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CONFORMAL AND PARACONTACTLY GEODESIC
TRANSFORMATIONS OF ALMOST PARACONTACT METRIC

STRUCTURES

Adara M. Blaga

Abstract. We give the expressions of the virtual and the structure tensor fields of an
almost paracontact metric structure. We also introduce the notion of paracontactly
geodesic transformation and prove that the structure tensor field is invariant under
conformal and paracontactly geodesic transformations. For the particular case of para-
Kenmotsu structure, we give a necessary and sufficient condition for a conformal trans-
formation to map it to an α-para-Kenmotsu structure and show that a para-Kenmotsu
manifold admits no nontrivial paracontactly geodesic transformation of the metric. In
the conformal case, the virtual tensor field is invariant.
Keywords: tensor field, paracontact metric structure, geodesic transformation.

1. Introduction

Let M be a (2n+ 1)-dimensional smooth manifold, ϕ a (1, 1)-tensor field called
the structure endomorphism, ξ a vector field called the characteristic vector field, η
a 1-form called the contact form and g a pseudo-Riemannian metric on M . In this
case, we say that (ϕ, ξ, η, g) defines an almost paracontact metric structure on M
[2] if

1. ϕ2X = X − η(X)ξ, for any X ∈ χ(M);

2. η(ξ) = 1;

3. g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y ), for any X, Y ∈ χ(M)

and ϕ induces on the 2n-dimensional distribution ker η an almost paracomplex
structure P and the eigensubbundles corresponding to the eigenvalues 1 and −1 of
P , respectively, have equal dimension n.

From the definition, it follows that ϕξ = 0, η(ϕX) = 0, η(X) = g(X, ξ), g(ξ, ξ) =
1, g(ϕX, Y ) = −g(X,ϕY ), for any X, Y ∈ χ(M) and kerϕ2 = kerϕ.
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2. The virtual and the structure tensor fields

Consider Bϕ
∇(X,Y ) := 1

2ϕ((∇ϕXϕ)ϕY + ϕ((∇ϕ2Xϕ)ϕY )) the virtual and

Cϕ
∇(X,Y ) := 1

2ϕ((∇ϕXϕ)ϕY − ϕ((∇ϕ2Xϕ)ϕY )) the structure tensor fields of the

almost paracontact metric structure (ϕ, ξ, η, g) which is connected to the Nijenhuis
tensor field of ϕ used in studying the normality of the structure.

Proposition 2.1. The virtual and the structure tensor fields of the almost para-
contact metric structure (ϕ, ξ, η, g) have the following properties:

1. ϕ(Bϕ
∇(X,Y )) = Bϕ

∇(ϕX, Y ) = −Bϕ
∇(X,ϕY );

2. Bϕ
∇(ϕX,ϕY ) = −Bϕ

∇(X,Y );

3. g(Bϕ
∇(X,Y ), Z) + g(Y,Bϕ

∇(X,Z)) = 0;

4. ϕ(Cϕ
∇(X,Y )) = −Cϕ

∇(ϕX, Y ) = −Cϕ
∇(X,ϕY );

5. Cϕ
∇(ϕX,ϕY ) = Cϕ

∇(X,Y );

6. g(Cϕ
∇(X,Y ), Z) + g(Y,Cϕ

∇(X,Z)) = 0,

for any X, Y , Z ∈ χ(M).

Proof. Notice that

Bϕ
∇(X,Y ) :=

1

2
ϕ(∇ϕXϕ

2Y − ϕ(∇ϕXϕY ) + ϕ(∇ϕ2Xϕ
2Y − ϕ(∇ϕ2XϕY ))) =

=
1

2
[ϕ(∇ϕXϕ

2Y )− ϕ2(∇ϕXϕY ) + ϕ2(∇ϕ2Xϕ
2Y )− ϕ3(∇ϕ2XϕY )].

