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Abstract. Let p(n) and q(n) be nondecreasing sequences of positive integers such that
p(n) < q(n) and limn→∞ q(n) = ∞ hold. Firstly, in this paper Dq

p(∆
+r)-statistical

convergence of x = (xn) where ∆+r is r-th difference of the sequence x = (xn) for any
r ∈ Z

+ has been defined whereas the results are given under some restrictions on the
sequence p(n) and q(n). Secondly, it has been determined that the sets of sequences
A and B of the form [Dq

p]
0
α satisfy A ⊂ [Dq

p]0(∆
+r) ⊂ B and the sets C and D of the

form [Dq

p]α satisfy C ≤ [Dq

p]∞(∆+r) ≤ D.
Keywords: Dq

p(∆
+r)-statistical convergence; summability methods; Deferred Cesaro

mean; sequence space.

1. Introduction and main definitions

One of the main problems of the analysis is to determine the set of convergent
sequences of the space with considered method. Over the years, this problem has
been examined by taking into consideration different summability methods. In
recent years, this kind of works have been gained further momentum especially by
using the concept of natural density in positive integers.

The concept of statistical convergence was introduced by [16] and [9] indepen-
dently in the same year. The notion was associated with summability theory by [2]
,[10], [12, 13] and many others.

In this study, the results from [3] were extended and some new results were
obtained using Deferred Cesaro mean defined by [1] in as follows:

(1.1) (Dq
px)n :=

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk,
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where (p(n)) and (q(n)) are sequences of nondecreasing integers satisfying

(1.2) p(n) < q(n) and limn→∞ q(n) = ∞ .

The set of all real valued sequences will be denoted by s and U+ is denoted by

U+ := {(un) ∈ s : un > 0, for all n ∈ N}.

For any α = (αn) ∈ U+ a new set of sequences can be defined as follows:

α⊛ E :=







x ∈ s :





1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk



 ∈ E







where E is any sequence space. So, we get

α⊛ E :=















[Dq
p]

0
α if E = c0,

[Dq
p]

c
α if E = c,

[Dq
p]α if E = l∞,

[Dq
p]

t
α if E = lp.

where

[Dq
p]

0
α :=







x ∈ s : lim
n→∞

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk

= 0







,

[Dq
p]α :=







x ∈ s : sup
n

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk

< ∞







,

[Dq
p]

t
α :=







x ∈ s :

∞
∑

n=1

∣

∣

∣

∣

∣

∣

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk

∣

∣

∣

∣

∣

∣

t

< ∞







, 1 < t < ∞

and

[Dq
p]

c
α :=







x ∈ s : ∃L ∈ R such that lim
n→∞

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk

= L







.

The idea of difference sequence space was defined by [11] and it was generalized
by [6]. Later on, [7] improved this idea by considering any sequence space X as
follows

∆+r(X) := {x = (xk) : (∆
+rxk) ∈ X}
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where r ∈ N, ∆0x := (xk), ∆
+xk := xk − xk+1 and ∆+rxk :=

∑r

j=0(−1)j
(

r
j

)

xk+j .

If x ∈ ∆+r(X) then there exists one and only one sequence y = (yk) ∈ X such
that yk = ∆+rxk and

xk =

k−r
∑

j=1

(−1)r
(

k − j − 1

r − 1

)

yj =

k
∑

j=1

(−1)r
(

k + r − j − 1

r − 1

)

yj−r,

where y1−r = y2−r = ... = y0 = 0 for sufficiently large k, for instance k > 2m (see
more info in [4], [8]).
We can define following sets of sequences for any r ≥ 1 as:

[Dq
p]0(∆

+r) :=







x ∈ s : lim
n→∞

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

|∆+rxk| = 0







,

[Dq
p]∞(∆+r) :=







x ∈ s : sup
n

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

|∆+rxk| < ∞







,

[Dq
p]t(∆

+r) :=







x ∈ s :

∞
∑

n=1

∣

∣

∣

∣

∣

∣

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

|∆+rxk|

∣

∣

∣

∣

∣

∣

t

< ∞







, 1 < t < ∞

and

[Dq
p]c(∆

+r) :=







x∈s : ∃L∈R such that lim
n→∞

1

q(n)−p(n)

q(n)
∑

k=p(n)+1

|∆+rxk−L|=0







.

In the case when qn = n and pn = 0, we will denote the previous sets by
[S]0(∆

+r), [S]∞(∆+r) , [S]t(∆
+r) and [S]c(∆

+r), respectively.

Now, let us define [Dq
p]α(∆

+r) -statistical convergence of sequence for any r ≥ 1:

Definition 1.1. A sequence x = (xn) is said [Dq
p]α(∆

+r)- statistical convergent
to zero if, for every ǫ > 0,

(1.3) lim
n→∞

1

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

= 0

holds. It is denoted by xk → 0([Dq
pS]α(∆

+r)).
The set of [Dq

p]α(∆
+r)-statistical convergent sequence is also denoted by [Dq

pS]α(∆
+r).

