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PROPERTIES OF T -SPREAD PRINCIPAL BOREL IDEALS
GENERATED IN DEGREE TWO *

Bahareh Lajmiri and Farhad Rahmati

Abstract. In this paper, we have studied the stability of t-spread principal Borel ideals
in degree two. We have proved that Ass∞(I) = Min(I)∪ {m} , where I = Bt(u) ⊂ S is
a t-spread Borel ideal generated in degree 2 with u = xixn, t + 1 ≤ i ≤ n − t. Indeed,
I has the property that Ass(Im) = Ass(I) for all m ≥ 1 and i ≤ t, in other words, I
is normally torsion free. Moreover, we have shown that I is a set theoretic complete
intersection if and only if u = xn−txn. Also, we have derived some results on the van-
ishing of Lyubeznik numbers of these ideals.
Keywords: Monomial ideals, t-spread principal Borel ideals, Arithmetical rank, Com-
plete intersection.

1. Introduction

Let S = K[x1, . . . , xn] be a polynomial ring and I ⊂ S a graded ideal. By a well-
known result of Brodmann [4], there exists an integer k ≥ 1 such that Ass(Im) =
Ass(Ik) for all m ≥ k. A prime ideal P ∈ Ass∞(I) =

⋃
m≥1 Ass(Im) is called

persistent with respect to I, and whenever P ∈ Ass(Ik) we have P ∈ Ass(Ik+1).
The ideal I has the persistence property if all the prime ideals P ∈ Ass∞(I) are
persistent, that is, if Ass(I) ⊆ Ass(I2) ⊆ · · · ⊆ Ass(Im) ⊆ · · · .

The persistence property for monomial ideals has been intensively studied in the
last years; see for example, [10] and the references therein. Recently, it has been
proved in [1] that t-spread principal Borel ideals have the persistence property. The
so-called t-spread ideals were introduced in [7].

Let t ≥ 1 be an integer. A monomial xi1 · · ·xid ∈ S with i1 ≤ · · · ≤ id is called
t-spread if ij−ij−1 ≥ t for 2 ≤ j ≤ d. We recall from [7] that a monomial ideal I ⊂ S
with the minimal system of monomial generators G(I) is called t-spread principal
Borel if there exists a monomial u ∈ G(I) such that I = Bt(u), where Bt(u) denotes
the smallest t-spread strongly stable ideal which contains u. A monomial ideal I is
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called t-spread strongly stable if it satisfies the following condition: for all u ∈ G(I)
and j ∈ supp(u), if i < j and xi(u/xj) is t-spread, then xi(u/xj) ∈ I.

In this paper, we will study several properties of t-spread principal Borel ideals
Bt(u) generated in small degree. Most part of the paper is devoted to the study of
Ass∞(Bt(u)). In the second part of the paper we will study the arithmetical rank
of Bt(u). In the last part, we will derive some results on the vanishing of Lyubeznik
numbers of Bt(u).

The main result of the first section shows that if I = Bt(u) ⊂ S is a t-spread
Borel ideal generated in degree 2 with u = xixn, t + 1 ≤ i ≤ n − t, then Ass(Im)
is already stabilized at m = 2 and Ass∞(I) = Min(I)∪ {m}, where Min(I) denotes
the set of minimal prime ideals of I and m is the maximal graded ideal of S. The
hypothesis i ≥ t+ 1 might look restrictive, but as we explain in Remark 2.4, this is
the only case when Ass∞(I) ) Min(I).

For the proof, one has to consider monomial localization of a monomial ideal.
Let P = PA = (xj : j 6∈ A) be a monomial prime ideal and I ⊂ S a monomial ideal.
Then the localization of I with respect to P is I(P ) ⊂ S(P ) = K[{xj : j 6∈ A}]
which is obtained from I by applying the K-algebra homomorphism S → S(P )
induced by xj 7→ 1 for j 6∈ A. Moreover, by [11, Lemma 2.3], we have P ∈ Ass(I) if
and only if depthS(P )/I(P ) = 0.

