · · (pn−1x − qn−1a).

Definition 1.2. The (p, q)-derivative of the function f is defined as

Dp,q f (x) =
f
(
px

) − f
(
qx

)(
p − q

)
x

, x � 0

and Dp,q f (0) = f
′ (0), provided that f is differentiable at 0. It is obvious that

Dp,qxn = [n]p,q xn−1. Note also that for p = 1, the (p, q)-derivative reduces to the
q−derivative given by

Dq f (x) =
f (x) − f

(
qx

)(
1 − q

)
x

, x � 0

Definition 1.3. The (p, q)-derivative fulfils the following product rules

Dp,q( f (x)�(x)) = f (px)Dp,q�(x) + �(qx)Dp,q f (x)

Dp,q( f (x)�(x)) = �(px)Dp,q f (x) + f (qx)Dp,q�(x).

The following assertion is valid:

Dp,q(x � a)np,q = [n]p,q (px � a)n−1p,q , n ≥ 1

Dp,q(a � x)np,q = − [n]p,q (a � qx)n−1p,q , n ≥ 1,

and Dp,q(x � a)0p,q = 0.

Definition 1.4. Let f be an arbitrary function and a be a real number. The (p, q)-
integral of f (x) on [0, a] is defined as∫ a

0
f (x) dp,qx =

(
q − p

)
a
∞∑
k=0

pk

qk+1
f

(
pk

qk+1
a

)
if

∣∣∣∣∣pq
∣∣∣∣∣ < 1
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and ∫ a

0
f (x) dp,qx =

(
p − q

)
a
∞∑
k=0

qk

pk+1
f
(
qk

pk+1
a
)

if
∣∣∣∣∣pq

∣∣∣∣∣ > 1

Theorem 1.1. (Fundamental theorem of (p, q)-calculus) If F(x) is an antiderivative of
f (x) and F(x) is continuous at x = 0, we have

∫ b

a
f (x) dp,qx = F(b) − F(a),

where 0 ≤ a < b � ∞.

Proposition 1.1. The formula of (p, q)-integration by part is given by

∫ b

a
f (px)Dp,q�(x)dp,qx = f (b)�(b) − f (a)�(a) −

∫ b

a
�(qx)Dp,q f (x)dp,qx.(1.1)

Definition 1.5. ([9]) Let n is a nonnegative integer, we define the (p, q)-Gamma
function as

Γp,q (n + 1) =
(p � q)np,q
(p − q)n

= [n]p,q!, 0 < q < p.

In the present paper, we define (p, q)-Beta function and establish a relation
between (p, q)-Beta and (p, q)-Gamma functions. As the (p, q)-Beta function is gen-
eralization of Beta function of first kind, we propose the (p, q)-Bernstein-Durrmeyer
operators. Using some identities of (p, q)-calculus, we estimate moments and es-
tablish some direct results for (p, q)-Bernstein-Durrmeyer operators.

2. (p, q)-Beta Function

In this section, we propose the (p, q) Beta function and then find a relation
between (p, q)-Beta and (p, q)-Gamma functions.

Let m, n ∈N, we define
(
p, q

)
-Beta function of first kind as

Bp,q (m, n) =
∫ 1

0

(
px

)m−1 (p � pqx
)n−1
p,q dp,qx.(2.1)

In [9], the author has given the relation between (p, q)-Beta and (p, q)-Gamma
functions, without mentioning the integral representation of the (p, q)-Beta func-
tions. For the above form of (p, q)-Beta function, we have the following relation,
which is not commutative.
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Theorem 2.1. The (p, q)-Gamma and (p, q)-Beta functions fulfill the following fundamen-
tal relation

Bp,q (m, n) = p[n(2m+n−2)+n−2]/2
Γp,q (m)Γp,q (n)

Γp,q (m + n)
,(2.2)

where m, n ∈N.

Proof. For any m, n ∈N since

Bp,q (m, n) =
∫ 1

0

(
px

)m−1 (p � pqx
)n−1
p,q dp,qx,

using (1.1) for f (x) = xm−1 and � (x) = − (p�px)
n

p,q

p[n]p,q
with the equality

Dp,q
(
p � px

)n
= − [n]p,q p (

p � pqx
)n−1

we have

Bp,q (m, n) =
[m − 1]p,q
pm−1 [n]p,q

∫ 1

0

(
px

)m−2 (p � pqx
)n
p,q dp,qx

=
[m − 1]p,q
pm−1 [n]p,q

Bp,q (m − 1, n + 1) .(2.3)

Also we can write for positive integer n

Bp,q (m, n + 1) =
∫ 1

0

(
px

)m−1 (p � pqx
)n
p,q dp,qx

=

∫ 1

0

(
px

)m−1 (p � pqx
)n−1
p,q

(
pn − pqnx

)
dp,qx

= pn
∫ 1

0
(px)m−1(p � pqx)n−1p,q dp,qx

−qn
∫ 1

0

(
px

)m (
p � pqx

)n−1
p,q dp,qx

= pnBp,q (m, n) − qnBp,q (m + 1, n) .

