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THE EXISTENCE OF FIXED POINTS FOR HARDY-ROGERS
CONTRACTIVE MAPPINGS WITH RESPECT TO A
wi-DISTANCE IN s-METRIC SPACES

Ladan Aryanpour, Hamidreza Rahimi and Ghasem Soleimani Rad

Department of Mathematics, Central Tehran Branch

Islamic Azad University, Tehran, Iran

Abstract. The aim of this paper is to prove some existence and uniqueness theorems
of the fixed points for Hardy-Rogers type contraction with respect to a wt-distance in
b-metric spaces endowed with a graph. These results prepare a more general state-
ment, since we apply the condition of orbitally G-continuity of mappings instead of the
condition of continuity, consider b-metric spaces endowed with a graph instead general
b-metric spaces and use of control functions instead of constant numbers.
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1. Introduction and preliminaries

In 1931, Wilson [16] defined the concept of symmetric space, as metric-like
spaces without the condition of triangle inequality. Thereinafter, the concept of
b-metric spaces as a generalization of symmetric and metric spaces were introduced
by Bakhtin [2] and Czerwik [5]. On the other hand, in 1996, Kada et al. [11] defined
the concept of w-distance in metric spaces and presented some fixed point theorems
with respect to this distance. The concept of wt-distance on b-metric spaces as a
generalization of w-distance was introduced by Hussain et al. [9]. Then they proved
some fixed point theorems under a wt-distance in partially ordered b-metric spaces
(also, see [7]).
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In this paper, we consider a wi-distance in b-metric spaces endowed with a di-
rected graph and obtain some fixed point theorems of Hardy-Rogers type contrac-
tion [8] with respect to this distance, where all of the above works can be unified.
In the following part, we will give some preliminary definitions, lemmas and notions
which will be needed in the sequel.

Definition 1.1. [5] Let X be a nonempty set and s > 1 a given real number.
Suppose that the mapping d : X x X — [0,00) for all z,y,z € X satisfies the
following conditions:

(d1) d(z,y) =0 if and only if z = y;
(d2) d(z,y) = d(y,x);
(ds) d(x,2) < s[d(z,y) + d(y, z)].

Then d is called a b-metric and (X, d) is called a b-metric space.

Obviously, for s = 1, a b-metric space is a metric space. Also, for notions such
as convergent and Cauchy sequences, completeness, continuity and etc in b-metric
spaces, see [1, 4, 12, 14].

Definition 1.2. [9] Let (X,d) be a b-metric space and s > 1 be a given real
number. A function p : X x X — [0,400) is called a wit-distance on X if for all
x,y,z € X, the following properties are satisfied:

(p1) plz,2) < slp(z,y) + p(y, 2)];

(p2) p is b-lower semi-continuous in its second variable; that is, if v, — y in X,
then p(z,y) < sliminf,, p(z, yn);

(p3) for each € > 0, there exists 6 > 0 such that p(z,z) < J and p(z,y) < § imply
d(z,y) <e.

Obviously, for s = 1, every wt-distance is a w-distance. But, a w-distance is not
necessary a wt-distance. Thus, each wt-distance is a generalization of w-distance.

Lemma 1.1. [9] Let (X, d) be a b-metric space with the parameter s > 1 and p be
a wt-distance on X. Also, let {x,} and {yn} be two sequences in X, {an} and {b,}
be two sequences in [0,+00) converging to zero and x,y,z € X. Then the following
conditions hold:

(wt1) if p(xn,y) < an and p(xn,2) < by, for alln € N, then y = z. In particular, if
p(z,y) =0 and p(x,z) =0, then y = z;
(wta) if p(zn,xm) < an for all myn € N with m > n, then {x,} is a Cauchy

sequence in X.
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In 2008, Jachymski [10] provided a metric space with a graph and introduced Banach
contraction principle in graph language (also, see [13]).

