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Abstract.We introduce the paranormed sequence spaces cF (f,Λ,∆m, p), cF0 (f,Λ,∆m, p)
and lF

∞
(f,Λ,∆m, p) of fuzzy numbers associated with the multiplier sequence Λ = (λk)

determined by a sequence of moduli f = (fk). Some of their properties like solidity,
symmetricity, completeness etc. and inclusion relations are studied.
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1. Introduction and Preliminaries :

The idea of difference sequence spaces was first introduced by Kizmaz [10] and this
concept was generalized by Et and Colak [7], Tripathy and Chandra [16] and many
others. The concept of fuzzy set was introduced by L A. Zadeh [19] in the year
1965. Based on this, sequences of fuzzy numbers have been introduced by differ-
ent authors and many important properties have been investigated. Applying the
notion of fuzzy real numbers, different classes of fuzzy real-valued sequences have
been introduced and investigated by Tripathy and Baruah [15],Tripathy and Deb-
nath [18] and many researchers [2, 3, 4, 5] on sequence space.

A fuzzy real number X is a fuzzy set on R i.e. a mapping X : R → I =
[0, 1] associating each real number t, with its grade of membership X(t). The
α-level set of a fuzzy real number X is denoted by [X ]α, 0 < α ≤ 1, where
[X ]α = {t ∈ R : X(t) ≥ α}. The 0-level set is the closure of the strong 0-cut
i.e. [X ]0 = cl({t ∈ R : X(t) > 0}).
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A fuzzy real number X is said to be upper semi continuous if for each ǫ >
0, X−1([0, a+ ǫ)), for all a ∈ [0, 1) is open in the usual topology of R. If there exists
t ∈ R such that X(t) = 1, then the fuzzy real number X is called normal. A fuzzy
real number X is said to be convex, if X(t) ≥ X(s)

∧

X(r) = min(X(s), X(r)),
where s < t < r. The class of all upper semi continuous, normal and convex fuzzy
real numbers is denoted by R(I).

Let X,Y ∈ R(I) and the α−level sets be [X ]α = [aα1 , a
α
2 ], [Y ]α = [bα1 , b

α
2 ], α ∈

[0, 1]. The absolute value of X ∈ R(I) is defined by

|X |(t)=

{

max{X(t), X(−t)}, for t> 0
0, for t≤ 0

The additive identity and multiplicative identity ofR(I) are 0̄ and 1̄, respectively.

Let D be the set of all closed and bounded intervals X = [XL, XR] on the real
line R. For X,Y ∈ D we define X ≤ Y iff XL ≤ Y L and XR ≤ Y R. and d(X,Y )=
max{|XL− Y L|, |XR − Y R|} where X = [XL, XR] and Y = [Y L, Y R]. Then it can
be shown that (D, d) is a complete metric space.

Let us define a mapping d : R(I)×R(I) −→ R by d(X,Y )=supα d([X ]α, [Y ]α),
for X,Y ∈ R(I).

Throughout the paper p = (pk) is a sequence of strictly positive real numbers. The
notion of paranormed sequences was first introduced by S. Simons [14]. It was fur-
ther investigated by Maddox [11], Tripathy and Chandra [16] and many others. The
notion of multiplier sequences Λ = (λk) was studied by Goes and Goes [8] at the
initial stage. It was further investigated by Kamthan [9], Tripathy and Mahanta
[18] and many others. The notion of modulus function was introduced by Nakano
[12]. It was further investigated with applications to sequences by Tripathy and
Chandra [16] and many others.

Definition 1.1 A modulus function f is a mapping from [0,∞) into [0,∞) such
that
(i) f(x) = 0 if and only if x = 0 ;
(ii) f(x + y) ≤f(x) + f(y);
(iii) f is increasing;
(iv) f is continuous from the right at 0. Hence f is continuous everywhere in [0,∞),
by (ii) and (iv).

