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Abstract. In this paper, we introduce the classes of (ω, c)-pseudo almost periodic
functions and (ω, c)-pseudo almost automorphic functions. These collections include
(ω, c)-pseudo periodic functions, pseudo almost periodic functions and their automor-
phic analogues. We present an application to the abstract semilinear first-order Cauchy
inclusions in Banach spaces.
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1. Introduction and Preliminaries

The theory of almost periodic functions and almost automorphic functions is
an attractive field of investigation, which has a significant role in the qualitative
theory of ordinary and partial differential equations, physics, mathematical biology
and control theory.

The classes of (ω, c)-periodic functions and (ω, c)-pseudo periodic functions were
introduced by Alvarez, Gómez, Pinto in [3] and Alvarez, Castillo, Pinto in [4],
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motivated by some known results regarding the qualitative properties of solutions
to the Mathieu linear second-order differential equation

y′′(t) + [a− 2q cos 2t]y(t) = 0,

arising in seasonally forced population dynamics. The authors of [3] have ana-
lyzed the existence and uniqueness of mild (ω, c)-periodic solutions to the abstract
semilinear integro-differential equation

Dγ
t,+u(t) = Au(t) +

∫ t

−∞
a(t− s)Au(s) ds+ f(t, u(t)), t ∈ R,

whereA is a closed linear operator, a ∈ L1([0,∞)) is a scalar-valued kernel and f(·, ·)
satisfies some Lipschitz type conditions. Further on, Alvarez, Castillo and Pinto
have analyzed in [4] the existence and uniqueness of mild (ω, c)-pseudo periodic
solutions to the abstract semilinear differential equation of the first order:

u′(t) = Au(t) + f(t, u(t)), t ∈ R,

where A generates a strongly continuous semigroup. The authors have proved
the existence of positive (ω, c)-pseudo periodic solutions to the Lasota-Wazewska
equation with (ω, c)-pseudo periodic coefficients

y′(t) = −δy(t) + h(t)e−a(t)y(t−τ), t ≥ 0.

This equation describes the survival of red blood cells in the blood of an animal.
(ω, c)-Pseudo periodic functions can be also solutions of the time varying impul-
sive differential equations and the linear delayed equations; for further information
about applications of (ω, c)-pseudo periodic functions, we refer the reader to [8] and
references cited therein.

In our recent paper [8], we have introduced and analyzed various generalizations
of the concept of (ω, c)-periodicity. Among others, we have defined and analyzed
the classes of (asymptotically) (ω, c)-almost periodic functions and (asymptotically)
(ω, c)-almost automorphic functions. The main aim of this paper is to analyze the
classes of (ω, c)-pseudo almost periodic functions and (ω, c)-pseudo almost automor-
phic functions by taking into consideration the class of pseudo ergodic components
introduced by C. Zhang [13]. We introduce two new types of (ω, c)-pseudo ergodic
components and two new classes of (ω, c)-almost periodic ((ω, c)-almost automor-
phic) functions. It is our strong belief that these classes of functions will attract
the attention of our readers and serve for some new applications in the theory of
abstract differential equations soon.

The organization of paper is briefly described as follows. After recalling the
basic definitions from the theory of almost periodic functions and almost auto-
morphic functions in Subsection 1.2, we introduce the classes of (ω, c, i)-almost
periodic functions, resp. (ω, c, i)-almost automorphic functions, and (ω, c, i)-pseudo
ergodic vanishing components in Definition 2.2 and Definition 2.3; in Definition
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2.4, we introduce the notion of an (ω, c)-pseudo almost periodic function, resp.
an (ω, c)-pseudo almost automorphic function, and the notion of a two-parameter
(ω, c, i)-pseudo almost periodic function, resp. two-parameter (ω, c, i)-pseudo al-
most automorphic function (i = 1, 2). After that, we clarify some basic results
about the class of (ω, c)-pseudo almost periodic functions, resp. (ω, c)-pseudo al-
most automorphic functions, depending on one variable. Subsection 2.1 investigates
composition principles for introduced classes and Section 3 provides an interesting
application in the qualitative analysis of (ω, c)-pseudo almost periodic solutions of
the abstract semilinear Cauchy inclusions of the first order.

