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Abstract. In this paper, we have introduced and examined the concepts of ∆m
−pointwise

and ∆m
−uniform statistical convergence of order α̃ for double sequences of real val-

ued functions. Also, we have given the concept of ∆m
−statistically Cauchy sequence for

double sequences of real valued functions and proven that it is equivalent to ∆m
−pointwise

statistical convergence of order α̃ for double sequences of real valued functions. Some re-
lations between S2

α̃ (∆m, f)-statistical convergence and strong
[

w2

p

]

α̃
(∆m, f)−summability

have also been given.
Keywords. Statistical convergence; Cauchy sequence; summability.

1. Introduction

The idea of statistical convergence was given by Zygmund [27] ] in the first
edition of his monograph published in Warsaw in 1935. The concept of statistical
convergence was introduced by Steinhaus [25] and Fast [11] and later reintroduced
by Schoenberg [23] independently. Many mathematicians have studied various prop-
erties of statistical convergence and applications of this concept in different areas
such as Fourier analysis, Ergodic theory, number theory, measure theory, Trigono-
metric series, Turnpike theory and Banach spaces Cınar et al. [1], Colak [2], Colak
and Altın [3], Connor [4], Et et al. ([7],[8],[9],[10]), Fridy [12], Işık [16], Mohiuddine
et al. [18], Móricz [19], Mursaleen [21], Et and Şengül [24], Tripathy and Sarma [26]
and many authors have examined the relationship between statistical convergence
with sequences spaces and summability theory.

Pointwise and uniform statistical convergence of sequences of real valued func-
tions were defined by Gökhan et al. ([13], [14], [15]) and independently by Duman
and Orhan [5]. The aim of the present paper is to introduce and examine the con-
cepts of ∆m−pointwise and ∆m−uniform statistical convergence of order α̃ for

Received June 29, 2018; Accepted August 18, 2018
2010 Mathematics Subject Classification. Primary 40A05; Secondary 40C05, 46A45

393
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double sequences of real valued functions. In Section 2 we give a brief overview
of statistical convergence of order α̃ and strong p−Cesàro summability of double
sequences of functions. In Section 3 we give the concepts of ∆m−pointwise and
∆m−uniform statistical convergence of order α̃ and the concept of ∆m−statistically
Cauchy sequence for sequences of real valued functions.

2. Definition and Preliminaries

A double sequence x = (xjk) is said to be convergent in the Pringsheim [22] sense
if for every ε > 0 there exists N ∈ N such that |xjk − L| < ε whenever j, k > N. In
this case, we write P − limx = L.

A double sequence x = (xjk)
∞
j,k=0 is bounded if there exists a positive real num-

ber M such that |xjk | < M for all j and k, that is, ‖x‖ = sup
j,k≥0

|xjk| < ∞. Although

every convergent single sequence is bounded, a convergent double sequence need
not be bounded.

Let K ⊆ N × N and K (m,n) = {(j, k) : j ≤ m, k ≤ n} . The double natural
density of K is defined by

δ2 (K) = P − lim
m,n

1

mn
|K (m,n)| , if the limit exists.

A double sequence x = (xjk) is said to be statistically convergent to a number L
if for every ε > 0 the set {(j, k) : j ≤ m, k ≤ n : |xjk − L| ≥ ε} has double natural
density zero [21].

A convergent double sequence is statistically convergent but the converse is
not true in general. Also, a statistically convergent double sequence need not be
bounded.

Throughout the paper, we have taken s, t, u, v ∈ (0, 1] and written α̃ instead of
(s, t) and β̃ instead of (u, v) . We have defined

α̃ � β̃ ⇔ s ≤ u and t ≤ v

α̃ ≺ β̃ ⇔ s < u and t < v

α̃ ∼= β̃ ⇔ s = u and t = v

α̃ ∈ (0, 1] ⇔ s, t ∈ (0, 1]

β̃ ∈ (0, 1] ⇔ u, v ∈ (0, 1]

α̃ ∼= 1 in case s = t = 1

β̃ ∼= 1 in case u = v = 1

α̃ ≻ 1 in case s > 1 and t > 1

Let α̃ ∈ (0, 1] be given. The α̃−double density of a subset K of N× N was
defined by Çolak and Altın as follows [3]
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δ2α̃ (K) = P − lim
n,m

1

nsmt
|K (n,m)| , if the limit exists.