Using (2.3), we have

Bp,q (m, n + 1) = pnBp,q (m, n) − qn
[m]p,q

pm [n]p,q
Bp,q (m, n + 1) ,

which implies that

Bp,q (m, n + 1) = pn+m
pn − qn

pn+m − qn+m
Bp,q (m, n) .
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Further, by definition of (p, q) integration

Bp,q (m, 1) =
∫ 1

0

(
px

)m−1 dp,qx = pm−1

[m]p,q
.

We immediately have

Bp,q (m, n) = pn+m−1
pn−1 − qn−1

pn+m−1 − qn+m−1
Bp,q (m, n − 1)

= pn+m−1
pn−1 − qn−1

pn+m−1 − qn+m−1
pn+m−2

pn−2 − qn−2

pn+m−2 − qn+m−2
Bp,q (m, n − 2)

= pn+m−1
pn−1 − qn−1

pn+m−1 − qn+m−1
pn+m−2

pn−2 − qn−2

pn+m−2 − qn+m−2
· · ·

· · ·pm+1 p − q
pm+1 − qm+1

Bp,q (m, 1)

= pn+m−1
pn−1 − qn−1

pn+m−1 − qn+m−1
pn+m−2

pn−2 − qn−2

pn+m−2 − qn+m−2
· · ·

· · ·pm+1 p − q
pm+1 − qm+1

pm−1

[m]p,q

=
p(m−1)+m+(m+1)+···+(m+n−1)

pm

(
p � q

)n−1
p,q(

pm � qm
)n
p,q

(
p − q

)
,

i.e.,

Bp,q (m, n) = ps
(
p � q

)n−1
p,q(

pm � qm
)n
p,q

(
p − q

)
,(2.4)

where s = [n (2m + n − 2) + n − 2]/2.

Following [9], we have (a � b)n+mp,q = (a � b)np,q(ap
n � bqn)mp,q thus (2.4) leads to

Bp,q (m, n) = ps
(
p � q

)n−1
p,q(

pm � qm
)n
p,q

(
p − q

)

= ps
(
p � q

)n−1
p,q(

p − q
)n−1 .

(
p � q

)m−1
p,q(

p − q
)m−1 .

(
p − q

)m−1 (p − q
)n−1(

p � q
)m−1
p,q

(
pm � qm

)n
p,q

(
p − q

)

= ps
(
p � q

)n−1
p,q(

p − q
)n−1 .

(
p � q

)m−1
p,q(

p − q
)m−1 .

(
p − q

)m+n−1(
p � q

)m+n−1
p,q

= ps
Γp,q (m)Γp,q (n)

Γp,q (m + n)
.

This completes the proof of the theorem.



84 Vijay Gupta and Ali Aral

3. (p, q) Bernstein-Durrmeyer-Operators andMoments

The
(
p, q

)
-analogue of Bernstein operators for x ∈ [0, 1] and 0 < q < p � 1 can be

defined as

Bn,p,q
(
f ; x

)
=

n∑
k=0

bp,qn,k(1, x) f

⎛⎜⎜⎜⎜⎝pn−k[k]p,q[n]p,q

⎞⎟⎟⎟⎟⎠ ,
where

bp,qn,k(1, x) =
[n
k

]
p,q

p[k(k−1)−n(n−1)]/2xk(1 � x)n−kp,q .

Although the different forms of the (p, q)-Bernstein polynomials have been consid-
ered in [7] and [8], but due to technical problems, the forms considered in these
two papers do not preserve even the constant functions.

Remark 3.1. The link between q-binomial coefficient and (p, q)-binomial coefficients can be
described as:[n

k

]
q/p

=
[n]q/p!

[k]q/p![n − k]q/p!

=
[n]q/p[n − 1]q/p · · · [2]q/p.1

([k]q/p[k − 1]q/p · · · [2]q/p.1)([n − k]q/p[n − k − 1]q/p · · · [2]q/p.1)

=
pk(k−1)/2p(n−k)(n−k−1)/2[n]p,q[n − 1]p,q · · · [2]p,q.1

pn(n−1)/2([k]p,q[k − 1]p,q · · · [2]p,q.1)([n − k]p,q[n − k − 1]p,q · · · [2]p,q.1)

=
pk(k−1)/2−n(n−1)/2p(n−k)(n−k−1)/2[n]p,q!

