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SOME FRACTIONAL HERMITE-HADAMARD INEQUALITIES FOR
CONVEX AND GODUNOVA-LEVIN FUNCTIONS*

Mengmeng Li, JinRong Wang and Wei Wei

Abstract. In this paper, two new integral equalities involving left-sided and right-sided
Riemann-Liouville fractional integrals are established. Thereafter, some new fractional
Hermite-Hadamard inequalities are presented by using the above fractional integral
equalities and applying the concepts of s- and (s, m)-convex functions and s- and (s, m)-
Godunova-Levin functions. Some applications to special means of real numbers are
given as well.
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1. Introduction and preliminaries

There are many interesting results which generalize, improve, and extend the
classical Hermite-Hadamard inequality (see the papers [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]
and references therein). Throughout this paper, we use | = [a,b] € R* U {0} to
denote an interval and R* to denote a set of positive real numbers.

At the beginning of the paper, we recall the concepts of s-convex and (s, m)-
convex functions.

Definition 1.1. (see [11]) The function f : | — R is said to be s-convex, where
se (0,1],ifforevery x,y € l and t € [0, 1], we have

fltx+ (1 —t)y) <t°f(x) + (1 - t)*f(y).

Definition 1.2. (see [12]) The function f : | — R is said to be (s, m)-convex, where
(s,m) € [0,1] x [0,1], if for every x,y € l and t € [0, 1], we have

f(tx + m(1 - t)y) < t5F(x) + m(1 - t%) f(y).
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Next, we recall the concept of s-Godunova-Levin functions.

Definition 1.3. (see [13, Definition 3]) The function f : I — R is said to be s-
Godunova-Levin function, where s € (0,1], if for every x,y €  and t € (0,1) we

have £ ‘)
X y
f(t 1-ty) < — + ———.
b+ (L-0Y) < =+ 4
Motivated by definitions 1.2 and 1.3, we introduce another generalization of
Godunova-Levin type of functions called (s, m)-Godunova-Levin functions.

Definition 1.4. The function f : | — R is said to be (s, m)-Godunova-Levin func-
tions, where (s,m) € (0,1] x (0, 1], if forevery x,y €  and t € (0, 1), we have
fx) f(y)

t  ml-t)

f(tx+ m(1l —t)y) <

In the sequel, we recall the concepts of the left-sided and right-sided Riemann-
Liouville fractional integrals of the order a € R*.

Definition 1.5. (see [14]) Let f € L[a b]. The symbol g J3, f and g J; f denote
the left-sided and right-sided Riemann-Liouville fractional integrals of the order
a € R* and are defined by

1

(rudg: F)(X) = @)

fx(x - 1) (t)dt, O <a<x<h),

1 b 1
& e p— —xX)*" <a<
(RLIy- H)(X) (@) ]): (t—x)*f()dt, (O<a<x<bh),
respectively. Here I'(:) is the Gamma function.

Next, we give two new type fractional integral equalities which will be widely
used in the sequel.

Lemmal.l. Let f : [a,b] — R be a differentiable function and f’ € L[a, b]. For any
0<a<land0 < A <1, the following equality for fractional integrals holds:

fOA+al-))+fE)1-al-1) T(a+1)

2 2(b—a)~

(Rudg- (D) + rUIE-F(a))
= ? fol(t“ +a(l-A) -1 -)f'(th+ (1 - t)a)dt.

Proof. It suffices to note that
I = fol(t“ +a(l-A) -1 -t)"f'(th+ (1 - t)a)dt

1 1
= f(t‘*+a(1—/\))f'(tb+(1—t)a)dt—f(1—t)“f’(tb+(l—t)a)dt
0 0
L1 = i+l
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Integrating by parts

1
I, = f(t“+a(1—/\))f'(tb+(l—t)a)dt
0

3 B _ 1
_ fO+al-) - f@al-1) a f L (th + (1 - tha)dt
0

b-a b-a
_ f(b)(1 +a(l —b/\z)a— f(@a(l-A) ~ . _aa)z ]a‘b (Ll; : :)“‘1 f(u)du
1z - [©@rad —bAz)a— f@a@ 1) (E(f ;;alJr)l 1),
and similarly we get
l, = - fol(l — )% f/(th + (1 — t)a)dt

f(a) a o (h—u\*?
b—a_(b—a)zfa(b—a) f(uydu

f(a) T'(a+1)

(1.3) b—a (b—ae rudg: F(b).