We have:

ϕ(Bϕ
∇(X,Y )) =

1

2
[ϕ2(∇ϕXϕ

2Y )− ϕ3(∇ϕXϕY ) + ϕ3(∇ϕ2Xϕ
2Y )− ϕ4(∇ϕ2XϕY )],

Bϕ
∇(ϕX, Y ) =

1

2
[ϕ(∇ϕ2Xϕ

2Y )− ϕ2(∇ϕ2XϕY ) + ϕ2(∇ϕ3Xϕ
2Y )− ϕ3(∇ϕ3XϕY )],

Bϕ
∇(X,ϕY ) =

1

2
[ϕ(∇ϕXϕ

3Y )− ϕ2(∇ϕXϕ
2Y ) + ϕ2(∇ϕ2Xϕ

3Y )− ϕ3(∇ϕ2Xϕ
2Y )],

Bϕ
∇(ϕX,ϕY ) =

1

2
[ϕ(∇ϕ2Xϕ

3Y )−ϕ2(∇ϕ2Xϕ
2Y )+ϕ2(∇ϕ3Xϕ

3Y )−ϕ3(∇ϕ3Xϕ
2Y )].

Because ϕ3 = ϕ and ϕ4 = ϕ2 it follows ϕ(Bϕ
∇(X,Y )) = Bϕ

∇(ϕX, Y ) = −Bϕ
∇(X,ϕY )

and Bϕ
∇(ϕX,ϕY ) = −Bϕ

∇(X,Y ).

Similarly we can show ϕ(Cϕ
∇(X,Y )) = −Cϕ

∇(ϕX, Y ) = −Cϕ
∇(X,ϕY ) and

Cϕ
∇(ϕX,ϕY ) = Cϕ

∇(X,Y ).
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Taking into account that g(ϕX, Y ) = −g(X,ϕY ) and g(ϕ2X,ϕ2Y ) = −g(ϕX,ϕY ),
for any X, Y ∈ χ(M), we get:

g(Bϕ
∇(X,Y ), Z) + g(Y,Bϕ

∇(X,Z)) =

=
1

2
[−g(∇ϕXϕ

2Y, ϕZ)− g(∇ϕXϕY, ϕ
2Z) + g(∇ϕ2Xϕ

2Y, ϕ2Z) + g(∇ϕ2XϕY, ϕZ)−

−g(∇ϕXϕ
2Z,ϕY )− g(∇ϕXϕZ,ϕ

2Y ) + g(∇ϕ2Xϕ
2Z,ϕ2Y ) + g(∇ϕ2XϕZ,ϕY )] =

=
1

2
[−ϕX(g(ϕ2Y, ϕZ))−ϕX(g(ϕY, ϕ2Z))+ϕ2X(g(ϕ2Y, ϕ2Z))+ϕ2X(g(ϕY, ϕZ))] = 0.

Similarly we can show g(Cϕ
∇(X,Y ), Z) + g(Y,Cϕ

∇(X,Z)) = 0.

Let m and l be the complementary projectors on the tangent bundle of M ,
defined by:

m := η ⊗ ξ, l := I − η ⊗ ξ
and denoted by M := Im(m) and L := Im(l) (obviously, l = ϕ2). Then TM =
M⊕L, and from the properties of the almost paracontact metric structure it follows
that M = kerϕ and L = ker η.

By Nϕ, we denoted the Nijenhuis tensor field of ϕ:

Nϕ(X,Y ) := ϕ2[X,Y ] + [ϕX,ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] =

= ϕ2(∇XY )− ϕ2(∇YX) +∇ϕXϕY −∇ϕY ϕX−
−ϕ(∇ϕXY ) + ϕ(∇Y ϕX)− ϕ(∇XϕY ) + ϕ(∇ϕYX).

Proposition 2.2. If (ϕ, ξ, η, g) is an almost paracontact metric structure on M ,
then ϕ2(Nϕ(ϕX,ϕY )) = 2(Cϕ

∇(Y,X)− Cϕ
∇(X,Y )), for any X, Y ∈ χ(M).