[k]p,q![n − k]p,q!
= pk(k−n)

[n
k

]
p,q
.

Also, we have (p, q)-power basis as

(x � a)np,q = (x − a)(px − qa)(p2x − q2a) · · · (pn−1x − qn−1a)

= 1 · p · p2 · · · pn−1(x − a)
(
x − a

q
p

) (
x − a

q2

p2

)
· · ·

(
x − a

qn−1

pn−1

)
= pn(n−1)/2(x − a)nq/p.

Using the above identities and using the moments of q-Bernstein polynomial, it can easily
be verified by simple computation that

Bn,p,q (1; x) = 1, Bn,p,q (t; x) = x, Bn,p,q

(
t2; x

)
= x2 +

pn−1x(1 − x)
[n]p,q

.

The q-Durrmeyer operators were proposed in [5] and also studied in [4]. We
introduce below the

(
p, q

)
variant of the well known Durrmeyer operators.
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Definition 3.1. The
(
p, q

)
-analogue of Bernstein-Durrmeyer operator for x ∈ [0, 1]

and 0 < q < p � 1 is defined as

Dp,q
n ( f ; x) = [n + 1]p,q

n∑
k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

∫ 1

0
bp,qn,k(p, pqt) f (t) dp,qt

where bp,qn,k(p, pqt) =
[n
k

]
p,q

(
pt

)k (p � pqt)n−kp,q .

It may be remarked here that for p = 1 these operators will not reduce to the
q-Durrmeyer operators, but for p = q = 1 these will reduce to the Durrmeyer
operators.

Lemma 3.1. For x ∈ [0, 1], 0 < q < p ≤ 1, we have
1◦ Dp,q

n (1; x) = 1,

2◦ Dp,q
n (t; x) = pn+q[n]p,qx

[n+2]p,q
,

3◦ Dp,q
n (t2; x) = p2n[2]p,q

[n+2]p,q[n+3]p,q
+

(2q2+qp)pn[n]p,qx
[n+2]p,q[n+3]p,q

+
q3[n]p,q[x2[n]p,q+pn−1x(1−x)]

[n+2]p,q[n+3]p,q
.

Proof. Using (2.2) and (2.1) and Remark 3.1, we have

Dp,q
n (1; x) = [n + 1]p,q

n∑
k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

∫ 1

0

[n
k

]
p,q

(pt)k(p � pqt)n−kp,q dp,qt

= [n + 1]p,q
n∑

k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

[n
k

]
Bp,q(k + 1,n − k + 1)

= [n + 1]p,q
n∑

k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

[n
k

]
p,q

p[n
2+3n−k2−k]/2 [k]p,q![n − k]p,q!

[n + 1]p,q!

= Bn,p,q (1; x) = 1.

Next using the identity [k + 1]p,q = pk + q[k]p,q and applying Remark 3.1, we have

Dp,q
n (t; x)= [n + 1]p,q

n∑
k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)p

−1
∫ 1

0

[n
k

]
p,q

(pt)k+1(p � pqt)n−kp,q dp,qt

= [n + 1]p,q
n∑

k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

[n
k

]
p,q

p−1Bp,q(k + 2, n − k + 1)

= [n + 1]p,q
n∑

k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

[n
k

]
p,q
p(n

2+5n−k2−3k)/2 [k + 1]p,q![n − k]p,q!
[n + 2]p,q!

=

n∑
k=0

pn−kbp,qn,k(1, x)
[k + 1]p,q
[n + 2]p,q

=
1

[n + 2]p,q

n∑
k=0

pn−kbp,qn,k(1, x)(p
k + q[k]p,q)
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=
pn

[n + 2]p,q

n∑
k=0

bp,qn,k(1, x) +
q[n]p,q

[n + 2]p,q

n∑
k=0

bp,qn,k(1, x)p
n−k [k]p,q

[n]p,q

=
1

[n + 2]p,q
pnBn,p,q (1; x) +

q[n]p,q
[n + 2]p,q

Bn,p,q (t; x)

=
pn + q[n]p,qx
[n + 2]p,q

.