The idea of difference sequences for real numbers was first introduced by Kizmaz
[10] and it was further generalized by Tripathy and Esi as follows: Z(∆m) = {(xk) ∈
w : (∆mxk) ∈ Z}, for Z = c, c0, l∞, where ∆mxk = xk − xk+m, for all k ∈ N. Let
wF be the linear space of all sequences of fuzzy numbers. Any linear subspace
EF of wF is called a fuzzy sequence space. Throughout the paper wF , cF , cF0 and
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lF
∞

denote the classes of all, convergent, null, and bounded sequences of fuzzy real
numbers respectively.

Definition 1.2 A sequence (Xn) of fuzzy real numbers is said to be convergent to
a fuzzy number X0 if for each ǫ > 0 there exists a positive integer n0 such that
d(Xk, X0) < ǫ for all n > n0.

Definition 1.3 A sequence (Xn) of fuzzy real numbers is said to be bounded if
supnd(Xn, 0) < ∞.

Definition 1.4: A fuzzy real valued sequence space EF is said to be solid (or
normal) if for the scalar |αn| ≤ 1 for all n ∈ N and (Xn) ∈ EF implies (αnXn) ∈
EF .

Definition 1.5: A fuzzy real valued sequence space EF is said to be monotone if
EF contains the canonical pre image of all its step spaces.

Remark 1.1:If a class of sequences of fuzzy numbers is solid, then it is monotone.

Definition 1.6:A fuzzy real valued sequence space EF is said to be symmetric if
(Xn) ∈ EF ⇒ (Xπ(n)) ∈ EF where π is a permutation of N.

Definition 1.7: A fuzzy real valued sequence space EF is said to be convergence
free if (Xn) ∈ EF whenever (Yn) ∈ EF and Yn = 0 implies Xn = 0.

If (ak) and (bk) are two sequences of complex terms and p = (pk) ∈ l∞, we have
the following known inequality:

|ak + bk|
pk ≤ D(|ak|

pk + |bk|
pk)

where H = supkpk and D = max{1, 2H−1}.

Recently the paranormed sequence spaces
c(f,Λ,∆m, p),c0(f,Λ,∆m, p) and l∞(f,Λ,∆m, p)
was introduced by Tripathy and Chandra [16] and the fuzzy analogues of the same
was introduced by Tripathy and Debnath [18]. We now give the generalization of
the existing spaces in fuzzy setting are as follows.

Definition 1.8: Let f = (fk) be a sequence of modulli, then for a given multiplier
sequence Λ = (λk), we introduce the following fuzzy real valued sequence spaces:

cF (f,Λ,∆m, p)={(Xk) ∈ wF : (fk(d(∆m(λkXk), L)))
pk → 0 as k → ∞, for some

L ∈ R(I)}

cF0 (f,Λ,∆m, p)={(Xk) ∈ wF : (fk(d(∆m(λkXk), 0)))
pk → 0 as k → ∞},

lF
∞
(f,Λ,∆m, p)={(Xk) ∈ wF :supk(fk(d(∆m(λkXk), L)))

pk < ∞}.

Whenfk(x) = f(x), for all k ∈ N,the above sequence spaces are denoted by
cF (f,Λ,∆m, p), cF0 (f,Λ,∆m, p), lF

∞
(f,Λ,∆m, p), respectively, which was introduced

by Tripathy and Debnath [14]. When fk(x) = f(x) = x for all x ∈ [0,∞), the above
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sequence spaces are denoted as cF (Λ,∆m, p), cF0 (Λ,∆m, p), lF
∞
(Λ,∆m, p),respectively.

When λk = 1, for all k ∈ N , the above sequence spaces are denoted as

cF (f,∆m, p), cF0 (f,∆m, p), lF
∞
(f,∆m, p),

respectively.

