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GENERALIZED BESSEL AND FRAME MEASURES
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Abstract. Considering a finite Borel measure µ on Rd, a pair of conjugate exponents
p, q, and a compatible semi-inner product on Lp(µ), we have introduced (p, q)-Bessel
and (p, q)-frame measures as a generalization of the concepts of Bessel and frame mea-
sures. In addition, we have defined the notions of q-Bessel sequence and q-frame in the
semi-inner product space Lp(µ). Every finite Borel measure ν is a (p, q)-Bessel mea-
sure for a finite measure µ. We have constructed a large number of examples of finite
measures µ which admit infinite (p, q)-Bessel measures ν. We have showed that if ν is
a (p, q)-Bessel/frame measure for µ, then ν is σ-finite and it is not unique. In fact, by
using the convolutions of probability measures, one can obtain other (p, q)-Bessel/frame
measures for µ. We have presented a general way of constructing a (p, q)-Bessel/frame
measure for a given measure.
Keywords: Fourier frame, Plancherel theorem, spectral measure, frame measure,
Bessel measure, semi-inner product.

1. Introduction

According to [5], a Borel measure ν on Rd is called a dual measure for a given
measure µ on Rd if for every f ∈ L2(µ),∫

Rd
|f̂dµ(t)|2dν(t) '

∫
Rd
|f(x)|2dµ(x),(1.1)

where for a function f ∈ L1(µ) the Fourier transform is given by

f̂dµ(t) =

∫
Rd
f(x)e−2πit·xdµ(x) (t ∈ Rd).

Precisely, the equivalence in equation (1.1) means that there are positive constants
A and B independent of the function f(x) such that

A

∫
Rd
|f(x)|2dµ(x) ≤

∫
Rd
|f̂dµ(t)|2dν(t) ≤ B

∫
Rd
|f(x)|2dµ(x).
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Therefore, when A = B = 1, by Plancherel’s theorem for Lebesgue measure λ on
Rd, λ is a dual measure to itself. Dual measures are in fact a generalization of
the concept of Fourier frames and they are also called frame measures. According
to [5], if µ is not an F -spectral measure (see Definition 2.3), then there cannot
be any general statement about the existence of frame measures ν. Nevertheless,
the authors showed that if one frame measure exists, then by using convolutions
of measures, many frame measures can be obtained, especially a frame measure
which is absolutely continuous with respect to Lebesgue measure. Moreover, they
presented a general way of constructing Bessel/frame measures for a given measure.

In this paper, we generalize the notion of Bessel/frame measure from Hilbert
spaces L2(µ), L2(ν) to Banach spaces Lp(µ), Lq(ν) (p, q are conjugate exponents)
via a compatible semi-inner product defined on Lp(µ). Compatible semi-inner prod-
ucts are natural substitutes for inner products on Hilbert spaces. We introduce
(p, q)-Bessel and (p, q)-frame measures, and we define notions of q-Bessel sequence
and q-frame in the semi-inner product space Lp(µ). Then we investigate the exis-
tence and some general properties of them.

The rest of this paper is organized as follows: In Section 2, basic definitions
and preliminaries are given. In Section 3, we investigate the existence of (p, q)-
Bessel/frame measures. We show that every finite Borel measure ν is a (p, q)-Bessel
measure for a finite measure µ. In addition, we construct a large number of exam-
ples of measures which admit infinite discrete (p, q)-Bessel measures, by F-spectral
measures and applying the Riesz-Thorin interpolation theorem. In general, for
every spectral measure (B-spectral measure, or F-spectral measure respectively) µ,
there exists a discrete measure ν =

∑
λ∈Λµ

δλ which is a Plancherel measure (Bessel

measure or frame measure respectively) for µ. Then the Riesz-Thorin interpolation
theorem yields that ν is also a (p, q)-Bessel measure for µ, where 1 ≤ p ≤ 2 and q is
the conjugate exponent to p. Moreover, this shows that if µ is a spectral measure
(B-spectral measure, or F-spectral measure), then the set {eλ}λ∈Λµ forms a q-Bessel
sequence for Lp(µ). It is known [13, 19] that if a measure µ is an F-spectral mea-
sure, then it must be of pure type, i.e., µ is either discrete, absolutely continuous
or singular continuous. Therefore, we consider such measures in constructing the
examples. The interested reader can refer to [3, 6, 7, 9, 13, 16, 18, 19, 20, 21, 23, 24]
to see examples and properties of spectral measures (B-spectral measures, or F-
spectral measures) and related concepts. Besides discrete (p, q)-Bessel measures
ν =

∑
λ∈Λµ

δλ associated to spectral measures (B-spectral measures, or F-spectral

measures) µ, we prove that there exists an infinite absolutely continuous (p, q)-Bessel
measure ν for some finite measures µ (see Proposition 3.12 and Example 4.1). We
show that if ν is a (p1, q1)-Bessel/frame measure and (p2, q2)-Bessel/frame measure
for µ, where 1 ≤ p1, p2 < ∞ and q1, q2 are the conjugate exponents to p1, p2, re-
spectively, then ν is a (p, q)-Bessel measure for µ too, where p1 < p < p2 and q is
the conjugate exponent to p. Consequently, if ν is a Bessel/frame measure for µ,
then it is a (p, q)-Bessel measure for µ too. In Proposition 3.10 we prove that there
exists a measure µ which admits tight (p, q)-frame measures and (p, q)-Plancherel
measures. Section 4 is devoted to investigating properties of (p, q)-Bessel/frame
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measures based on the results by Dutkay, Han, and Weber from [5].

2. Preliminaries

Definition 2.1. Let t ∈ Rd. Denoted by et the exponential function

et(x) = e2πit·x (x ∈ Rd).

Definition 2.2. Let H be a Hilbert space. A sequence {fi}i∈I of elements in H
is called a Bessel sequence for H if there exists a positive constant B such that for
all f ∈ H, ∑

i∈I
| 〈f, fi〉 |2 ≤ B‖f‖2.

Here B is called the Bessel bound for the Bessel sequence {fi}i∈I .
The sequence {fi}i∈I is called a frame for H, if there exist constants A,B > 0

such that for all f ∈ H,

A‖f‖2 ≤
∑
i∈I
| 〈f, fi〉 |2 ≤ B‖f‖2.

In this case, A and B are called frame bounds.

Frames are a natural generalization of orthonormal bases. It is easily seen from
the lower bound that a frame is complete in H, so every f can be expressed using
(infinite) linear combination of the elements fi in the frame [2].

Definition 2.3. Let µ be a compactly supported probability measure on Rd and
Λ be a countable set in Rd, the set E(Λ) = {eλ : λ ∈ Λ} is called a Fourier frame
for L2(µ) if for all f ∈ L2(µ),

A‖f‖2L2(µ) ≤
∑
λ∈Λ

| 〈f, eλ〉L2(µ) |
2 ≤ B‖f‖2L2(µ).

When E(Λ) is an orthonormal basis (Bessel sequence, or frame) for L2(µ), we say
that µ is a spectral measure (B-spectral measure, or F-spectral measure respectively)
and Λ is called a spectrum (B-spectrum, or F-spectrum respectively) for µ.

We give the following definition from [5], assuming that the given measure µ is a
finite Borel measure on Rd.

Definition 2.4. [[5]] Let µ be a finite Borel measure on Rd. A Borel measure ν
is called a Bessel measure for µ, if there exists a positive constant B such that for
every f ∈ L2(µ),

‖f̂dµ‖2L2(ν) ≤ B‖f‖
2
L2(µ).

Here B is called a (Bessel) bound for ν.
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The measure ν is called a frame measure for µ if there exist positive constants
A,B such that for every f ∈ L2(µ),

A‖f‖2L2(µ) ≤ ‖f̂dµ‖
2
L2(ν) ≤ B‖f‖

2
L2(µ).

In this case, A and B are called (frame) bounds for ν. The measure ν is called a
tight frame measure if A = B and Plancherel measure if A = B = 1 (see also [8]).

The set of all Bessel measures for µ with fixed bound B is denoted by BB(µ) and
the set of all frame measures for µ with fixed bounds A,B is denoted by FA,B(µ).

Remark 2.1. A compactly supported probability measure µ is an F-spectral measure if
and only if there exists a countable set Λ in Rd such that ν =

∑
λ∈Λ δλ is a frame measure

for µ.