Remark 1. It is clear that for any positive integer r, if

(i) q(n) = n and p(n) = 0, then (1.3) coincides with convergence of ∆+rxk.
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(ii) q(n) = n and p(n) = n− 1, then (1.3) coincides with sα(∆
+r), where

sα(∆
+r) := {x ∈ s : sup

k

|
∆+rxk

αk

| < ∞}.

(iii) q(n) = λn and p(n) = 0 where λn is a strictly increasing sequence of natural
numbers such that limn→∞ λn = ∞, then (1.3) coincides with λ-statistical
convergence of sequences which is given by [15].

(iv) q(n) = n and p(n) = n−λn where (λn) is a nondecrasing sequence of natural
numbers such that λ1 = 1 and λn+1 ≤ λn + 1 holds then (1.3) coincides with
the λ+r(µ)-statistical convergence defined by [3] and with the definition of
λm-statistcal convergence defined by [5].

(v) q(n) = kn and p(n) = kn−1, where (kn) is a lacunary sequence of nonneg-
ative integers with kn − kn−1 → ∞ as n → ∞ then [Dq

p]α(∆
+r)- statistical

convergence coincides with ∆r- lacunary statistical convergence defined by
[17].

2. Main results

2.1 Comparasion of [Dq
p]

0
α(∆

+r) and [Dq
pS]α(∆

+r) when r ≥ 1.

Theorem 2.1. Let r ≥ 1 be an integer. Then,

(a) [Dq
p]

0
α(∆

+r) ⊂ [Dq
pS]α(∆

+r) holds and this inclusion is proper,

(b) if x ∈ lα∞(∆+r) then [Dq
pS]α(∆

+r) ⊂ [Dq
p]

0
α(∆

+r), where lα∞(∆+r) := {x ∈

s : supk |
∆+rxk

αk
| < ∞}.

Proof. (a) Let us assume that x ∈ [Dq
p]

0
α(∆

+r). So, for any ǫ > 0, the following
inequality
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1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

=

=
1

q(n)− p(n)















q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

≥ǫ

+

q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

<ǫ















∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥
1

q(n)− p(n)

q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

≥ǫ

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ.
1

q(n)− p(n)

q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

≥ǫ

1

≥ ǫ.
1

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

> ǫ

}∣

∣

∣

∣

≥ 0

holds. Since x ∈ [Dq
pS]α(∆

+r), then desired result is obtained.
The following example shows that this inclusion is proper. To see this, let a sequence
x = (xn) as follows:

∆+rxk

αk

:=

{

k, q(n)− [|
√

q(n)|] + 1 < k ≤ q(n),
0, otherwise.

If we consider the method [Dq
p]

0
α(∆

+r) for the sequence p(n) satisfying

0 < p(n) ≤ q(n)− [|
√

q(n)|] + 1,

then, for an arbitrary ǫ > 0 we have

1

q(n)− p(n)

∣

∣

∣

∣

{

q(n)− [|
√

q(n)|] + 1 < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

=
[|
√

q(n)|]

q(n)− p(n)
→ 0

when n → ∞. This calculation shows that x ∈ [Dq
pS]α(∆

+r).
But, it is clear that the sequence

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣
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is not convergent to zero. That is, x /∈ [Dq
p]

0
α(∆

+r). (b) Let x ∈ lα∞(∆+r). Then,

there exists M > 0 such that
∣

∣

∣

∆+rxk

αk

∣

∣

∣ ≤ M holds for all k. Then, for any ǫ > 0, the

following inequality

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

=

=
1

q(n)− p(n)















q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

≥ǫ

+

q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

<ǫ















∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≤
1

q(n)− p(n)















M.

q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

≥ǫ

1 + ǫ.

q(n)
∑

k=p(n)+1
∣

∣

∣

∣

∆+rxk
αk

∣

∣

∣

∣

<ǫ

1















≤
M

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

+
ǫ

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

< ǫ

}∣

∣

∣

∣

≤
M

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

+ ǫ

holds. By taking limit when n → ∞ in above inequality we obtain x ∈ [Dq
pS]α(∆

+r)
because of x ∈ [Dq

p]
0
α(∆

+r). So, proof is complated.

2.2. Comparasion of Sα(∆
+r) and [Dq

pS]α(∆
+r) when r ≥ 1.

Let us denote the set of sequences x = (xn) by Sα(∆
+r) for any fixed α ∈ U+

such that
(

∆+rxk

αk

)

∈ S.

In this section, the set of sequences Sα(∆
+r) and [Dq

pS]α(∆
+r) will be compared

under some restriction on p(n) and q(n).