It was observed in [1] that all the powers of a t-spread principal Borel ideal have
linear quotients with respect to the decreasing lexicographic order. By monomial
localization of a t-spread principal Borel ideal generated in degree 2, we can get
monomial ideals which still have linear quotients though they are not generated
in a single degree. Therefore, we can compute the depth of their powers by using
the projective dimension formula given in [9, Chapter 8]. Namely, let I ⊂ S be
a monomial ideal with G(I) = {u1, . . . , um}. We say that I has linear quotients
with respect to the order u1, . . . , um of its minimal monomial generators if for every
j ≥ 1, the ideal quotient Lj = (u1, . . . , uj−1) : uj is generated by variables. If
rj is the number of variables which generate Lj for every j, then proj dimS/I =
max{r1, . . . , rm}+ 1, hence

(1.1) depthS/I = n− 1−max{r1, . . . , rm}.

We should note that the persistence property of every t-spread principal Borel
ideal Bt(u) generated in degree 2 may be derived by using [6, Theorem 2.15] since
Bt(u) can be viewed as the edge ideal of a graph.

Let I ⊂ S be a homogeneous ideal and
√
I the radical of I. Then the arithmetical

rank of I is defined as

ara(I) = min{r ≥ 1 : there exists f1, . . . , fr ∈ I such that
√
I =

√
(f1, . . . , fr)}.

It is known that for every squarefree monomial ideal I ⊂ S, we have

(1.2) ara(I) ≥ cd(I) = proj dim(S/I),
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where cd(I) denotes the cohomological dimension of I [14].

If height(I) = ara(I), the ideal I is called a set-theoretic complete intersection.
An ideal I is called cohomologically complete intersection if ht(I) = cd(I).

There are several classes of squarefree monomial ideals for which equality holds
in inequality (1.2); see, for example, [3, 5, 8, 12]. In [12] and [5] it was shown that
if I ⊂ S is a squarefree monomial ideal with a 2-linear resolution, then ara(I) =
proj dim(S/I). As a consequence of [7, Theorem 1.4], it follows that every t-spread
principal Borel ideal has a 2-linear resolution, thus if I = Bt(u) where u is a t-spread
monomial of degree 2, then we have ara(I) = proj dim(S/I). In Section 3. we give
a direct proof of this equality by using the Schmitt-Vogel Lemma (see [15]) which
might be interesting for the reader. In particular, we derive that I = Bt(u) is a set
theoretic complete intersection ideal if and only if u = xn−txn..

Finally, in Section 4., we derive some results on the vanishing of Lyubeznik
numbers of t-spread principal Borel ideals in degree two.

2. Stability for the associated primes

In this section, we aim at proving the following:

Theorem 2.1. Let I be a t-spread principal Borel ideal, where u = xixn, t+ 1 ≤
i ≤ n− t. Then

Ass(Im) = Min(I) ∪ {m}, for m ≥ 2.

In particular,

Ass∞(I) = Min(I) ∪ {m}.

In order to prove this theorem, we need some preparation.
Let u = xixn with i ≤ t and I = Bt(u). We set S(I) =

⋃
v∈G(I) supp(v). If i < t,

then S(I) ( [n]. Then, as it was observed in the proof of [1, Theorem 3.1], since I
satisfies the l- exchange property, it follows that Im has linear quotients with respect
to >lex for every m ≥ 1. This means that if G(Im) = {u1 >lex u2 >lex . . . uq >lex}
then for every j ≥ 1, the ideal quotient (u1, . . . , uj−1) : uj is generated by variables.

Lemma 2.2. In the above settings, for every j ≥ 1, xn, xi /∈ (u1, ..., uj−1) : uj .

Proof. Clearly xn /∈ (u1, ..., uj−1) : uj since we cannot write xnuj as a multiple of
ul with l ≤ j − 1.