Taking f(x) = x, for all x ∈ [0,∞)), and λk = 1, pk = 1 for all k ∈ N, the above
spaces are denoted as cF (∆m), cF0 (∆m) and lF

∞
(∆m), respectively. Further taking

m = 1, we get the spaces cF (∆), cF0 (∆) and lF
∞
(∆), respectively.

Similarly taking different combinations and restrictions, we will get different
paranormed sequence spaces.

2. Main Result

Theorem 2.1:The classes of sequences cF (f,Λ,∆m, p), cF0 (f,Λ,∆m, p), lF
∞
(f,Λ,∆m, p)

are closed with respect to addition and scalar multilpication.

Proof: We prove the theorem for the class of sequences cF0 (f,Λ,∆m, p). The
other classes can be proved similarly.
Suppose (Xk), (Yk) ∈ cF0 (f,Λ,∆m, p). Then we have
(fk(d(∆m(λkXk), 0)))

pk → 0 as k 7→ ∞,
and (fk(d(∆m(λkYk), 0)))

pk → 0 as k 7→ ∞,

Now for a,b ∈ R we have

(fk(d(∆m(λk(aXk+bYk)), 0)))
pk ≤ (fk(d(∆m(aλkXk), 0))+(d(∆m(bλkYk), 0)))

pk

( by Minkowski inequality and f is continuous)

≤ (fk(d(∆m(aλkXk), 0)) + fk(d(∆m(bλkYk), 0)))
pk

≤ D[a(fk(d(∆m(λkXk), 0))
pk + b(fk(d(∆m(bλkYk), 0)))

pk

Hence (aXk + bYk) ∈ cF0 (f,Λ,∆m, p)

Theorem 2.2: Let p = (pk) ∈ l∞. Then the class of sequences cF (f,Λ,∆m, p),
cF0 (f,Λ,∆m, p), lF

∞
(f,Λ,∆m, p) are paranormed spaces paranormed by g, define by

g(X) = supk(fk(d(∆m(λkXk), 0)))
pk/M

where M = max(1, sup pk) and X = (Xk).

Proof: Clearly, g(X) ≥ 0, g(−X) = g(X) and g(X + Y ) ≤ g(X) + g(Y ). Next we
show the continuity of the product. Let a be fixed and g(X) → 0.Then it is obvious
that g(aX) → 0. Let a → 0 and X be fixed. Since each fk is continuous, we have
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(fk(|a|d(∆m(λkXk), 0)))
pk/M → 0 as a → 0.

Thus, supk(fk(|a|d(∆m(λkXk), 0)))
pk/M → 0 as a → 0

Hence g(aX) → 0 as a → 0 Therefore g is paranorm.

Proposition 2.1: cF0 (f,Λ,∆m, p) ⊂ cF (f,Λ,∆m, p) ⊂ lF
∞
(f,Λ,∆m, p) and the in-

clusions are proper.

Example 2.1: Let fk(x) = f(x) = x, for all x ∈ [0,∞);m = 1, λk = 1, pk = 1
k ∈ N

Xk(t) =







t
k + 1, −k ≤ t ≤ 0
1− t

k , 0 ≤ t ≤ k
0, otherwise

.

Then (Xk) ∈ cF (f,Λ,∆1, p) but (Xk) /∈ cF0 (f,Λ,∆1, p).

Hence the inclusions are proper.

Theorem 2.3: The classes of sequences cF0 (f,Λ,∆m, p), cF (f,Λ,∆m, p) and
lF
∞
(f,Λ,∆m, p) are neither solid nor monotone in general, but the spaces cF0 (f,Λ, p), c

F (f,Λ, p)
and lF

∞
(f,Λ, p) are solid and as such are monotone.

Proof: Let (Xk) be a given sequence and (αk) be a sequence of scalars such that
|αk| ≤ 1, for all k ∈ N. Then we have, (fk(d(αk(λkXk), 0)))

pk ≤ (fk(d(λkXk), 0))
pk ,

for all k ∈ N . The solidness of cF0 (f,Λ, p), c
F (f,Λ, p) and lF

∞
(f,Λ, p) follows from

the above inequality. The monotonicity of these two classes of sequences follows by
remark 2.1. The first part of the proof follows from the following examples.