Let (X, d) be a b-metric space and G be a directed graph without parallel edges
and with vertex set V(G) = X and edge set F(G) contains all loops. Then the
graph G can be written by the ordered pair (V(G), E(G)) and (X, d) is named b-
metric space endowed with the graph G. Also, The graph G is connected if there
exists a path in G between every two vertices of G. For more details on graphs,
see [3]. From here onwards, let (X, d) be a b-metric space endowed with a graph
G, where V(G) = X and A(X) C E(G) with A(X) ={(z,2) e X x X : z € X}.
Also, let Fix(f) be the set of all fixed points of a self-map f on X and Xy = {x €
X : (z, fr) € E(G)}.

From the idea of Jachymski [10] and Petrusel and Rus [13], Fallahi et al. defined
Picard operators in b-metric spaces and orbitally G-continuous mappings on X as
follows:

Definition 1.3. [6, 7] Let (X, d) be a b-metric space. A self-map f on X is called
a Picard operator if f has an unique fixed point z, in X and f"x — =z, for all
rzeX.

Definition 1.4. [6, 7] Let (X, d) be a b-metric space endowed with a graph G. A
mapping f : X — X is called orbitally G-continuous on X if for all z,y € X and
all sequences {b,} of positive integers with (f’»x, f>»+12) € E(G) for all n > 1, the
convergence f’»z — y implies that f(fbrz) — fy.

Note that a continuous mapping on b-metric spaces is orbitally G-continuous for all
graphs G, but the converse is not generally true.

2. Main results

The following theorem is the principle result of this paper.

Theorem 2.1. Let (X,d) be a complete b-metric space endowed with the graph
G, s > 1 be a given real number and p be a wt-distance. Also, let f: X — X be
an orbitally G-continuous mapping that preserves the edges of G; that is, (x,y) €
E(G) implies (fz, fy) € E(G) for all z,y € X. Assume that there exist mappings
pi 2 X = [0,1) fori=1,2,---,5 with p;(fr) < pi(x) such that

(2.1) p(fz, fy) < w(@)p(z,y) + pa(z)p(z, fr) + ps(x)p(y, fy)
+u4(x)p( s fy) + ws(x)ply, fo),
(2.2) o(fy, fx) < p(x)ply, x) + pa(x)p(fr,x) + ps(x)p(fy,y)

+ua(x)p(fy, ) + ps(x)p(fz,y)

(
for all x,y € X with (z,y) € E(G), where

(2.3) (s(pn + p3 + 2pa) + pro + (5> + s)ps) () < 1.
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Then Xy # O if and only if f has a fized point. Further, if fv = v, then p(v,v) = 0.
Moreover, if the subgraph of G with the verter set Fix(f) is connected, then the
restriction of f to Xy is a Picard operator.

Proof. Since Fix(f) C Xy, if f has a fixed point, then X is nonempty. Conversely,
let X; # O and zp € Xy. Since f preserves the edges of G, then (z,—1,2,) € E(G)
for all n € N, where z,, = fr,—1 = f"zo. Now, set x = x,, and y = z,_1 in (2.1)
and apply (p1). Then, by a simple calculation, we have

(24) p(nt1,2n) < pr(20)p(@n, Tp1) + (p2 + spa + sp5)(20) p(Tn, Tni1)
+(us + sps) (@0) p(Tn—1, Tn) + spa(@0) p(Tns1, Tn).

Similarly, set * = x,, and y = x,—1 in (2.2) and apply (p1), we have

(2.5) p(@n,zns1) < pa(@o)p(Tn—1,7n) + (U2 + spa + sus5)(T0) p(Tnt1, Tn)
+(ps + sps) (20) p(Tn, Tn—1) + spa(@0) p(Tn; Tnt1).

Now, adding up (2.4) and (2.5), we obtain

P(@n, Tns1) + p(Tng1,2n) < (w1 + w3 + sps)(zo)[p(Tn-1,2n) + p(2n, Tp-1)]

+(p2 + 2spa + sps) (@o)[p(Tn, Tnt1) + p(Tnt1, Tn)]-
Let u, = p(Tn, Tnt1) + p(Xnt1,2n). Then
Un < (1 + p3 + sps)(To)un—1 + (B2 + 2spa + spis) (xo)un
for all n € N. Hence, we have u,, < au,_ for all n € N, where

. (11 + ps + sus) (o) 1
(2.6) 0<a= T (ua & 25711 + 5y13) (20) < (by (2.3)).