Definition 2.5. A finite set of contraction mappings {τi}ni=1 on a complete metric
space is called an iterated function system (IFS). Hutchinson [15] proved that, for
the metric space Rd, there exists a unique compact subset X of Rd, which satisfies
X =

⋃n
i=1 τi(X). Moreover, if the IFS is associated with a set of probability weights

{ρi}ni=1 (i.e., 0 < ρi < 1,
∑n
i=1 ρi = 1), then there exists a unique Borel probability

measure µ supported on X such that µ =
∑n
i=1 ρi(µ ◦ τ

−1
i ). The corresponding X

and µ are called the attractor and the invariant measure of the IFS, respectively. It
is well known that the invariant measure is either absolutely continuous or singular
continuous with respect to Lebesgue measure. In an affine IFS each τi is affine
and represented by a matrix. If R is a d × d expanding integer matrix (i.e., all
eigenvalues λ satisfy |λ| > 1), and A ⊂ Zd, with #A =: N ≥ 2, then the following
set (associated with a set of probability weights) is an affine iterated function system.

τa(x) = R−1(x+ a) (x ∈ Rd, a ∈ A).

Since R is expanding, the maps τa are contractions (in an appropriate metric equiv-
alent to the Euclidean one). In some cases, the invariant measure µA is a fractal
measure (see [3]). For example singular continuous invariant measures supported
on Cantor type sets are fractal measures (see [15, 14]).

Definition 2.6. [[22]](Semi-inner product spaces)
Let X be a vector space over the filed F of complex (real) numbers. If a function
[·, ·] : X ×X → F satisfies the following properties:

1. [x+ y, z] = [x, z] + [y, z], for x, y, z ∈ X;

2. [λx, y] = λ[x, y], for λ ∈ F and x, y ∈ X;

3. [x, x] > 0, for x 6= 0;

4. |[x, y]|2 ≤ [x, x][y, y],
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then [·, ·] is called a semi-inner product and the pair(X, [·, ·]) is called a semi-inner

product space. It is easy to observe that ‖x‖ = [x, x]
1
2 is a norm on X. So every

semi-inner product space is a normed linear space. On the other hand, one can
generate a semi-inner product in a normed linear space, in infinitely many different
ways.

As a matter of fact, semi-inner products provide the possibility of carrying over
Hilbert space type arguments to Banach spaces.

Every Banach space has a semi-inner product that is compatible. For exam-
ple consider the Banach function space Lp(X,µ), p ≥ 1, a compatible semi-inner
product on this space is defined by (see [12])

[f, g]Lp(µ) :=
1

‖g‖p−2
Lp(µ)

∫
X

f(x)|g(x)|p−1sgn(g(x))dµ(x),

for every f, g ∈ Lp(X,µ) with ‖g‖Lp(µ) 6= 0, and [f, g]Lp(µ) = 0 for ‖g‖Lp(µ) = 0.

To construct frames in a Hilbert space H the sequence space l2 is required.
Similarly, to construct frames in a Banach space X one needs a Banach space
of scaler valued sequences Xd (in fact a BK-space Xd, see [1] and the references
therein). According to Zhang and Zhang [26] frames in Banach spaces can be
defined via a compatible semi-inner product in the following way:

Definition 2.7. Let X be a Banach space with a compatible semi-inner product
[·, ·] and norm ‖ · ‖X . Let Xd be an associated BK-space with norm ‖ · ‖Xd . A
sequence of elements {fi}i∈I ⊆ X is called an Xd-frame for X if {[f, fi]}i∈I ∈ Xd

for all f ∈ X, and there exist constants A,B > 0 such that for every f ∈ X,

A‖f‖X ≤ ‖{[f, fi]}i∈I‖Xd ≤ B‖f‖X .

See also [25].

Based on Definition 2.7, we present the next definition. We consider the function
space Lp(µ) and the sequence space lq(I) (where p > 1 and q is the conjugate
exponent to p) as the Banach space and the BK- space, respectively.

Definition 2.8. Suppose that 1 < p, q <∞ and 1/p+ 1/q = 1. Let µ be a finite
Borel measure on Rd and let [·, ·] be the compatible semi-inner product on Lp(µ)
as defined above. We say that a sequence {fi}i∈I is a q-Bessel sequence for Lp(µ)
if there exists a constant B > 0 such that for every f ∈ Lp(µ),∑

i∈I
|[f, fi]Lp(µ)|q ≤ B‖f‖qLp(µ).

We call B a (q-Bessel) bound.
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We say the sequence {fi}i∈I is a q-frame for Lp(µ) if there exist constants
A,B > 0 such that for every f ∈ Lp(µ),

A‖f‖qLp(µ) ≤
∑
i∈I
|[f, fi]Lp(µ)|q ≤ B‖f‖qLp(µ).

We call A,B (q-frame) bounds. We call the sequence {fi}i∈I a tight q-frame if
A = B and Parseval q-frame if A = B = 1.

We extend the notions of Bessel and frame measures as follows.

Definition 2.9. Suppose that 1 ≤ p <∞, 1 < q ≤ ∞ and 1/p+1/q = 1. Let µ be
a finite Borel measure on Rd, and let [·, ·] be the compatible semi-inner product on
Lp(µ) as defined above. We say that a Borel measure ν is a (p, q)-Bessel measure
for µ, if there exists a constant B > 0 such that for every f ∈ Lp(µ),∫

Rd
|[f, et]Lp(µ)|qdν(t) ≤ B‖f‖qLp(µ) (p 6= 1, q 6=∞)

and
‖f̂dµ‖∞ ≤ B‖f‖L1(µ) (p = 1, q =∞).

We call B a ((p, q)-Bessel) bound for ν.

We say the Borel measure ν is a (p, q)-frame measure for µ, if there exist con-
stants A,B > 0 such that for every f ∈ Lp(µ),

A‖f‖qLp(µ) ≤
∫
Rd
|[f, et]Lp(µ)|qdν(t) ≤ B‖f‖qLp(µ) (p 6= 1, q 6=∞)

and
A‖f‖L1(µ) ≤ ‖f̂dµ‖∞ ≤ B‖f‖L1(µ) (p = 1, q =∞).

We call A,B ((p, q)-frame) bounds for ν. If A = B, we call the measure ν a tight
(p, q)-frame measure and if A = B = 1, we call it a (p, q)-Plancherel measure.

We denote the set of all (p, q)-Bessel measures for µ with fixed bound B by
BB(µ)p,q and the set of all (p, q)-frame measures for µ with fixed bounds A,B by
FA,B(µ)p,q.

Remark 2.2. Since [f, et]Lp(µ) =
∫
Rd
f(x)e−2πit·xdµ(x) = f̂dµ(t) for any f ∈ Lp(µ) and

t ∈ Rd, we can also write f̂dµ(t) instead of [f, et]Lp(µ). If there exists a (p, q)-Bessel/frame

measure ν for µ, then the function Tν : Lp(µ)→ Lq(ν) defined by Tνf = f̂dµ is linear and
bounded. For p = 1, q =∞, every σ-finite measure ν on Rd is a (1,∞)-Bessel measure for

µ, since we always have ‖f̂dµ‖∞ ≤ ‖f‖L1(µ). More precisely, ν ∈ B1(µ)(1,∞).

Theorem 2.1. [10] (Riesz-Thorin interpolation theorem) Let 1 ≤ p0, p1, q0, q1 ≤
∞, where p0 6= p1 and q0 6= q1, and let T be a linear operator. Suppose that for some
measure spaces (Y, ν), (X,µ), T : Lp0(X,µ)→ Lq0(Y, ν) is bounded with norm C0,
and T : Lp1(X,µ) → Lq1(Y, ν) is bounded with norm C1. Then for all θ ∈ (0, 1)
and p, q defined by 1/p = (1− θ)/p0 + θ/p1; 1/q = (1− θ)/q0 + θ/q1, there exists a

constant C such that C ≤ C
(1−θ)
0 Cθ1 and T : Lp(X,µ) → Lq(Y, ν) is bounded with

norm C.
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3. Existence and Examples

In this section, we will investigate the existence of (p, q)-Bessel and (p, q)-frame
measures and also the existence of q-Bessel sequences and q-frames. In addition, we
will construct the examples of measures which admit (p, q)-Bessel measures.

Proposition 3.1. Suppose that 1 < p, q <∞ and 1/p+ 1/q = 1. Let µ be a finite
Borel measure. Then every finite Borel measure ν is a (p, q)-Bessel measure for µ.

Proof. Take f ∈ Lp(µ) and t ∈ Rd. Then by applying Holder’s inequality

|[f, et]Lp(µ)| ≤
∫
Rd
|f(x)e−2πit·x|dµ(x) ≤ (µ(Rd))

1
q ‖f‖Lp(µ).

Thus, ∫
Rd
|[f, et]Lp(µ)|qdν(t) ≤ µ(Rd)ν(Rd)‖f‖qLp(µ).