Further, using the identity [k+ 2]p,q = pk+1 + qpk + q2[k]p,q and by Remark 3.1, we
get

Dp,q
n (t2; x) = [n + 1]p,q

n∑
k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)p

−2
∫ 1

0

[n
k

]
p,q
(pt)k+2(p � pqt)n−kp,q dp,qt

= [n + 1]p,q
n∑

k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

[n
k

]
p,q

p−2Bp,q(k + 3, n − k + 1)

= [n + 1]p,q
n∑

k=0

p−[n
2+3n−k2−k]/2bp,qn,k(1, x)

[n
k

]
p,q

×p[n2+7n−k2−5k]/2 [k + 2]p,q![n − k]p,q!
[n + 3]p,q!

=

n∑
k=0

p2(n−k)bp,qn,k(1, x)
[k + 1]p,q[k + 2]p,q
[n + 2]p,q[n + 3]p,q

=
1

[n + 2]p,q[n + 3]p,q

n∑
k=0

p2n−2kbp,qn,k(1, x)(p
k + q[k]p,q).(pk+1 + qpk + q2[k]p,q)

=
1

[n + 2]p,q[n + 3]p,q

n∑
k=0

p2n−2kbp,qn,k(1, x)

×[p2k(p + q) + pk[k]p,q(2q2 + qp) + q3[k]2p,q]

=
p2n[2]p,q

[n + 2]p,q[n + 3]p,q

n∑
k=0

bp,qn,k(1, x)

+
(2q2 + qp)pn[n]p,q
[n + 2]p,q[n + 3]p,q

n∑
k=0

bp,qn,k(1, x)
(
pn−k

[k]p,q
[n]p,q

)

+
q3[n]2p,q

[n + 2]p,q[n + 3]p,q

n∑
k=0

bp,qn,k(1, x)

⎛⎜⎜⎜⎜⎝p2n−2k [k]2p,q[n]2p,q

⎞⎟⎟⎟⎟⎠
=

p2n[2]p,q
[n + 2]p,q[n + 3]p,q

Bn,p,q (1; x) +
(2q2 + qp)pn[n]p,q
[n + 2]p,q[n + 3]p,q

Bn,p,q (t; x)

+
q3[n]2p,q

[n + 2]p,q[n + 3]p,q
Bn,p,q

(
t2; x

)
,

i.e.,

Dp,q
n (t2; x) =

p2n[2]p,q
[n + 2]p,q[n + 3]p,q

+
(2q2 + qp)pn[n]p,qx
[n + 2]p,q[n + 3]p,q
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+
q3[n]p,q[x2[n]p,q + pn−1x(1 − x)]

[n + 2]p,q[n + 3]p,q
.

Lemma 3.2. Let n > 3 be a given natural number and let 0 < q < p ≤ 1, q0 = q0(n) ∈
(0, p) be the least number such that

p2n+1q − pn+1qn+1 + p2n−1q3 − pn−1qn+3 + p2nq2 − pnqn+2 − 2p2n+3 + 2pnqn+3>0

for every q ∈ (q0, 1). Then

Dp,q
n ((t − x)2, x) ≤ 2

[n + 2]p,q

(
ϕ2(x) +

1
[n + 3]p,q

)
,

where ϕ2(x) = x(1 − x), x ∈ [0, 1].
Proof. In view of Lemma 3.1, we obtain

Dp,q
n ((t − x)2, x) = x2

q3[n]p,q([n]p,q − pn−1) − 2q[n]p,q[n + 3]p,q + [n + 2]p,q[n + 3]p,q
[n + 2]p,q[n + 3]p,q

+ x
pn−1q(p + q)2[n]p,q − 2pn[n + 3]p,q

[n + 2]p,q[n + 3]p,q
+

p2n(p + q)
[n + 2]p,q[n + 3]p,q

By direct computations, using the definition of the (p, q)-numbers, we get

pn−1q(p + q)2[n]p,q − 2pn[n + 3]p,q = pn−1q(p + q)2
pn − qn

p − q
− 2pn

pn+3 − qn+3

p − q

=
1

p − q
[p2n+1q − pn+1qn+1 + p2n−1q3 − pn−1qn+3

+ p2nq2 − pnqn+2 − 2p2n+3 + 2pnqn+3] > 0,

for every q ∈ (q0, 1). Furthermore, pn−1q(p+ q)2[n]p,q − 2pn[n+ 3]p,q ≤ 2[n+ 3]p,q and
following [5], we have

pn−1q(p + q)2[n]p,q − 2pn[n + 3]p,q + q3[n]p,q([n]p,q − pn−1)
−2q[n]p,q[n + 3]p,q + [n + 2]p,q[n + 3]p,q

= pn−1q(p + q)2[n]p,q − 2pn(pn+2 + qpn+1 + q2pn + q3[n]p,q)

+q3[n]2p,q − q3pn−1[n]p,q − 2q[n]p,q(pn+2 + qpn+1 + q2pn + q3[n]p,q)

+(pn+1 + qpn + q2[n]p,q)(pn+2 + qpn+1 + q2pn + q3[n]p,q) � 0.

