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ON FINSLER SPACES WITH A QUATRIC METRIC

Triyugi N. Pandey and Asmita Mishra

Abstract. The so-called cubic L3 = aijk(x)y
iyjyk metric on a differential manifold

with the local coordinates xi has been defined by M.Matsumoto in the year 1979 [8].
In the paper, he has worked out the necessary and sufficient condition (n.a.s.c) for two
and three dimensional Finsler space in terms of main scalars in order that the Finsler
space is a with cubic metric. On the lines of cubic metric many authors have studied
quartic metric as an example of Finsler metric. In the present paper we have work out
the n.a.s.c in terms of main scalars of two and three dimensional Finsler space with
quartic metric.
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1. Introduction

The quartic metric on a differentiable manifold with local coordinates x is defined
by

(1.1) L4(x, y) = aijkl(x)y
iyjykyl

where, aijkl(x) are components of a symmetric tensor field of (0, 4)− type depending
on the position x alone.

A Finsler space with a quartic metric is called the quartic Finsler space.

Many authors have studied Finsler spaces with cubic metric in the papers ([10,
4, 1, 5, 6, 2]). Quartic metric Finsler space has also been studied in the papers
([9, 7, 8, 3]), from the point of view different from what we are going to do in this
paper. The purpose of the present paper is to study spaces with a quartic metric
from the stand point of Finsler geometry.

M. Matsumoto and S. Numata in the paper [8] has studied cubic metric and
found out the condition for a two dimensional Finsler space to be with a cubic
metric. A necessary and sufficient condition has also been worked out on three
dimensional cubic Finsler space in terms of the scalars of cubic Finsler space such
that the three dimensional Finsler space is with a cubic metric. On the lines of the
paper[7], we have tried to study a Finsler space with quartic metric.
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§2 is devoted to developing a fundamental treatment of quartic Finsler spaces
and a characterization of such Finsler spaces is given in terms of well known tensors
of Finsler geometry.

The fundamental treatment of quartic metric Finsler spaces and it’s characteri-
zation is developed in Section 1, in terms of well known tensors of Finsler geometry
and a proposition has been obtained. In Section 3, a theorem has been obtained
for a two dimensional Finsler space and Section 4, deals with a three dimensional
Finsler space. In the last in Section 5, we have obtained condition for a metric to
be quartic metric Finsler space in terms of well known T-tensor (♯eqn(28.20)).

Throughout the paper we shall confine ourselves to Cartan’s connection, and
the notations and terminology of the monograph [3] will be used without comment.
In the paper monograph of M.Matsumoto[8] will be quoted by (♯).

2. Characterization of quartic metric

We consider an n-dimensional Finsler space Fn with a quatric metric defined
by L(x, y) in (1.1) Let us first define the tensors aijk(x, y), aij(x, y) and ai(x, y) as
follows:

(i) Laijk(x, y) = aijkl(x)y
l(2.1)

(ii) L2aij(x, y) = aijkl(x)y
kyl

(iii) L3ai(x, y) = aijkl(x)y
jykyl

Some basic tensors used in Finsler geometry for the said metric :

the normalized supporting element li =
∂L

∂yi
,

the angular metric tensor hij = L
∂2L

∂yi∂yj
,

and the fundamental tensor gij =
1
2

∂2L2

∂yi∂yj
= hij + lilj

For a quartic Finsler space these basic tensors have been obtained by using
equation (2.1),

(2.2) i) li = ai ii) hij = 3(aij − aiaj) iii) gij = 3aij − 2aiaj

Detail calculations of above are given below.

Differentiating equation (1.1) with respect to(w.r.t)yp, we get

L3 ∂L

∂yp
= apjkly

jykyl

⇒ lp =
∂L

∂yp
= apjkl

yj

L
yk

L

yl

L
, i.e.lp = ap

⇒ li = ai
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Differentiating again above equation w.r.t. yq, we get

3L2apaq + L3 ∂2L

∂yp∂yq
= 3apqkly

kyl

With the help of
∂L

∂yp
= lp = ap and hij = L

∂2L

∂yi∂yj
, (∵ p → i, q → j) we get

⇒ L2hij + 3L2aiaj = 3aijkly
kyl

⇒ hij = 3(aij − aiaj)

Since, gij = hij + lilj = 3aij − 2aiaj

Let us call aij(x, y) the basic tensor, because this play an important role in the
development of Quartic Finsler space.
The metric L is called regular, if the basic tensor has the non-vanishing determi-
nant. Throughout our discussion of quartic metric we should suppose the regularity
of the metrics.