As i ≤ t, the generators of I are the form of xilxjl with 1 ≤ il ≤ i ≤ t,
jl > t. Assume that there exists j ≥ 2 such that xiuj ∈ (u1, ..., uj−1). Let uj =
(xi1xj1) . . . (ximxjm) with 1 ≤ i1 ≤ i2 ≤ · · · ≤ im ≤ i ≤ t and t < j1, . . . , jm ≤ n.
Then uj = (xi1 . . . xim)(xj1 . . . xjm). If xiuj ∈ (u1, ..., uj−1), then there exists some
monomial ul ∈ G(Im) with l ≤ j−1 such that xiuj = ulxs, for some s > i. Let ul =
(xi′1 . . . xi′m)(xj′1 . . . xj′m) with 1 ≤ i′1 ≤ i′2 ≤ . . . ≤ i′m ≤ i ≤ t and t < j′1, . . . , j

′
m ≤ n.
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We have xi(xi1 . . . xim)(xj1 . . . xjm) = (x′i1 . . . x
′
im

)(x′j1 . . . x
′
jm

)xs with s > i . But
then,

i∑
j=1

degxj
(xiuj) = m+ 1 > m =

i∑
j=1

degxj
(ulxs)

which is contradiction.

In particular, by (1.1), the above lemma shows that

depth(K[{xj : j ∈ S(I)}]/Im) > 0, for every m ≥ 1.

First, we will identify the minimal prime ideals of I = Bt(u), where u = xixn
and t+ 1 ≤ i ≤ n− t. By applying [1, Theorem 1.1], it follows that

(2.1) Min(I) = {(x1, ..., xi)} ∪ {(x1, ..., xj1−1, xj1+t, ..., xn) : 1 ≤ j1 ≤ i}.

Let Q be a monomial prime ideal associated to Im for some m ≥ 2. Then
Q = QA = (xj : j /∈ A) for some set A ⊂ [n] and depthS(Q)/I(Q)m = 0, where
S(Q) = K[{xj : j /∈ A}] and I(Q) is the localization of the ideal I with respect to
Q, that is, I(Q) is obtained from I by mapping the variables xj → 1 for j ∈ A.
Therefore, in order to find all the associated monomial prime ideals of Im for m ≥ 2,
we need to consider the localization of I with respect to some variable.

Lemma 2.3. Let k be a positive integer and P{k} = (xj : j ∈ [n]\{k}). Let
I = Bt(u) with u = xixn, t+ 1 ≤ i ≤ n− t, and let k ∈ [n]. Then

(1) If k = 1, then I(P{k}) = (x1+t, . . . , xn).

(2) If 1 < k ≤ t, then

I(P{k}) = (xk+t, . . . , xn) + B̄t−1(xk−1xk+t−1)S(P{k})

where B̄t−1(xk−1xk+t−1) is the (t − 1)-spread principal Borel ideal generated
by xk−1xk+t−1 in the polynomial ring K[{x1, . . . , xk+t−1} \ {xk}].

(3) If t < k ≤ i, then

I(P{k}) = (x1, . . . , xk−t, xk+t, . . . , xn) + B̄t−1(xk−1xk+t−1)S(P{k})

where B̄t−1(xk−1xk+t−1) is the (t−1)-spread principal Borel ideal in the poly-
nomial ring K[{xk−1, . . . , xk+t−1} \ {xk}].

(4) If i < k < i+ t, then

I(P{k}) = (x1, . . . , xk−t) + B̄t−1(xixn)S(P{k})

where B̄t−1(xixn) is the (t− 1)-spread principal Borel ideal in the polynomial
ring K[{xk−t+1, . . . , xn} \ {xk}].
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(5) If k ≥ i+ t, then I(P{k}) = (x1, . . . , xi).

Proof. Assumptions and definition of monomial localization imply that I(P{k}) for
all cases, as desired.