We use the standard notation throughout the paper. Let I = R or I = [0,∞);
unless stated otherwise, we will always assume henceforth that f : I → E is a
continuous function. By C(I : E), Cb(I : E) and C0(I : E) we denote the vector
spaces consisting of all continuous functions f : I → E, all bounded continuous
functions f : I → E and all bounded continuous functions f : I → E satisfying that
lim|t|→+∞ ‖f(t)‖ = 0. As is well known, Cb(I : E) and C0(I : E) are Banach spaces
equipped with the sup-norm, denoted by ‖ · ‖∞. If X is also a complex Banach
space, then by L(E,X) we denote the space consisting of all bounded continuous
mappings from E into X; L(E) ≡ L(E,E). The principal branches are always used
for taking the powers of complex numbers.

1.1. Almost Periodic Functions, Almost Automorphic Functions and
Their Generalizations

Let I = [0,∞) or I = R. Given ε > 0, we call τ > 0 an ε-period for f(·) if and
only if ‖f(t + τ) − f(t)‖ ≤ ε, t ∈ I. The set constituted of all ε-periods for f(·)
is denoted by ϑ(f, ε). It is said that f(·) is almost periodic if and only if for each
ε > 0 the set ϑ(f, ε) is relatively dense in I, which means that there exists l > 0
such that any subinterval of I of length l meets ϑ(f, ε). The vector space consisting
of all almost periodic functions is denoted by AP (I : E).

Let f : R→ E be continuous. Then it is said that f(·) is almost automorphic if
and only if for every real sequence (bn) there exists a subsequence (an) of (bn) and
a map g : R→ E such that limn→∞ f(t+ an) = g(t) and limn→∞ g(t− an) = f(t),
pointwise for t ∈ R. The space consisting of all almost automorphic functions will
be denoted by AA(R : E).

A function f : I × X → E is called almost periodic if and only if f(·, ·) is
bounded continuous as well as for every ε > 0 and every compact K ⊆ X there
exists l(ε,K) > 0 such that every subinterval J ⊆ I of length l(ε,K) contains a
number τ with the property that ‖f(t + τ, x) − f(t, x)‖ ≤ ε for all t ∈ I, x ∈ K.
The collection of such functions will be denoted by AP (I × X : E). Observe that
we require the boundedness of function f(·, ·) a priori, which is not the common
case in the existing literature. This is also not the case in the usual definition
of an almost automorphic function depending on two variables, given as follows.
A continuous function F : R × X → E is said to be almost automorphic if and
only if for every sequence of real numbers (s′n) there exists a subsequence (sn) such
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that G(t, x) := limn→∞ F (t + sn, x) is well defined for each t ∈ R and x ∈ X, and
limn→∞G(t−sn, x) = F (t, x) for each t ∈ R and x ∈ X. The vector space consisting
of such functions will be denoted by AA(R×X : E).

By PAP0(R : E) we denote the space consisting of all bounded continuous
functions Φ : R→ E such that limr→∞

1
2r

∫ r
−r ‖Φ(s)‖ ds = 0. For example, it is well

known that f ∈ PAP0(R : C) if and only if f · f ∈ PAP0(R : C). Moreover, let us
define

f(t) :=
1

2t

∫ t

−t
s| sin s|s

N

ds, t ∈ R,

where N > 6. From [1, Example p. 1143] we know that limt→+∞ f(t) = 0 and

therefore ·| sin ·|·N ∈ PAP0(R : C) for N > 6.