A quatric Finsler space in some domain of the space is called regular, if the
intrinsic metric tensor has non-vanishing determinant.

If aij is the inverse of tensor aij then the inverse gijof fundamental metric
tensor gij for a quartic metric can be obtained as follows,

Since, gijgjk = δik

writing the value of gjk in above, we have

(2.3) gij(3ajk − 2ajak) = δik

multiplying by akl on both side of above equation, we get

3gijajka
kl − 2gijajaka

kl = δika
kl

(2.4) 3gil = ail + 2gijajaka
kl = ail + 2gijaja

l

multiplying equation (2.3) by ak and summing over k , we get

3gijaj − 2gijaja
2 = ai

this implies that

(2.5) ajg
ij =

ai

3− 2a2
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Putting the value from equation (2.5) in equation (2.4), we have

⇒ gij =
1

3

(

aij +
2aiaj

3− 2a2

)

(2.6) gij =
aij + 2aiaj

3
(∵ a2 = aia

i = lil
i = 1)

Since, hij = L
∂li

∂yj
= L

∂ai

∂yj
= 3(aij − aiaj), L2∂aij

∂yk
= 2(aijky

l − aijak)

Differentiating gij , as given in (2.2)(iii), we have Cartan torsion tensor Cijk,

Cijk =
1

2
(
∂gij

∂yk
) =

1

2

∂(3aij − 2aiaj)

∂yk

=
3

2

∂aij

∂yk
− (

∂ai

∂yk
aj + ai

∂aj

∂yk
)

=
3

L2
(aijkly

l − Lakaij)−
3

L
(aik − aiak)aj −

3

L
(ajk − ajak)ai

Thus,

(2.7) LCijk = 3 {aijk − (aijak + ajkai + akiaj) + 2aiajak}

Since L4 given in equation (1.1) is homogeneous of degree four in yi and its fourth
derivative w.r.t yi will be function of x alone, due to fact its fifth derivative will
be zero with respect to yi,which is necessary for a Finsler space is with a quartic
metric.

Thus, we have the proposition

Proposition 2.1. A Finsler space is one with a quartic metric if

L4
ijklm =

∂5L4

∂yi∂yj∂yk∂yl∂ym
=

∂

∂ym
aijkl(x) = 0

i.e. 2[L2L2
ijklm +⊙(ijklm)L

2
ijklL

2
m +⊙(ijklm)L

2
ijkL

2
lm +⊙(ikmjl)L

2
ikmL2

jl] = 0

because L4 = aijkl(x)y
iyjykyl

which can also be written as,

L4(x, y) = L2(x, y)L2(x, y), where L2(x, y) = gijy
iyj

On differentiating above equation five times, we get

L4
ijklm = (L2L2)ijklm =

∂5L4

∂yi∂yj∂yk∂yl∂ym
(2.8)

= 2[L2L2
ijklm +⊙(ijklm)L

2
ijklL

2
m +⊙(ijklm)L

2
ijkL

2
lm +⊙(ikmjl)L

2
ikmL2

jl] = 0

where, ⊙(ijklm) stands for cyclic sum in i,j,k,l,m and
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⊙(ijklm)L
2
ijklL