δ2 (Kc) = 1−δ2 (K) holds, but δ2α̃ (Kc) = 1−δ2α̃ (K) does not hold for 0 < α̃ < 1
in general.

A double sequence x = (xjk) is said to be statistically convergent order α̃ to the
number L if for each ε > 0, the set

{(j, k) : j ≤ n, k ≤ m : |xjk − L| ≥ ε}

has double natural density zero, i.e.

|xjk − L| < ε a.a. (j, k) (α̃) .

A double sequence x = (xjk) is said to be strongly Cesàro summable to a number
L if

P − lim
n,m

1

nm

n∑

j=1

m∑

k=1

|xjk − L| = 0.

The idea of difference sequences defined by Kızmaz [17] and the notion was
generalized by Et and Çolak [6] such as

∆m (X) = {x = (xk) : (∆
mxk) ∈ X}

for X = ℓ∞, c or c0, where m ∈ N, ∆0x = (xk) , ∆
mx =

(
∆m−1xk −∆m−1xk+1

)

and so ∆mxk =
m∑
i=0

(−1)i
(
m
i

)
xk+i. Recently difference sequence spaces have been

studied in ([7], [8], [20]).

For a double sequence x = (xjk) we have generalized difference sequences as
follows:

∆mxjk =

m∑

v1=0

m∑

v2=0

(−1)v1+v2
(
m
v1

)(
m
v2

)
xj+v1k+v2

where ∆xjk = xjk − xjk+1 − xj+1k + xj+1k+1 for all j, k ∈ N.

3. Main Result

In this section, we have given the relations between ∆m−pointwise statistical
convergence of order α̃ and ∆m−pointwise statistical convergence of order β̃ and
the relations between strong ∆m

p −pointwise Cesàro summability of order α̃ and

strong ∆m
p −pointwise Cesàro summability of order β̃ and the relations between

strong ∆m
p −pointwise Cesàro summability of order α̃ and ∆m−pointwise statistical

convergence of order β̃ for double sequences of functions, where α̃ � β̃.
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Definition 3.1. Let α̃ ∈ (0, 1] be given. A double sequence of functions {fjk} is
said to be ∆m−pointwise statistically convergent of order α̃ (or S2

α̃ (∆m, f)−summable
) to the function f on a set A if for every ε > 0 and for every x ∈ A

lim
n,m

1

nsmt
|{(j, k) : j ≤ n, k ≤ m : |∆mfjk (x)− f (x)| ≥ ε }| = 0

i.e. for every x ∈ A,

|∆mfjk(x) − f (x)| < ε a.a. (j, k) (α̃) .

In this case, we write S2
α̃ − lim∆mfjk (x) = f (x) on A. The function f is said

to be double ∆m−statistical limit of order α̃ of the sequence {fjk} (or Pringsheim
∆m−statistical limit of order α̃). The set of all ∆m−pointwise statistically conver-
gent sequences of functions order α̃ will be denoted by S2

α̃ (∆m, f) .

For α̃ ∈ (0, 1], ∆m−pointwise statistical convergence of order α̃ is well defined,
but is not well defined for α̃ ≻ 1. For this, a sequence of functions have been defined
{fjk} by

fjk (x) =

{
1 j + k = 2n

xj+k j + k 6= 2n
n = 1, 2, 3..., x ∈

[
0, 12

]
.

Then we calculate ∆fjk (x) as follows;

∆fjk (x) =

{
2− 2xj+k+1 j + k = 2n

xj+k + xj+k+2 − 2 j + k 6= 2n
n = 1, 2, 3..., x ∈

[
0, 12

]
.