By PAP0(R×X : E) we denote the space consisting of all continuous functions
Φ : R × X → E such that {Φ(t, x) : t ∈ R} is bounded for all x ∈ X, and
limr→∞

1
2r

∫ r
−r ‖Φ(s, x)‖ ds = 0, uniformly in bounded sets of X. A function f ∈

Cb(R : X) is said to be pseudo-almost periodic, resp. pseudo-almost automorphic, if
and only if it admits a decomposition f(t) = g(t)+q(t), t ∈ R, where g ∈ AP (R : E),
resp. g ∈ AA(R : E), and q ∈ PAP0(R : E). The parts g(·) and q(·) are called
the almost periodic part of f(·), resp. the almost automorphic part of f(·), and
the ergodic perturbation of f(·). The vector space consisting of such functions is
denoted by PAP (R : E), resp. PAA(R : E); the sup-norm turns PAP (R : E),
resp. PAA(R : E), into a Banach space ([13]).

For more details about almost periodic type functions and almost automorphic
type functions, we refer the reader to the research monographs [5, 6, 7, 9, 12].

2. (ω, c)-Pseudo Almost Periodic Functions and (ω, c)-Pseudo Almost
Automorphic Functions

Unless specified otherwise, in the remainder of paper we will always assume that
c ∈ C\{0} and ω > 0. The following definition has been recently introduced in [8].

Definition 2.1. It is said that a continuous function f : I → E is (ω, c)-almost
periodic, resp. (ω, c)-almost automorphic, if and only if the function fω,c(·), defined
by fω,c(t) := c−(t/ω)f(t), t ∈ I, is almost periodic, resp. almost automorphic. By
APω,c(I : E), resp. AAω,c(I : E), we denote the space consisting of all (ω, c)-almost
periodic functions, resp. all (ω, c)-almost automorphic functions.

Let us recall that APω,c(I : E), resp. AAω,c(I : E), is a vector space with the
usual operations of addition of functions and pointwise multiplication of functions
with scalars ([8]). Furthermore, the space APω,c(I : E), resp. AAω,c(I : E),
equipped with the norm ‖ · ‖ω,c, where

‖f‖ω,c := sup
t∈I

∥∥∥c− t
ω f(t)

∥∥∥,
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is a Banach space.

With the exception of consideration preceding Definition 2.3, in the remainder
of paper we will deal with the interval I = R, only. Let us recall the (ω, c)-mean of
a function h : R→ E is introduced in [4] by

Mω,c(h) := lim
T→∞

1

2T

∫ T

−T
c−σ/ωh(σ) dσ,

whenever the limit exists. For example, for h1(t) = ct/ω and h2(t) = ct/ωeit, we
have that Mω,c (h1) = 1 and Mω,c (h2) = 0. Furthermore, Mω,c is a linear and
continuous operator. Indeed, if c−t/ωhn(t)→ c−t/ωh(t) uniformly as n→∞, then
Mω,c (hn)→Mω,c(h) as n→∞.

Remark 2.1. If h(·) is (ω, c)-almost periodic in the sense of Definition 2.1, then
the meanMω,c(h) always exists, because the function c−(·/ω)f(·) is almost periodic
and the usual mean value of any almost periodic function exists.

In this paper, we will use the space

PAP0;ω,c(R : E) :=
{
h ∈ C(R : E) ; c−·/ωh(·) ∈ PAP0(R : E)

}
.

A function h(·) is said to be c-ergodic if and only if belongs to this space. Therefore,
the ergodic space of Zhang ([13]) can be recovered by plugging c = 1 in the above
definition.

Furthermore, we will use the following two types of (ω, c)-pseudo ergodic com-
ponents:

Definition 2.2. Let c ∈ C\{0} and ω > 0.

(i) A function f ∈ C(R ×X : E) is said to be (ω, c, 1)-pseudo ergodic vanishing
if and only if c−t/ωf(t, ·) ∈ PAP0(R×X : E). The space of all such functions
will be denoted by PAP0;ω,c,1(R×X : E).

(ii) A function f ∈ C(R ×X : E) is said to be (ω, c, 2)-pseudo ergodic vanishing
if and only if c−t/ωf(t, ct/ω·) ∈ PAP0(R × X : E). The space of all such
functions will be denoted by PAP0;ω,c,2(R×X : E).