Theorem 2.2. Sα(∆
+r) ⊆ [Dq

pS]α(∆
+r) if and only if

(2.1) lim inf
n→∞

q(n)− p(n)

q(n)
> 0.
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Proof. Let x ∈ Sα(∆
+r) be an arbitrary sequence such that

lim
n→∞

1

n

∣

∣

∣

∣

{

k ≤ n :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

= 0,

holds for every ǫ > 0. Since the sequence q(n) satisfies limn→∞ q(n) = ∞, then

{

1

q(n)

∣

∣

∣

∣

{

k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

}

n∈N

is also convergent to zero because of (see in [12], Theorem 2.2.1). Hence, by a simple
calculation we have the following inequality

1

q(n)

∣

∣

∣

∣

{

k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

≥
1

q(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

≥
q(n)− p(n)

q(n)
.

1

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

.

Taking in to consider (2.1), if we take limit when n → ∞ in the above inequality
then,

x ∈ [Dq
pS]α(∆

+r).

Conversely, assume that

lim inf
n→∞

q(n)− p(n)

q(n)
= 0

holds. Now, let us choose a subsequence (n(j))j≥1 such that
q(n(j))−p(n(j))

q(n(j))
< 1

j

holds for all i ∈ N. Let a sequence x = (xn) such that

∆+rxk

αk

:=

{

1, p(n(j)) + 1 < k ≤ q(n(j)),
0 otherwise,

holds. Then, x ∈ [S]0(∆
+r) and hence by Theorem 1 (a), we have x ∈ Sα(∆

+r). But
x /∈ [Dq

p]
0
α(∆

+r), and therefore by Theorem 1 (b), we have x /∈ ([Dq
pS]α(∆

+r)).

Corollary 2.1. Let {q(n)}n∈N be an arbitrary sequence with q(n) < n for all n ∈ N

and
{

n
q(n)−p(n)

}

n∈N

be a bounded sequence. Then, Sα(∆
+r) ⊂ [Dq

pS]α(∆
+r) for all

r ≥ 1.

Theorem 2.3. Let q(n) = n for all n ∈ N. Then, [Dn
pS]α(∆

+r) ⊂ Sα(∆
+r) holds

for all r ≥ 1.

Proof. Let us assume that x ∈ [Dn
pS]α(∆

+r). We shall apply the technique which
was suggested by [1] and was also used in [10].
Let

p(n) = n(1) > p(n(1)) = n(2) > p(n(2)) = n(3) > ...,
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and we may write the set
{

k ≤ n :
∣

∣

∣

∆+rxk

αk

∣

∣

∣ ≥ ǫ
}

as

=

{

k ≤ n(1) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

∪

{

n(1) < k ≤ n :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

and the set
{

1 < k ≤ n(1) :
∣

∣

∣

∆+rxk

αk

∣

∣

∣ ≥ ǫ
}

as

=

{

k ≤ n(2) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

∪

{

n(2) < k ≤ n(1) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

,

and the set
{

k ≤ n(2) :
∣

∣

∣

∆+rxk

αk

∣

∣

∣ ≥ ǫ
}

as

=

{

k ≤ n(3) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

∪

{

n(3) < k ≤ n(2) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

.

If we continue this operation consecutively, after the final step we have

{

k ≤ n(h−1) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

=

{

k ≤ n(h) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

∪

{

n(h) < k ≤ n(h−1) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

for a certain positive integer h > 0 depending on n such that n(h) ≥ 1 and n(h+1) =
0.
By combining all the equalities obtained above we have

1

n

∣

∣

∣

∣

{

k ≤ n :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

=

h
∑

m=0

n(m) − n(m+1)

n
.

1

n(m) − n(m+1)

∣

∣

∣

∣

{

n(m+1) < k ≤ n(m) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

.

As a result of this equality it can be said that statistical convergence of the sequence

(∆
+rxk

αk
) is a linear combination of the following sequence

{

1

n(m) − n(m+1)

∣

∣

∣

∣

{

n(m+1) < k ≤ n(m) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

}

m∈N

.

Now, let us consider a matrix A = (anm) as

an,m :=

{

n(m)−n(m+1)

n
, m = 0, 1, 2, ..., h,

0, otherwise,

It is clear that, where n(0) = n.
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The matrix A = (an,m) satisfied the Silverman Toeplitz Theorem (see in [14]).
So, we have

lim
n→∞

1

n

∣

∣

∣

∣

{

k ≤ n :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

= 0

because of

1

n(m) − n(m+1)

∣

∣

∣

∣

{

n(m+1) < k ≤ n(m) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

→ 0,

when n → ∞. This completes the proof.

2.3. Comparasion of [Dq
pS]α(∆

+r) and [Ds
rS]α(∆

+r) for all r ≥ 1.

In this section, the sequence spaces [Dq
pS]α(∆

+r) and [Ds
rS]α(∆

+r) will be com-
pared under which for all n ∈ N in addition to (1.2),

(2.2) p(n) ≤ r(n) < s(n) ≤ q(n)

holds.

