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h-EXPONENTIAL CHANGE OF FINSLER METRIC

Manish Kumar Gupta"< and Anil K. Gupta

Abstract. In this paper, we studied a Finsler space whose metric is given by an h-
exponential change and obtain the Cartan connection coefficients for the change. We
also find the necessary and sufficient condition for an h-exponential change of Finsler
metric to be projective.
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1. Introduction

Let F™ = (M™, L) be an n-dimensional Finsler space equipped with the fundamental
function L(z,y). The metric tensor, angular metric tensor and Cartan tensor are
defined by g,; = %8i8jL2, hij = g;; — lil; and Cij = %@'gjk respectively, where
O = 8%’6 .The Cartan connection is given by CT = (F};, Nj,C5;). The h- and
v-covariant derivatives X5 and X;|; of a covariant vector field X; are defined by

(10, 14]
an
(1.2) Xil; = 0, X; — X,.C};

where 0y, = a%k .

In 2012, H.S.Shukla et.al.[15] considered a Finsler space F'° = (M™ L), whose
Fundamental metric function is an exponential change of Finsler metric function
given by

(1.3) L=1Let,

where 3 = b;(2)y® is 1-form on manifold M™.
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H. Izumi [6] introduced the concept of an h-vector b;(x,y) which is v-covariant
constant with respect to the Cartan connection and satisfies L Clhj by, = p h;;, where
p is a non-zero scalar function and C]l:k are components of Cartan tensor. Thus if b;
is an h-vector then

(1.4) (i) bilx = 0, (ii) L Cliby = phi; .
From the above definition, we have
(1.5) L 0;b; = phij

which shows that b; is a function of directional argument also. H.Izumi [6] proved
that the scalar p is independent of directional argument. Gupta and Pandey [4]
proved that if the h-vector b; is gradient then the scalar p is constant. M. Matsumoto
[9] discussed the Cartan connection of Randers change of Finsler metric, while
B. N. Prasad [13] obtained the Cartan connection of (M™*L) where *L(x,y) is given
by *L(z,y) = L(x,y) + bi(z,y)y", and b;(x,y) is an h-vector. Gupta and Pandey
[2, 3] discussed the hypersurface of a Finsler space whose metric is given by certain
transformation with an h-vector.

A geodesic of F™" = (M™, L) is given by system of differential equation

A2zt . dx
— +2G"(z,—) =0
20, %) — o,

dx?
where G%(z,y) are positively homogeneous of degree two in y* and are given by
, o L2
2G" = ¢ (y"0;0,F — 0;F), F = -

where g% is the inverse of g;;.

A transformation from F™ = (M™,L) to Fn_: (M™ L) is called projective
change if a geodesic on F™ is also a geodesic on F' " and vice-versa. The change
L — L is projective change if and only if there exits a scaler function P(z,y) which
is positive homogeneous of degree one in y* and satisfies [1]

G (z,y) = G'(z,y) + P(z,y)y" -

I.Y. Lee and H.S. Park [12] studied projective change between a Finsler space with
(c, B)-metric and associated Riemannian space. M. Hashiguchi and Y. Ichijyo [5]
obtained the condition for Randers change to be projective whereas Gupta and
Pandey|[4] derived the condition for Kropina change to be projective. Many authors
[7, 11, 15] studied the projective change in different spaces.

In the present paper, we consider a Finsler space *F"™ = (M™,*L), whose metric
function *L, an h-exponential change of metric, is given by

)

(1.6) ‘L =Let

where 3 = b;(x,y)y’ and b; is an h-vector. And we obtain the relation between
Cartan connection coefficients of F™ and *F'™. We also derive the condition for an
h-exponential change of metric to be projective.
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2. Finsler space *F" = (M™,*L)

We shall use the following notations L; = &-L =1l;, Liy = 3i3jL, Liji, = 818J8kL
The quantities corresponding to *F™ is denoted by asterisk over that quantity.
From (1.6), we have

(2.1) *Li=¢€" (ml + li).

(22) *Lij = 67(1 + P — T)Lij + %mimj .

T

*Lijk :eT(l—i-p—T)Lijk—i— (p—T)e—

7 [miLji 4+ mjLi, 4+ my L]

(2.3)

T

e
_ ﬁ [mjmkli + mimklj + mimjlk - mimjmk],

where 7 = %, m; = b; — 7l; . The normalised supporting element, the metric tensor

and Cartan tensor of *F' are obtained as

(2.4) Iy = e (m; + 1),

(2.5) “gi = v gig + ¢ (272 = 7 = p)lly + €27 (1= 27) (bl + byls) + 2677 biby,

2 1
(2.6) *Cijk =v eQTCijk + Zeszimjmk + EGQT (2v— 1) (mihkj +mjh —i—mkhij),

where v =1+ p — 7.