Similarly, we will use two different types of (ω, c)-almost periodic functions,
resp. (ω, c)-almost automorphic functions, depending on two variables (albeit some
composition principles for two-parameter (ω, c)-almost periodic functions have been
clarified in [8], we have not explicitly defined the notion of a two-parameter (ω, c)-
almost periodic function there; the notion introduced in Definition 2.3 should not
be mistakenly identified with the notion of an (ω, c)-almost periodic function of type
1 (type 2), introduced and analyzed in [8, Section 3]).

Definition 2.3. Let c ∈ C\{0}, ω > 0 and i = 1, 2.
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(i) A function f ∈ C(R × X : E) is said to be (ω, c, 1)-almost periodic, resp.
(ω, c, 1)-almost automorphic, if and only if c−t/ωf(t, ·) ∈ AP (R × X : E),
resp. c−t/ωf(t, ·) ∈ AA(R × X : E). The space of all such functions will be
denoted by APω,c,1(R×X : E), resp. AAω,c,1(R×X : E).

(ii) A function f ∈ C(R × X : E) is said to be (ω, c, 2)-almost periodic, resp.
(ω, c, 2)-almost automorphic, if and only if c−t/ωf(t, ct/ω·) ∈ AP (R×X : E),
resp. c−t/ωf(t, ct/ω·) ∈ AA(R ×X : E). The space of all such functions will
be denoted by APω,c,2(R×X : E), resp. AAω,c,2(R×X : E).

In [8], we have analyzed the classes of asymptotically (ω, c)-almost periodic
functions, resp. asymptotically (ω, c)-almost automorphic functions, defined on
the non-negative real axis by adding the usual ergodic components from the space
C0([0,∞) : E) to the principal components, which are (ω, c)-almost periodic func-
tions, resp. (ω, c)-almost automorphic functions. In order to stay consistent with
the notion introduced in [4, Definition 2.5], we will slightly change the approach
obeyed in [8] and use the following notion in case I = R :

Definition 2.4. Let c ∈ C\{0}, ω > 0 and i = 1, 2.

(i) A function f ∈ C(R : E) is said to be (ω, c)-pseudo almost periodic, resp.
(ω, c)-pseudo almost automorphic, if and only if it admits a decomposition
f(t) = g(t) + h(t), t ∈ R, where g(·) is (ω, c)-almost periodic, resp. (ω, c)-
almost automorphic, and h ∈ PAP0;ω,c(R : E). The space of all such functions
will be denoted by PAPω,c(R : E), resp. PAAω,c(R : E).

(ii) A function f(·, ·) ∈ C(R×X : E) is said to be (ω, c, i)-pseudo almost periodic,
resp. (ω, c, i)-pseudo almost automorphic, if and only if it admits a decompo-
sition f(t, x) = g(t, x) + h(t, x), t ∈ R, x ∈ X, where g(·, ·) is (ω, c, i)-almost
periodic, resp. (ω, c, i)-almost automorphic, and h(·, ·) ∈ PAP0;ω,i(R×X : E).
The space of all such functions will be denoted by PAPω,c,i(R×X : E), resp.
PAAω,c,i(R×X : E).

For simplicity, we will not consider here the class of (ω, c)-pseudo compactly
almost automorphic functions; for some applications of compactly almost auto-
morphic functions, the reader may consult the article [2] by Ait Dads, Boudchich,
Es-sebbar and references cited therein.

Theorem 2.1. Let f ∈ C(R : E). Then f(·) is (ω, c)-pseudo almost periodic, resp.
(ω, c)-pseudo almost automorphic, if and only if:

f(t) ≡ c∧(t)u(t), with c∧(t) ≡ ct/ω, u ∈ PAP (R : E),(2.1)

resp.
f(t) ≡ c∧(t)u(t), with c∧(t) ≡ ct/ω, u ∈ PAA(R : E).
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Proof. We will consider only (ω, c)-pseudo almost periodic functions for sim-
plicity. It is clear that if f(·) satisfies (2.1), then f(·) is an (ω, c)-pseudo almost
periodic function. In order to show the converse statement, let f ∈ PAPω,c(R : E).
Then there exists g ∈ APω,c(R : E) and PAP0;ω,c(R : E) such that f = g + h.
Therefore,

u(t) = c−t/ωg(t) + c−t/ωh(t) = F1(t) + F2(t), t ∈ R.