Then for every x ∈ A, both

lim
n,m→∞

1

nsmt

∣∣{(j, k) : j ≤ n, k ≤ m :
∣∣∆fjk (x)−

(
2− 2xj+k+1

)∣∣ ≥ ε
}∣∣

≤ lim
n,m→∞

(
n
2 + 1

) (
m
2 + 1

)

nsmt
= 0

and

lim
n,m→∞

1

nsmt

∣∣{(j, k) : j ≤ n, k ≤ m :
∣∣∆fjk (x)−

(
xj+k + xj+k+2 − 2

)∣∣ ≥ ε
}∣∣

≤ lim
n,m→∞

(
n
2 + 1

) (
m
2 + 1

)

nsmt
= 0

for α̃ ≻ 1, hence S2
α̃ − lim∆fjk (x) = 2 and S2

α̃ − lim∆fjk (x) = −2 which is
impossible.
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Theorem 3.1. Let α̃ ∈ (0, 1], {fjk} and {gjk} be two double sequences of real
valued functions defined on a set A.

(i) If S2
α̃− lim∆mfjk (x) = f (x) and c ∈ R, then S2

α̃− lim c∆mfjk (x) = cf (x) ,

(ii) If S2
α̃ − lim∆mfjk (x) = f (x) and S2

α̃ − lim∆mgjk (x) = g (x) , then S2
α̃ −

lim(∆mfjk (x) + ∆mgjk (x)) = f (x) + g (x) .

Proof. Omitted.

It is easy to see that every ∆m−pointwise convergent sequences of function is
∆m−pointwise statistically convergent of order α̃, but the converse does not hold.
To see this, a sequence {fjk} is defined by

fjk (x) =

{
1 j, k = n2

jkx
2+j2k2x2 j, k 6= n2 .

Then we calculate ∆fjk (x) as follows:

∆fjk (x) =





1− j(k+1)x

2+j2(k+1)2x2 − (j+1)kx

2+(j+1)2k2x2 + (j+1)(k+1)x

2+(j+1)2(k+1)2x2 j, k = n2

jkx
2+j2k2x2 − j(k+1)x

2+j2(k+1)2x2 − (j+1)kx

2+(j+1)2k2x2 − 1
j, k = n2 − 1

jkx
2+j2k2x2 − j(k+1)x

2+j2(k+1)2x2 − (j+1)kx

2+(j+1)2k2x2 + (j+1)(k+1)x

2+(j+1)2(k+1)2x2 j, k 6= n2

The sequence {fjk} is ∆−pointwise statistically convergent of order α̃ with
S2
α̃ − lim∆fjk (x) = 0 for α̃ ≻ 1

2 , but it is not ∆−pointwise convergent.

Theorem 3.2. Let α̃, β̃ ∈ (0, 1] be given such that α̃ � β̃, then S2
α̃ (∆m, f) ⊆

S2
β̃
(∆m, f) and the inclusion is strict.

Proof. The inclusion part of the proof is easy. To show that the inclusion is strict,
a double sequence {fjk} is defined by

fjk (x) =

{
1 j, k = n2

j2k2x
1+j3k3x2 j, k 6= n2 .

So we have

∆fjk (x)=





1− j2(k+1)2x

1+j3(k+1)3x2 − (j+1)2k2x

1+(j+1)3k3x2 + (j+1)2(k+1)2x

1+(j+1)3(k+1)3x2 j, k = n2

j2k2x
1+j3k3x2 − j2(k+1)2x

1+j3(k+1)3x2 − (j+1)2k2x

1+(j+1)3k3x2 − 1
j, k = n2 − 1

j2k2x
1+j3k3x2 − j2(k+1)2x

1+j3(k+1)3x2 − (j+1)2k2x

1+(j+1)3k3x2 + (j+1)2(k+1)2x

1+(j+1)3(k+1)3x2 j, k 6= n2

.
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Then S2
β̃
− lim∆fjk (x) = 0 for β̃ ∈

(
1
2 , 1

]
, but f /∈ x ∈ S2

α̃ (∆, f) for α̃ ∈
(
0, 12

]
.

Corollary 3.1. If a double sequence of functions {fjk} is ∆m−pointwise statisti-
cally convergent of order α̃ to the function f, then it is ∆m−pointwise statistically
convergent to the function f .