2
m = L2

ijklL
2
m + L2

jklmL2
i + L2

klmiL
j
m + L2

lmijL
2
k + L2

mijkL
2
l

⊙(ijklm) L
2
ijkL

2
lm = L2

ijkL
2
lm + L2

jklL
2
mi + L2

klmL2
ij + L2

lmiL
2
jk + L2

mijL
2
kl

⊙(ikmjl) L
2
ikmL2

jl = L2
ikmL2

jl + L2
kmjL

2
li + L2

mjlL
2
ik + L2

jliL
2
km + L2

likL
2
mj

3. Characterization of quartic metric in two dimensional Finsler space

In a strongly non-Riemannian Finsler space F 2([8, 2, 3, 11]), refer to the Miron
Moor frame (e1, e2) in this case is Berwald frame(li,mi) and the main scalar I as
given below :

(3.1) L2
i =

∂L2

∂yi
= 2Lli, (∵ li =

∂L

∂yi
)

(3.2) L2
ij =

∂2L2

∂yi∂yj
= 2(lilj + hij) = 2(lilj +mimj)

(∵ hij = L
∂li

∂yj
= gij − lilj , gij = lilj +mimj)

(3.3) L2
ijk =

∂3L2

∂yi∂yj∂yk
= 4Cijk =

4I

L
mimjmk =

4I

L
mijk, (♯eqn(28.3))

where, we have put mijk = mimjmk.

(3.4) L2
ijkl = 4(

Il

L
−

I

L2
ll)mijk + 12

I2

L2
mijklm − 4

I

L2
(limjkl + ljmikl + lkmijl)

⇒
1

4
L2
ijkl =

1

L
(Ilmijk + 3 I2

L
mijklm − I

L
⊙(ijkl) limjkl)

(∵ L
∂mi

∂yl
= Imil − liml and using

∂I

∂yl
= Il)

(3.5)
1

4
L2L2

ijklm = 4
I

L
(3I2 − 1)mijklm + LIlmmijk + Im(6Imijkl −⊙(ijkl)limjkl)

+Il(3Imijkm −⊙(ijkm)limjkm)− 6
I2

L
⊙(ijklm) limjklm

+ 2
I

L
(⊙(ijklm)lijmklm +⊙(ikmjl)likmmjl)
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where Ilm =
∂2I

∂yl∂ym
, Il =

∂I

∂yl
and mijklm = mimjmkmlmm

Substituting the values from (3.1), (3.2), (3.3), (3.4) and (3.5) in equation (2.8),
we get

L4
ijklm = 8[4

I

L
(3I2 + 4)mijklm + LIlmmijk + Im(6Imijkl −⊙(ijkl)limjkl)

+ Il(3Imijkm −⊙(ijkm)limjkm + 2⊙(ijklm) lmmijk)

+ 2 I
L
(⊙(ijklm)lijmklm +⊙(ikmjl)likmmjl)]

Thus from proposition (2.1), we have

Theorem 3.1. A two dimensional Finsler space with a quartic metric is charac-

terized by the equation

(3.6) L4
ijklm = 8[4

I

L
(3I2 + 4)mijklm + LIlmmijk + Im(6Imijkl −⊙(ijkl)limjkl)

+Il(3Imijkm −⊙(ijkm)limjkm + 2⊙(ijklm) lmmijk)

+ 2 I
L
(⊙(ijklm)lijmklm +⊙(ikmjl)likmmjl) = 0

Since, L
∂I

∂yl
= I;αeα)l = I;1ll + I;2ml (♯eqn(28.7))

Multiplying both side by yl in above equation, we get

0 = I;1liy
i + 0 ⇒ I;1L = 0 ⇒ I;1 = 0

Hence, L
∂I

∂yl
= I;2ml

Differentiating above equation w.r.t. ym, we get

L
∂2I

∂yl∂ym
+ lm

∂I

∂yl
=

∂I;2

∂ym
ml +

∂ml

∂ym
I;2 = I;2;2mm

ml

L
+

I;2

L
(Imlmm − llmm)

L
∂2I

∂yl∂ym
= (II;2 + I;2;2)

mlmm

L
−

I;2

L
(llmm + lmml)

Using these results in equation (3.6), we get

L4
ijklm = 8[4

I

L
(3I2 + 4)mijklm + {(II;2 + I;2;2)

mlmm

L
−

I;2

L
(llmm + lmml)}mijk

+
1

L
I;2mm(6Imijkl −⊙(ijkl)limjkl) +

1

L
I;2ml(3Imijkm −⊙(ijkm)limjkm

+ 2⊙(ijklm) lmmijk) + 2
I

L
(⊙(ijklm)lijmklm +⊙(ikmjl)likmmjl)]
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On contracting with mimjmkmlmm, we get