Submitting (1.2) and (1.3) to (1.1), we have
fb) L+ a(l-A)+ f(@1L - a(l - A1)

b-a
(14 - e )+l (@]

Next, by multiplying both sides by b—;’" for (1.4), we have the conclusion. O

Lemmal.2. Let f : [a b] — R be a twice differentiable function and f”” € L[a,b]. For
any 0 < a < land 0 < m < 1, the following equality for fractional integrals holds:

f(mb) + f
(mb) + (@) - Zfrgﬁ)t 3“ (rudg: F(Mb) + rudy, - F(3))

2
~ (mb — a)z fl (1-(1- t)a+l _ ta+l)
h 2 0 a+1

f”(ta+ m(1 — t)b)dt.

Proof. It suffices to note that

1
f (1 =t + 1) (ta+ m(1 — t)b)dt
0

f’(mb)— (@) a+1
mb —a mb — a

1
(1.5) fo (t° — (1 - 1)*) f'(ta + m(1 — Ob)dt,
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By using Lemma 1.1 with A = 1, it suffices to verify that

1
f (t — (1 - )*) ' (ta + m(1 — Ob)dt
0

f(mb) + f(a)  T(a+1)
 mb-a (mb — a)a+1

(1.6) (rudg: F(mb) + rLIT ().

mb™~
Submitting (1.6) to (1.5), we have

| - f/(mb) — '(a) B (a +1)(f(mb) + f(a))

mb —a (mb —a)2
T(a+1
(L7) W(RLJ;& F(mb) + wdt, 1),
Note that

mb 1
(1.8) f’(mb) - f'(a) = f f”7(x)dx = (mb — a) f f’(ta+ m(1 — t)b)dt.
a 0
i, . . . b—a)? .
Submitting (1.8) to (1.7) and multiplying both sides by M for (1.7), we obtain
the result. O

In the present paper, we present some new Hermite-Hadamard’s inequalities
involving left-sided and right-sided Riemann-Liouville fractional integrals by us-
ing our established equalities in lemmas 1.1 and 1.2 and definitions 1.1, 1.2, 1.3 and
1.4. Finally, some applications to special means of real numbers are given as well.

2. Main results for s- and (s, m)-convex functions

Firstly, we give the inequalities for s-convex functions.

Theorem 2.1. Let f : [a,b] — R be a differentiable mapping on (a, b) with a < b. If
[T’ € L[a, b] and |f’| is s-convex function. Then for some 0 <« < land0 < A < 1, the
following inequality for fractional integrals holds:

f@l—al—A)+ fb)L+al-A) T(a+1)
2 "~ 2(b—a)”

- ?((p(a, A9 (b)]+ pla, A, 9)I @),

(rudp- F(a) +re I3 F(D))

where 1 1-1) T(s+DI(a+1)
a(l - s+ DI (a +
(P(a’)\'s)_a+s+1+ s+1  T(@+s+2) '
and T nr 1 1-A 1
e, A, 5) = +Dl(a+1) al-A)

T(a+s+2) s+1 a+s+1
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Proof. Using Lemma 1.1 via f’ € L[a, b] and |f’| is s-convex function, we have

' f@@-al-A)+fO)A+a(l-1) T(a+1)
2 - 2(b-a)

(rudp- F(@) +re I3 (D))

IA

_ 1
T fo (t" +a(1 = 2) = (L= ))IF(tb + (1 - tya)ldt

IA

_ 1
2 fo (" +a(l - A) — @ - O))EIF' (O] + (1 - 1)°[f'(@))dt

b-a
= (@ A9 O] +dla, A, 9 @).
This completes the proof. O

Theorem 2.2. Let f : [a,b] — R be differentiable. If |f’|% € L[a,b] and |f’|%q > 1) is
s-convex function. Then for some 0 < @ < 1,0 < A < 1, the following inequality for
fractional integrals holds:

' f@@—al-A)+ f(b)(L+a(l - A)) _T(@+1)

(ruJp- F(@) +re I3 (D))

2 2(b —a)”
1
b—a [T/@)% + [ (b)[9\*
< T¢(a, A, p) (qu ’
1
where % =land ¢Y(a,A,p)=a(l—-A)+2 (ap+l)p .