Definition 3.2. Let α̃ ∈ (0, 1]. The sequence {fjk} is a ∆m−pointwise statis-
tically Cauchy sequence of order α̃, provided that for every ε > 0 there are two
numbers N (= N (ε)) ,M (= M (ε)) such that

|∆mfjk(x) −∆mfN,M (x)| < ε a.a. (j, k) (α̃) and for each x ∈ A

i.e.

lim
n,m→∞

1

nsmt
|{(j, k) : j ≤ n, k ≤ m : |∆mfjk (x)−∆mfN,M (x)| ≥ ε}| = 0

for each x ∈ A.

Using the same technique in proof of [1][Thorem3.4], we obtain the proof of the
following theorem.

Theorem 3.3. Let {fjk} be a double sequence of functions defined on a set A.
The following statements are equivalent:

(i) {fjk} is ∆m−pointwise statistically convergent of order α̃ to f (x) on A;

(ii) {fjk} is ∆m−pointwise statistically Cauchy sequence of order α̃ on A;

(iii) {fjk} is a double sequence of functions for which there is a ∆m−pointwise
convergent sequence of functions {gjk} such that ∆mfjk (x) = ∆mgjk (x) a.a. (j, k)
(α̃) for every x ∈ A.

Definition 3.3. Let α̃ ∈ (0, 1] and p be a positive real number. A double sequence
of functions {fjk} is said to be strongly ∆m

p −pointwise Cesàro summable of order

α̃ (or
[
w2

p

]
α̃
(∆m, f)−summable) if there is a function f such that

lim
n,m→∞

1

nsmt

n∑

j=1

m∑

k=1

|∆mfjk(x)− f (x)|p = 0.

In this case, we write
[
w2

p

]
α̃
− lim∆mfjk (x) = f (x) on A. The set of all strongly

∆m
p −Cesàro summable double sequences of functions of order α̃ will be denoted by[
w2

p

]
α̃
(∆m, f) .

Theorem 3.4. Let p be a positive real number and α̃, β̃ ∈ (0, 1] such that α̃ � β̃.
Then

[
w2

p

]
α̃
(∆m, f) ⊆

[
w2

p

]
β̃
(∆m, f) and the inclusion is strict for some α̃ = (s, t)

and β̃ = (u, v) such that α̃ ≺ β̃.
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Proof. The inclusion part of the proof is easy. To show that the inclusion is strict
define a double sequence {fjk} by

fjk (x) =

{
jkx

1+jkx j, k = n2

0 j, k 6= n2 x ∈ [1, 2] .

Then we calculate ∆fjk (x) as follows

∆fjk (x) =





jkx
1+jkx j, k = n2

−(j+1)(k+1)x
1+(j+1)(k+1)x j, k = n2 − 1

0 j, k 6= n2

.

Therefore we get

1

nsmt

n∑

j=1

m∑

k=1

|∆fjk(x)− f (x)|p ≤ 2
√
n
√
m

nsmt
=

1

ns− 1
2mt− 1

2

→ 0 as n,m → ∞

and so the sequence {fjk} is strongly ∆p−pointwise Cesàro summable of order

α̃, for α̃, β̃ ∈
(
1
2 , 1

]
, but since

1

nsmt

n∑

j=1

m∑

k=1

|∆fjk(x) − f (x)|p ≥ 2
√
n
√
m

2nsmt
→ ∞ as n,m → ∞.

the sequence {fjk} is not strongly ∆p−pointwise Cesàro summable of order α̃,

for α̃, β̃ ∈
(
0, 1

2

]
.

Corollary 3.2. Let α̃, β̃ ∈ (0, 1] and p be a positive real number. Then

(i) if α̃ ∼= β̃, then
[
w2

p

]
α̃
(∆m, f) =

[
w2

p

]
β̃
(∆m, f) ,

(ii)
[
w2

p

]
α̃
(∆m, f) ⊆

[
w2

p

]
(∆m, f) for each α̃ ∈ (0, 1] and 0 < p < ∞.