Proof of Theorem 1.1 In order to prove the statement of the theorem, we have to
show that for m ≥ 2, Im there is no other associated prime ideal except the minimal
prime ideals of I and the maximal ideal. Notice that m ∈ Ass(Im) for every m ≥ 2
by [1, Theorem 3.1].

Let Q = QA = (xj : j /∈ A) be a monomial prime ideal which contains Im, Q 6=
m. Then, Q ∈ Ass(Im) if and only if depth S(Q)

I(Q)m = 0 where S(Q) = K[{xj : j /∈ A}]
and I(Q) is the localization of I with respect to Q. Thus, in order to prove the
desired statement, we have to show that ifQ /∈ Min(I), then depthS(Q)/I(Q)m > 0.

We will distinguish the following cases.

Case (i). Q = QA ⊃ (x1, . . . , xi). Let k = maxA. If k ≥ i + t, then I(Q) =
I(P{k}) = (x1, . . . , xi). Since Q 6= (x1, . . . , xi), there exists xl ∈ Q with l > i.
Thus, depthS(Q)/I(Q)m > 0 since xl is regular on S(Q)/I(Q)m. Thus Q is not an
associated prime of Im.

Now we assume that k = maxA < i + t. Obviously, we have k ≥ minA >
i. Then Q = QA ⊃ (x1, . . . , xi, xi+t, . . . , xn). Then by using Lemma 2.3, we get
I(Q) = (x1, . . . , xk−t) + B̄t−1(xixn)S(Q), where B̄t−1(xixn) is the (t − 1)-spread
principal Borel ideal in the polynomial ring K[{xk−t+1, . . . , xn} \ {xk}]. Then

I(Q)m =

m∑
l=0

(x1, . . . , xk−t)
m−l

(B̄t−1(xixn))
l
.

It is easily seen that I(Q)m has linear quotients with respect to decreasing pure
lexicographic order. Let G(I(Q)m) = {w1 >lex . . . >lex wq} be the minimal set of
generators of I(Q)m ordered with respect to the pure lexicographic order. Clearly,
the smallest monomials in G(I(Q)m) are the minimal generators of (Bt−1(xixn))m

ordered decreasingly with respect to the lexicographic order. By Lemma 2.2, since
i− (k− t+1) = (i−k)+(t−1) < t, no ideal quotient of G((Bt−1(xixn))m) contains
xi and xn. Therefore, by using formula (1.1) we get depthS(Q)/I(Q)m > 0. This
shows that Q = QA is not an associated prime of I(Q)m.

Case (ii). Q = QA ⊃ (x1, . . . , xj1−1, xj1+t, . . . , xn) for some j1 ≤ i. Then
A ⊂ [j1, j1 + t], thus k = maxA < i + t and l = minA ≥ j1. If l = 1, that
is, j1 = 1, then I(Q) = I(P{1}) = (x1+t, . . . , xn), by Lemma 2.3. In this case
depthS(Q)/I(Q)m > 0 since Q ⊃ (x1+t, . . . , xn), thus there exists xl ∈ S(Q) which
is regular on S(Q)/I(Q)m. Let now j1 ≥ 2. Then l ≥ 2. We consider the following
subcases:

(a) i < l ≤ k < i+ t;

(b) l ≤ i < k < i+ t;
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(c) l ≤ k ≤ i.

In subcase (a), we get I(Q) = I(P{k}) and we derive that depthS(Q)/I(Q)m > 0
as in case (i). For (b) and (c), we observe that I(Q) is of the form I(Q) =
(x1, . . . , xs−t, xs+t, . . . , xn, B̄t−1(xs−1xs+t−1)) for some s , where B̄t−1(xs−1xs+t−1) ⊂
K[{xs−1, . . . , xs+t−1}\{xs}]. Then, we order the minimal generators of (I(Q))m de-
creasingly with respect to the pure lexicographic order induced by

x1 > · · · > xs−t > xs+t > · · · > xn > xs−t+1 > xs−t+2 > · · · > xs+t−1.