Theorem 2.4. Let r(n) and s(n) be sequences of positive natural numbers satis-
fying (2.2) in addition to (1.2) such that the sets

{k : p(n) < k ≤ r(n)} and {k : s(n) < k ≤ q(n)}

are finite for all n ∈ N. Then, [Ds
rS]α(∆

+r) ⊂ [Dq
pS]α(∆

+r) holds.

Proof. Let us consider a sequence x = (xn) such that x ∈ [Ds
rS]α(∆

+r). For an
arbitrary ǫ > 0 the equality

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

=

{

p(n) < k ≤ r(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

∪

{

r(n) < k ≤ s(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

∪

{

s(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

holds. So, the following inequality

1

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

≤
1

s(n)− r(n)

∣

∣

∣

∣

{

p(n) < k ≤ r(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

+
1

s(n)− r(n)

∣

∣

∣

∣

{

r(n) < k ≤ s(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

+
1

s(n)− r(n)

∣

∣

∣

∣

{

s(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣
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holds. By taking limit of each side in the above inequality when n → ∞, we obtain

lim
n→∞

1

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

= 0.

This implies that x ∈ [Dq
pS]α(∆

+r). So, the proof is completed.

Theorem 2.5. Let p = p(n), q = q(n) and r = r(n), s = s(n) be sequences of
positive natural numbers satisfying (1.2) and (2.2) such that

lim inf
n→∞

s(n)− r(n)

q(n)− p(n)
> 0

holds. Then, [Dq
pS]α(∆

+r) ⊂ [Ds
rS]α(∆

+r) holds.

Proof. It is easy to see from (2.2) and (1.2) that the following inclusion
{

r(n) < k ≤ s(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

⊂

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}

and the following inequality
∣

∣

∣

∣

{

r(n) < k ≤ s(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

≤

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

hold. So, the last inequality gives that

s(n)− r(n)

q(n)− p(n)
.

1

s(n)− r(n)

∣

∣

∣

∣

{

r(n) < k ≤ s(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

≤
1

q(n)− p(n)

∣

∣

∣

∣

{

p(n) < k ≤ q(n) :

∣

∣

∣

∣

∆+rxk

αk

∣

∣

∣

∣

≥ ǫ

}∣

∣

∣

∣

.

Therefore, by taking the limit of each side in above inequality when n → ∞, a
desired result is obtained.

2.4. Some properties of the set D∼
p,q . Now, define the set D∼

p,q of sequence
α ∈ U+ satisfying the condition

supn





1

αq(n)

q(n)
∑

k=p(n)+1

αk



 < ∞.

Let ∆ be the well known operator defined by ∆xn = xn − xn−1 for all n, with
x0 = 0.
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Lemma 2.1. Let α ∈ U+. The following statements are equivalent:

(i) α ∈ D∼
p,q and (αp(n)−1/αp(n)) ∈ l∞,

(ii) the operator ∆ is bijective from [Dq
p]α to itself,

(iii) the operator ∆ is bijective from [Dq
p]

0
α to itself.

Proof. Firstly, let us show that (i) implies (ii). Let x = (xn) and y = (yn) ∈ [Dq
p]α

be arbitrary sequences and assume that ∆x = ∆y. It means that

(x1, x2 − x1, ..., xn − xn−1, ...) = (y1, y2 − y1, ..., yn − yn−1, ...)

holds. From this assumption we have, xn − xn−1 = yn − yn−1 for all n ≥ 1. This
calculation gives that xn = yn holds for all n ∈ N . Hence, ∆ is an injective function
from [Dq

p]α to itself.

Now, let y ∈ [Dq
p]α be an arbitrary sequence. We must find a sequence x ∈ [Dq

p]α
such that ∆xn = yn holds. That is,

(y1, y2, ..., yn, ...) = (x1, x2 − x1, ..., xn − xn−1, ...)

holds. Therefore, the sequence x = (xn) must be as xn :=
∑n

k=1 yk, for all n ∈ N

Now, let us check that x ∈ [Dq
p]α. By using the method in [1], we have

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

x1

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x2

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xp(n)

αp(n)

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

x1

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x2

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xq(n)

αq(n)

∣

∣

∣

∣

)]

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

y1
α1

∣

∣

∣

∣

+

∣

∣

∣

∣

y1 + y2
α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

y1 + y2 + ...+ yp(n)

αp(n)

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

y1
α1

∣

∣

∣

∣

+

∣

∣

∣

∣

y1 + y2
α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

y1 + y2 + ...+ yq(n)

αq(n)

∣

∣

∣

∣

)]

=
1

q(n)− p(n)

(∣

∣

∣

∣

yp(n)+1

αp(n)+1

∣

∣

∣

∣

+

∣

∣

∣

∣

yp(n)+1 + yp(n)+2

αp(n)+2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

yp(n)+1 + ...+ yq(n)