Example 2.2: Let fk(x) = f(x) = x, for all x ∈ [0,∞);m = 1, λk = 1, pk = 1 for
odd k and pk = 2 for even k, k ∈ N

Xk(t) =

{

1, for t = k
0, otherwise.

Then (Xk) ∈ cF (f,Λ,∆1, p) and lF
∞
(f,Λ,∆1, p). For a sequence space E, con-

sider its step space Ej defined by

Yk =

{

Xk, for k even
0, for k odd.

Then (Yk) neither belongs to cF (f,Λ,∆1, p)J nor to lF
∞
(f,Λ,∆1, p)J . Hence the

spaces are not monotone. So, are not solid.

Example 2.3: Let fk(x) = f(x) = x, for all x ∈ [0,∞);m = 1, λk = 2+k−1, pk = 1
for odd k and pk = 2 for even k, k ∈ N

Xk(t) =

{

1, for t= k
0, 0therwise

.



410 S.Debnath and J.Debnath

Then (Xk) ∈ cF0 (f,Λ,∆1, p). Now consider the step as defined in the earlier
example. Then (Yk) /∈ cF0 (f,Λ,∆1, p). Hence cF0 (f,Λ,∆1, p) is not monotone, as
such cF0 (f,Λ,∆1, p) is not solid.

Theorem 2.4: The classes of sequences cF0 (f,Λ,∆m, p), cF (f,Λ,∆m, p) and lF
∞
(f,Λ,∆m, p)

are not convergence free in general.

Proof: The result follows from the following example.

Example 2.3: Let fk(x) = f(x) = x, for all x ∈ [0,∞);m = 1, λk = 1, pk = 1
for odd k and pk = 2 for even k, k ∈ N. Consider the sequence (Xk) defined in
Example 3.1. Clearly (Xk) ∈ cF (f,Λ,∆1, p). Consider the sequence (Yk) defined by

Yk =

{

Xk, for k = 3i, i ∈ N
0, otherwise.

Then (Yk) /∈ cF (f,Λ,∆1, p). Hence the class of sequences cF (f,Λ,∆m, p) is not
convergence free. Similar examples can be constructed to show that the classes of
sequences cF0 (f,Λ,∆m, p) and lF

∞
(f,Λ,∆m, p) are not convergence free.

Theorem 2.5: The classes of sequences
cF0 (f,Λ,∆m, p), cF (f,Λ,∆m, p) and lF

∞
(f,Λ,∆m, p)

are not symmetric in general.

Proof: The result follows from the following example.

Example 2.4: Let fk(x) = f(x) = x,m = 1, λk = 1,pk = 1 for odd k and pk = 2
for even k,k ∈ N . Consider the sequence (Xk) defined in Example 3.1. Clearly
(Xk) ∈ cF (f,Λ,∆m, p)

Consider its rearrangement (Yk) as follows
(Yk) = (X1, X2, X4, X3, X9, X5, X16, X6, X25, X7, X36, X8, . . .).
Then (Yk) /∈ cF (f,Λ,∆m, p). Hence the class of sequences cF (f,Λ,∆m, p) is not sym-
metric. Similar examples can be constructed to show that the classes of sequences
cF0 (f,Λ,∆m, p) and lF

∞
(f,Λ,∆m, p) are not symmetric.

Conclusion: In this paper we have introduced the paranormed sequence spaces
cF (f,Λ,∆m, p), cF0 (f,Λ,∆m, p) and lF

∞
(f,Λ,∆m, p) of fuzzy numbers associated with

the multiplier sequence Λ = (λk) determined by a sequence of moduli f = (fk).
Which are the generalizations of the existing sequence spaces of fuzzy numbers.
More generalizations may be done based on this paper.
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