In conclusion, for x ∈ [0, 1],we have

Dp,q
n ((t − x)2, x) =

p2n(p + q)
[n + 2]p,q[n + 3]p,q

+
pn−1q(p + q)2[n]p,q − 2pn[n + 3]p,q

[n + 2]p,q[n + 3]p,q
x(1 − x)

+

(
pn−1q(p + q)2[n]p,q − 2pn[n + 3]p,q

[n + 2]p,q[n + 3]p,q



88 Vijay Gupta and Ali Aral

+
q3[n]p,q([n]p,q − pn−1) − 2q[n]p,q[n + 3]p,q + [n + 2]p,q[n + 3]p,q

[n + 2]p,q[n + 3]p,q

)
x2

≤ 2[n + 3]p,q
[n + 2]p,q[n + 3]p,q

ϕ2(x) +
2

[n + 2]p,q[n + 3]p,q

≤ 2
[n + 2]p,q

(
ϕ2(x) +

1
[n + 3]p,q

)
,

which was to be proved.

4. Direct Estimates

We denoteW2 =
{
� ∈ C[0, 1] : �′′, �′′ ∈ C[0, 1]

}
for δ > 0, K−functional is defined

as
K2( f , δ) = inf

{
|| f − �|| + η||�′′|| : � ∈W2

}
,

where norm-‖.‖ denotes the uniform norm on C[0, 1]. Following the well-known
inequality due to DeVore and Lorentz [2], there exists an absolute constant C > 0
such that

K2( f , δ) ≤ Cω2( f ,
√
δ),(4.1)

where the second order modulus of smoothness for f ∈ C[0, 1] is defined as

ω2( f ,
√
δ) = sup

0<h≤√δ
sup

x,x+h∈[0,1]
| f (x + h) − f (x)|.

The usual modulus of continuity for f ∈ C[0, 1] is defined as

ω( f , δ) = sup
0<h≤δ

sup
x,x+h∈[0,1]

| f (x + h) − f (x)|.

Our first main result is the following local theorem:

Theorem 4.1. Let n > 3 be a natural number and let 0 < q < p ≤ 1, q0 = q0(n) ∈ (0, p)
be defined as in Lemma 3.2. Then there exists an absolute constant C > 0 such that

|Dp,q
n ( f , x) − f (x)| ≤ Cω2

(
f , [n + 2]−1/2p,q δn(x)

)
+ ω

(
f ,

1 − x
[n + 2]p,q

)
,

where f ∈ C[0, 1], δ2n(x) = ϕ2(x) +
1

[n + 3]p,q
, x ∈ [0, 1] and q ∈ (q0, 1).

Proof. For f ∈ C[0, 1] we define

D̃p,q
n ( f , x) = Dp,q

n ( f , x) + f (x) − f

(
pn + q[n]p,qx
[n + 2]p,q

)
.



Bernstein Durrmeyer Operators Based on Two Parameters 89

Then, by Lemma 3.1, we immediately get

D̃p,q
n (1, x) = Dp,q

n (1, x) = 1(4.2)

and

D̃p,q
n (t, x) = Dp,q

n (t, x)+ x − pn + q[n]p,qx
[n + 2]p,q

= x.(4.3)

By Taylor’s formula

�(t) = �(x) + (t − x)�′(x) +
∫ t

x
(t − u)�′′(u) du,

we get

D̃p,q
n (�, x) = �(x)+ D̃p,q

n

(∫ t

x
(t − u) �′′(u) du, x

)

= �(x)+Dp,q
n

(∫ t

x
(t − u)�′′(u) du, x

)

−
∫ pn+q[n]p,qx

[n+2]p,q

x

(
pn + q[n]p,qx

[n + 2]p,q
− u

)
�′′(u) du.