αq(n)

∣

∣

∣

∣

)

Also, with a simple calculation, the following inequality

∣

∣

∣

∣

yp(n)+1 + yp(n)+2

αp(n)+2

∣

∣

∣

∣

≤

∣

∣

∣

∣

yp(n)+1

αp(n)+1

∣

∣

∣

∣

αp(n)+1

αp(n)+2
+

∣

∣

∣

∣

yp(n)+2

αp(n)+2

∣

∣

∣

∣

and
∣

∣

∣

∣

yp(n)+1 + ...+ yq(n)

αq(n)

∣

∣

∣

∣

≤

∣

∣

∣

∣

yp(n)+1

αq(n)

∣

∣

∣

∣

+

∣

∣

∣

∣

yp(n)+2

αq(n)

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

yq(n)

αq(n)

∣

∣

∣

∣
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≤

∣

∣

∣

∣

yp(n)+1

αp(n)+1

∣

∣

∣

∣

αp(n)+1

αq(n)
+

∣

∣

∣

∣

yp(n)+2

αp(n)+2

∣

∣

∣

∣

αp(n)+2

αq(n)
+ ...+

∣

∣

∣

∣

yq(n)

αq(n)

∣

∣

∣

∣

αq(n)

αq(n)

≤ K.

(

αp(n)+1 + αp(n)+2 + ...+ αq(n)

αq(n)

)

holds for a positive K. Consequently, we conclude that x ∈ [Dq
p]α for α ∈ D∼

p,q

and (αp(n)−1/αp(n)) ∈ l∞. Similarly, it can be proved that ∆ : [Dq
p]

0
α → [Dq

p]
0
α is a

bijective function.

It can easily be deduced that if α ∈ D∼
p,q, then for any given integer r ≥ 1 the

operator ∆r is a bijective function from [Dq
p]α to itself. So, [Dq

p]α(∆
r) = [Dq

p]α.
It is the same for the operator ∆ considered as an operator from [Dq

p]α to itself.

Lemma 2.2. Let r ≥ 1 be an integer and (αp(n)−1/αp(n)) ∈ l∞. The following
statements are equivalent:

(i) α ∈ D∼
p,q ,

(ii) [Dq
p]α(∆) = [Dq

p]α ,

(iii) [Dq
p]α(∆

r) = [Dq
p]α .

Proof. First show that (i) implies (ii). Let x ∈ [Dq
p]α be an arbitrary sequence.

Then, the following inequality

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk − xk−1

αk

∣

∣

∣

∣

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

(∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

+

∣

∣

∣

∣

xk−1

αk

∣

∣

∣

∣

)

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

+
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk−1

αk−1

∣

∣

∣

∣

.

∣

∣

∣

∣

αk−1

αk

∣

∣

∣

∣

holds. It gives that

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk − xk−1

αk

∣

∣

∣

∣

< ∞.

So, x ∈ [Dq
p]α(∆). Conversely, let x ∈ [Dq

p]α(∆). This implies that b := (∆x) ∈
[Dq

p]α for every n. So, we have

xn = u+

n
∑

k=1

bk
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for u ∈ C (see in [3] Lemma 2.2). Then, b = (bn) ∈ [Dq
p]α.

So, if we take u = 0, then we obtain

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

x1

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x2

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xp(n)

αp(n)

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

x1

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x2

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xq(n)

αq(n)

∣

∣

∣

∣

)]

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

b1
α1

∣

∣

∣

∣

+

∣

∣

∣

∣

b1 + b2
α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

b1 + b2 + ...+ bp(n)

αp(n)

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

b1
α1

∣

∣

∣

∣

+

∣

∣

∣

∣

b1 + b2
α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

b1 + b2 + ...+ bq(n)
αq(n)

∣

∣

∣

∣

)]

=
1

q(n)− p(n)

(∣

∣

∣

∣

bp(n)+1

αp(n)+1

∣

∣

∣

∣

+

∣

∣

∣

∣

bp(n)+1 + bp(n)+2

αp(n)+2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

bp(n)+1 + ...+ bq(n)
αq(n)

∣

∣

∣

∣

)

.

So, from Lemma 1, we have [Dq
p]α(∆) = [Dq

p]α.

Now, let us show that (ii) implies (iii). Hence, ∆ is bijective function and so
does the composition ∆r. In that case [Dq

p]α(∆
r) = [Dq

p]α. We obtain that

[Dq
p]α = [Dq

p]α(∆) = ... = [Dq
p]α(∆

r) = [Dq
p]α(∆

r+1).

On the contrary, let [Dq
p]α(∆

r) = [Dq
p]α. Therefore, (iii) must imply (i) to achieve

this equality.