Definition 3.4. A double sequence of functions {fjk} is said to be ∆m
(C,1,1)−pointwise

statistically summable of order α̃ ( or (C, 1, 1)S2
α̃
−summable) to the function f if

for every ε > 0 and x ∈ A, the set Kǫ (σmn) has double natural density zero. In this
case we write (C, 1, 1)S2

α̃
− lim∆mfjk = f, where

Kǫ (σmn) = {(j, k) : j ≤ n, k ≤ m : |σmn (∆
m, f)− f (x)| ≥ ε}

and

σmn (∆
m, f) =

1

(n+ 1) (m+ 1)

n∑

j=0

m∑

k=0

∆mfjk (x) .



400 M. Çınar and M. Et

Theorem 3.5. If a double sequence of functions {fjk} is bounded and S2
α̃ (∆m, f)−

summable to f then it is statistically (C, 1, 1)S2
α̃
−summable to f, but the converse

does not hold.

Proof. Let {fjk} be bounded and S2
α̃ (∆m, f)−summable to f, we can write sup

j,k

|∆mfjk − f | =

M and Kǫ has double natural density zero, where

Kǫ = {(j, k) : j ≤ n, k ≤ m : |∆mfjk (x)− f (x)| ≥ ε} .
Then

∣

∣

∣

∣

∣

∣

1

(n + 1) (m + 1)

n
∑

j=0

m
∑

k=0

∆m
fjk (x) − f (x)

∣

∣

∣

∣

∣

∣

≤ 1

(n + 1) (m + 1)

n
∑

j=0

m
∑

k=0

∣

∣∆m
fjk (x) − f (x)

∣

∣

=
1

(n + 1) (m + 1)

n
∑

j=0

m
∑

k=0

(j,k)∈K(ε)

∣

∣∆m
fjk (x)− f (x)

∣

∣ +
1

(n + 1) (m + 1)

n
∑

j=0

m
∑

k=0

(j,k)/∈K(ε)

∣

∣∆m
fjk (x) − f (x)

∣

∣

≤ 1

(n + 1) (m + 1)

n
∑

j=0

m
∑

k=0

(j,k)∈K(ε)

∣

∣∆m
fjk (x) − f (x)

∣

∣ +
1

(n + 1) (m + 1)

n
∑

j=0

m
∑

k=0

(j,k)∈K(ε)

∣

∣∆m
fjk (x)− f (x)

∣

∣

=
1

(n + 1) (m + 1)
M |K (ε)|+ ε → 0 as n,m → ∞

which implies that P − limσmn (∆m, f) = f .

For the converse if we define fjk (x) = (−1)j+k x, x ∈ (0, 1) then we get

∆fjk (x) = 4 (−1)
j+k

x. The sequence of functions {fjk} is statistically (C, 1, 1)S2
α̃
−

summable of order α̃ to 0 but neither bounded nor statistically convergent.

Definition 3.5. Let α̃ be any real number such that α̃ ∈ (0, 1]. A double sequence
of functions {fjk} is said to be ∆m−uniformly statistically convergent of order α̃
to the function f on a set A if, for every ε > 0

P− lim
n,m→∞

1

nsmt
|{(j, k) : j ≤ n, k ≤ m : |∆mfjk (x)− f (x)| ≥ ε for all x ∈ A}| = 0.

i.e., for all x ∈ A,
|∆mfjk (x)− f (x)| < ε a.a. (j, k) (α̃)

In this case we write

S2
α̃ − lim∆mfjk (x) = f (x) uniformly on A or S2

α̃,u − lim∆mfjk (x) = f (x) on A.

The set of all ∆m−uniformly statistically convergent sequences of order α̃ will be
denoted by S2

α̃,u (∆
m, f) .

We can give this definition as follows:

fjk, ∆
m−uniformly statistically of order α̃ converges to f ⇐⇒ for all ε > 0,

∃K⊂ N×N, δ2α̃ (K) = 1 and exists (n0,m0) ∈ K, n0 = n0 (ε),m0 = m0 (ε)∋ ,∀j > n0,
k > m0 and(j, k)∈ K and ∀ ∈ A, |∆mfjk (x)− f (x)| < ε.
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Theorem 3.6. Let f and fjk ( for all j, k ∈ N ) be continuous functions on
A = [a, b] ⊂ R and α̃ ∈ (0, 1] . Then S2

α̃ − lim∆mfjk (x) = f (x) uniformly on A if
and only if S2

α̃ − lim cj,k = 0, where cj,k = max
x∈A

|∆mfjk (x)− f (x)| .