Proof. We have:

ϕ2(Nϕ(ϕX,ϕY )) = ϕ2(ϕ2(∇ϕXϕY )− ϕ2(∇ϕY ϕX) +∇ϕ2Xϕ
2Y −∇ϕ2Y ϕ

2X−

−ϕ(∇ϕ2XϕY ) + ϕ(∇ϕY ϕ
2X)− ϕ(∇ϕXϕ

2Y ) + ϕ(∇ϕ2Y ϕX)) =

= ϕ4(∇ϕXϕY )− ϕ4(∇ϕY ϕX) + ϕ2(∇ϕ2Xϕ
2Y )− ϕ2(∇ϕ2Y ϕ

2X)−
−ϕ3(∇ϕ2XϕY ) + ϕ3(∇ϕY ϕ

2X)− ϕ3(∇ϕXϕ
2Y ) + ϕ3(∇ϕ2Y ϕX).

Because ϕ3 = ϕ and ϕ4 = ϕ2 it follows

ϕ2(Nϕ(ϕX,ϕY )) = ϕ2(∇ϕXϕY )−ϕ2(∇ϕY ϕX)+ϕ2(∇ϕ2Xϕ
2Y )−ϕ2(∇ϕ2Y ϕ

2X)−

−ϕ(∇ϕ2XϕY ) + ϕ(∇ϕY ϕ
2X)− ϕ(∇ϕXϕ

2Y ) + ϕ(∇ϕ2Y ϕX) =

= −[ϕ(∇ϕXϕ
2Y )− ϕ2(∇ϕXϕY )− ϕ2(∇ϕ2Xϕ

2Y ) + ϕ(∇ϕ2XϕY )]+

+[ϕ(∇ϕY ϕ
2X)− ϕ2(∇ϕY ϕX)− ϕ2(∇ϕ2Y ϕ

2X) + ϕ(∇ϕ2Y ϕX)] =

= −2Cϕ
∇(X,Y ) + 2Cϕ

∇(Y,X).



124 A.M. Blaga

Corollary 2.1. Let (ϕ, ξ, η, g) be an almost paracontact metric structure on M .

1. If the Nijenhuis tensor field of ϕ vanishes identically, then the structure tensor
field is symmetric.

2. If the structure tensor field is symmetric, then Nϕ(ϕX,ϕY ) ∈M, for any X,
Y ∈ χ(M).

Proof. From Proposition 2.2 we have for any X, Y ∈ χ(M):

ϕ2(Nϕ(ϕX,ϕY )) = 2(Cϕ
∇(Y,X)− Cϕ

∇(X,Y )).

1. If Nϕ = 0 follows Cϕ
∇(Y,X)− Cϕ

∇(X,Y ) = 0, for any X, Y ∈ χ(M).

2. If Cϕ
∇(Y,X) = Cϕ

∇(X,Y ), for any X, Y ∈ χ(M) follows ϕ2(Nϕ(ϕX,ϕY )) = 0
i.e. Nϕ(ϕX,ϕY ) ∈ kerϕ2 = kerϕ = M.

3. Paracontactly geodesic transformations

We will introduce the notion of paracontactly geodesic transformation of an
almost paracontact metric structure and study the invariance of the virtual and
structure tensor fields under paracontactly geodesic transformations.

Recall that a diffeomorphism between two pseudo-Riemannian manifolds Φ :
(M, g) → (M̄, ḡ) is called geodesic map, if it takes each geodesic of (M, g) to a
geodesic of (M̄, ḡ). In this case, the pseudo-Riemannian metric g̃ := Φ∗ḡ on M is
called geodesic transformation of g. Note that the metrics g and g̃ have common
geodesics.

Let (ϕ, ξ, η, g) be an almost paracontact metric structure on the smooth manifold
M . Then:

Definition 3.1. A geodesic transformation g → g̃ of the pseudo-Riemannian met-
ric g on M is called paracontactly geodesic transformation if (ϕ, ξ, η, g̃) is also an
almost paracontact metric structure on M .

A simple example similar like in the almost contact case [3] is the following.