Lemma 2.3. Let α, β ∈ U+. Then, [Dq
p]

0
α = [Dq

p]
0
β if and only if there exists

M1,M2 > 0 such that for all n ∈ N,

(2.3) M1 ≤
αn

βn

≤ M2

holds.

Proof. It is easy to see from (2.3) that

M1
xk

αk

≤
xk

βk

≤ M2
xk

αk

holds. Also, this inequality implies that

M1
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

βk

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

xk

αk

holds. Then, if we take limit in the above inequality when n → ∞, a desired
implication will be obtained.

Theorem 2.6. Let α ∈ U+ and r ≥ 1 be arbitrary integer. Then, the following
statements are true:
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(i) (αp(n)−1/αp(n)) ∈ l∞ if and only if [Dq
p]

0
(αn−1)

⊂ [Dq
p]

0
α(∆

+).

(ii) the following statements are equivalent:

(a) α ∈ D∼
p,q and (αp(n)−1/αp(n)) ∈ l∞ ,

(b) [Dq
p]

0
α(∆

+) = [Dq
p]

0
(αn−1)

(c) [Dq
p]

0
α(∆

+) ⊂ [Dq
p]

0
(αn−1)

.

(iii) (a) (αp(n)/αp(n)−1) ∈ l∞ if and only if, for any given integer r ≥ 1 ,

[Dq
p]

0
α ⊂ [Dq

p]
0
α(∆

+) ⊂ ... ⊂ [Dq
p]

0
α(∆

+r);

(b) If α ∈ D∼
p,q and (αp(n)/αp(n)−1) ∈ l∞, then [Dq

p]
0
α = [Dq

p]
0
α(∆

+).

Proof. (i) Assume that (αp(n)−1/αp(n)) ∈ l∞ and let x ∈ [Dq
p]

0
(αn−1)

be an arbitrary
sequence. Then,

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk − xk+1

αk

∣

∣

∣

∣

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

(∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

.

∣

∣

∣

∣

αk−1

αk−1

∣

∣

∣

∣

+

∣

∣

∣

∣

xk+1

αk

∣

∣

∣

∣

)

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk−1

∣

∣

∣

∣

.

∣

∣

∣

∣

αk−1

αk

∣

∣

∣

∣

+
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk+1

αk

∣

∣

∣

∣

.

under assumptions, the above inequality implies that x ∈ [Dq
p]

0
α(∆

+) when n → ∞.
This gives [Dq

p]
0
(αn−1)

⊂ [Dq
p]

0
α(∆

+).

Conversely, assume that [Dq
p]

0
(αn−1)

⊂ [Dq
p]

0
α(∆

+). Therefore, it is clear that

α ∈ D∼
p,q and (αp(n)−1/αp(n)) ∈ l∞.

(ii) Let us show that (a) implies (b). Now α ∈ D∼
p,q implies that (αp(n)−1/αp(n)) ∈

l∞ and by (i), [Dq
p]

0
(αn−1)

⊂ [Dq
p]

0
α(∆

+).

Conversely, x ∈ [Dq
p]

0
α(∆

+) implies that b = ∆+x ∈ [Dq
p]

0
α. So, for every n, we

have xn = −
∑n−1

k=1 bk for x1 = 0 (see in [3], Lemma 2.2).
Then, b = (bn) ∈ [Dq

p]
0
α. Since b = ∆+x, then (b1, b2, ..., bn...) = (x1 − x2, x2 −

x3, ..., xn−1 − xn, ...), for all n ∈ N. Therefore,

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk−1

∣

∣

∣

∣

==

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

x2

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x3

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xp(n)

αp(n)−1

∣

∣

∣

∣

)]
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+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

x2

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x3

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xq(n)

αq(n)−1

∣

∣

∣

∣

)]

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

−b1
α1

∣

∣

∣

∣

+

∣

∣

∣

∣

−(b1 + b2)

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

−(b1 + b2 + ...+ bp(n)−1)

αp(n)−1

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

−b1
α1

∣

∣

∣

∣

+

∣

∣

∣

∣

−(b1 + b2)

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

−(b1 + b2 + ...+ bq(n)−1)

αq(n)−1

∣

∣

∣

∣

)]

=
1

q(n)− p(n)