Thus

|D̃p,q
n (�, x) − �(x)| ≤ Dp,q

n

⎛⎜⎜⎜⎜⎝
∣∣∣∣∣∣
∫ t

x
|t − u||�′′(u)| du

∣∣∣∣∣∣, x
⎞⎟⎟⎟⎟⎠

+

∣∣∣∣∣∣
pn+q[n]p,qx
[n+2]p,q∫
x

∣∣∣∣∣∣ p
n + q[n]p,qx
[n + 2]p,q

− u

∣∣∣∣∣∣ |�′′(u)| du
∣∣∣∣∣∣

≤ Dp,q
n ((t − x)2, x)‖�′′‖ +

(
pn + q[n]p,qx
[n + 2]p,q

− x
)2
‖�′′‖(4.4)

Also, we have

Dp,q
n ((t − x)2, x) +

(
pn + q[n]p,qx
[n + 2]p,q

− x

)2
(4.5)

≤ 2
[n + 2]p,q

(
ϕ2(x) +

1
[n + 3]p,q

)
+

(
pn − ([n + 2]p,q − q[n]p,q)x

[n + 2]p,q

)2
.

Obviously
1 ≤ [n + 2]p,q − q[n]p,q ≤ 2.(4.6)
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Then, using (4.6), we get

(
pn − ([n + 2]p,q − q[n]p,q)x

[n + 2]p,q

)2
δ−2n (x)

=
p2n − 2pn([n + 2]p,q − q[n]p,q)x + ([n + 2]p,q − q[n]p,q)2x2

[n + 2]2p,q

× [n]p,q
[n]p,qx(1 − x) + 1

≤ p2n − 2pnx + 4x2

[n + 2]p,q
· [n]p,q
[n + 2]p,q

· 1
[n]p,qx(1 − x) + 1

,

i.e., (
pn − ([n + 2]p,q − q[n]p,q)x

[n + 2]p,q

)2
δ−2n (x) ≤ 3

[n + 2]p,q
,(4.7)

for n ∈ N and 0 < q < p � 1. In conclusion, by (4.5) and (4.7), for x ∈ [0, 1], we
obtain

Dp,q
n ((t − x)2, x) +

(
pn + q[n]p,qx
[n + 2]p,q

− x

)2
≤ 5

[n + 2]p,q
δ2n(x).(4.8)

Hence, by (4.4) and with the conditions n > 3 and x ∈ [0, 1],we have

|D̃p,q
n (�, x)− �(x)| ≤ 5

[n + 2]p,q
δ2n(x) ‖�′′‖.(4.9)

Furthermore, for f ∈ C[0, 1] we have ||Dp,q
n ( f , x)|| � || f ||, thus

|D̃p,q
n ( f , x)| ≤ |Dp,q

n ( f , x)|+ | f (x)|+
∣∣∣∣∣∣ f

(
pn + q[n]p,qx
[n + 2]p,q

) ∣∣∣∣∣∣≤ 3‖ f ‖.(4.10)

for all f ∈ C[0, 1].
Now, for f ∈ C[0, 1] and � ∈W2,we obtain

|Dp,q
n ( f , x) − f (x)|

=

∣∣∣∣∣∣ D̃p,q
n ( f , x) − f (x) + f

(
pn + q[n]p,qx
[n + 2]p,q

)
− f (x)

∣∣∣∣∣∣
≤ |D̃p,q

n ( f − �, x)|+ |D̃p,q
n (�, x)− �(x)|+ |�(x)− f (x)|

+

∣∣∣∣∣∣ f
(
pn + q[n]p,qx
[n + 2]p,q

)
− f (x)

∣∣∣∣∣∣
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≤ 4 ‖ f − �‖ + 5
[n + 2]p,q

· δ2n(x) · ‖�′′‖ + ω
⎛⎜⎜⎜⎜⎝ f ,

∣∣∣∣∣∣ p
n − ([n + 2]p,q − q[n]p,q)x

[n + 2]p,q

∣∣∣∣∣∣
⎞⎟⎟⎟⎟⎠

≤ 5
(
‖ f − �‖ + 1

[n + 2]p,q
· δ2n(x) · ‖�′′‖

)
+ ω

(
f ,

1 − x
[n + 2]p,q

)
,

where we have used (4.9) and (4.10). Taking the infimum on the right hand side
over all � ∈W2, we obtain at once

|Dp,q
n ( f , x) − f (x)| ≤ 5 K2

(
f ,

1
[n + 2]p,q

δ2n(x)
)
+ ω

(
f ,

1 − x
[n + 2]p,q

)
.

Finally, in view of (4.1), we find

|Dp,q
n ( f , x) − f (x)| ≤ C ω2

(
f , [n + 2]−1/2p,q δn(x)

)
+ ω

(
f ,

1 − x
[n + 2]p,q

)
.

This completes the proof of the theorem.