Example 3.1. Let Φ : (M,ϕ, ξ, η, g) → (M̄, ϕ̄, ξ̄, η̄, ḡ) be a geodesic map preserving the
almost paracontact structure, that is, ϕ̄ = Φ∗ ◦ϕ ◦ (Φ∗)

−1, ξ̄ = Φ∗(ξ), η̄ = (Φ∗)−1η. Then
g → g̃ := Φ∗ḡ is a paracontactly geodesic transformation of g on M .

Let (ϕ, ξ, η, g) be an almost paracontact metric structure on the smooth manifold
M and g → g̃ a paracontactly geodesic transformation of g.

It was proved [5] that the tensor T of the affine deformation from the Levi-Civita
connection ∇ of g to the Levi-Civita connection ∇̃ of g̃ has the form T (X,Y ) :=
∇̃XY − ∇XY = ψ(X)Y + ψ(Y )X, X, Y ∈ χ(M), for ψ an exact 1-form on M
called the 1-form of geodesic distortion. In this case, the Levi-Civita connections
associated to g and g̃ satisfy (∇̃Xϕ)Y = (∇Xϕ)Y + ψ(ϕY )X − ψ(Y )ϕX, for any
X, Y ∈ χ(M).
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Proposition 3.1. The virtual and the structure tensor fields of the transformed
structure have the following properties:

1. Bϕ

∇̃(X,Y ) = Bϕ
∇(X,Y ) + ψ(ϕ2Y )ϕ2X − ψ(ϕY )ϕX;

2. Cϕ

∇̃(X,Y ) = Cϕ
∇(X,Y ),

for any X, Y ∈ χ(M).

Proof.

Bϕ

∇̃(X,Y ) :=
1

2
ϕ((∇̃ϕXϕ)ϕY + ϕ((∇̃ϕ2Xϕ)ϕY )) =

=
1

2
ϕ((∇ϕXϕ)ϕY + ψ(ϕ2Y )ϕX − ψ(ϕY )ϕ2X+

+ϕ((∇ϕ2Xϕ)ϕY + ψ(ϕ2Y )ϕ2X − ψ(ϕY )ϕ3X)) :=

:= Bϕ
∇(X,Y ) +

1

2
[ψ(ϕ2Y )ϕ2X − ψ(ϕY )ϕ3X + ψ(ϕ2Y )ϕ4X − ψ(ϕY )ϕ5X].

Because ϕ3 = ϕ, ϕ4 = ϕ2 and ϕ5 = ϕ, we get the first relation. The second one
can be similarly obtained.

We can therefore state the theorem:

Theorem 3.1. The structure tensor field of an almost paracontact metric struc-
ture is invariant under paracontactly geodesic transformations.

Concerning the virtual tensor, we give necessary and sufficient conditions for it
to be invariant.

Theorem 3.2. The virtual tensor field of the almost paracontact metric structure
(ϕ, ξ, η, g) is invariant under paracontactly geodesic transformations g → g̃ (i.e.
Bϕ

∇̃ = Bϕ
∇) if and only if ψ(ϕ2Y )ϕX − ψ(ϕY )X ∈M, for any X, Y ∈ χ(M).

Proof. From Proposition 3.1, the condition Bϕ

∇̃ = Bϕ
∇ is equivalent to

0 = ψ(ϕ2Y )ϕ2X−ψ(ϕY )ϕX = ϕ[ψ(ϕ2Y )ϕX−ψ(ϕY )X], for anyX, Y ∈ χ(M).

4. Conformal transformations

By a conformal transformation of the almost paracontact metric structure
(ϕ, ξ, η, g) we understand the passage to the almost paracontact metric structure
(ϕ, ξ̃, η̃, g̃), where ξ̃ := efξ, η̃ := e−fη, g̃ := e−2fg, for f a smooth function on the
manifold M . In the part to follow, we shall study the invariance of the virtual and
the structure tensor fields under conformal transformations.