12I3 + 16I + 10II;2 + I;2;2 = 0

Corollary 3.1. A strongly non-Riemannian Finsler space of dimension two is with

quartic metric, iff the condition

12I3 + 16I + 10II;2 + I;2;2 = 0,

holds good. where I;2 and I;2;2 are v-derivatives scalar of main scalar I as defined

by M.Matsumoto in (♯eqn(28.7)).

4. Characterization of quartic metric in three dimensional Finsler

space with vanishing T tensor

In a strongly non-Riemannian Finsler space F 3([10, 8, 2, 3], ♯§29), we can refer
to the Moor frame (li,mi, ni), main scalar H, I, J and v-connection vector vi as
given below :

(4.1) L4
i = 4L3li (∵

∂L

∂yi
= li)

(4.2) L4
ij = 4(3L2lilj + L2hij) = 4L2(gij + 2lilj) (∵ hij = gij − lilj)

L4
ijk = 8L(LCijk +⊙(ijk)gij lk) = 8L(Hmijk − J ⊙(ijk) mijnk(4.3)

+I ⊙(ijk) minjk + Jnijk + 3lijk +⊙(ijk)mij lk +⊙(ijk)nij lk)

where, mijk = mimjmk, lijk = lilj lk, mijnk = mimjnk,

LCijk = Hmijk − J ⊙(ijk) mijnk + I ⊙(ijk) minjk + Jnijk,

⊙(ijk)gij lk = 3lijk +⊙(ijk)mij lk + ⊙(ijk)nij lk

Since, L
∂mi

∂yl
= Hmil − J(minl +mlni) + Inil − (liml + nivl)

and L
∂ni

∂yl
= J(nil −mil) + I(minl +minl)− (liml +mivl)

We consider a three dimensional Finsler space for which derivative of scalars H,
I, J and v-connection vector vi are zero. Actually, if H, I, J and vi are zero then
T-tensor Thijk will be zero. (♯eqn(29.22

′

)