So, u(t) is written as a sum of F1(·) which is almost periodic and F2(·) which be-
longs to PAP0;ω,c(R : E).

Remark 2.2. Let us note that the decompositions given in Definition 2.4 are
unique; see also [4, Remark 2.9]. The proof of this simple fact can be left to the
interested readers.

It can be simply shown that:

(i) We have f + g ∈ PAPω,c(R : E), resp. f + g ∈ PAAω,c(R : E), and αh ∈
PAPω,c(R : E), resp. αh ∈ PAAω,c(R : E), provided f, g, h ∈ PAPω,c(R :
E), resp. f, g, h ∈ PAAω,c(R : E), and α ∈ C.

(ii) If τ ∈ R and f ∈ PAPω,c(R : E), resp. f ∈ PAAω,c(R : E), then fτ (·) ≡
f(·+ τ) ∈ PAPω,c(R : E), resp. fτ (·) ∈ PAAω,c(R : E).

Now we would like to endow the introduced space of (ω, c)-pseudo almost pe-
riodic functions, resp. (ω, c)-pseudo almost automorphic functions, with a certain
norm.

Proposition 2.1. The space PAPω,c(R : E), resp. PAAω,c(R : E), equipped with
the norm ‖ · ‖ω,c is a Banach space.

Proof. We will consider the space PAPω,c(R : E), only. Let (fn) be a Cauchy
sequence in PAPω,c(R : E). Then, given ε > 0, there exists N ∈ N such that, for
all m, n ≥ N , we have

‖fn − fm‖ω,c < ε.

Since fm, fn ∈ PAPω,c(R : E), Theorem 2.1 implies that there exists um, un ∈
PAP (R : E) such that fm(t) ≡ c∧(t)um(t) and fn(t) ≡ c∧(t)un(t) for all t ∈ R.
Now, for m, n ≥ N we have ‖um − un‖∞ ≤ ‖fn − fm‖ω,c < ε. It follows that
(un) is a Cauchy sequence in PAP (R : E). Since PAP (R : E) is complete, there
exists u ∈ PAP (R : E) such that ‖un − u‖∞ → 0 as n → ∞. Let us define
f(t) := c∧(t)u(t), t ∈ R. We claim that ‖un − u‖∞ → 0 as n → ∞. Indeed,
‖fn − f‖ω,c = supt∈R ‖un(t) − u(t)‖ → 0 (n → ∞). Hence, PAPω,c(R : E) is a
Banach space with the norm ‖ · ‖ω,c.

Lemma 2.1. ([4]) Assume that k∼(·) := c∧(−·)k(·) ∈ L1(R). Then h ∈ PAP0;ω,c(R :
E) implies that k ∗ h ∈ PAP0;ω,c(R : E).
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Theorem 2.2. Let f ∈ PAPω,c(R : E), resp. f ∈ PAAω,c(R : E), with f(·) =
c∧(·)p(·), p ∈ PAP (R : E), resp. p ∈ PAA(R : E). If for some k(·) we have that
k∼(·) := c∧(−·)k(·) ∈ L1(R), then

(k ∗ f)(t) =

∫ ∞
−∞

k(t− s)f(s) ds = c∧(t) (k∼ ∗ p) (t), t ∈ R.

In particular, k ∗ f ∈ PAPω,c(R : E), resp. k ∗ f ∈ PAAω,c(R : E).