Because the Levi-Civita connection ∇̃ of g̃ and ∇ of g satisfy ∇̃XY = ∇XY −
[X(f)Y + Y (f)X − g(X,Y )gradg(f)] it follows (∇̃Xϕ)Y = (∇Xϕ)Y − df(ϕY )X +
df(Y )ϕX + g(X,ϕY )gradg(f)− g(X,Y )ϕ(gradg(f)), for any X, Y ∈ χ(M).
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Proposition 4.1. The virtual and the structure tensor fields of the transformed
structure have the following properties:

1. Bϕ

∇̃(X,Y ) = Bϕ
∇(X,Y )−df(ϕ2Y )ϕ2X+df(ϕY )ϕX−g(ϕX,ϕY )ϕ2(gradg(f))+

g(ϕX, Y )ϕ(gradg(f));

2. Cϕ

∇̃(X,Y ) = Cϕ
∇(X,Y ),

for any X, Y ∈ χ(M).

Proof.

Bϕ

∇̃(X,Y ) :=
1

2
ϕ((∇̃ϕXϕ)ϕY + ϕ((∇̃ϕ2Xϕ)ϕY )) =

=
1

2
ϕ((∇ϕXϕ)ϕY − df(ϕ2Y )ϕX + df(ϕY )ϕ2X + g(ϕX,ϕ2Y )gradg(f)−

−g(ϕX,ϕY )ϕ(gradg(f)) + ϕ((∇ϕ2Xϕ)ϕY − df(ϕ2Y )ϕ2X + df(ϕY )ϕ3X+

+g(ϕ2X,ϕ2Y )gradg(f)− g(ϕ2X,ϕY )ϕ(gradg(f)))) :=

:= Bϕ
∇(X,Y ) +

1

2
[−df(ϕ2Y )ϕ2X + df(ϕY )ϕ3X + g(ϕX,ϕ2Y )ϕ(gradg(f))−

−g(ϕX,ϕY )ϕ2(gradg(f))− df(ϕ2Y )ϕ4X + df(ϕY )ϕ5X+

+g(ϕ2X,ϕ2Y )ϕ2(gradg(f))− g(ϕ2X,ϕY )ϕ3(gradg(f))].

Because ϕ3 = ϕ, ϕ4 = ϕ2 and ϕ5 = ϕ, g(ϕX, Y ) = −g(X,ϕY ) and g(ϕ2X,ϕ2Y ) =
−g(ϕX,ϕY ), for any X, Y ∈ χ(M), we get the first relation. The second one can
be similarly obtained.

We can therefore state the theorem:

Theorem 4.1. The structure tensor field of an almost paracontact metric struc-
ture is invariant under conformal transformations.

Concerning the virtual tensor, we shall find a necessary and sufficient condition
for it to be also invariant. Note that in the particular case when g̃ = λg, for λ a
constant positive function, Bϕ

∇̃ = Bϕ
∇.

Theorem 4.2. The virtual tensor field of the almost paracontact metric structure
(ϕ, ξ, η, g) is invariant under conformal transformations g → g̃ := e−2fg (i.e. Bϕ

∇̃ =

Bϕ
∇) if and only if gradg(f) ∈M.

Proof. We follow the steps used in proving an analogue result for the almost contact
metric case [4]. Therefore, Bϕ

∇̃ = Bϕ
∇ if and only if for any X, Y ∈ χ(M)

df(ϕ2Y )ϕ2X − df(ϕY )ϕX = −g(ϕX,ϕY )ϕ2(gradg(f)) + g(ϕX, Y )ϕ(gradg(f)).
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Changing the role of X and Y in the previous relation, we obtain:

df(ϕ2X)ϕ2Y − df(ϕX)ϕY = −g(ϕY, ϕX)ϕ2(gradg(f)) + g(ϕY,X)ϕ(gradg(f)) =

= −g(ϕY, ϕX)ϕ2(gradg(f))− g(Y, ϕX)ϕ(gradg(f))

and adding the two relations we get:

df(ϕ2Y )ϕ2X−df(ϕY )ϕX+df(ϕ2X)ϕ2Y−df(ϕX)ϕY = −2g(ϕX,ϕY )ϕ2(gradg(f)).