Therefore ν ∈ Bµ(Rd)ν(Rd)(µ)(p,q). For p = 1, q =∞, as we mentioned in Remark 2.2
ν ∈ B1(µ)(1,∞).

Proposition 3.2. Suppose that 1 < p, q < ∞ and 1/p + 1/q = 1. Let Λ ⊂ Rd,
#Λ < ∞ and let µ be a finite Borel measure. Then the finite sequence {eλ}λ∈Λ is
a q-Bessel sequence for Lp(µ).

Proof. Consider the finite discrete measure ν =
∑
λ∈Λ δλ. Since∑

λ∈Λ

|[f, eλ]Lp(µ)|q =

∫
Rd
|[f, et]Lp(µ)|qdν(t),

then the assertion follows from Proposition 3.1.

Remark 3.1. Proposition 3.1 shows that the Bessel bound may change for different
measures ν. So if we consider Borel probability measures ν, then we have a fixed Bessel
bound µ(Rd) for all ν. Moreover, this Bessel bound does not depend on p, q, i.e., for every
probability measure ν we have ν ∈ Bµ(Rd)(µ)(p,q), where 1 < p <∞ and q is the conjugate
exponent to p. In addition, we obtain from Proposition 3.1 that for all conjugate exponents
p, q > 1 the set Bµ(Rd)(µ)p,q is infinite, since there are infinitely many probability measures

ν (such as every measure ν = 1
λ(S)

χSdλ where S ⊂ Rd with the finite Lebesgue measure

λ(S), every finite discrete measure ν = 1
n

∑n
a=1 δa where δa denotes the Dirac measure

at the point a, every invariant measure obtained from an iterated function system, and
others).

Proposition 3.3. Suppose that 1 < p, q <∞ and 1/p+ 1/q = 1. Let ν be a finite
Borel measure. Then ν is a (p, q)-Bessel measure for every finite Borel measure µ.
In addition, ν ∈ Bν(Rd)(µ)(p,q) for all probability measures µ.

Proof. See the proof of Proposition 3.1.
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Corollary 3.1. Suppose that 1 < p, q < ∞ and 1/p + 1/q = 1. A finite Borel
measure ν is a (p, q)-Bessel measure for a finite Borel measure µ, if and only if µ
is a (p, q)-Bessel measure for ν. In particular, every finite Borel measure µ is a
(p, q)-Bessel measure to itself.

Proof. The statements are direct consequences of Propositions 3.1 and 3.3.

Lemma 3.1. Suppose that 1 < p, q < ∞ and 1/p + 1/q = 1. Let µ be a finite
Borel measure. Then the following assertions hold.

(i) If there exists a countable set Λ in Rd such that {eλ}λ∈Λ is a q-frame for
Lp(µ), then ν =

∑
λ∈Λ δλ is a (p, q)-frame measure for µ.

(ii) If ν is purely atomic, i.e., ν =
∑
λ∈Λ dλδλ, and a (p, q)-frame measure for

the probability measure µ, then { q
√
dλ eλ}λ∈Λ is a q-frame for Lp(µ).

Proof. (i) Let ν =
∑
λ∈Λ δλ. Then for all f ∈ Lp(µ),∑
λ∈Λ

|[f, eλ]Lp(µ)|q =

∫
Rd
|[f, et]Lp(µ)|qdν(t).

(ii) Since for all f ∈ Lp(µ),∫
Rd
|[f, et]Lp(µ)|qdν(t) =

∑
λ∈Λ

dλ|[f, eλ]Lp(µ)|q =
∑
λ∈Λ

|[f, q
√
dλeλ]|q.

Example 3.1. Suppose that 1 ≤ p ≤ 2 and q is the conjugate exponent to p. If f ∈
Lp([0, 1]d), then from the Hausdorff-Young inequality we have f̂ ∈ lq(Zd) and ‖f̂‖q ≤
‖f‖p. Therefore, the measure ν =

∑
t∈Zd δt is a (p, q)-Bessel measure for µ = χ{[0,1]d}dx.

Besides, {et}t∈Zd is a q-Bessel sequence for Lp(µ), since
∑
t∈Zd |[f, et]Lp(µ)|q ≤ ‖f‖qp, where

1 < p ≤ 2 and q is the conjugate exponent to p.

Proposition 3.4. Suppose 1 < p ≤ 2 and q is the conjugate exponent to p. Let
µ = χ{[0,1]d}dx and let 0 < a ≤ φ(x) ≤ b < ∞ on [0, 1]d. If φt(x) := φ(x) for all

t ∈ Zd, then {φtet}t∈Zd is a q-Bessel sequence for Lp(µ).

Proof. Take f ∈ Lp(µ). We have 1

‖φ‖p−2
p

φp−1f ∈ Lp(µ), since∫
Rd
|f(x)|p

∣∣∣∣φp−1(x)

‖φ‖p−2
p

∣∣∣∣p dµ(x) ≤ b(p−1)p

a(p−2)p

∫
Rd
|f(x)|pdµ(x) <∞.

Hence by Example 3.1,∑
t∈Zd

∣∣[f, φtet]Lp(µ)

∣∣q =
∑
t∈Zd

∣∣∣∣ 1

‖φ‖p−2
p

∫
Rd
f(x) |φ(x)et(x)|p−1

e−t(x)dµ(x)

∣∣∣∣q

≤
∣∣∣∣∫

Rd
|f(x)|p

∣∣∣∣φp−1(x)

‖φ‖p−2
p

∣∣∣∣p dµ(x)

∣∣∣∣q/p ≤ bp

ap−q
‖f‖qp.
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Corollary 3.2. Suppose that 1 < p, q < ∞ and 1/p + 1/q = 1. Let µ be a
probability measure. Let 0 < a ≤ φ(x) ≤ b <∞ on suppµ and φi(x) := φ(x) for all
i ∈ I. If {fi}i∈I is a q-frame for Lp(µ), then {φifi}i∈I is also a q-frame for Lp(µ)
and for every f ∈ Lp(µ),

ap

bp−q
A ‖ f ‖qLp(µ)≤ ‖{[f, φifi]Lp(µ)}i∈I‖q ≤

bp

ap−q
B‖f‖qLp(µ).

Remark 3.2. Example 3.1 cannot be extended to the case p > 2, since there exist
continuous functions f such that

∑
n∈Z |[f, en]Lp(µ)|2−ε = ∞ for all ε > 0. Therefore,

ν =
∑
n∈Z δn is not a (p, q)-Bessel measure for µ = χ[0,1]dx where p > 2 and also {en}n∈Z

is not a q-Bessel sequence for Lp(µ). As an example take f(x) =
∑∞
n=2

ein logn

n1/2(logn)2
einx

(see [17]).

Proposition 3.5. Suppose that 1 < p, q < ∞ and 1/p + 1/q = 1. Let µ be a
compactly supported Borel probability measure. Consider two subsets of Rd, Λ =
{λn : n ∈ N} and Ω = {ωn : n ∈ N} with the property that there exists a positive
constant C such that |λn − ωn| ≤ C for n ∈ N.

(i) If {eλn}n∈N is a q-Bessel sequence for Lp(µ), then {eωn}n∈N is a q-Bessel
sequence too.

(ii) If {eλn}n∈N is a q-frame for Lp(µ), then there exists a δ > 0 such that if
C ≤ δ then {eωn}n∈N is a q-frame too (see [3]).

Proof. We need only consider the case, when all ωn = ((ωn)1, . . . , (ωn)d) differ from
λn = ((λn)1, . . . , (λn)d) just on the first component, then the assertion follows by
induction on the number of components.
Let suppµ ⊆ [−M,M ]d for some M > 0. Let f ∈ Lp(µ) and x ∈ Rd. The function

f̂dµ is analytic in each variable t1, . . . , td. Moreover, for every t ∈ Rd

∂kf̂dµ

∂tk1
(t) =

∫
f(x)(−2πix1)ke−2πit·xdµ(x) =

[
(−2πix1)kf, et

]
Lp(µ)

.

Writing the Taylor expansion at (λn)1 in the first variable and using Holder’s in-
equality, for all n ∈ N,

∣∣∣f̂dµ(ωn)− f̂dµ(λn)
∣∣∣q =

∣∣∣∣∣∣
∞∑
k=1

∂kf̂dµ
∂tk1

(λn)

k!
((ωn)1 − (λn)1)k

∣∣∣∣∣∣
q

≤
∞∑
k=1

∣∣∣∂kf̂dµ∂tk1
(λn)

∣∣∣q
k!

·

( ∞∑
k=1

|(ωn)1 − (λn)1|pk

k!

)q/p

≤
∞∑
k=1

∣∣∣∂kf̂dµ∂tk1
(λn)

∣∣∣q
k!