For the computation of the inverse metric tensor, we use the following lemma, [8] :

Lemma 2.1. Let (m;;) be a non-singular matric and l;; = m;; +nyn;. The ele-
ments 1" of the inverse matriz and determinant of the matriz (1;;) are given by

1 =mi — (1 + nknk)ilninj, det(lij) = (1 + nknk)det(mij)

respectively, where m* are elements of inverse matriz (mij) and n* = m¥in,.

The inverse metric tensor of *F™ is derived as follows:

(2.7)
o —27 . 1 o _ o o o _
e T 0 ) e )
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where b is magnitude of the vector b’ = g*/b;.
From (2.6 ) and (2.7), we obtain

1

O =Cf + mcijkbk(—bh + 271 — pih — M)

2 h
+ — {mimjm +

T mimym?(=b" + 271" — pI" — lh)}

m2 4+ v

1

+ m(2l/ — 1) [mzh? + 7’TL]hiI + mhhij
1

m2+v

+

(=b" + 271" — pi" — 1M) (2mm, + m2hij)] .

3. Cartan connection of the space *F"

Let C*T = (*F};,*N},*C%;) be the Cartan connection for the Finsler space *F" =
(M™*L). Since L;; = 0 for the Cartan connection, we have

|3
(3.1) 0;jL; = L,F}; + 0,L; N} .

Differentiating (2.1) with respect to 27, and using (1.1) and (3.1), we get
(3.2)

“Lip* N’ + "L, F}; = e v Liy + %mrmz} NI+ [eT (my + lr)}}«;’; +

—|— eTbi‘j .

e’ Bjm;
L
Equation (3.2) serves the purpose to find relation between a Cartan connection of

*F™ and F". For this, we put

(3.3) k= Fjx = Fjj -
With the help of (3.3), the equation (3.2) becomes

T e Bim;
(3.4) [eT v L + %mimr] Dy, + [eT (mr + lr)} Dj; = ﬁ‘LJ +€7b;|;

where the subscript ‘0’ denote the contraction by 3.
Differentiating (2.2) with respect to z*, and using (1.1) and (3.1), we have

(3.5)
e v |:L1JTD6]§ =+ LTJ'D:]C + L“«D;k:| + (V — 1) % |:m7«Lij + miLjT + mjLir} ng
-7
e’ (V - 1) e’

- TL” Bik — ﬁﬁ\kmimg‘ —e"prLij =0,

eT
mimjly + mijmyl; + memgl, — mimjmr} Dy + — {mrmjDirk + mimTD;k}

L

where p,. = pj, = Okp.
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Theorem 3.1. The Cartan connection of *F™ is completely determined by the
equations (3.4) and (3.5) .

To prove this, first we propose the following lemma :

Lemma 3.1. The system of equations

(i) *Liy A" = B;
(ii) *L.A" =B

has a unique solution A" for given B and B;.

Proof. Using (2.2), equation (i) becomes

(3.6) % {V(gir —lil,) + mimr} A" = B;.

Contracting by b, we get

LB _
(3.7) m,A" = —Tﬁ(m2 +v) ! )
e
here we used subscript 3 to denote the contraction by b, i.e. Bg = B;b'.
From (2.1) and (%), we have
B LB
(3.8) LA, =— - 28

e’ e’

Using (3.7) and (3.8), equation(3.6) becomes

(m2 + 1/)71 .

LB; B LB - m; LB _
girATZVeT—Fli[e—T—e—Tﬁ(mQ-i-V) 1}—775(7712—1—1/) 17
contracting by ¢ , we have
‘ J ) _ J B
o) w =B B Mg o) B ey
ve e ve

which is concrete form of the solution A7. O

Now we are in the position to prove the theorem. We will find an explicit
expression of difference tensor Dy in three steps. Firstly, we will find Dg, and then

Dy, and in the last D, .
Taking symmetric and skew-symmetric part of (3.4), we have
(3.10)
eT T

2e” (m'r —+ ZT)D:J + |:I/ eTLZ-T —+ fmlmT} D6J+ |:V GTLjr —+ %mjmr} DSZ

= %(5\;‘”% + ﬁ\imj) +2e"E;;,
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and
T eT

|:V e L. + %mimr} Dg,;— {I/ e L, + fmjmr} Dy,

(8)ymi — Bimy) + 2¢ Fyy,

(3.11) -
L
Contracting (3.10) and (3.11) by 37, we get

(812)  2¢7(me+ 1) D, + |ve Liy + %mimr} Di, = %B‘omi 427 By,
and

(3.13) [u e Ly + %mimr] Dgo = %ﬂmmi +2e"Fy,

which may be re-written as

(3.14) “Lir Djjy = %Bmmi +2e" Fy ,

where )9 = Bij. Transvecting (3.13) by m‘, we obtain
(3.15) m, Dy = (m® +v) " (Bom® + 2LF) .
Contracting (3.12) by 3¢, we get

2e” (mT + ZT)DSO = 2¢e" Eqyg.
i.e.
(3.16) *L,.Dgy =€ Eyo .