Then for Y := X we obtain:

df(ϕ2X)ϕ2X − df(ϕX)ϕX = −g(ϕX,ϕX)ϕ2(gradg(f)).

If we assume that g(X,X) = 1 it follows that g(ϕX,ϕX) = −1 + [η(X)]2 and if
X ∈ L we get η(X) = 0 and ϕ2X = X. Therefore, for X ∈ L such that g(X,X) = 1
we obtain g(ϕX,ϕX) = −1 and ϕ2X = X. Then the equality becomes

df(X)X − df(ϕX)ϕX = ϕ2(gradg(f)),

which means that ϕ2(gradg(f)) is a linear combination of the vector fields X and
ϕX. Writing this for X := Y we get:

df(Y )Y − df(ϕY )ϕY = ϕ2(gradg(f))

and substracting the two relations

df(X)X − df(ϕX)ϕX − df(Y )Y + df(ϕY )ϕY = 0.

Since the four vector fields {X,ϕX, Y, ϕY } are linearly independent, we deduce
that df(X) = 0 equivalent to g(gradg(f), X) = 0, for X ∈ L, which means that
gradg(f) ∈ L⊥ = M.

Conversely, if gradg(f) ∈ M = kerϕ we get ϕ2(gradg(f)) = ϕ(gradg(f)) = 0.
Then

df(ϕ2Y )ϕ2X − df(ϕY )ϕX = g(gradg(f), ϕ2Y )ϕ2X − g(gradg(f), ϕY )ϕX =

= g(ϕ2(gradg(f)), Y )ϕ2X + g(ϕ(gradg(f)), Y )ϕX = 0

and so Bϕ

∇̃ = Bϕ
∇.

5. Applications

We shall consider the particular case of a para-Kenmotsu manifold. Let α be a
smooth real function on the smooth manifold M .

Definition 5.1. [6] We say that the almost paracontact metric structure (ϕ, ξ, η, g)
is α-para-Kenmotsu if the Levi-Civita connection ∇ of g satisfies
(∇Xϕ)Y = α[g(ϕX, Y )ξ − η(Y )ϕX], for any X, Y ∈ χ(M).
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For α ≡ 1, we call (ϕ, ξ, η, g) para-Kenmotsu structure.

Theorem 5.1. A conformal transformation with defining function f maps a para-
Kenmotsu structure to an ef -para-Kenmotsu structure if and only if f is locally
constant.

Proof. Let (ϕ, ξ, η, g) be a para-Kenmotsu structure on M and (ϕ, ξ̃, η̃, g̃) be a
conformal transform of (ϕ, ξ, η, g) with ξ̃ = efξ, η̃ = e−fη, g̃ = e−2fg.

We know that:

(∇̃Xϕ)Y = (∇Xϕ)Y−df(ϕY )X+df(Y )ϕX+g(X,ϕY )gradg(f)−g(X,Y )ϕ(gradg(f)),

for any X, Y ∈ χ(M).

If (ϕ, ξ, η, g) is para-Kenmotsu structure, we have:

(∇Xϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX,

for any X, Y ∈ χ(M). It follows:

(∇̃Xϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX − df(ϕY )X + df(Y )ϕX+

+g(X,ϕY )gradg(f)− g(X,Y )ϕ(gradg(f)),

for any X, Y ∈ χ(M). Replacing ξ = e−f ξ̃, η = ef η̃, g = e2f g̃, we obtain:

(∇̃Xϕ)Y = ef [g̃(ϕX, Y )ξ̃ − η̃(Y )ϕX]− df(ϕY )X + df(Y )ϕX+

+e2f [g̃(X,ϕY )gradg(f)− g̃(X,Y )ϕ(gradg(f))],

for any X, Y ∈ χ(M).

Then (ϕ, ξ̃, η̃, g̃) is ef -para-Kenmotsu structure, i.e.