·

( ∞∑
k=1

Cpk

k!

)q−1

=

∞∑
k=1

∣∣∣∂kf̂dµ∂tk1
(λn)

∣∣∣q
k!

·
(
eC

p

− 1
)q−1

.
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Considering the q-Bessel sequence {eλn}n∈N with a bound B, we obtain

∑
n∈N

∣∣∣∣∣∂kf̂dµ∂tk1
(λn)

∣∣∣∣∣
q

=
∑
n∈N

∣∣∣[(−2πix1)kf, eλn
]
Lp(µ)

∣∣∣q ≤ B‖(−2πix1)kf‖qLp(µ)

≤ B(2πM)qk‖f‖qLp(µ).

Then∑
n∈N

∣∣∣f̂dµ(ωn)− f̂dµ(λn)
∣∣∣q ≤ B

(
eC

p

− 1
)q−1

‖f‖qLp(µ)

∞∑
k=1

(2πM)qk

k!

= B
(
eC

p

− 1
)q−1 (

e(2πM)q − 1
)
‖f‖qLp(µ).

Hence by Minkowski’s inequality,(∑
n∈N
|f̂dµ(ωn)|q

)1/q

≤

(∑
n∈N
|f̂dµ(λn)|q

)1/q

+

(∑
n∈N

∣∣∣f̂dµ(ωn)− f̂dµ(λn)
∣∣∣q)1/q

≤

(
B1/q +

(
B
(
eC

p

− 1
)q−1 (

e(2πM)q − 1
))1/q

)
‖f‖Lp(µ),

and this implies that {eωn}n∈N is a q-Bessel sequence for Lp(µ).
To show that {eωn}n∈N is also a q-frame for Lp(µ), let A be a lower bound for
{eλn}n∈N. Take δ > 0 small enough such that for 0 < C ≤ δ,

A1/q −
(
B
(
eC

p

− 1
)q−1 (

e(2πM)q − 1
))1/q

> 0.

Then, by Minkowski’s inequality,(∑
n∈N
|f̂dµ(ωn)|q

)1/q

≥

(∑
n∈N
|f̂dµ(λn)|q

)1/q

−

(∑
n∈N

∣∣∣f̂dµ(ωn)− f̂dµ(λn)
∣∣∣q)1/q

≥

(
A1/q −

(
B
(
eC

p

− 1
)q−1 (

e(2πM)q − 1
))1/q

)
‖f‖Lp(µ).

Thus the assertion follows.

Proposition 3.6. Suppose that 1 ≤ p0, p1 <∞ and q0, q1 are the conjugate expo-
nents to p0, p1 respectively. If ν is a (p0, q0)-Bessel measure and a (p1, q1)-Bessel
measure for µ, then ν is also a (p, q)-Bessel measure for µ, where p0 < p < p1 and
q is the conjugate exponent to p.

Proof. If ν is a (p0, q0)-Bessel measure for µ with bound C and also a (p1, q1)-Bessel
measure with bound D, we have

∀f ∈ Lp0(µ) ‖f̂dµ‖q0Lq0 (ν) ≤ C‖f‖
q0
Lp0 (µ),
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and
∀f ∈ Lp1(µ) ‖f̂dµ‖q1Lq1 (ν) ≤ D‖f‖

q1
Lp1 (µ).

Now if 1/p = (1− θ)/p0 + θ/p1; 1/q = (1− θ)/q0 + θ/q1, where 0 < θ < 1 (i.e.,
p0 < p < p1 and 1/p+1/q = 1), then the Riesz-Thorin interpolation theorem yields

∀f ∈ Lp(µ) ‖f̂dµ‖qLq(ν) ≤ B
q‖f‖qLp(µ).

where B ≤ C
1
q0

(1−θ)D
1
q1
θ (Considering the fact that if p0 = 1 and q0 = ∞, then

C
1
q0 changes to C, and if p1 = 1 and q1 =∞, then D

1
q1 changes to D). Hence ν is

a (p, q)-Bessel measure for µ, where p0 < p < p1 and q is the conjugate exponent to
p.

Corollary 3.3. If ν is a Bessel/frame measure for µ, then ν is also a (p, q)-Bessel
measure for µ, where 1 ≤ p ≤ 2 and q is the conjugate exponent to p.

Proof. Let p0 = 1, q0 = ∞, p1 = 2, q1 = 2 in the assumption of Proposition 3.6,
then the conclusion follows.

Proposition 3.7. If ν ∈ FA,B(µ), then for any constant α > 0, ν is a frame
measure for αµ. More precisely ν ∈ FαA,αB(αµ).

Proof. Since ν ∈ FA,B(µ) for all f ∈ L2(µ),

A‖f‖2L2(µ) ≤ ‖f̂dµ‖
2
L2(ν) ≤ B‖f‖

2
L2(µ),

and we have

‖α̂fdµ‖2L2(ν) =

∫
Rd

∣∣∣∣∫
Rd
f(x)e−t(x)dαµ(x)

∣∣∣∣2 dν(t) = ‖f̂dαµ‖2L2(ν).

Since αf ∈ L2(µ),

A‖αf‖2L2(µ) ≤ ‖α̂fdµ‖
2
L2(ν) ≤ B‖αf‖

2
L2(µ) for all f ∈ L2(µ).

Therefore,

αA‖f‖2L2(αµ) ≤ ‖f̂dαµ‖
2
L2(ν) ≤ αB‖f‖

2
L2(αµ) for all f ∈ L2(αµ).

Hence ν ∈ FαA,αB(αµ).

Theorem 3.1. [23] There exists positive constants c, C such that for every set S ⊂
Rd of finite measure, there is a discrete set Λ ⊂ Rd such that E(Λ) is a frame for
L2(S) with frame bounds c|S| and C|S|, where |S| denotes the measure of S.

Theorem 3.2. Let S be a subset (not necessarily bounded) of Rd with finite Lebesgue
measure |S|. Then the probability measure µ = 1

|S|χSdx has an infinite discrete

(p, q)-Bessel measure ν, where 1 ≤ p ≤ 2 and q is the conjugate exponent to p.
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Proof. By Theorem 3.1, there are positive constants c, C such that for every set
S ⊂ Rd of finite Lebesgue measure |S|, there is a discrete set Λ ⊂ Rd such that
E(Λ) is a frame for L2(S) with frame bounds c|S| and C|S|. Then by considering
the upper bound of the frame, we have∑

λ∈Λ

| 〈f, eλ〉 |2 ≤ C|S|‖f‖2L2(S) for all f ∈ L2(S).

Let µ = 1
|S|χSdx, and then by Proposition 3.7,∑

λ∈Λ

| 〈f, eλ〉 |2 ≤ C‖f‖2L2(µ) for all f ∈ L2(µ).

In addition, ‖{[f, eλ]L1(µ)}λ∈Λ‖∞ ≤ ‖f‖L1(µ), for every f in L1(µ). Now if 1/p =
1− θ/2; 1/q = θ/2, for 0 < θ < 1 (i.e., 1 < p < 2 and q is the conjugate exponent
to p), then the Riesz-Thorin interpolation theorem yields∑

λ∈Λ

|[f, eλ]Lp(µ)|q ≤ Cq‖f‖qLp(µ) for all f ∈ Lp(µ),

where C ≤ C 1
2 θ. Therefore, ν =

∑
λ∈Λ δλ is a (p, q)-Bessel measure for µ = 1

|S|χSdx,

and we have ν ∈ BCq (µ)(p,q), where 1 < p < 2 and q is the conjugate exponent to
p. Moreover, ν ∈ BC(µ)(2,2) and ν ∈ B1(µ)(1,∞). On the other hand for every
1 < p < 2 and q (the conjugate exponent to p), {eλ}λ∈Λ is a q-Bessel sequence for
Lp(µ), with bound Cq.

If S ⊂ Rd is a compact set with positive Lebesgue measure, then by Theorem 3.1,
we always have the measure µ = 1

|S|χSdx is an F-spectral measure, but regardless

of the fact whether it is a spectral measure, it is related to Fuglede’s conjecture [11].
In the following example, we will consider a spectral measure of this type.