846 T. N. Pandey and A. Mishra

So that, L
∂mi

∂yl
= Hmil − J(minl +mlni) + Inil − liml

and L
∂ni

∂yl
= J(nil −mil) + I(minl +minl)− liml

(4.4)
1

8
L4
ijkl = 3(H2 + J2 + 1)mijkl + 3(J2 + I2 + 1)nijkl + 3lijkl

−3J(H + I)⊙(ijkl) mijknl +H ⊙(ijkl) mijllk + J ⊙(ijkl) nijllk + (J2 + 2I2 +HI +

1){⊙(ijkl)mijnkl+miknjl+mjlnik}+{⊙(ijkl)mij lkl+mikljl+mjllik}+{⊙(ijkl)nij lkl+

nikljl+njllik}−J⊙(ijkl){mijnkll+mjknill+mkinj ll}+I⊙(ijkl){nijmkll+mjknill+

mkinj ll}

where, L
∂mijk

∂yl
= 3(Hmijkl − J ⊙(ijkl) miklnj + I ⊙(ijk) nilmjk −⊙(ijk)limjkl),

L
∂ ⊙(ijk) mijnk

∂yl
= −3Jmijkl+3Imijknl+(2H+I)⊙(ijk)mijlnk−J⊙(ijk)mijnkl

−2J⊙(ijk)milnjk+2I⊙(ijk)mjnikl−⊙(ijk)linkmjl−⊙(ijk)ljnkmil−⊙(ijk)lknlmij ,

L
∂ ⊙(ijk) mknij

∂yl
= 3Inijkl−3Jnijkml+(2I+H)⊙(ijk)mklnij +J⊙(ijk)mknijl

−2J⊙(ijk)miklnj+2I⊙(ijk)miknjl−⊙(ijk)limknjl−⊙(ijk)ljmknil−⊙(ijk)lkmlnij ,

L
∂nijk

∂yl
= 3(Imlnijk + Jnijkl)− J ⊙(ijk) milnjk + I ⊙(ijk) minjkl −⊙(ijk)linjkl

and
∂gij lk

∂yl
= 2(Hmijl + Jnijl − J ⊙(ijl) mijnl + I ⊙(ijl) minjl)lk +mijkl +

nijkl + lij(mkl + nkl) + nijmkl +mijnkl

(4.5)
1

8
LL4

ijklm = 4{3H(H2 + J2 + 1) + 3J2(H + I) + 4H}mijklm

+4{3J(J2 + I2 + 1) + 4J}nijklm − 2J{6(H2 + J2 + 1) + 6(H + I) − (J2 + 2I2 +

HI + 1)} ⊙(ijklm) mijklnm + 2I{6(J2 + I2 + 1) + (J2 + 2I2 + HI + 1)} ⊙(ijklm)

nijklmm{3I(H2 + J2 + 1) + 6J2(H + I) + H + 2I(J2 + 2I2 + HI + 1)} ⊙(ijklm)

mjklnim−{3J(J2+ I2+1)+2J(J2+2I2+HI+1)}⊙(ijklm) njklmim+{J+(2H+

I)(J2+2I2+HI+1)}⊙(ijklm)mikmnjl−{I+3J(J2+2I2+HI+1)}⊙(ijklm)nilmmjk

On contracting, we get
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(1) 3H(H2 + J2 + 1) + 3J2(H + I) + 4H = 0

(2) 3J(J2 + I2 + 1) + 4J = 0

(3) 2J{6(H2 + J2 + 1) + 6(H + I)− (J2 + 2I2 +HI + 1)} = 0

(4) 2I{6(J2 + I2 + 1) + (J2 + 2I2 +HI + 1)} = 0

(5) 3I(H2 + J2 + 1) + 6J2(H + I) +H + 2I(J2 + 2I2 +HI + 1) = 0

(6) 3J(J2 + I2 + 1) + 2J(J2 + 2I2 +HI + 1) = 0

(7) J + (2H + I)(J2 + 2I2 +HI + 1) = 0

(8) I + 3J(J2 + 2I2 +HI + 1) = 0

Only solution of above set of equations is,

H = J = I = 0

i.e. the space is Riemannian.

Thus, we have

Theorem 4.1. For a three dimensional quartic metric Finsler space if T-tensor

vanishes then it is Riemannian.

5. Characterization of quartic metrics in terms of T-tensor

An n-dimensional Finsler space Fn with a quartic metric L(x, y) defined by
(1.1). To find out the fifth derivative of quartic metrics in terms of T-tensor, we have

L4
i = 2L2L2

i

L4
ij = 2(L2

iL
2
j + L2L2

ij)

L4
ijk = 2(L2

jkL
2
i + L2

jL
2
ik + L2

kL
2
ij + L2L2

ijk)

L4
ijkl = 2(L2L2

ijkl +⊙(ijkl)L
2
iL

2
jkl + L2

ijL
2
kl + L2

jkL
2
il + L2

kiL
2
jl)

Since, we know that

L2
i = 2Lli, L2

ij = 2gij = 2(lilj + hij), L2
ijk = 4Cijk,

L2
ijkl = 4

∂Cijk

∂yl
= 4(Cijk|l + CrjkC

r
il + CrikC

r
jl + CrijC

r
kl)

Also, Tijkl = LCijk|l + liCjkl + ljCkli + lkClij + llCijk (♯eqn(28.20))

i.e. LCijk|l = Tijkl −⊙(ijkl)liCjkl
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So that,

L4
ijkl = 2{4L2(Cijk |l + CrjkC

r
il + CrikC

r
jl + CrijC

r
kl)

+⊙(ijkl)2Lli4Cjkl + 4(gijgkl + gjkgil + gklgij)}

⇒ L4
ijkl = 8{L(Tijkl +⊙(ijkl)liCjkl) + L2(Cr

ilCrjk + Cr
jlCrik

+ Cr
klCrij) + (gijgkl + gjkgil + gklgij)}

1

8
L4
ijklm = lm(Tijkl +⊙(ijkl)liCjkl) + 2Llm(Cr

ilCrjk + Cr
jlCrik + Cr

klCrij)