(∣

∣

∣

∣

bp(n)+1

αp(n)+1

∣

∣

∣

∣

+

∣

∣

∣

∣

bp(n)+1 + bp(n)+2

αp(n)+2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

bp(n)+1 + ...+ bq(n)−1

αq(n)−1

∣

∣

∣

∣

)

holds. From here, the following inequalities
∣

∣

∣

∣

bp(n)+1 + bp(n)+2

αp(n)+2

∣

∣

∣

∣

≤

∣

∣

∣

∣

bp(n)+1

αp(n)+1

∣

∣

∣

∣

αp(n)+1

αp(n)+2
+

∣

∣

∣

∣

bp(n)+2

αp(n)+2

∣

∣

∣

∣

and
∣

∣

∣

∣

bp(n)+1 + bp(n)+2 + ...+ bq(n)−1

αq(n)−1

∣

∣

∣

∣

≤

∣

∣

∣

∣

bp(n)+1

αq(n)−1

∣

∣

∣

∣

+

∣

∣

∣

∣

bp(n)+2

αq(n)−1

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

bq(n)−1

αq(n)−1

∣

∣

∣

∣

≤

∣

∣

∣

∣

bp(n)+1

αp(n)+1

∣

∣

∣

∣

αp(n)+1

αq(n)−1
+

∣

∣

∣

∣

bp(n)+2

αp(n)+2

∣

∣

∣

∣

αp(n)+2

αq(n)−1
+...+

∣

∣

∣

∣

bq(n)−1

αq(n)−1

∣

∣

∣

∣

αq(n)−1

αq(n)−1

≤ K.

(

αp(n)+1 + αp(n)+2 + ...+ αq(n)−1

αq(n)−1

)

hold for any K > 0. Then, x ∈ [Dq
p]

0
(αn−1)

and we conclude that [Dq
p]

0
α(∆

+) ⊂

[Dq
p]

0
(αn−1)

.

So, [Dq
p]

0
α(∆

+) = [Dq
p]

0
(αn−1)

and we have shown that (a) implies (b). Consequantly,

conclude that (b) implies (c).

(iii) (a) Let (αp(n)/αp(n)−1) ∈ l∞. Since [Dq
p]

0
α ⊂ [Dq

p]
0
α(∆

+), then for all
x ∈ [Dq

p]
0
α we have

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk − xk+1

αk

∣

∣

∣

∣

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

(∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

+

∣

∣

∣

∣

xk+1

αk

∣

∣

∣

∣

.

∣

∣

∣

∣

αk+1

αk+1

∣

∣

∣

∣

)

≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

+
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk+1

αk+1

∣

∣

∣

∣

.

∣

∣

∣

∣

αk+1

αk

∣

∣

∣

∣

.

under assumption, this inequality implies that [Dq
p]

0
α ⊂ [Dq

p]
0
α(∆

+) when n → ∞.

Now, from the mathematical induction method for any given integer r ≥ 1 and
x ∈ [Dq

p]
0
α(∆

+r); then ∆+rx ∈ [Dq
p]

0
α and with [Dq

p]
0
α ⊂ [Dq

p]
0
α(∆

+) holds because of
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∆+rx ∈ [Dq
p]

0
α(∆

+) and x ∈ [Dq
p]

0
α(∆

+(r+1)).

So, we have [Dq
p]

0
α(∆

+r) ⊂ [Dq
p]

0
α(∆

+(r+1)).
(b) Now, α ∈ D∼

p,q implies that (αp(n)/αp(n)−1) ∈ l∞ and by (iii) (a), we have
[Dq

p]
0
α ⊂ [Dq

p]
0
α(∆

+).

Conversely, let x ∈ [Dq
p]

0
α(∆

+) implies that b = ∆+x ∈ [Dq
p]

0
α and for every n,

we have xn = −
∑n−1

k=1 bk for x1 = 0 Theorem 6 (ii). Then b ∈ [Dq
p]

0
α.

x ∈ [Dq
p]

0
α(∆

+) for x ∈ [Dq
p]

0
α when shown similarly with (ii). Therefore, the con-

ditions α ∈ D∼
p,q and (αp(n)/αp(n)−1) ∈ l∞ are equivalent to [Dq

p]
0
α = [Dq

p]
0
α(∆

+).

Corollary 2.2. Let r ≥ 1 be an integer and assume that (αp(n)/αp(n)−1) ∈ l∞.
Then, [Dq

p]
0
α(∆

+r) ⊂ [Dq
p]

0
α implies that [Dq

p]
0
α(∆

+r) = [Dq
p]

0
α.

Proof. By Theorem 3 (iii) (a), the condition (αp(n)/αp(n)−1) ∈ l∞ implies that
[Dq

p]
0
α ⊂ [Dq

p]
0
α(∆

+r). Since [Dq
p]

0
α(∆

+r) ⊂ [Dq
p]

0
α then,

[Dq
p]

0
α(∆

+r) = [Dq
p]

0
α

holds.

Remark 2. In Theorem 3, the conditions α ∈ D∼
p,q and (αp(n)/αp(n)−1)n ∈ l∞ are

equivalent to [Dq
p]

0
α(∆

+) = [Dq
p]

0
(αn−1)

= [Dq
p]

0
α.

Proof. If α ∈ D∼
p,q and (αp(n)/αp(n)−1) ∈ l∞, then there are K1,K2 > 0 such that

K1 ≤
αp(n)

αp(n)−1
≤ K2

holds for all n ∈ N. Then by Lemma 3, we have [Dq
p]

0
(αn−1)

= [Dq
p]

0
α. By Theorem 6

(ii), we conclude that the condition α ∈ D∼
p,q implies that [Dq

p]
0
α(∆

+) = [Dq
p]

0
(αn−1)

=

[Dq
p]

0
α.