By repeating the procedure, we have u,, < a™ug for all n € N. Thus,

(2.7) P(Tn, Tnt1) < un < ™ [p(xo, 21) + p(21, 20)]-

Now, let m,n € N with m > n. It follows from (p;), (2.6) and sa < 1 (by (2.7))
that

sa”

P(Tn, Tm) < [p(z1,20) + p(x0, 21)]-

—1-s«a

Clearly, f_‘”‘:a [p(x0,21) + p(x1,20)] is a convergent sequence to zero. Hence, {z,}

is a Cauchy sequence in X by Lemma 1.1.(wtg). Since X is complete, there exists
a point v € X such that =, = f"x¢ — v as n — oco. On the other hand, since
Ty € Xy, we have (f"zo, f"'zo) € E(G) for n = 0,1,---. Therefore, by orbital
G-continuity of f, we obtain f?*'zy — fv. Since the limit of a sequence is unique,
we conclude that fv = v; that is, v is a fixed point of the mapping f. Further, let
fv = and consider x = y = v in (2.1). Then, we have

p(v,v) = p(fo, fv) < (u1 + p2 + p3 + pa + ps)(v)p(v,v),
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5
which implies that p(v,v) =0 (since > u;(v) < 1).
i=1
Next, assume that the subgraph of G with the vertex set Fix(f) is connected
and v, € X is another fixed point of f. Then there exists a path (z;)Y, in G
from v to v, such that zq,...,zy_1 € Fix(f) by setting z¢ = v, £y = v, and
(xi—1,2;) € E(G) for i =1,---,N. Now, since p(z;,2;) =0 for each i =1,2,--- N,
and by applying (2.1) and (2.2), we have

(28) p(:z:i,xi,l)
(2.9) p(wi-1, ;)

= p(fai, fri1) < (pa + pa) (@) p(@i, wim1) + ps (i) p(Ti-1, T4)
=p
Now, adding up (2.8) and (2.9), we obtain

(fzioy, fri) < (p1 + pa) (@) p(zio1, i) + ps(zs) p(zi, wi-1).

p(xi, xim1) + p(zic1, i) < (1 + pa + ps) () [p(zi; Tiz1) + p(@iz1, z4)],

which implies that p(x;, z;—1)+p(xi—1,2;) = 0 (since (1 +pa+ps)(x;) < 1). Hence,
p(zi,xi—1) = p(zi—1,z;) = 0. Now, by Lemma 1.1.(wty), we have d(z;,z;—1) = 0;
that is, ©; = x;_1 for i = 1,2,---,N. Hence, v = 29 = 21 = -+ = Tny_1 = Vx.
Therefore, the fixed point of f is unique and the restriction of f to X is a Picard
operator. This completes the proof. [

Example 2.1. Let X = [0,1] and consider the mapping d : X x X — R* by d(z,y) =
(x —y)? for all z,y € X. Then (X, d) is a b-metric space with s = 2. Define the mapping
p: X xX — [0,00) by p(z,y) = y? for all 2,5y € X. Then p is a wt-distance. Define
f:X = Xby fl= % and fzr = % for 1 # =z € X. Clearly, f is not continuous
on the whole X. Suppose that X is endowed with a graph G = (V(G), E(G)), where
V(G) = X and E(G) = {(z,z) : € X}; that is, F(G) contains nothing but all loops.
Clearly, f is orbitally G-continuous on X. Consider mappings p1(z) = %, pz(r) = 5 and
us(x) = pa(x) = ps(z) =0 for all x € X. Then

2 4 2

(i) if x # 1, then pi(fzr) = m (%) = & < %G = () and if z = 1, then i (f1) =
76 < 1 = m(L);