Example 3.2. Let µ = χ{[0,1]∪[2,3]}dx. The set of exponential functions {eλ : λ ∈ Λ :=
Z∪Z+ 1

4
} is an orthogonal basis for L2(µ) (see [9]). We will consider the probability measure

µ′ = 1
2
χ{[0,1]∪[2,3]}dx. Then for every f in L2(µ′) , we have

∑
λ∈Λ | 〈f, eλ〉L2(µ′) |

2 =

‖f‖2L2(µ′). In addition, for every f ∈ L1(µ′), we have ‖{[f, eλ]L1(µ′)}λ∈Λ‖∞ ≤ ‖f‖L1(µ′).
Now by applying the Riesz-Thorin interpolation theorem

∑
λ∈Λ |[f, eλ]L2(µ′)|q ≤ ‖f‖qLp(µ′),

for all f ∈ Lp(µ′), where 1 ≤ p ≤ 2 and q is the conjugate exponent to p. Hence,
ν =

∑
λ∈Λ δλ is a (p, q)-Bessel measure for µ′, especially ν ∈ B1(µ′)(p,q), where 1 ≤ p ≤ 2

and q is the conjugate exponent to p. Besides, {eλ}λ∈Λ is a q-Bessel sequence for Lp(µ′)
with bound 1, where 1 < p ≤ 2 and q is the conjugate exponent to p.

Proposition 3.8. [20] Let µ(x) = φ(x)dx be a compactly supported absolutely con-
tinuous probability measure. Then µ is an F-spectral measure if and only if the
density function φ(x) is bounded above and below almost everywhere on the support
(see also [8]).
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Corollary 3.4. If the density function of a compactly supported absolutely contin-
uous probability measure µ is essentially bounded above and below on the support,
then the following assertions hold.

(i) There exists an infinite (p, q)-Bessel measure ν =
∑
λ∈Λµ

δλ for µ, where
1 ≤ p ≤ 2 and q is the conjugate exponent to p. Moreover, when µ is a spectral
measure, we have ν ∈ B1(µ)p,q, where 1 ≤ p ≤ 2 and q is the conjugate exponent to
p.

(ii) There exists a q-Bessel sequence {eλ}λ∈Λµ for Lp(µ), where 1 < p ≤ 2
and q is the conjugate exponent to p. In addition, when µ is a spectral measure,
{eλ}λ∈Λµ is a q-Bessel sequence for Lp(µ) with bound 1, where 1 < p ≤ 2 and q is
the conjugate exponent to p.

Proof. The conclusion follows from Proposition 3.8 and the Riesz-Thorin interpo-
lation theorem (see the proof of Theorem 3.2 and also, see Example 3.2).

By Proposition 3.3, if 1 < p, q < ∞ and 1/p + 1/q = 1, then a fixed finite Borel
measure ν is a (p, q)-Bessel measure for every finite measure µ, especially ν ∈
Bν(Rd)(µ)(p,q) for all probability measures µ. In the following part, we will give an
example of a discrete spectral measure µ such that it has a finite discrete (p, q)-
Bessel measure ν with Bessel bound less than ν(Rd), precisely ν ∈ B1(µ)(p,q), where
1 ≤ p ≤ 2 and q is the conjugate exponent to p.

Example 3.3. Consider the atomic measure µ := 1
2
(δ0+δ 1

2
), the set {el : l ∈ L := {0, 1}}

is an orthonormal basis for L2(µ). Hence
∑
l∈L | 〈f, el〉L2(µ) |

2 = ‖f‖2L2(µ) for all f ∈ L2(µ).

Moreover, ‖{[f, el]L1(µ)}l∈L‖∞ ≤ ‖f‖L1(µ) for every f in L1(µ). Now by applying the
Riesz-Thorin interpolation theorem

∑
l∈L |[f, el]Lp(µ)|q ≤ ‖f‖qLp(µ), for all f ∈ Lp(µ),

where 1 ≤ p ≤ 2 and q is the conjugate exponent to p. Therefore, {el}l∈L is a finite
q-Bessel sequence for Lp(µ) with bound 1, and ν =

∑
l∈L δl is a finite discrete (p, q)-

Bessel measure for µ, especially ν ∈ B1(µ)(p,q), where 1 ≤ p ≤ 2 and q is the conjugate
exponent to p. When p > 2 and q is the conjugate exponent to p, based on Proposition 3.3
ν ∈ B2(µ)(p,q) and {el}l∈L is a finite q-Bessel sequence for Lp(µ) with bound 2.

Proposition 3.9. [13] Let µ =
∑
c∈C pcδc be a discrete probability measure on Rd.

µ is an F-spectral measure with an F-spectrum Λ if and only if #C < ∞ and
#Λ <∞.

Corollary 3.5. Let 1 < p, q < ∞ and 1/p + 1/q = 1. If µ is any probability
measure, then the following assertions hold.

(i) A finite discrete measure ν =
∑
λ∈Λ δλ is a (p, q)-Bessel measure for µ,

precisely ν ∈ Bν(Rd)(µ)(p,q). If µ =
∑
c∈C pcδc and if µ is an F-spectral measure

with the F-spectrum Λ, then for every 1 < p ≤ 2 there exists a positive constant C
such that we have ν ∈ BC(µ)(p,q) (q is the conjugate exponent to p). In addition,
If µ =

∑
c∈C pcδc is a spectral measure with the spectrum Λ, then we have ν ∈

B1(µ)(p,q), where 1 < p ≤ 2 and q is the conjugate exponent to p.
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(ii) A finite sequence {eλ}λ∈Λ is a q-Bessel sequence for Lp(µ) with bound ν(Rd)
(ν =

∑
λ∈Λ δλ). If µ =

∑
c∈C pcδc and if µ is an F-spectral measure with the F-

spectrum Λ, then for every 1 < p ≤ 2 there exists a constant C such that {eλ}λ∈Λ

is a q-Bessel sequence for Lp(µ) with bound C (q is the conjugate exponent to p).
In addition, If µ =

∑
c∈C pcδc is a spectral measure with the spectrum Λ, then

{eλ}λ∈Λ is a q-Bessel sequence for Lp(µ) with bound 1, where 1 < p ≤ 2 and q is
the conjugate exponent to p.

Proof. The conclusion follows from Propositions 3.3, 3.9, 3.2, and the Riesz-Thorin
interpolation theorem. In fact, the corollary says that if a probability measure µ is
also a discrete F-spectral measure, then beside the bound ν(Rd), we can find other
bounds by applying Riesz-Thorin interpolation theorem (where 1 < p ≤ 2 and q
is the conjugate exponent to p). As we can see in Example 3.3, for all p > 1 and
q (the conjugate exponent to p), we have ν ∈ B2(µ)(p,q) and since µ is a spectral
measure with the spectrum L, we also have ν ∈ B1(µ)(p,q), where 1 ≤ p ≤ 2 and q
is the conjugate exponent to p.

Theorem 3.3. [4] Let R be a d× d expansive integer matrix, 0 ∈ A ⊂ Zd. Let µA
be an invariant measure associated to the iterated function system

τa(x) = R−1(x+ a) (x ∈ Rd, a ∈ A)

and the probabilities (ρa)a∈A. Then µ has an infinite B-spectrum of positive Beurl-
ing dimension (Beurling dimension is used as a method of investigating existence
of Bessel spectra for singular measures).

Theorem 3.4. Any fractal measure µ obtained from an affine iterated function
system has an infinite discrete (p, q)-Bessel measure ν, where 1 ≤ p ≤ 2 and q is
the conjugate exponent to p.

Proof. Suppose that R is a d× d expansive integer matrix, 0 ∈ A ⊂ Zd. If µA is an
invariant measure associated to the iterated function system

τa(x) = R−1(x+ a) (x ∈ Rd, a ∈ A)

and the probabilities (ρa)a∈A, then according to Theorem 3.3 there exists an infinite
subset Λ of Rd and a constant B > 0 such that∑

λ∈Λ

| 〈f, eλ〉L2(µA) |
2 ≤ B‖f‖2L2(µA) for all f ∈ L2(µA).

We also have ‖{[f, eλ]L1(µA)}λ∈Λ‖∞ ≤ ‖f‖L1(µA), for every f ∈ L1(µA). Now if
1/p = 1 − θ/2; 1/q = θ/2, for 0 < θ < 1 (i.e., 1 < p < 2 and q is the conjugate
exponent to p), then the Riesz-Thorin interpolation theorem yields∑

λ∈Λ

|[f, eλ]Lp(µA)|q ≤ B′q‖f‖qLp(µA) for all f ∈ Lp(µA),
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where B′ ≤ B
1
2 θ. Thus, ν =

∑
λ∈Λ δλ is a (p, q)-Bessel measure for µA, and

ν ∈ BB′q (µA)(p,q), where 1 < p < 2 and q is the conjugate exponent to p. Moreover,
we have ν ∈ BB(µA)(2,2) and ν ∈ B1(µA)(1,∞). On the other hand, for every
1 < p < 2 and q (the conjugate exponent to p), {eλ}λ∈Λ is a q-Bessel sequence for
Lp(µA) with bound B′q.