Applying Lemma 3.1 in equation (3.14) and (3.16), we have

(3.17)
p :L{iﬂ mi—|—2eTFZ} —|—ll{E —£(m2—|—u)71(iﬂ m? + 2¢e"F, )}
00 = er LTI 0 00 er L po
miL, —11€” 9 -
o (m® +v) [Lﬁmm + 2e Fﬂo} .

Here we used m’b; = m;m* = m2. Also we note that Fyy = Eijyiyj = bi|jyiyj =
(bsy") ;¥ = Bjo, F§ = g% Fjo.
Secondly, applying Christoffel process with respect to indices 7, j, k in equation
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(3.5), we have

(3.18)
e [Lngk + L Db; — L;”»TDSJ} +2D8, [u e Ly + %mrmj]
e, m;m;l, e ., m;mpyl,
+ ZDOkG(rij) {(V —1)m,L;j— LJ }"’_ZDOiG(Tjk) {(V —1)m,Lji — JL }
e’ mem;l, .
— 7 D0; S0 {(V —1)myLi; — kL } —e {pkLij + piLjr — ijm}

e’ eT
- (V - 1)f(ﬁ\kLij + ﬁ\iij - ﬁ\iji) - ﬁ |:B|kmim_j + ﬁ‘imjmk — ﬁ‘jmkmi}
+ ﬁ [mimjmngk + mjmkaDgi — mkmimTng} =0,

where & ;1) denote cyclic interchange of indices 4,5,k and summation. Contracting
by y*, above equation becomes

T

ve [LUTDSO — LDy + LiTng} 2Dy, [V e Ljr + %mrmj
er . m;m;l, e’ . mpmjly
+ Do S (ri) [(V —1)m;Li; — = } — Dy, L2y
(3.19) eLT mym;l e’ y t e’ -
r rTlil T
+ fDOj I Yy + ﬁmimjmrDOO — (I/ — 1)fﬂ‘OLZJ
eT
- ﬁﬁ\omlmj € pOng =0

Adding (3.11) and (3.19), we have
(3.20) LDy = Gy
where

(3.21)
eT T T eT T
2Gij :f (Buml — ﬁ‘zmj) —e VLieroo _fDOOG(Tij) [(V —1)mTLij —

mimjmr}
L

e’ v—1 e’
+2e"Fy; — ﬁmrmimngo + ( T )6T6|0Lij + ﬁBomim]‘ +e"poLij.
Equation (3.12) can be written as
(3.22) “L.Dy; = Gj,
where - -
e - - eTmimyy .
2G; = fﬁ‘om]‘ +2e" Ejo + {— e'vlj — TJ Dy -

Using (3.13), the above equation may be written as

(323) Gj =€’ (E] — Fj )
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Applying Lemma 3.1 in equation (3.20) and (3.22), we obtain

. LGy v 2, 1] mLGg, 5 -
Finally, the equation (3.10) may be written as
(3.25) “L,.Djy, = Hy
where
2H;, = %(ﬂmmi + Bjimi) + € By — {ETV Lir + %mimr} Dy,

(3.26)

- [e"u Ly, + %mka}DSi .

Equation (3.18) may be written as

where
(3.28)
2Hji = —ve” {LierSk + Ljkr Doy — Lkingj] +e” [pkLij + piLjk — ijki:|
e . m;m;l, e, m;mpyl,
- fDOkG(M'j) [(V —1)m,Lij — TJ} - ZDOiG(rjk) {(V —1)m,Lji — JL }
e . memil,
+ fDOjG(Tki) [(V —1)myLg; — T}

e’ e’
+ (v —1)f(ﬁ\kLij + BjiLjr — B Lri) + Iz [ﬁ\kmimj + Blimjmy — B|jmkmi}
-4
Applying Lemma 3.1 in (3.25) and (3.27), we have

' ' r
mym;my Do, + mymgpme Dy, — mkmimTDOj} .