By a similar argument to the one used in case (i), we get depthS(Q)/I(Q)m > 0
since B̄t−1(xs−1xs+t−1) is a (t−1)-spread principal Borel ideal of the form given in
Lemma 2.2. Therefore, no monomial as in Case (ii) is an associated prime of Im.

Remark 2.4. Of course, we may consider the behavior of Ass(Im) when I = Bt(u)
is a t-spread principal Borel ideal generated by u = xixn with i ≤ t. To begin with,
we consider i < t. In this case, S(I) =

⋃
v∈G(I) supp(v) = [n] \ {i + 1, i + 2, . . . , t}

and I = Bt(u) is in fact an i-spread ideal in the polynomial ring K[{xj : j 6∈
{i+ 1, i+ 2, . . . , t}}]. Therefore, we are reduced to considering a t-spread principal
Borel ideal I = Bt(u) where u = xtxn. Then we see that I is the edge ideal of a
bipartite graph on the vertex set {1, 2, . . . , t} ∪ {t + 1, t + 2, . . . , n}. Consequently,
by [16, Theorem 5.9], I has the property that Ass(Im) = Ass(I) for all m ≥ 1, in
other words, I is normally torsion free.

3. Arithmetical rank of principal Borel ideals generated in degree two

In this section, we will give a direct proof of Theorem 3.2 on the arithmetic rank
of a principal Borel ideals of degree 2. As we have mentioned in Introduction, we
can get this result by using [12, Corollary 5.3]. A useful tool in our proof is the
Schmitt-Vogel Lemma (see [15])

Lemma 3.1. Let I ⊂ S be a squarefree monomial and A1, . . . , Ar be some subsets
of the set of monomials of I. Suppose that the following conditions hold:

(SV1) |A1| = 1 and Ai is a finite set for any 2 ≤ i ≤ r;

(SV2) The union of all the sets Ai, i = 1, . . . , r, contains the set of the minimal
monomial generators of I.

(SV3) For any i ≥ 2 and for any two different monomials m1,m2 ∈ Ai there exists
j < i and a monomial m′ ∈ Aj such that m′|m1m2.

Let gi =
∑

mi∈Ai

mi for 1 ≤ i ≤ r. Then
√

(g1, ..., gr) = I. In particular, ara(I) ≤ r.
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Theorem 3.2. Let I be a t-spread principal Borel ideal, where u = xixn, i ≤ n−t.
Then

ara(I) = proj dimS(S/I) = n− t.

Proof. By [7, Theorem 2.3] we have proj dimS(S/I) = n−t. We show that ara(I) =
n−t by using the Schmitt-Vogel Lemma. We will display the minimal generators of I
in an upper triangular tableau as follows. In the first row, we will put the generators
divisible by x1 order decreasingly with respect to the lexicographic order. In the
same manner, in the second row, we will order the monomials divisible by x2. We
shall continue this way up to the row containing the monomial divisible by xi where
we shall put the generators xixn−t . . . xixn. Then our tableau looks as follows.

x1xt+1 x1xt+2 x1xt+3 . . . x1xi+t . . . x1xn−2 x1xn−1 x1xn
x2xt+2 x2xt+3 . . . x2xi+t . . . x2xn−2 x2xn−1 x2xn

. . .
...

...
...

...
xixt+i · · · xixn−2 xixn−1 xixn

Next we define the sets A1, A2, . . . , An−t in the following way. In the first set,
we will put the monomial from the right up corner of the tableau. In the second
set, we will put the two monomials from the right up parallel to the diagonal of
triangular tableau. In the third set, we will collect the three monomials from the
next parallel to the diagonal, and so on. Explicitly, the sets are the following ones.