If a measure µ is an F-spectral measure, then it must be of pure type, i.e., µ is either
discrete, singular continuous or absolutely continuous [19, 13]. The case when the
measure µ is singular continuous, is not precisely known. The first known example
of a singular continuous spectral measure supported on a non-integer dimension set
(a fractal measure), was given by Jorgensen and Pedersen [16]. They showed that
the measure µ4 (the Cantor measures supported on Cantor set of 1/4 contraction),

is spectral. A spectrum of µ4 is Λ =
{∑k

m=0 4mdm : dm ∈ {0, 1}, k ∈ N
}

. They

also showed that µ2k (the Cantor measures with even contraction ratio) is spectral,
but µ2k+1 (the Cantor measures with odd contraction ratio) is not.

Remark 3.3. Since Cantor type measures are fractal measures, by applying Theorem 3.4
one can obtain that every Cantor type measure µ admits a (p, q)-Bessel measure ν =∑
λ∈Λµ

δλ, where 1 ≤ p ≤ 2 and q is the conjugate exponent to p. Moreover, for every

spectral Cantor type measure µ2k, we have ν ∈ B1(µ2k)p,q, where 1 ≤ p ≤ 2 and q is the
conjugate exponent to p.

In [21] the author presents a method for constructing many examples of continuous
measures µ (including fractal ones) which have components of different dimensions,
but nevertheless they are F-spectral measures. In the following part, we will provide
some results by [21]. By applying the Riesz-Thorin interpolation theorem, one can
obtain infinite discrete (p, q)-Bessel measures ν =

∑
λ∈Λµ

δλ (where 1 ≤ p ≤ 2 and

q is the conjugate exponent to p), for such F-spectral measures µ.

Definition 3.1. [[21]] Let µ and µ′ be positive and finite measures on Rn and
Rm, respectively. A mixed type measure ρ is a measure which is constructed on
Rn+m = Rn × Rm and defined by

ρ = µ× δ0 + δ0 × µ′,

where δ0 denotes the Dirac measure at the origin. Equivalently, the measure ρ may
be defined by the requirement that∫

Rn×Rm
f(x, y)dρ(x, y) =

∫
Rn
f(x, 0)dµ(x) +

∫
Rm

f(0, y)dµ′(y),

for every continuous, compactly supported function f on Rn × Rm.

Theorem 3.5. [21] Let µ and µ′ be continuous F-spectral measures. Then the
mixed type measure ρ = µ× δ0 + δ0 × µ′ is also an F-spectral measure.
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Theorem 3.6. [21] If µ is the sum of the k-dimensional area measure on [0, 1]k ×
{0}d−k, and the j-dimensional area measure on {0}d−j × [0, 1]j where 1 ≤ j, k ≤
d− 1, then µ is an F-spectral measure.

The following theorem provides many examples of single dimensional measures
which are F-spectral measures:

Theorem 3.7. [21] Let φ : Rk → Rd−k be a smooth function (1 ≤ k ≤ d− 1). If µ
is the k-dimensional area measure on a compact subset of the graph {(x, φ(x)) : x ∈
Rk} of φ, then µ is an F-spectral measure.

The next proposition shows that if 1 < p, q <∞ and 1/p+1/q = 1, then considering
any countable subset (finite or infinite) Λ of Rd, one can obtain tight (p, q)-frame
measures and (p, q)-Plancherel measures νΛ for δ0. In addition, there exists tight
and Parseval q-frames for Lp(δ0).

Proposition 3.10. Suppose that 1 < p, q < ∞ and 1/p + 1/q = 1. Then there
exists a measure µ which admits tight (p, q)-frame measures and (p, q)-Plancherel
measures. Moreover, there exists tight and Parseval q-frames for Lp(µ).

Proof. Let µ = δ0. For a countable subset Λ of Rd, Let νΛ =
∑
λ∈Λ cλδλ where

cλ > 0.

If
∑
λ∈Λ cλ = m 6= 1, then for all f ∈ Lp(µ),∫

Rd
|[f, et]Lp(µ)|qdν(t) =

∑
λ∈Λ

cλ|f(0)|q = m‖f‖qLp(µ).

If
∑
λ∈Λ cλ = 1, then for all f ∈ Lp(µ),∫

Rd
|[f, et]Lp(µ)|qdν(t) =

∑
λ∈Λ

cλ|f(0)|q = ‖f‖qLp(µ).

On the other hand, for all f ∈ Lp(µ) we have∫
Rd
|[f, et]Lp(µ)|qdν(t) =

∑
λ∈Λ

cλ|[f, eλ]Lp(µ)|q =
∑
λ∈Λ

|[f, q
√
cλeλ]Lp(µ)|q.

Hence, If
∑
λ∈Λ cλ = m 6= 1, then { q

√
cλeλ}λ∈Λ is a tight q-frame for Lp(µ), and If

0 < cλ < 1,
∑
λ∈Λ cλ = 1, then { q

√
cλeλ}λ∈Λ is a Parseval q-frame for Lp(µ).

Proposition 3.11. Let µ be a finite Borel measure and let B be a positive con-
stant. Then there exists a (p, q)-Bessel measure ν for µ for all 1 < p, q < ∞ and
1/p + 1/q = 1, such that ν ∈ BB(µ)p,q. In addition, for every 1 < p, q < ∞ and
1/p+ 1/q = 1, there exists a q-Bessel sequence with bound B for Lp(µ).
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Proof. Let ν =
∑
i∈I ciδλi for some λi ∈ Rd such that

∑
i∈I ci ≤

B
µ(Rd)

. Let p > 1

and f ∈ Lp(µ). If q is the conjugate exponent to p, then by applying Holder’s
inequality we have∫

Rd
|[f, et]Lp(µ)|qdν(t) ≤

∑
i∈I

ci ‖ f ‖qLp(µ) µ(Rd) ≤ B ‖ f ‖qLp(µ) .(3.1)

Hence ν ∈ BB(µ)p,q.

Since∑
i∈I
|[f, q
√
cieλi ]Lp(µ)|q =

∑
i∈I

ci|[f, eλi ]Lp(µ)|q =

∫
Rd
|[f, et]Lp(µ)|qdν(t),

the second statement follows from (3.1).

All infinite (p, q)-Bessel measures ν we observed were discrete. Now the question
is whether we can find a finite measure µ which admits a continuous infinite (p, q)-
Bessel measure ν. In the following we show that the answer is affirmative (see also
Example 4.1).

Proposition 3.12. If ν = λ (the Lebesgue measure on Rd) and µ = λ|[0,1]d , then
λ is a (p, q)-Bessel measure for µ where 1 ≤ p ≤ 2 and q is the conjugate exponent
to p.

Proof. According to Plancherel’s theorem the following equation is satisfied:∫
Rd
|f̂(t)|2dλ(t) =

∫
Rd
|f(x)|2dλ(x) for all f ∈ L2(λ).

If f is supported on [0, 1]d, then∫
Rd
|f̂dµ|2dλ(t) =

∫
Rd
|f(x)|2dµ(x) for all f ∈ L2(µ).

Moreover, we have ‖f̂dµ‖∞ ≤ ‖f‖L1(µ) for all f in L1(µ). Now by applying the
Riesz-Thorin interpolation theorem∫

Rd
|f̂dµ|qdλ(t) ≤ ‖f‖qLp(µ) for all f ∈ Lp(µ),

where 1 ≤ p ≤ 2 and q is the conjugate exponent to p. Hence λ ∈ B1(µ)p,q.

(likewise, for every µ = λ|S , where S is a subset of Rd with finite Lebesgue
measure we have λ ∈ B1(µ)p,q, where 1 ≤ p ≤ 2 and q is the conjugate exponent to
p)

Corollary 3.6. The measure µ = λ|[0,1]d has infinite continuous and discrete
(p, q)-Bessel measures, where 1 ≤ p ≤ 2 and q is the conjugate exponent to p.
More precisely, if ν1 =

∑
t∈Zd δt and ν2 = λ, then ν1, ν2 ∈ B1(µ)p,q.
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Proof. The conclusion follows from Example 3.1 and Proposition 3.12.

Corollary 3.7. Every µ = λ|S, where S is a subset of Rd with finite Lebesgue
measure, has infinite continuous and discrete (p, q)-Bessel measures, where 1 ≤ p ≤
2 and q is the conjugate exponent to p.

Proof. The approach is similar to Proposition 3.12 and Theorem 3.2.

4. Properties and Structural Results

In this section our assertions are based on the results by Dutkay, Han, and Weber
from [5]. We generalize the results and we give some of the proofs for completeness.

Proposition 4.1. Let µ be a Borel probability measure. Let 1 < p, q < ∞ and
1/p+ 1/q = 1. If ν is a (p, q)-Bessel measure for µ, then there exists a constant C
such that ν(K) ≤ Cdiam(K)d for any compact subset K of Rd. Accordingly, ν is
σ-finite.