(i) ilf:c # 1, then po(fx) = ug(ﬁ) = % < % = () and if x = 1, then pa(f1) =

7 =m(L);

(iii) pi(fz) < pi(z) for all z € X and i = 2,3, 5;

(iv) (s(p1 + pa + 2pa) + p2 + (82 + s)ps) (x) = 2(%2) +35 = “”Zﬁ < 1forall z € X;

(v) let z € X with (z,z) € E(G). If x # 1, then

4
T

p(fz, f2) = 76 < m(@)p(z,2) + [p2(2) + pa(@) + pa(z) + ps(2)lp(z, f2)

IN

and if z = 1, then

p(f1, f1) = i < (Dp(L,1) + [p2(1) + pa(1) + pa(l) + ps(1)]p(1, £1).

Thus, (2.1) is established. Similarly, for the validity of (2.2), one can apply above
approach with substitute first component with second component.
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(vi) since (0, f0) = (0,0) € E(G), we have Xy # @.

Hence, all of the conditions of Theorem 2.1 are true. Consequently, f has an unique fixed
point x = 0 € [0, 1]. Moreover, p(0,0) = 0 = 0.

If we consider p;(x) = p; for ¢ = 1,2, --,5, then we have the following theorem:

Theorem 2.2. Let (X, d) be a complete b-metric space endowed with the graph G,
s > 1 be a given real number and p be a wt-distance. Also, let f : X — X be an
orbitally G-continuous mapping that preserves the edges of G. Assume that there
exist constants p; € [0,1) fori=1,2,---,5 such that

p(fr, fy) < wp(x,y) + pap(x, fx) + pap(y, fy) + pap(z, fy) + usply, f),
p(fy, fx) < pp(y,x) + pep(fz,z) + pap(fy,y) + pap(fy, =) + psp(fr,y)

for all x,y € X with (x,y) € E(G), where s(uy + p3 + 214) + pio + (82 + s)us < 1.
Then the assertions of the Theorem 2.1 are established.

Now, several consequences of our main result follow for particular choices of the
graph G. First, consider complete graph Gy whose vertex set coincides with X;
that is, V(Gp) = X and E(Go) = X x X. Let G = Gy in Theorem 2.1 and
Theorem 2.2. It is clear that set X related to any self-map f on X coincides with
the whole set X. Thus, we have two following corollaries:

Corollary 2.1. Let (X,d) be a complete b-metric space endowed with the graph
G, s > 1 be a given real number and p be a wt-distance. Also, let f: X — X be an
orbitally Go-continuous mapping. Assume that there exist mappings p; : X — [0,1)
with p;(fx) < pi(x) fori=1,2,---,5 such that

p(fx, fy) < p(@)p(z,y) + p2(2)p(z, fr) + ps()ply, fy)

+pa(x)p(z, fy) + ps(x)p(y, fr),

p(fy, fx) < p(z)py,z) + pa(z)p(fz,z) + ps(x)p(fy,y)
+ua(z)p(fy, x) + ps(z)p(fz,y)

for all z,y € X, where (s(u1 + pz + 2p4) + p2 + (82 + s)us)(x) < 1. Then f is a
Picard operator.

Corollary 2.2. Let (X,d) be a complete b-metric space endowed with the graph
G, s > 1 be a given real number and p be a wt-distance. Also, let f : X — X be an
orbitally Go-continuous mapping. Assume that there exist constants p; € [0,1) for
i=1,2,---,5 such that

p(fz, fy) < wp(z,y) + pap(x, fr) + pap(y, fy) + pap(z, fy) + usply, f),
p(fy, fx) < pup(y,x) + pep(fr,z) + pap(fy,y) + pap(fy, =) + psp(fr,y)

for all x,y € X, where s(uy + pz + 2p4) + p2 + (s> + s)us < 1. Then f is a Picard
operator.
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Now, let (X, C) be a poset (partially ordered set) and Gy be the graph with V(G) =
X and E(G1) ={(z,y) € X x X :  C y}. Since L is reflexive, F(G1) contain all
loops. By setting G = G1 in Theorem 2.1 and Theorem 2.2, we obtain two following
corollaries of our main fixed point theorems.