Corollary 2.3. Let α ∈ U+ and r ≥ 1 be an integer. Then, the condition α ∈ D∼
p,q

implies [Dq
p]

0
α(∆

+r) = [Dq
p]

0
(αn−r)

.

Proof. The condition α ∈ D∼
p,q implies by Theorem 6 (ii) [Dq

p]
0
α(∆

+) = [Dq
p]

0
(αn−1)

.
Now let r ≥ 1 be an integer and assume that

[Dq
p]

0
α(∆

+r) = [Dq
p]

0
(αn−r)

.

Then, x ∈ [Dq
p]

0
α(∆

+(r+1)) if and only if (∆+(r+1))x ∈ [Dq
p]

0
α, which in turn is

∆+x ∈ [Dq
p]

0
α(∆

+r) = [Dq
p]

0
(αn−r)

.

So, [Dq
p]

0
α(∆

+(r+1)) = [Dq
p]

0
(αn−r)

(∆+) since α ∈ D∼
p,q, then (αn−r) ∈ D∼

p,q and

[Dq
p]

0
(αn−r)

(∆+) = [Dq
p]

0
α(∆

+(r+1)) = [Dq
p]

0
(αn−(r+1))

.

This shows (i).
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Theorem 2.7. Let α ∈ D∼
p,q and r ≥ 1 be an integer. Then, (αp(n)) ∈ l∞ implies

that
[Dq

p]
0
α ⊂ [Dq

p]0(∆
+r) and [Dq

p]α ⊂ [Dq
p]∞(∆+r)

holds.

Proof. Let (αp(n)) ∈ l∞ and x ∈ [Dq
p]α. Then, the following inequality

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

|xk − xk+1| ≤
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

|xk|

+
1

q(n)− p(n)

q(n)
∑

k=p(n)+1

|xk+1|

≤
1

q(n)− p(n)





q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

.αk +

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk+1

αk+1

∣

∣

∣

∣

.αk+1





holds. Hence, x ∈ [Dq
p]∞(∆+), because of [Dq

p]α ⊂ [Dq
p]∞(∆+r). Similarly [Dq

p]
0
α ⊂

[Dq
p]0(∆

+r) is satisfied.

Theorem 2.8. Let α ∈ U+ and r ≥ 1 be an integer. Assume that (1/αp(n)) ∈ l∞.
Then, we have

[Dq
p]0(∆

+r) ⊂ [Dq
p]

0
α and [Dq

p]∞(∆+r) ⊂ [Dq
p]α.

Proof. Assume that α ∈ D∼
p,q and let (1/αp(n)) ∈ l∞. Let x ∈ [Dq

p]0(∆
+) implies

that b = ∆+x ∈ [Dq
p]0 and for every n, we have from Theorem 6 that xn =

−
∑n−1

k=1 bk .

1

q(n)− p(n)

q(n)
∑

k=p(n)+1

∣

∣

∣

∣

xk

αk

∣

∣

∣

∣

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

x1

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x2

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xp(n)

αp(n)

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

x1

α1

∣

∣

∣

∣

+

∣

∣

∣

∣

x2

α2

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

xq(n)

αq(n)

∣

∣

∣

∣

)]

=

[

−
p(n)

q(n)− p(n)

] [

1

p(n)

(∣

∣

∣

∣

−b1
α2

∣

∣

∣

∣

+

∣

∣

∣

∣

−(b1 + b2)

α3

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

−(b1 + b2 + ...+ bp(n))

αp(n)

∣

∣

∣

∣

)]

+

[

q(n)

q(n)− p(n)

] [

1

q(n)

(∣

∣

∣

∣

−b1
α2

∣

∣

∣

∣

+

∣

∣

∣

∣

−(b1 + b2)

α3

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

−(b1 + b2 + ...+ bq(n))

αq(n)

∣

∣

∣

∣

)]

=
1

q(n)− p(n)

(∣

∣

∣

∣

bp(n)+1

αp(n)+2

∣

∣

∣

∣

+

∣

∣

∣

∣

bp(n)+1 + bp(n)+2

αp(n)+3

∣

∣

∣

∣

+ ...+

∣

∣

∣

∣

bp(n)+1 + ...+ bq(n)−1

αq(n)

∣

∣

∣

∣

)

=
M

q(n)− p(n)

[∣

∣bp(n)+1

∣

∣+
∣

∣bp(n)+1 + bp(n)+2

∣

∣+ ...+
∣

∣bp(n)+1 + ...+ bq(n)−1

∣

∣

]

the inequality is provided. So, x ∈ [Dq
p]

0
α.
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