Proof. It is easy to check that d̂µ : Rd → C is uniformly continuous and d̂µ(0) =
µ(Rd) = 1. So for every η > 0 there exists ε > 0 such that for x ∈ B(0, ε) we have

|d̂µ(0)| − |d̂µ(x)| ≤ |d̂µ(0)− d̂µ(x)| ≤ η, and then |d̂µ(x)| ≥ 1− η. If δ := (1− η)q,

then |d̂µ(x)|q ≥ δ for x ∈ B(0, ε). Thus, for any t ∈ Rd,

B = B‖et‖qLp(µ) ≥
∫
Rd
|[et, ex]|qdν(x) =

∫
Rd
|[1, ex−t]|qdν(x)

=

∫
Rd
|d̂µ(x− t)|qdν(x) ≥

∫
B(t,ε)

|d̂µ(x− t)|qdν(x)

≥ ν(B(t, ε))δ.

Now Let K ⊆ Rd be compact and r = diam(K). Then there exists a point x =

(x1, . . . , xd) in Rd such that K ⊂
∏d
i=1[xi − r, xi + r]. We may assume that ε < 2r

and 2r/ε ∈ N. Let M = 2r/ε. We have
∏d
i=1[xi − r, xi + r] =

⋃Md

α=1 Cα where Cαs
are d-dimensional cubes of side length ε. For any α ∈ {1, . . . ,Md}, let tα be the
center point of Cα. Then Cα ⊂ B(tα, ε). Now if C := (2/ε)dB/δ, then

ν(K) ≤ ν

Md⋃
α=1

B(tα, ε)

 ≤ Md∑
α=1

ν(B(tα, ε)) ≤
(

2r

ε

)d
B

δ
= rd

(
2

ε

)d
B

δ
= Crd.

Hence the assertion follows.

Theorem 4.1. Let 1 < p, q < ∞ and 1/p + 1/q = 1. Let B > A > 0. Then the
set FA,B(µ)p,q is empty for some finite compactly supported Borel measures µ.
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Proof. Let µ = χ[0,1]dx + δ2. Suppose ν ∈ FA,B(µ)p,q. Let f := χ{2}. Then
‖f‖Lp(µ) = 1 and |[f, et]Lp(µ)| = 1 for all t ∈ R. In addition, the upper bound
implies that ν(R) ≤ B < ∞. Then from the inner regularity of Borel measures we
obtain that for any ε > 0 there exists a compact set K ⊂ R and a positive constant
R such that ν(R)− ε < K ≤ ν(B(0, R)). Therefore, ν(R \ B(0, R)) < ε.

Choose some T large, arbitrary and let g(x) := e−2πiTxχ[0,1]. Then

|[g, et]Lp(µ)|q =

∣∣∣∣∣
∫

[0,1]

e−2πi(T+t)xdx

∣∣∣∣∣
q

=

∣∣∣∣sin(π(T + t))

π(T + t)

∣∣∣∣q (t ∈ R).

The substitution z := −2πx gives the last equality. Consequently, for all t ∈ R,
|[g, et]Lp(µ)|q ≤ 1 and if we take T ≥ 2R, then for all t ∈ (−R,R) we have

|[g, et]Lp(µ)|q ≤
1

πq(T −R)q
.

Hence from the lower bound we obtain

A = A‖g‖qLp(µ) ≤
∫
R
|[g, et]Lp(µ)|qdν(t)

=

∫
B(0,R)

|[g, et]Lp(µ)|qdν(t) +

∫
R\B(0,R)

|[g, et]Lp(µ)|qdν(t)

≤ 1

πq(T −R)q
· ν(R) + ε.

Now if T →∞ and ε→ 0, then A = 0. This is a contradiction.

The next proposition shows that if there exists a (p, q)-Bessel/frame measure, then
many others can be constructed.

Proposition 4.2. Let µ be a finite Borel measure and A,B be positive constants.
Let 1 < p, q <∞ and 1/p+ 1/q = 1. Then both sets BB(µ)p,q and FA,B(µ)p,q are
convex and closed under convolution with Borel probability measures.

Proof. Let ν1, ν2 ∈ BB(µ)p,q and 0 < λ < 1. For all f ∈ Lp(µ),∫
Rd
|f̂dµ|qd(λν1 + (1− λ)ν2) = λ

∫
Rd
|f̂dµ|qdν1 + (1− λ)

∫
Rd
|f̂dµ|qdν2

≤ B‖f‖qLp(µ).

Then λν1 + (1 − λ)ν2 ∈ BB(µ)p,q. Similarly, if ν1, ν2 ∈ FA,B(µ)p,q, then we have
λν1 + (1− λ)ν2 ∈ FA,B(µ)p,q.

Let s ∈ Rd. Then for all f ∈ Lp(µ),

‖esf‖pLp(µ) =

∫
Rd
|es(x)f(x)|pdµ(x) =

∫
Rd
|f(x)|pdµ(x) = ‖f‖pLp(µ).
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In addition, let ν ∈ BB(µ)p,q and let ρ be a Borel probability measure on Rd. Then
for any t ∈ Rd and f ∈ Lp(µ),

[e−sf, et]Lp(µ) =

∫
Rd
e−s(x)f(x)e−2πit·xdµ(x) =

∫
Rd
f(x)e−2πi(s+t)·xdµ(x)

= [f, es+t]Lp(µ).

Therefore,∫
Rd
|[f, et]Lp(µ)|qdν ∗ ρ(t) =

∫
Rd

∫
Rd
|[f, et+s]Lp(µ)|qdν(t) dρ(s)

=

∫
Rd

∫
Rd
|[e−sf, et]Lp(µ)|qdν(t) dρ(s)

≤
∫
Rd
B‖e−sf‖qLp(µ)dρ(s) = B

∫
Rd
‖f‖qLp(µ)dρ(s)

= B‖f‖qLp(µ).

For ν ∈ FA,B(µ)p,q one can obtain the lower bound analogously.

Corollary 4.1. Let 1 < p, q < ∞ and 1/p + 1/q = 1. If there exists a (p, q)-
Bessel/frame measure for µ, then there exists one which is absolutely continuous
with respect to the Lebesgue measure and whose Radon-Nikodym derivative is C∞.

Proof. Let ν be a (p, q)-Bessel/frame measure for µ. Convoluting ν with the
Lebesgue measure on [0, 1] we have

ν ∗ χ[0,1]dλ(E) =

∫
R

∫
R
χE(x+ y)dν(x)χ[0,1](y)dλ(y)

=

∫
R

∫
R
χE(t)χ[0,1](t− x)dν(x)dλ(t− x)

=

∫
R
χE(t)ν([t− 1, t])dλ(t) =

∫
E

ν([t− 1, t])dλ(t),

where E is any Borel subset of R. Thus, we obtained a (p, q)-Bessel/frame measure
for µ which is absolutely continuous with respect to the Lebesgue measure.

Now consider the following two propositions from [10].
(i) If dν = fdλ and dµ = gdλ, then d(ν ∗ µ) = (f ∗ g)dλ.
(ii) If f ∈ L1 (or f is locally integrable on Rd), g ∈ Ck, and ∂αg is bounded for
|α| ≤ k, then f ∗ g ∈ Ck and ∂α(f ∗ g) = f ∗ (∂αg) for |α| ≤ k.

Let g ≥ 0 be a compactly supported C∞-function with
∫
g(t)dλ(t) = 1. Let

dν0 = ν ∗ χ[0,1]dλ and dµ0 = gdλ. Then we have d(ν0 ∗ µ0) = (ν([· − 1, ·]) ∗ g)dλ
and ν([· − 1, ·]) ∗ g ∈ C∞.

Definition 4.1. [[5]] A sequence of Borel probability measures {λn} is called an
approximate identity if

sup{‖ t ‖: t ∈ suppλn} → 0 as n→∞.
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Lemma 4.1. [5] Let {λn} be an approximate identity. If f is a continuous function
on Rd, then for any x ∈ Rd, we have

∫
f(x+ t) dλn(t)→ f(x) as n→∞.

By Proposition 4.2, if ν is a (p, q)-Bessel/frame measure for µ, then ν ∗ ρ is also
a (p, q)-Bessel/frame measure for µ with the same bound(s), where ρ is any Borel
probability measure. An obvious question is under what conditions the converse is
true. The next theorem gives an answer.

Theorem 4.2. Let 1 < p, q <∞ and 1/p+ 1/q = 1. Let {λn} be an approximate
identity. Suppose ν is a σ-finite Borel measure, and suppose all measures ν ∗λn are
(p, q)-Bessel/frame measures for µ with uniform bounds, independent of n. Then ν
is a (p, q)-Bessel/frame measure for µ.