Proof. Using Lemma 1.1, Holder’s inequality via |f’|% € L[a, b] and |f’|? is s-convex
function, we have

' f@l-al-A)+fO)QA+all-21) T(a+1)

(RLIZ F(@) +rL 10 f(b))]

2 " 2(b—a)
< bza(f (" +a(l— /\))lf(tb+(1—t)a)|dt+f(1—t)“|f(tb+(1—t)a)|dt)
< ;a (f (t“+a(1—)\))pdt)p(f |f'(tb+(1—t)a)|th)a
(f (1- )“pdt) (f I (tb+(1—t)a)|th) ]
<

bza ( fo t“"dt)p+( fo aP(1 - A)pdt) ( f (1—t)“pdt)]
x [( fo l(t“slf'(b)lth)) ( f (L - 1% (a)|th) ]

[ (0)" + If’(él)l“)a

b-a
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Here we use the following fact due to Minkowski’s inequality for p > 1:

1 3 1 3 1 3

( fo (t"‘+a(1—A))pdt) g( fo tpdt) +( fo (az(l—)\))pdt) ,
1 : 1 : 1 :
(fo |f’(tb+(l—t)a)|th) g(fo tqslf’(b)lth) +(f0 (l—t)qslf’(a)lth) .

This completes the proof. O

and

Secondly, we give the inequalities for (s, m)-convex functions.

Theorem 2.3. Let f : [a,b] — R be twice differentiable on (a, b) witha > 0, f”” € L[a, b]
anda < mb < b. If |[f”]is (s, m)-convex function, then for any 0 < a < 1 we have

‘ f(mb)+ f(@  T(a+1)

2 ~2(mb —a)? (RuIy- F(8) +RL I f(mb))'

b— 2
ey et 90t @-mi o)+ i),
where
1 1 T(a+2)I(s+1)
w(,s) = s+1 a+s+2 T(@+s+3)

Proof. Using Lemma 1.2 via |f”| is (s, m)-convex function, we have

‘f<mb)+f(a> o +1) (RUIZ, (@) +rL I3 F(mb))

2(mb — a)*
< (mb L f d-a- t)Ml_ta+l)|f"(ta+m(1—t)b|o|t
a+1l
(mb a)2 a+ a+ S| £/ S 7
S Qa1 f(l (1 - 1) —t*)(E 7 (a)l + m(L - )| £ (b)[)dlt
(mb a)2 ” ’” S s s st
] (MG LT (b)I)f(t—t(l e ety
1-— 1_ta+1_ta+1 dt
+m fo (-(-1 i

b — a)2
= —(ZM?) [, 901 @1 = mif ")) + 1))

This completes the proof. O
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Theorem 2.4. Let f : [a,b] — R be twice differentiable on (a, b) witha > 0, € L[a, b]
anda < mb < h. If [f”]9q > 1) is (5, m)-convex function then

‘f(mb)+ f@) Ta+1) (RIS, F(@) +rL 32 F(mb))

2 ~2(mb —a)?
(mb —a)? (p(ar +1) - 1\?
2(a+1) (p(a + 1)+ 1) $(s,q,m),

where % + % =1and

|f"(a)|Q)% . (qsmqw(b)w)%

¢(S’q’m):(qs+1 gs+1

Proof. Using Lemma 1.2, Holder’s inequality and the fact that |f”’|% is (s.m)-convex
function, we have

‘ f(mb) +f@) T(a+1)

(RI% () +r 12 f(mb»'

2(mb a)a Rt mb”
< (mb a)z f t-a at):l _ta+l)|f"(ta+ m(L — t)bldt
b — a)? G
< (;n(a—i_i)) (f (1 (1 t)a+l ta+l)pdt)
X (f (1”@ +m( - ts)lf”(b)l)th)q
< (;n(z;i))z (f (1 (1 )p(a+1) tp(a+1))dt)

1 i 1 3
x (f tq5|f"(a)|th) +(f mqlf"(b)lq(l—ts)th) ]
0 0

_(mb—a)? (pla+1)— 1\ [(1F7@I\F  [asmelf” (b))
2+ 1) \pla+1)+1 (qs+1)+( gs+1 )

Here we use the following fact due to Minkowski’s inequality for q > 1:

1
q

1
(fo (1”@l +m(1 - ts)If"(b)l)dt)

1 3 1 3
g( fo tqslf”(a)lth) +( fo mqlf”(b)lq(l—ts)th) .

This completes the proof. O
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3. Main results for s- and (s, m)-Godunova-Levin functions

We first give the inequalities for s-Godunova-Levin functions.