(∇̃Xϕ)Y = ef [g̃(ϕX, Y )ξ̃ − η̃(Y )ϕX],

for any X, Y ∈ χ(M) if and only if

df(ϕY )X − df(Y )ϕX = e2f [g̃(X,ϕY )gradg(f)− g̃(X,Y )ϕ(gradg(f))],

for any X, Y ∈ χ(M). For X := ξ and Y := ξ, because ϕξ = 0, we get
ϕ(gradg(f)) = 0, i.e. gradg(f) ∈ kerϕ = M. Replacing this in the previous
relation, we have:

df(ϕY )X − df(Y )ϕX = e2f g̃(X,ϕY )gradg(f),

for any X, Y ∈ χ(M). For Y := ξ, because ϕξ = 0, we get df(ξ) = 0 which is
equivalent with g(gradg(f), ξ) = 0 and with gradg(f) ⊥ ξ, i.e. gradg(f) ∈ ker η =
L.

Therefore, gradg(f) ∈M ∩ L = {0}, which means that f is locally constant.
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Conversely, if f is locally constant, then df = 0, gradg(f) = 0 and

(∇̃Xϕ)Y = ef [g̃(ϕX, Y )ξ̃ − η̃(Y )ϕX]− df(ϕY )X + df(Y )ϕX+

+e2f [g̃(X,ϕY )gradg(f)− g̃(X,Y )ϕ(gradg(f))] =

= ef [g̃(ϕX, Y )ξ̃ − η̃(Y )ϕX],

for any X, Y ∈ χ(M), i.e. (ϕ, ξ̃, η̃, g̃) is ef -para-Kenmotsu structure.

Corollary 5.1. If a conformal transformation with defining function f maps a
para-Kenmotsu structure to an ef -para-Kenmotsu one, then the virtual tensor field
is invariant.

Proof. From Theorem 5.1 we have that f is locally constant and from Proposition
4.1 we obtain Bϕ

∇̃ = Bϕ
∇.

Theorem 5.2. A para-Kenmotsu manifold admits no nontrivial paracontactly geo-
desic transformation of the metric.

Proof. Let (ϕ, ξ, η, g) be a para-Kenmotsu structure on M and g 7→ g̃ be a para-
contactly geodesic transformation with ∇̃XY = ∇XY + ψ(X)Y + ψ(Y )X, for X,
Y ∈ χ(M).

We know that:

(∇̃Xϕ)Y = (∇Xϕ)Y + ψ(ϕY )X − ψ(Y )ϕX,

for any X, Y ∈ χ(M).

If (ϕ, ξ, η, g) is para-Kenmotsu structure, we have:

(∇Xϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX,

for any X, Y ∈ χ(M). It follows:

(∇̃Xϕ)Y = g(ϕX, Y )ξ − η(Y )ϕX + ψ(ϕY )X − ψ(Y )ϕX,

for any X, Y ∈ χ(M).

If the transformed structure (ϕ, ξ, η, g̃) would be para-Kenmotsu, too, then:

(∇̃Xϕ)Y = g̃(ϕX, Y )ξ − η(Y )ϕX,

for any X, Y ∈ χ(M) and replacing this in the previous relation, we obtain:

[g̃(ϕX, Y )− g(ϕX, Y )]ξ = ψ(ϕY )X − ψ(Y )ϕX,

for any X, Y ∈ χ(M). For X := ξ, because ϕξ = 0, we get ψ(ϕY ) = 0, for any
Y ∈ χ(M). It follows:

[g̃(ϕX, Y )− g(ϕX, Y )]ξ = −ψ(Y )ϕX,

for any X, Y ∈ χ(M) and applying ϕ, we get:

ψ(Y )ϕX = 0,

for any X, Y ∈ χ(M), which implies ψ = 0 or ϕ = 0, that is impossible. Therefore,
the paracontactly geodesic transformation g 7→ g̃ can not map the para-Kenmotsu
structure (ϕ, ξ, η, g) to a para-Kenmotsu one.
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