Proof. As before, we will consider the space PAPω,c(R : E) only, because the
proof is quite analogous for the space PAAω,c(R : E). Since p ∈ PAP (R : E),
we have that there exists p1 ∈ AP (R : E) and p2 ∈ PAP0(R : E) such that
p = p1 + p2. Then f = f1 + f2, where f1(·) = c∧(·)p1(·) ∈ APω,c(R : E) and
f2(·) = c∧(·)p1(·) ∈ PAP0;ω,c(R : E). For every t ∈ R, we have

(k ∗ f)(t) =

∫ ∞
−∞

k(t− s)f(s) ds

=

∫ ∞
−∞

k(t− s)f1(s) ds+

∫ ∞
−∞

k(t− s)f2(s) ds

= (k ∗ f1) (t) + (k ∗ f2) (t) =: I1(t) + I2(t).

We have that I1 ∈ APω,c(R : E); see [8]. Next, by Lemma 2.1, we have that
I2 ∈ PAP0;ω,c(R : E). Moreover, by definition of f(·), we have (k ∗ f)(·) =
c∧(·) (k∼ ∗ p) (·) so that k ∗ f ∈ PAPω,c(R : E).

Example 2.1. ([12]) Let us consider the heat equation ut(x, t) = uxx(x, t), t > 0,
x ∈ R, with the initial value condition u(x, 0) = f(x). Let u(x, t) be a regular
solution satisfying the initial value condition. It is well known that

u(x, t) =
1

2
√
πt

+∞∫
−∞

e−
(x−s)2

4t f(s) ds, t > 0, x ∈ R.

Fix t0 > 0 and assume that f(·) is an (ω, c)-pseudo almost periodic function. Then,
by Theorem 2.2, the solution u(x, t0) is (ω, c)-pseudo almost periodic with respect
to x.

2.1. Composition principles

In this subsection, we will use two lemmae. The first one is a slight extension of the
well known result of H.-X. Li, F.-L. Huang and J.-Y. Li [10, Theorem 2.1], clarified
recently in [9, Lemma 2.12.2]:

Lemma 3.1. Let f ∈ PAP (R ×X : E) and u ∈ PAP (R : X). Then the mapping
t 7→ f(t, u(t)), t ∈ R belongs to the space PAP (R : E) provided that the following
conditions hold:
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(i) The set {f(t, x) : t ∈ R, x ∈ B} is bounded for every bounded subset B ⊆ X.

(ii) f(t, x) is uniformly continuous in each bounded subset of X uniformly in t ∈ R.
That is, for any ε > 0 and B ⊆ X bounded, there exists δ > 0 such that
x, y ∈ B and ‖x− y‖ ≤ δ imply ‖f(t, x)− f(t, y)‖ ≤ ε for all t ∈ R.

The second lemma is the following slight extension of the composition principle
established by J. Liang et al. in [11, Theorem 2.4]:

Lemma 3.2. (see [9, Theorem 3.2.4]) Suppose that f = g + φ ∈ PAA(R×X : E)
with g ∈ AA(R×X : E), φ ∈ PAP0(R×X : E) and the following holds:

(i) the mapping (t, x) 7→ g(t, x) is uniformly continuous in any bounded subset
B ⊆ X uniformly for t ∈ R;

(ii) the mapping (t, x) 7→ φ(t, x) is uniformly continuous in any bounded subset
B ⊆ X uniformly for t ∈ R.

Then for each u ∈ PAA(R : X) one has f(·, u(·)) ∈ PAA(R : E).

For simplicity, we will not consider Stepanov p-almost periodic functions and
Stepanov p-almost automorphic functions depending on two variables here (see [8,
Section 3] for some composition principles for Stepanov (p, ω, c)-almost periodic
functions).