Corollary 2.3. Let (X,C) be a poset, (X,d) be a complete b-metric space and s >
1 be a given real number. Also, p be a wt-distance and f : X — X be a nondecreasing
and orbitally G1-continuous mapping. Assume that there exist mappings p; : X —
[0,1) with p;(fz) < pi(z) fori=1,2,---,5 such that

p(fz, fy) < ul(:v)p(w y) + p2(x)p (w fx) + ns(@)o(y, fy)
p(fy, fz) < m(z )p(y ) + p2(z)p (fw,x) + ps()p(fy,y)
+u4(w) (fy,x) + ps(z)p(fz,y)
for allz,y € X with x Ty, where (s(u1 + p3 +244) + po + (82 +8)us)(z) < 1. Then
f has a fized point if and only if there exists xg € X such that xg T fxg. Further, if
fv=w, then p(v,v) = 0. Moreover, if the subgraph of Gy with the vertex set Fix(f)

is connected, then the restriction of f to the set of all points in x € X such x C fx
is a Picard operator.

Corollary 2.4. Let (X,C) be a poset, (X,d) be a complete b-metric space and s >
1 be a given real number. Also, p be a wt-distance and f : X — X be a nondecreasing

and orbitally G1-continuous mapping. Assume that there exist constants p; € [0,1)
fori=1,2,---.5 such that

pfz, fy) < pp(x,y) + pap(z, fz) + psp(y, fy) + pap(z, fy) + psp(y, fo),
p(fy, fx) < pp(y,z) + pep(fz,z) + psp(fy,y) + pap(fy, =) + psp(fz,y)

for all z,y € X with x T y, where s(u1 + p3 + 244) + pio + (s + 8)us < 1. Then
the assertions of the Corollary 2.3 are established.

Now, let X be a poset endowed with the graph Gs given by V(G3) = X and
E(Gs) ={(z,y) € X x X : x CyVy L z}; that is, an ordered pair (z,y) € X x X
is an edge of G if and only if  and y are comparable elements of (X,C). Consider
G = G5 in Theorem 2.1 and Theorem 2.2. Then we have other fixed point corollaries
as follows.

Corollary 2.5. Let (X,C) be a poset, (X,d) be a complete b-metric space and
s > 1 be a given real number. Also, let p be a wt-distance and f : X — X
be a nondecreasing and orbitally Gs-continuous mapping which maps comparable
elements of X onto comparable elements. Assume that there exist mappings p; :
X = [0,1) with p;(fx) < pi(x) fori=1,2,---,5 such that
p(fx fy) < (@), y) + pe(x)p(z, fr) + ps(@)p(y, fy)
Fpa(z)p(e, fy) + ps(x)p(y, fz),
p(fy, fr) < m(@)p(y, ) + pa(x)p(fz,2) + ps(x)p(fy, y)
+u4(w)p(fy7 z) + ps(x)p(f,y)
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for all comparable z,y € X, where (s(uy + p3 + 2pa) + p2 + (s + s)ps)(z) < 1.
Then f has a fized point in X if and only if there exists xo € X such that xg and
fxo are comparable. Moreover if fv = v, then p(v,v) = 0. Also, if the subgraph of
G4 with the vertex set Fix(f) is connected, then the restriction of f to the set of all
points in x € X such that x and fx are comparable is a Picard operator.

Corollary 2.6. Let (X,C) be a poset, (X,d) be a complete b metric space and
s > 1 be a given real number, p be a wt-distance and f : X — X be a nondecreasing
and orbitally Ga-continuous mapping which maps comparable elements of X onto
comparable elements. Suppose that there exist constants p; € [0,1) fori=1,2,---,5
such that

p(fr, fy) < pp(z,y) + pap(, fr) + psp(y, fy) + pap(x, fy) + psply, fz),
o(fy, fx) < pap(y,x) + pep(fo, ) + usp(fy,y) + pap(fy, ) + psp(fz,y)

for all comparable v,y € X, where s(uy + ps + 244) + po + (s> + s)us < 1. Then
the assertions of Corollary 2.5 are established.