Theorem 3.1. Let f : [a,b] — R be a differentiable mapping on (a, b) with a < b. If
f” € L[a,b]and |f’| is s-Godunova-Levin function, then for some0 < ¢ < 1and0 < A <1,
the following inequality for fractional integrals holds:

f@1-a(l—A)+ fb)L+al-A) T(a+1)
2 - 2(b-a)

(ruJp- F(@) +re J5- (D))

< M(‘I’l(oz,/\ I’ (b) + Wa(a, A, 9)|f(@)]),

where
1 al-2A) T(@+1DIr@-s)

s+l T1-s Ta-s+2) ’
Fla+1)Il-s) al-A) 1
Tae—-s+2) 1-5s a—-s+1°

‘I’l (a/ A/ S) =

‘IIZ (a/ A/ S) =

Proof. Using Lemma 1.1 via f’ € L[a,b] and |f’| is s-Godunova-Levin function, we
have

' f@L—-—a(l—-2A)+ f(b)L + a(l - A)) _I(a+1)

2 2(b — a)®

(rLYy- F(@) +rL J5- T(D))

1
< F f (" +a(l =) = (L= H)IF'(th+ (L - a)ldt
Fo) I
< f(t“+a(1 A) - (1—t)a)[| o) (|1_(at))|5 at

b a Iz (b)|f t“+a(l- )\) (1- t)“dt |f()|f t“+a(1 AN)-(1- t)"‘dt)

— 1)
= M(\yl(om S/ + Wa(a, A, 9)| ' (@)]).

This complete the proof. O

Theorem 3.2. Let f : [a,b] — R be a differentiable. If [f’|% € L[a, b] and |f’[%(q > 1)
is s-Godunova-Levin function, then for some 0 < o < 1and 0 < A < 1, the following
inequality for fractional integrals holds:

f@AL-a(l-A)+ fb)(L+a(l- A7) _I(a+1)
2 2(b—a)~
/(@)1 + 1/ (0)[*\®

—sq !

(ruLIp- F(2) +re J5- (D))

< IP(/\)(

ol

where 1 + 1 =land ¢(a, A, p) =a(l-A)+ 2<ap+l) :
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Proof. UsingLemmal.1, Holder’sinequality via|f’|® € L[a,b]Jand|f’|*iss-Godunova-
Levin function, we have

' f@Q@-al-A)+fO)A+al-A) T(@+1)
2 - 2(b-a)

(RLIp- F(@) +RL J5 f(b))‘

IA

b—a 1 1
T(f(t“+a(1—A))lf’(tb+(1—t)a)|dt+f(1—t)“|f’(tb+(1—t)a)|dt)
0 0

?[(fol(t“ fa(l- A))pdt)% (fol £/t + (1 - t)a)|th)%

1 3 §
+(f0 (1—t)“pdt)1 (L I/(th + (1—t)a)1|th) ] |
b%"j‘[(foltapdt)E +(fola¢r’(1—A)po|t)E +(f01(1—t)“pdt)a]
([ oy

|£/(@)[7 + | £ (0)|\F
1-sq ’

IA

b—a
= TIP(%A,IO)(

Here we use the following fact due to Minkowski’s inequality for p > 1:

1 3 1 3 1 3
a _ p ap — p
(fo(t +a(l— 1) dt) s(fot dt) +(f0(a(1 1) dt) .

This completes the proof. O
Next, we give the inequalities for (s, m)-Godunova-Levin functions.

Theorem 3.3. Let f : [a,b] — R be twice differentiable on (a, b) witha > 0, f”” € L[a, b]
and a < mb < b. If|f”]is (s, m)-Godunova-Levin function, then for any 0 < a < 1 we
have

‘ f(mb) + f(a  T(a+1) (RLJ%, F(8) +rL Jggf(mb))'

2 2(mb — a)*
mb — a)? 3 £ (b))
< LiJ{@@mfw+@w9 “)
m
where 1 1 [(a+2)[(1+5)
o+ +5s
®1(a’5)_1—s_a—s+2_ Ia—s+3) ’
and

s+2 1 _F(1+S)I’(a+2)_ 2@+ 2)+s
s+1 a+2 T(a+s+3) (@+2)(a+s+2)

(DZ ((X/ S) =
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Proof. Using Lemma 1.2 via |f”] is (s, m)-Godunova-Levin function, we have

‘ f(mb) + f(b)  T(a+1)

(RLme— f(a) +RrL J f(mb))'

2 ~ 2(mb—a)®
(mb _ a)z 1 1- (1 _ t)a+l _ta+l .
< > fo —— [f”(ta + m(1 — t)b)[dt
(mb —a) a+l _ patl |f"(a)| | (b)]
2(a +1) f (1-0-9 -t ( m(l — ts))dt
Y // b
@%ﬁ{@wWV@u@(g'”g

This completes the proof. O

Theorem 3.4. Let f : [a,b] — R be twice differentiable on (a, b) witha > 0, f”” € L[a, b]
anda <mb < b. If[f”]% (g > 1) is (s, m)-Godunova-Levin function, then forany0 < a < 1
we have

‘ f(mb)+ f(b) T(a+1) (RLI®, - () +re J2 f(mb))'

2 ~ 2(mb—a)*
(mb—-a)® (pla+1)-1 ; If7@I% (s +2)If”(b)° i
2@+1) \pla+1)+1 1-s md(1 +s) ’

1,.1_
Wherep+q 1.