The weighted modulus of continuity of second order for f ∈ C[0, 1] and ϕ(x) =√
x(1 − x) is defined as:

ωϕ2 ( f ,
√
δ) = sup

0<h≤√δ
sup

x,x±hϕ∈[0,1]
| f (x + hϕ(x))− 2 f (x) + f (x − hϕ(x))|

the corresponding K functional is defined by

K2,ϕ( f , δ) = inf{‖ f − �‖ + δ‖ϕ2�′′‖ + δ2‖�′′‖ : � ∈W2(ϕ)},
where

W2(ϕ) =
{
� ∈ C[0, 1] : �′ ∈ ACloc[0, 1], ϕ2�′′ ∈ C[0, 1]

}
and �′ ∈ ACloc[0, 1] means that � is differentiable and �′ is absolutely continuous on
every closed interval [a, b] ⊂ [0, 1]. By the property due to Ditzian-Totik (see [3, p.
24, Theorem 1.3.1]), we have

K2,ϕ( f , δ) ≤ C ωϕ2 ( f ,
√
δ)(4.11)

for some absolute constant C > 0. Moreover, with ψ the admissible step-weight
function on [0, 1], the Ditzian-Totik moduli of first order is given by

�ωψ( f , δ) = sup
0<h≤δ

sup
x,x±hψ(x)∈[0,1]

| f (x + hψ(x))− f (x)|.

Now we state and prove the following global direct result:
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Theorem 4.2. Let n > 3 be a natural number and let 0 < q < p ≤ 1, q0 = q0(n) ∈ (0, p be
defined as in Lemma 3.2. Then there exists an absolute constant C > 0 such that0 < q <
p ≤ 1, q0 = q0(n) ∈ (0, p)

‖Dp,q
n f − f ‖ ≤ C ωϕ2 ( f , [n + 2]−1/2q ) + �ωψ( f , [n + 2]−1q ),

where f ∈ C[0, 1], q ∈ (q0, 1) and ψ(x) = 1 − x, x ∈ [0, 1].
Proof. Let us consider

D̃p,q
n ( f , x) = Dp,q

n ( f , x) + f (x) − f
(
pn + q[n]p,qx
[n + 2]p,q

)
,

where f ∈ C[0, 1]. By Taylor’s formula with � ∈W2(ϕ), we have

�(t) = �(x) + (t − x) �′(x) +
∫ t

x
(t − u) �′′(u)du,

with the applications of (4.2) and (4.3), we obtain

D̃p,q
n (�, x) = �(x)+Dp,q

n

(∫ t

x
t − u)�′′(u) du, x

)

−
∫ pn+q[n]p,qx

[n+2]p,q

x

(
pn + q[n]p,qx
[n + 2]p,q

− u
)
�′′(u) du.

Thus we can write

|D̃p,q
n (�, x) − �(x)| ≤ Dp,q

n

⎛⎜⎜⎜⎜⎝
∣∣∣∣∣∣
∫ t

x
|t − u| · |�′′(u)| du

∣∣∣∣∣∣, x
⎞⎟⎟⎟⎟⎠

+

∣∣∣∣∣∣
∫ pn+q[n]p,qx

[n+2]p,q

x

∣∣∣∣∣∣ p
n + q[n]p,qx
[n + 2]p,q

− u

∣∣∣∣∣∣ · |�′′(u)| du
∣∣∣∣∣∣ .(4.12)

Also, the function δ2n is concave on [0, 1],we have for u = t + τ(x − t), τ ∈ [0, 1], the
following estimate

|t − u|
δ2n(u)

=
τ|x − t|

δ2n(t + τ(x − t))
≤ τ|x − t|
δ2n(t) + τ(δ2n(x) − δ2n(t))

≤ |t − x|
δ2n(x)

.

Hence, by (4.12), we obtain

|D̃p,q
n (�, x) − �(x)|

≤ Dp,q
n

⎛⎜⎜⎜⎜⎜⎝
∣∣∣∣∣∣∣
∫ t

x

|t − u|
δ2n(u)

du

∣∣∣∣∣∣∣, x
⎞⎟⎟⎟⎟⎟⎠ ‖δ2n�′′‖+

∣∣∣∣∣∣∣
∫ pn+q[n]p,qx

[n+2]p,q

x

∣∣∣∣∣ pn+q[n]p,qx
[n+2]p,q

− u
∣∣∣∣∣

δ2n(u)
du

∣∣∣∣∣∣∣ ‖δ2n�′′‖
≤ 1
δ2n(x)

Dp,q
n ((t − x)2, x)‖δ2n�′′‖ + 1

δ2n(x)