For our next consequence, let € > 0 be a fixed number. Note that two elements
x,y € X are said to be e-closed if d(x,y) < e. Consider the e-graph G5 with
V(G3) = X and E(G3) = {(z,y) € X x X : d(z,y) < €}. Note that F(G3) contains
all loops. Now, let G = (3 in Theorem 2.1 and Theorem 2.2. Then we have the
following consequences of our main fixed point theorems as follow.

Corollary 2.7. Let (X,d) be a complete b-metric space endowed with the graph
Gs, s > 1 be a given real number and € > 0. Also, let p be a wt-distance and
f: X — X be an orbitally Gs-continuous mapping which maps e-close elements of
X onto e-close elements. Assume that there exist mappings u; : X — [0,1) with
wi(fx) < pi(x) fori=1,2,---,5 such that

p(fz, fy) < w(x)p(,y) + pa(z)p(z, fr) + ps(x)p(y, fy)
+pa()p(z, fy) + ps(z)p(y, fr),
p(fy, fx) < w(x)ply, x) + pa(x)p(fr,x) + ps(x)p(fy,y)

Fpa(x)p(fy, x) + ps(x)p(fr,y)

for all x,y € X such that x and y are e-close elements, where

(s(p1 + ps + 204) + p2 + (s* + s)ps) (z) < 1.

Then T has a fized point on X if and only if there exists xog € X such that xg and
fxo are e-close. Moreover, if fv =wv, then p(v,v) = 0. Also, if the subgraph of G3
with the vertex set Fix(f) is connected, then the restriction of f to the set of all
points in x € X such x and fx are e-close is a Picard operator.

Corollary 2.8. Let (X,d) be a complete b-metric space endowed with the graph
G3, s > 1 be a given real number and e > 0. Also, p be a wt-distance and f : X — X
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be an orbitally Gs-continuous mapping which maps e-close elements of X onto e-

close elements. Suppose that there exist constants p; € [0,1) fori=1,2,---,5 such
that
p(fz, fy) < wp(x,y) + pep(e, fz) + psp(y, fy) + pap(z, fy) + psply, fz),
p(fy, fr) < pmap(y, @) + pep(fo, ) + pap(fy, y) + pap(fy, ) + psp(fz, y)

for all x,y € X such that x and y are e-close elements, where
s(p1 =+ pis + 2pa) + p2 + (5° + s)us < 1.

Then the assertions of Corollary 2.7 are established.

Remark 2.1. (i) For Banach contraction principle with respect to a wt-distance on b-
metric spaces endowed with the graph G and with the parameter s > 1, we must
consider the condition p(fz, fy) < pup(z,y) for all z,y € X, where p € [0, 1).

(71) Sometimes the constant numbers which satisfy Theorem 2.2 and Corollaries 2.2, 2.4,
2.6 and 2.8 are difficult to find. Thus, it is better to define such mappings ui(x) as
another auxiliary tool of the b-metric such as Theorem 2.1 and Corollaries 2.1, 2.3,
2.5 and 2.7.

3. Conclusion

In this paper, we applied the condition of orbitally G-continuity of mapping
instead the condition of continuity of mapping, b-metric spaces endowed with graph
instead of metric spaces and control functions instead of constants, under which can
be unified some theorems of existing literature such as Kada et al. [11], Fallahi et
al. [6, 7], Hussain et al. [9], Petrusel and Rus [13], and Soleimani Rad et al. [15].
Also, one can apply this method for other results in fixed point theory. We finish
this paper with a question. Can one prove the same results by considering some
another conditions instead of the continuity of the mapping f and by considering
one contractive relation instead two contractive relations?
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