Suppose now that a continuous function g : R ×X → E satisfies g(t + ω, x) =
cg(t, x) for all t ∈ R and x ∈ X, resp. g(t+ω, cx) = cg(t, x) for all t ∈ R and x ∈ X.
Define the functions

G1(t, x) := c−
t
ω g(t, x), t ∈ R, x ∈ X(2.2)

and
G2(t, x) := c−

t
ω g
(
t, ct/ωx

)
, t ∈ R, x ∈ X.(2.3)

Then, for every t ∈ R and x ∈ X, we have

G1(t+ ω, x) = c−
t+ω
ω g(t+ ω, x) = c−

t+ω
ω cg(t+ ω, x) = c−

t
ω g(t, x) = G1(t, x)

and
G2(t+ ω, x) = c−

t+ω
ω g
(
t+ ω, c

t+ω
ω x

)
= c−

t+ω
ω cg

(
t, ct/ωx

)
= c−t/ωg

(
t, ct/ωx

)
= G2(t, x).

In both cases, the function Gi(·, ·) is ω-periodic in time variable (i = 1, 2). Further-
more, if the requirements of [4, Theorem 2.24] hold (case i = 2), then condition (i) of
Lemma 3.2 holds with the function g(·, ·) replaced therein with the function G2(·, ·),
and condition (ii) of Lemma 3.2 holds with the function φ(·, ·) replaced therein with
the function h2(t, ·) ≡ c−t/ωh(t, ct/ω·), t ∈ R. Furthermore, G2 ∈ AA(R×X : E) and
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h2 ∈ PAP0(R×X : E) so that repeating verbatim the arguments used in the proof
of [11, Theorem 2.4] with appealing to [3, Theorem 2.11] in place of [11, Lemma 2.2]
immediately yields a much simpler proof of [4, Theorem 2.24]. Furthermore, the
statement of [3, Theorem 2.11] can be formulated for continuous functions which
maps the space R×X into E; in other words, we can use two different pivot spaces
X and E. Keeping in mind this observation, we can immediately clarify an extension
of [4, Theorem 2.24] in this context (the interested reader may try to reexamine [4,
Theorem 2.25] for (ω, c)-pseudo almost periodic functions and (ω, c)-pseudo almost
automorphic functions). Furthermore, using Lemma 3.2 we can immediately clarify
the following result:

Proposition 3.1.

(i) Suppose that f = g+φ with g ∈ AAω,c,1(R×X : E), φ ∈ PAP0;ω,c,1(R×X : E)
and the following holds:

(a) the mapping (t, x) 7→ G1(t, x) given by (2.2) is uniformly continuous in
any bounded subset B ⊆ X uniformly for t ∈ R;

(b) the mapping (t, x) 7→ φ1(t, x) given by (2.2), with the function g(·, ·)
replaced therein with the function φ(·, ·), is uniformly continuous in any
bounded subset B ⊆ X uniformly for t ∈ R.

Then for each u ∈ PAA(R : X) one has f(·, u(·)) ∈ PAAω,c(R : E).

(ii) Suppose that f = g+φ with g ∈ AAω,c,2(R×X : E), φ ∈ PAP0;ω,c,2(R×X : E)
and the following holds:

(c) the mapping (t, x) 7→ G2(t, x) given by (2.2) is uniformly continuous in
any bounded subset B ⊆ X uniformly for t ∈ R;

(d) the mapping (t, x) 7→ φ2(t, x) given by (2.2), with the function g(·, ·)
replaced therein with the function φ(·, ·), is uniformly continuous in any
bounded subset B ⊆ X uniformly for t ∈ R.

Then for each u ∈ PAAω,c(R : X) one has f(·, u(·)) ∈ PAAω,c(R : E).

Concerning possible applications of Lemma 3.1, we can immediately clarify the
following result:

Proposition 3.2.

(i) Let f ∈ PAPω,c,1(R × X : E) and u ∈ PAP (R : X). Then the mapping
t 7→ f(t, u(t)), t ∈ R belongs to the space PAPω,c(R : E) provided that the
following conditions hold:

(a) The set {c−t/ωf(t, x) : t ∈ R, x ∈ B} is bounded for every bounded subset
B ⊆ X.
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(b) c−t/ωf(t, x) is uniformly continuous in each bounded subset of X uni-
formly in t ∈ R.