+ L(Tijkl|m −⊙(ijkl)TrjklC
r
im) +⊙(ijkl)(gim − lilm)Cjkl +⊙(ijkl)li{(Tjklm

− ljCklm − lkCjlm − llCjkm − lmCjkl) + L(CrklC
r
jm + CrljC

r
km + CrjkC

r
lm)}

+⊙(ijk)C
r
il{L(Trjkm − lrCjkm − ljCkmr − lkCmrj − lmCrjk) + L2(CprkC

p
jm

+ CpjrC
p

km+CpjkC
p
rm

)}+⊙(ijk)Crjk{L(T
r
ilm + lrCilm − liC

r
lm − llC

r
im − lmCr

il)

+ L2(Cr
plC

p
im + Cr

piC
p
lm − C

p
ilC

r
pm)}+ 2(gijCklm + gjkClmi + gklCmij)

where,
∂Tijkl

∂ym
= Tijkl|m − TrjklC

r
im − TrkliC

r
jm − TrlijC

r
km − TrijkC

r
lm

⇒
∂Tijkl

∂ym = Tijkl|m −⊙(ijkl)TrjkmCr
im

∂Cjkl

∂ym = Cjkl|m +⊙(jkl)CrjkC
r
lm = 1

L
(Tjklm −⊙(jklm)lmCjkl) +⊙(jkl)CrjkC

r
lm

L ∂li
∂ym = him = gim − lilm

∂Cr
il

∂ym
= Cr

il|m − C
p
ilC

r
pm + Cr

plC
p
im + Cr

piC
p
lm and

Cr
il|m =

1

L
(T r

ilm + lrCilm − liC
r
lm − llC

r
im − lmCr

il)

Hence,

L4
ijklm = 8[LTijkl|m +⊙(ijklm)Tijkllm +⊙(ijklm)gijCklm +⊙(ikmjl)gikCjlm

+ 2Llm(Cr
ilCrjk + Cr

jlCrik + Cr
klCrij)− L(⊙(ijkl)TrjklC

r
im)−⊙(ijkl)li{(ljCklm

+ lkCjlm + llCjkm + lmCjkl)− L(CrklC
r
jm + CrljC

r
km + CrjkC

r
lm)}

+⊙(ijk)C
r
il{L(Trjkm − lrCjkm − ljCkmr − lkCmrj − lmCrjk) + L2(CprkC

p
jm

+ CpjrC
p

km+CpjkC
p
rm

)}+⊙(ijk)Crjk{L(T
r
ilm + lrCilm − liC

r
lm − llC

r
im − lmCr

il)

+ L2(Cr
plC

p
im + Cr

piC
p
lm − C

p
ilC

r
pm)]
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Thus from proposition (2.1), we have

Theorem 5.1. A Finsler space is one with a quartic metric if and oly if the equa-

tion,

L4
ijklm = 8[LTijkl|m +⊙(ijklm)Tijkllm +⊙(ijklm)gijCklm +⊙(ikmjl)gikCjlm

+ 2Llm(Cr
ilCrjk + Cr

jlCrik + Cr
klCrij)− L(⊙(ijkl)TrjklC

r
im)−⊙(ijkl)li{(ljCklm

+ lkCjlm + llCjkm + lmCjkl)− L(CrklC
r
jm + CrljC

r
km + CrjkC

r
lm)}

+⊙(ijk)C
r
il{L(Trjkm − lrCjkm − ljCkmr − lkCmrj − lmCrjk) + L2(CprkC

p
jm

+ CpjrC
p

km+CpjkC
p
rm

)}+⊙(ijk)Crjk{L(T
r
ilm + lrCilm − liC

r
lm − llC

r
im − lmCr

il)

+ L2(Cr
plC

p
im + Cr

piC
p
lm − C

p
ilC

r
pm)] = 0

holds.
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