Proof. Take f ∈ Lp(µ). Since |[f, e·]Lp(µ)|q (or |f̂dµ|q) is continuous on Rd, by
Lemma 4.1 and Fatou’s lemma we have∫

Rd
|[f, ex]Lp(µ)|qdν(x) ≤ lim inf

n

∫
Rd

∫
Rd
|[f, ex+t]Lp(µ)|qdλn(t) dν(x)

= lim inf
n

∫
Rd
|[f, ey]Lp(µ)|qd(ν ∗ λn)(y)

≤ B‖f‖qLp(µ).

Hence ν is a (p, q)-Bessel measure with the same bound B as ν ∗ λn.

Now showing that∫
Rd
|[f, ex]Lp(µ)|qd(ν ∗ λn)→

∫
Rd
|[f, ex]Lp(µ)|qdν,

gives the lower bound (see [5]).

We need the following two propositions from [5] to present a general way of con-
structing (p, q)-Bessel/frame measures for a given measure.

Proposition 4.3. [5] Let µ and µ′ be Borel probability measures. For f ∈ L1(µ),
the measure (fdµ) ∗ µ′ is absolutely continuous w.r.t. µ ∗ µ′ and if the Radon-
Nikodym derivative is denoted by Pf , then

Pf =
(fdµ) ∗ µ′

d(µ ∗ µ′)
.

Proposition 4.4. [5] Let µ, µ′ be two Borel probability measures and 1 ≤ p ≤ ∞.
if f ∈ Lp(µ), then the function Pf is in Lp(µ ∗ µ′) and

‖Pf‖Lp(µ∗µ′) ≤ ‖f‖Lp(µ).

Now we will show that if a convolution of two measures admits a (p, q)-Bessel/frame
measure, then one can obtain a (p, q)-Bessel/frame measure for one of the measures
in the convolution by using the Fourier transform of the other measure in the
convolution.
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Proposition 4.5. Let µ, µ′ be two Borel probability measures. Let 1 < p, q < ∞
and 1/p + 1/q = 1. If ν is a (p, q)-Bessel measure for µ ∗ µ′, then |µ̂′|qdν is a
(p, q)-Bessel measure for µ with the same bound.

If in addition ν is a (p, q)-frame measure for (µ ∗µ′) with bounds A and B, and
for all f ∈ Lp(µ), c‖f‖qLp(µ) ≤ ‖Pf‖

q
Lp(µ∗µ′), then |µ̂′|qdν is a (p, q)-frame measure

for µ with bounds cA and B.

Proof. If µ, ν ∈M(Rd), then µ̂ ∗ ν = µ̂ · ν̂ (see[10]). Take f ∈ Lp(µ). Then∫
Rd
|(̂fdµ)|q · |µ̂′|qdν =

∫
Rd
| ̂(fdµ) ∗ µ′|

q
dν =

∫
Rd
| ̂Pfd(µ ∗ µ′)|qdν.

Thus, we have

cA‖f‖qLp(µ) ≤ A‖Pf‖qLp(µ∗µ′) ≤
∫
Rd
| ̂Pfd(µ ∗ µ′)|qdν

≤ B‖Pf‖qLp(µ∗µ′) ≤ B‖f‖
q
Lp(µ).

Now by Proposition 4.5, we will show that there exists a singular continuous
measure which admits continuous and discrete (p, q)-Bessel measures.

Example 4.1. Let λ be the Lebesgue measure on R and µ = λ|[0,1]. If µ4 is the invariant
measure for the affine IFS with R = 4 and A = {0, 2}, and if µ′4 is the invariant measure
for the affine IFS with R = 4 and A′ = {0, 1}, then convolution of measures µ4 and µ′4 is
the Lebesgue measure on [0, 1] (see Corollary 4.7 from [5]). By Corollary 3.6, ν1 =

∑
t∈Z δt

and ν2 = λ are in B1(µ)p,q, where 1 ≤ p ≤ 2 and q is the conjugate exponent to p. Hence

by Proposition 4.5, ν′1 =
∑
t∈Z |µ̂′4(t)|2δt and ν′2 = |µ̂′4(x)|2dλ(x) are in B1(µ4)p,q, where

1 ≤ p ≤ 2 and q is the conjugate exponent to p.

In the next theorem, we have some stability results. In fact, this theorem is a
generalization of Proposition 3.5.

Theorem 4.3. Let µ be a compactly supported Borel probability measure. Let
1 < p, q <∞ and 1/p+ 1/q = 1. If ν is a (p, q)-Bessel measure for µ, then for any
r > 0 there exists a constant D > 0 such that∫

Rd
sup
|y|≤r

|[f, ex+y]Lp(µ)|qdν(x) ≤ D‖f‖qLp(µ), for all f ∈ Lp(µ).

If ν is a (p, q)-frame measure for µ, then there exist constants δ > 0 and C > 0
such that

C‖f‖qLp(µ) ≤
∫
Rd

inf
|y|≤δ

|[f, ex+y]Lp(µ)|qdν(x), for all f ∈ Lp(µ).

Proof. The approach is completely similar to the proof of Theorem 2.10 from [5].
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We show that by using this stability of (p, q)-frame measures, one can obtain
atomic (p, q)-frame measures from a general (p, q)-frame measure.

Definition 4.2. Let Q = [0, 1)d and r > 0. If ν is a Borel measure on Rd and
if (xk)k∈Zd is a set of points such that for all k ∈ Zd we have xk ∈ r(k + Q) and
ν(r(k +Q)) <∞, then a discretization of the measure ν is defined by

ν′ :=
∑
k∈Zd

ν(r(k +Q))δxk .

Theorem 4.4. Let 1 < p, q < ∞ and 1/p + 1/q = 1. If a compactly supported
Borel probability measure µ has a (p, q)-Bessel/frame measure ν, then it also has
an atomic one. More precisely, if ν is a (p, q)-Bessel measure for µ and if ν′ is a
discretization of the measure ν, then ν′ is a (p, q)-Bessel measure for µ.

If ν is a (p, q)-frame measure for µ and r > 0 is small enough, then ν′ is a
(p, q)-frame measure for µ.

Proof. Let Q = [0, 1)d. Let (xk)k∈Zd be a set of points such that xk ∈ r(k +Q) for
all k ∈ Zd. For every x ∈ r(k +Q) define ε(x) := xk − x. Thus, |ε(x)| ≤ r

√
d =: r′

and for any f ∈ Lp(µ),∫
Rd
|[f, ex+ε(x)]Lp(µ)|qdν(x) =

∑
k∈Zd

∫
r(k+Q)

|[f, exk ]Lp(µ)|qdν(x)

=
∑
k∈Zd

ν(r(k +Q))|[f, exk ]Lp(µ)|q.

Since we have∫
Rd

inf
|y|≤r′

|[f, ex+y]Lp(µ)|qdν(x) ≤
∫
Rd
|[f, ex+ε(x)]Lp(µ)|qdν(x)

≤
∫
Rd

sup
|y|≤r

|[f, ex+y]Lp(µ)|qdν(x),

the upper and lower bounds follow from Theorem 4.3.

By Lemma 3.1, if there exists a purely atomic (p, q)-frame measure ν for a prob-
ability measure µ, then there exists a q-frame for Lp(µ). Now we conclude that if
there exists a (p, q)-frame measure ν (not necessarily purely atomic) for a compactly
supported probability measure µ, then there exists a q-frame for Lp(µ).

Corollary 4.2. Let µ be a compactly supported Borel probability measure. Let
1 < p, q < ∞ and 1/p + 1/q = 1. If ν is a (p, q)-frame measure for µ with bounds
A,B and r > 0 is sufficiently small, then there exist positive constants C,D such
that {ckexk : k ∈ Zd} is a q-frame for Lp(µ) with bounds C,D, where xk ∈ r(k+Q)
and ck = q

√
ν(r(k +Q)).
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Proof. Let ν ∈ FA,B(µ)p,q. Then by Theorems 4.4 and 4.3, ν′ =
∑
k∈Zd c

q
kδxk

is a (p, q)-frame measure for µ. More precisely, ν′ ∈ FC,D(µ)p,q. Hence for all
f ∈ Lp(µ),

C‖f‖qLp(µ) ≤
∫
Rd
|[f, et]Lp(µ)|qdν′(t) =

∑
k∈Zd

cqk|[f, exk ]Lp(µ)|q

=
∑
k∈Zd

|[f, ckexk ]Lp(µ)|q ≤ D‖f‖qLp(µ).
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