Proof. UsingLemma1l.2, Holder’sinequality and the factthat|f”’|%is (s.m)-Godunva-
Levin function, we have

f(mb) + f(b
01023

(mb a)2f (1 (1 )a+l_ta+1)

a+1

(mb_a)z a+ a+ % ! 17 %
m(fo (1-@1-t*t—t l)”dt) (fo |f (ta+m(1—t)b)|th)

: i
([ e-o-ve-ena
0
H@e  Ioe L\
X(ﬁ( € '*wa—ﬁﬂm)
_ (mb—a)? (pla+ -1\ (1@ (s+ 2B
2 +1) (p(a+1)+1) ( 1-s md(1 + s) ) '

IA

|/ (ta + m(L — t)b)|dt

IA

IA

The proof is complete. O
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4. Applications to special means

Consider the following special means (see Pearce and Pecari¢ [15]) for arbitrary
real numbers a, 8, a # 8 as follows:

H(Oé,ﬁ) = é/ a, ﬁ €R \ {O}/

«t B

a+p
A(Oé,‘B) = T, a,ﬁ S R,

-«
L(a,ﬁ) = M/ |a| * |ﬁ|/ aﬁ * O/
ﬁn+1 — gl In

Ln(a,ﬁ) = [m] V3 ne Z \ {_1,0}, a,ﬁ € R, (04 7’5 ‘B.

Now, using the theory results in Section 3 Section and 4, we give some applica-
tions to special means of real numbers.

Theorem 4.1. Forsomes € (0,1],n € Z\ {-1,0},0 < a < b, the following inequality for
fractional integrals holds:

1 1
1 \?[a%+bo\e

2 12y N2 12 — a3y ——
|A@2,b?) - L%, b%)] < 2(b a>(p+1) (1+sq)'

where

1 1
- +-=11<qg< oo
p q

Proof. Applying Theorem 2.2 for f(x) = x?,a = 1, A = 1 one can obtain the result
immediately. O

Theorem 4.2. For some s € (0,1], 0 < a < b, the following inequality for fractional
integrals holds:

1 1 1\ b29 4+ g2%a b
- <(b-a) .
H(a,b) L(a,b) p+1) \a2h2(1 + sq)

where%+%:l,1<q<oo.

Proof. Applying Theorem 2.2 for f(x) = %,a = 1,A = 1 one can obtain the result
immediately. O

Theorem 4.3. Forsomes,me (0,1],n € Z\ {-1,0},0 < a < b, the following inequality
for fractional integrals holds:

1

)A(az,mzbz)—Lﬂ(aZ,m2b2)|S(mb_a)Z(ZD_l)ﬁ[( L )a+ qsmq] .

2 2p+1 1+5sq 1+5sq
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Where%+%=1,1<q<oo.

Proof. Applying Theorem 2.4 for f(x) = x?,a = 1,1 = 1 one can obtain the result
immediately. O

Theorem 4.4. For some s,m € (0,1], 0 < a < b, the following inequality for fractional
integrals holds:

1 _ 1 '< (b—a) 1 p 229 + p2a q
H@mb) L@mb)]~ 2 \p+1) \a2b29(1-sq)) °

where

+-=11<qg<oo0.

Tl
|-

Proof. Applying Theorem 3.2 for f(x) = %,a = 1,A = 1 one can obtain the result
immediately. O

Theorem 4.5. Forsomes,me (0,1],n € Z\ {-1,0},0 < a < b, the following inequality

for fractional integrals holds:
1
1 S+2 \°
+ .
1-s mi(l+5s)

ol

2 2oy 1np2 202y (Mb—2)* (2p—1
|A@2, m?b?) - L(a?, m%?)| < > 71

where

+-=11<qg<oo.

Tl
NN

Proof. Applying Theorem 3.4 for f(x) = x%,@ = 1,A = 1 one can obtain the result
immediately. O

Theorem 4.6. For some s,m € (0,1], 0 < a < b, the following inequality for fractional
integrals holds:

1 o1
H(a,mb) L(a, mb)

(mb—a)2(2p—1)%( 1 S+2 i

< + .
‘_ 2 2p+1) \a%(@—s) b¥ImI(1+s)

Where%+%=1,1<q<oo.

Proof. Applying Theorem 3.4 for f(x) = £,a = 1,1 = 1 one can obtain the result
immediately. O
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