. LHY [ - miL -
(3.29) Dl = uesz—i_e_f Hi,, — LHgix, (m2 +v) 1} - Hagip, (m2 +v) 1,

where we put ka = ¢/ H ik
Thus in view of (3.3), we get the Cartan connection coefficient *F;k . This completes
the proof of theorem (3.1).

Now, suppose Cartan connection coefficients for both spaces F™ and *F" are
same, i.e. *F},=F},. Then D}, = 0.But then equations (3.12) and (3.13) implies
that F;o = F;p, and hence

(3.30) boi = 0,

i.e. B); = 0. Differentiating 3; = 0 partially with respect to v’ and applying
commutation formulae (Bji) — (8jﬂ>|i = —(8T[3)ij|0 , we get
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From the above equation, we conclude that F;; = 0. M. K. Gupta and P. N.
Pandey [4] has proved that if h-vector b; is gradient, i.e. F;; = 0 then p is constant,
ie. p; = p; = 0. Taking h-covariant derivative of LCJ;b, = ph;; and using
Ly, =0, pp =0 and hy;, =0, we have

(b:-C)i = £hiy =0,

i.e.

biCly + b, Cliyy = 0.

From (3.31), b, = by, and hence above equation becomes
by Cij 4+ b,C, = 0.

Transvecting by y*, we have bo-Ci; + b CZJ|0
conclude that b;; =

Conversely, b;; = 0 implies that E;; =0 = Fj; and 3, = B;; = b;; = 0. F;; =0
implies that p; = p; = 0[4]. Therefore from (3.17), we get D, = 0 and then
Gi; =0 and G; = 0. This gives DZ = 0 and then Hj;; = 0 and H;;, = 0. Therefore
(3.29) implies that D%, = 0. Thus we have:

= 0.Using (3.30) and (3.31), we

Theorem 3.2. For an h-exponential change of metric, the Cartan connection co-
efficients for both spaces F™ and *F™ are same if and only if the h-vector b; is
parallel with respect to Cartan connection of F™.

Now transvecting (3.3) by y’ and using F! Tk Yy = G};, we obtain

(3.32) *Gy, = G, + D}y, .

Transvecting again the above equation by y* and using G};yk = 2G?, we get

(3.33) 2°G' = 2G" + D{y, .

Differentiating (3.32) partially with respect to y” and using (’.9;1(}'}'C = G, , we have
(3.34) i = Gl + O Dy,

where G}, are Berwald connection coefficients.

Now, if the h-vector b; is parallel with respect to Cartan connection of F™ then
by Theorem (3.2), the Cartan connection coefficients for both spaces F™ and *F"
are same, therefore Dzk = 0. Hence from (3.34), we get *G%, = G4,

Thus, we have:

Theorem 3.3. For an h-exponential change of metric, if an h-vector b; is parallel
with respect to Cartan connection of F™ then Barwald connection coefficients for
both spaces F" and *F™ are the same.
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4. Condition for h-exponential change of metric to be projective

Now, we find the condition for exponential change with h-vector to be projective.
From (3.33), it follows that exponential change with h-vector to be projective if and
only if D}, = 2Py’. Then from (3.17), we get

(4.1)
2Py’ = L [ Blom" + QeTFl} +1° [Eoo - £(m +v)” (%B‘omQ + 2eTF50)}
miL

veT

(m*+ 1/)_ {fﬁmm? + QeTFBO} :
Transvecting (4.1) by y; and using m'y; = 0, Fiy; = 0, we get

yzl
202

Substituting the value of P in(4.1), we get

(4.2) P =22 [ By - e£(m +v)” (%B‘Omz +2¢7 Fao) |.

m' ﬁ\omi

(4.3) Fy=op(m*+v) H(Bom? + 2LFg0) — o7

Using (3.15) in the above equation, we have

m' Blom’
—m, Dl —
o100 T Tor

(4.4) Fi =
Transvecting by g;; to above equation, we have

m; 5|omi
45 Fo=2m DI — .
(4.5) 0= 5pMrHo0 T Top

Using (4.5) in (3.13) and referrlng v # 0, we obtain L;, D, = 0, which transvecting
by m® and using L;m® = Lmr7 we get m,Dg, = 0 ,and then (4 5) becomes

B\Omi

(4.6) Fo= -2

The equation (4.6) is necessary condition for h-exponential change to be projective
change.
Conversely, if (4.6) satisfied , the equation (3.13) yields

T

(4.7) [GTV L + %mimr Dy =0.

Transvecting by m® and referring (m? + v) # 0, we get m,.Djj, = 0 and then (3.17)
gives D, = Enol’. Therefore *F™ is projective to F". Thus, we have:

Theorem 4.1. The h-exponential change given by (1.6) is projective if and only
if condition (4.6) is satisfied.
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