(ii) Let f ∈ PAPω,c,2(R × X : E) and u ∈ PAPω,c(R : X). Then the mapping
t 7→ f(t, u(t)), t ∈ R belongs to the space PAPω,c(R : E) provided that the
following conditions hold:

(a) The set {c−t/ωf(t, ct/ωx) : t ∈ R, x ∈ B} is bounded for every bounded
subset B ⊆ X.

(b) c−t/ωf(t, ct/ωx) is uniformly continuous in each bounded subset of X
uniformly in t ∈ R.

3. An Application to the Abstract Semilinear Cauchy Inclusions in
Banach Spaces

Consider the semilinear fractional Cauchy inclusion

Dγ
t,+u(t) ∈ Au(t) + f(t, u(t)), t ∈ R,(3.1)

where Dγ
t,+ denotes the Riemann-Liouville fractional derivative of order γ ∈ (0, 1],

f : R→ E satisfies certain properties, and A is a closed multivalued linear operator
in E satisfying the condition

(P) There exists finite constants a, M > 0 and β ∈ (0, 1] such that

Ψ :=
{
λ ∈ C : Reλ ≥ −a

(
| Imλ|+ 1

)}
⊆ ρ(A)

and
‖R(λ : A)‖ ≤M

(
1 + |λ|

)−β
, λ ∈ Ψ.

Then there exists a finite constant M0 > 0 such that the degenerate strongly
continuous semigroup (T (t))t>0 ⊆ L(E) generated by A satisfies the estimate
‖T (t)‖ ≤M0e

−attβ−1, t > 0; cf. [9] for more details. By a mild solution of problem
(3.1), we mean any continuous function t 7→ u(t), t ∈ R satisfying

u(t) =

∫ t

−∞
T (t− s)f(s, u(s)) ds, t ∈ R.

We will use the following auxiliary result:

Lemma 4.1. (see the proof of [9, Lemma 2.12.3]) Suppose that f : R → E is
pseudo-almost periodic (pseudo-almost automorphic) and (R(t))t>0 ⊆ L(E,X) is
a strongly continuous operator family satisfying that ‖R(t)‖ ≤ Me−bttβ−1, t > 0
for some finite numbers M ≥ 1, b > 0 and β ∈ (0, 1]. Then the function F (t) :=∫ t
−∞R(t−s)f(s) ds, t ∈ R is well-defined and pseudo-almost periodic (pseudo-almost
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automorphic).

Suppose now that

0 < M0/(a+ (ln |c|/ω)) < 1(3.2)

and define the mapping

Pu : PAPω,c(R : E) → PAPω,c(R : E), resp. Pu : PAAω,c(R : E) → PAAω,c(R : E),

by

(Pu)(t) :=

∫ t

−∞
T (t− s)f(s, u(s)) ds, t ∈ R.

If the mapping f(·, ·) satisfies the requirements of Proposition 3.2(ii), resp. Proposi-
tion 3.1(ii), then we have that the mapping f(·, u(·)) belongs to the class PAPω,c(R :
E), resp. PAAω,c(R : E). Using the decomposition∫ t

−∞
T (t− s)f(s, u(s)) ds =

∫ t

−∞

[
c−

t−s
ω T (t− s)

][
c−

s
ω f(s, u(s))

]
ds, t ∈ R,

the estimate (3.2) yields that the mapping t 7→
∫ t
−∞ T (t − s)f(s, u(s)) ds, t ∈ R

belongs to the class PAPω,c(R : E), resp. PAAω,c(R : E). Hence, the mapping P (·)
is well defined. Using a simple calculation, we get that (see also Proposition 3.1):

‖Pu‖ω,c ≤
M0

a+ (ln |c|/ω)
‖Pu‖ω,c, u ∈ PAPω,c(R : E)

[
u ∈ PAAω,c(R : E)

]
.

Applying the Banach contraction principle, we get that the mapping P (·) has a
unique fixed point, so that there exists a unique solution of the abstract semilinear
Cauchy inclusion (3.1) which belongs to the class PAPω,c(R : E), resp. PAAω,c(R :
E).
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