(
pn + q[n]p,qx
[n + 2]p,q

− x
)2
‖δ2n�′′‖.
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For x ∈ [0, 1], in view of (4.8) and

δ2n(x) · |�′′(x)| = |ϕ2(x)�′′(x)| + 1
[n + 2]p,q

· |�′′(x)| � ‖ϕ2�′′‖ + 1
[n + 2]p,q

‖�′′‖,

we get

|D̃p,q
n (�, x)− �(x)| ≤ 5

[n + 2]p,q
·
(
‖ϕ2�′′‖ + 1

[n + 2]p,q
· ‖�′′‖

)
(4.13)

Obviously using [n]p,q ≤ [n + 2]p,q, (4.10) and (4.13), we find for f ∈ C[0, 1], that
|Dp,q

n ( f , x) − f (x)| � |D̃p,q
n ( f − �, x)|

+|D̃p,q
n (�, x)− �(x)| + |�(x)− f (x)|+

∣∣∣∣∣∣ f
(pn + q[n]p,qx

[n + 2]p,q

)
− f (x)

∣∣∣∣∣∣
≤ 4‖ f − �‖ + 5

[n + 2]p,q
‖ϕ2�′′‖ + 5

[n + 2]p,q
‖�′′‖+

∣∣∣∣∣∣ f
(pn + q[n]p,qx

[n + 2]p,q

)
− f (x)

∣∣∣∣∣∣ .
Finally, taking the infimum on the right hand side over all � ∈W2(ϕ),we obtain

|Dp,q
n ( f , x) − f (x)| ≤ 5K2,ϕ

(
f ,

1
[n + 2]p,q

)
(4.14)

+

∣∣∣∣∣∣ f
(
pn + q[n]p,qx
[n + 2]p,q

)
− f (x)

∣∣∣∣∣∣
Also, we have∣∣∣∣∣∣ f

(pn + q[n]p,qx
[n + 2]p,q

)
− f (x)

∣∣∣∣∣∣=
∣∣∣∣∣∣ f

(
x + ψ(x)

pn − ([n + 2]p,q − q[n]p,q)x
[n + 2]p,qψ(x)

)
− f (x)

∣∣∣∣∣∣
≤ sup
t,t+ψ(t)

pn−([n+2]p,q−q[n]p,q)x
[n+2]p,q

∈[0,1]

∣∣∣∣∣∣ f
(
t + ψ(t)

pn − ([n + 2]p,q − q[n]p,q)x
[n + 2]p,qψ(x)

)
− f (t)

∣∣∣∣∣∣
≤ �ωψ

(
f ,
|pn − ([n + 2]p,q − q[n]p,q)x|

[n + 2]p,qψ(x)

)

≤ �ωψ

(
f ,

1 − x
[n + 2]p,qψ(x)

)
= �ωψ

(
f ,

1
[n + 2]p,q

)
.

Hence, by (4.14) and (4.11), we get

‖Dp,q
n f − f ‖ ≤ C ωϕ2 ( f , [n + 2]−1/2p,q ) + ωψ( f , [n + 2]−1p,q).

This completes the proof of the theorem.
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Remark 4.1. For q ∈ (0, 1) and p ∈ (q, 1] it is obvious that limn→∞ [n]p,q = 1/(p − q). Thus
above theorems do not give a approximation result. If we choose qn = e−1/n and pn = e−1/(n+1)

such that 0 < qn < pn ≤ 1, lim
n→∞ pn = lim

n→∞ qn = 1 and lim
n→∞ p

n
n = lim

n→∞ q
n
n = 1/e. Also we have

lim
n→∞ [n]pn ,qn = ∞.

Since [n + 2]p,q = [2]p,q pn + q2 [n]p,q we can write

lim
n→∞

1
[n]pn ,qn

= lim
n→∞

1
[n + 2]pn ,qn

= 0 and lim
n→∞

[n]pn ,qn
[n + 2]pn ,qn

= 1.

For q=.8, p=.9

For q=.9, p=.98
For q=.9, p=1

f1�x� � 0.5 ex

For n=5
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For q=.8, p=.9

For q=.9, p=.98
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f2(x)=ln(1+x)

For n=5
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Fig. 4.1: Functions f1(x) = 0.5ex and f2(x) = ln(1 + x)

Example 4.1. With the help of Mathematica, we show comparisons and some illustrative
graphics for the convergence of (p, q)-Bernstein-Durrmeyer operators Dp,q

n ( f ; x) for different
values of the parameters p and q.Wehave considered different functions as shown in Figures
4.1.
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