Proof. Omitted.

It follows from (3.2) that, if lim∆mfjk (x) = f (x) uniformly on A, then S2
α̃ −

lim∆mfjk (x) = f (x) uniformly on A. But the converse is not true, for this consider
a sequence defined by

fjk (x) =

{
3 j = m2, k = n2

j
1+j2x2 otherwise

j, k = 1, 2, 3..., x ∈ [0, 1] .

So we have

∆fj,k (x) =






3− j
1+j2x2 j = m2, k = n2

−3 + (j+1)

1+(j+1)2x2 j = m2 − 1, k = n2

− (j+1)

1+(j+1)2x2 + 3
j = m2 − 1, k = n2 − 1

j
1+j2x2 − 3

j = m2, k = n2 − 1

0 otherwise

.

Then {fjk} is ∆−uniformly statistically convergent sequences of order α̃ to
f (x) = 0 on [0, 1] for α̃ ∈

[
1
2 , 1

]
since S2

α̃ − lim cj,k = 0, where

cjk = max
x∈[0,1]

|∆fjk (x)− 0| =
{

3− 1
2
√
j j = m2, k = n2

0 otherwise
,

but {fjk} is not ∆−uniformly convergent on [0, 1] since lim
k→∞

cj,k does not exist.

It can be shown that if a sequence {fjk} is ∆m−uniformly statistically conver-
gent of order α̃, then it is ∆m−pointwise statistically convergent of order α̃, but
the converse does not hold. For this consider a sequence defined by

fjk (x) =

{
1 j = m2, k = n2

j2x
1+j3x2 otherwise

j, k = 1, 2, 3..., k ∈ N, x ∈ [0, 1] .

then we have
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∆fj,k (x) =






1− j2x
1+j3x2 j = m2, k = n2

−1 + (j+1)2x

1+(j+1)3x2 j = m2 − 1, k = n2

− j2x
1+j3x2 + 1

j = m2 − 1, k = n2 − 1

(j+1)2x

1+(j+1)3x2 − 1 j = m2, k = n2 − 1

0 otherwise

The sequence {fjk} is ∆−pointwise statistically convergent of order α̃ to f (x) =
0 on [0, 1] but {fjk} is not ∆−uniformly statistically convergent of order α̃ to
f (x) = 0 on [0, 1] by Theorem 3.13, because

cjk = maxx ∈ [0, 1] |∆fjk (x) − 0| =






1−
√
j

2
j = m2, k = n2

−1 +
√
j+1
2

j = m2 − 1, k = n2

−
√
j

2 + 1 j = m2 − 1, k = n2 − 1
√
j+1
2 − 1 j = m2, k = n2 − 1
0 otherwise

and S2
α̃ − lim cj,k does not exist.
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9. M. Et , M. Çınar and M. Karakaş: On λ−statistical convergence of order α of
sequences of function. J. Inequal. Appl. 2013:204 (2013), 8 pp.
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19. F. Móricz: Tauberian conditions, under which statistical convergence follows from
statistical summability (C, 1). J. Math. Anal. Appl. 275(1) (2002), 277-287.
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24. H. Şengül and M. Et : On lacunary statistical convergence of order α. Acta Math.
Sci. Ser. B Engl. Ed. 34(2) (2014), 473-482.

25. H. Steinhaus: Sur la convergence ordinaire et la convergence asymptotique. Colloq.
Math. 2 (1951), 73-74.

26. B. C. Tripathy and B. Sarma : Statistically convergent difference double sequence
spaces. Acta Math. Sin. (Engl. Ser.) 24(5) (2008), 737-742.

27. A. Zygmund: Trigonometric Series. Cambridge University Press, Cambridge, UK,
(1979).

Muhammed Çınar
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