A1 = {x1xn}
A2 = {x1xn−1, x2xn}
A3 = {x1xn−2, x2xn−1, x3xn}
...
Aj = {x1xn−j+1, x2xn−j+2, ..., xjxn}, for i ≥ j
...
Aj = {x1xn−j+1, x2xn−j+2, ..., xixn−j+i}, for i < j
...
An−t−1 = {x1xt+2, x2xt+3, ..., xixi+t+1}
An−t = {x1xt+1, x2xt+2, ..., xixi+t.}

One may easily check that the sets A1, . . . , An−t verify all conditions of the
Schmitt-Vogel Lemma. The first two conditions of Lemma 3.1 are clearly fulfilled.
We hall sgive an explanation for the third condition only. If we pick up two different
monomials in the set Aj for some j ≥ 2 , let us say m1 from the k-th row and m2

from the l-th row of the tableau with k < l, then we put the monomial which is the
intersection element of the k-th row and the column of m2 as m′ which divides the
product m1m2 and m′ ∈ Ar for some r < j. For instance, if m1 = xkxn−j+k,m2 =
xlxn−j+l ∈ Aj for some k < l then we choose m′ = xkxn−j+l ∈ Ak+j−l which
divides m1m2 = xkxlxn−j+kxn−j+l.
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We recall from [2] that the ideal I is called a set-theoretic complete intersection
if height(I) = ara(I) . An ideal I is called cohomologically complete intersection if
ht(I) = cd(I).

Proposition 3.3. Let I = Bt(u) be a t-spread principal Borel ideal generated in
degree 2. Then I is a set theoretic compete intersection if and only if u = xn−txn.

Proof. Let u = xixn. By Theorem 3.2, we have ara(I) = proj dim(S/I) = n− t. By
[1, Theorem 1.1], we know that height(I) = i. Thus height(I) = ara(I) if and only
if i = n− t.

Proposition 3.4. Let t ≥ 1 be an integer and In,d,t ⊂ S the t-spread Veronese
ideal generated in degree d. Then I is a cohomologically complete intersection ideal.
In particular, cd(In,d,t) = n− t(d− 1).

Proof. By [7, Theorem 2.3 ], I is Cohen-Macaulay and cd(R, In,d,t) = height(In,d,t) =
n− t(d− 1). So In,d,t is cohomologically intersection.

4. Lyubeznik numbers

Suppose that (R,m,K) is a local ring admitting a surjection from an n-dimensional
regular local ring (S, n,K) containing a field, and let I denote the kernel of the
surjection. Given i, j ∈ N, the Lyubeznik number of R with respect to i, j ∈ N, is
defined as

λi,j(R) = dimK ExtiS(K,Hn−j
I (S))

and is denoted λi,j(R). Put d = dimR, Lyubeznik numbers satisfy the following
properties:

(a) λi,j(R) = 0 for j > d or i > j.

(b) λd,d(R) 6= 0.

(c) If R is Cohen-Macaulay, then λd,d(R) = 1.

(d) Euler characteristic,

∑
0≤i,j≤d

(−1)
i−j

λi,j(R) = 1.

Therefore, we can record all nonzero Lyubeznik numbers in the so-called Lyubeznik
table:
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λ0,0 . . . λ0,d

0 . .
0 0 . .
0 0 0 . .
0 0 0 0 λd,d


where λi,j := λi,j(R) for every 0 ≤ i, j ≤ d, see for example [2].

Corollary 4.1. Lyubeznik table of In,d,t = J ⊂ S is

λi,j(S/J) = 0 for all 0 ≤ i, j < d and λd,d = 1,

where dim(S/J) = d.

Proof. [7, Theorem 2.3].

Lemma 4.2. Let S = k[x1, . . . , xn] be a polynomial ring over a field k,m which
denotes its homogeneous maximal ideal (x1, . . . , xn) and I = Bt(u) where u =
xn−txn. Then

λi,j(S/I) = 0 for all 0 ≤ i, j < d and λd,d = 1.

Proof. As I is cohomologically complete intersection,

dim(S/I) = fgrade(I, S).

So
depth(S/I) ≤ fgrade(I, S).

By [2, lemma 3.2] we conclude that

λi,j(S/I) = 0 for all 0 ≤ i, j < d and λd,d = 1.
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