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Abstract. In the present paper, we have studied curvature tensors of a quasi-Sasakian
manifold with respect to the Da-homothetic deformation. We have deduced the Ricci
soliton in quasi-Sasakian manifold with respect to the Da-homothetic deformation.
We have also proved that the quasi-Sasakian manifold is not ξ̄-projectively flat under
Da-homothetic deformation. Also, we give an example to prove the existance of quasi-
Sasakian manifold.
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1. Introduction

In 1967, D. E. Blair [1] introduced the notion of quasi-Sasakian structure to
unify Sasakian and cosymplectic structures. The Riemannian curvature tensor of
three dimensional quasi-Sasakian manifold is given by [10]

R(X,Y )Z = g(Y,Z)[(
r

2
− β2)X + (3β2 − r

2
)η(X)ξ + η(X)(φgradβ)

− dβ(φX)ξ]− g(X,Z)[(
r

2
− β2)Y + (3β2 − r

2
)η(Y )ξ

+ η(Y )(φgradβ)− dβ(φY )ξ] + [(
r

2
− β2)g(Y, Z)

+ (3β2 − r

2
)η(Y )η(Z)− η(Y )dβ(φZ)− η(Z)dβ(φY )]X
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− [(
r

2
− β2)g(X,Z) + (3β2 − r

2
)η(X)η(Z)− η(X)dβ(φZ)

− η(Z)dβ(φX)]Y − r

2
[g(Y, Z)X − g(X,Z)Y ],

where β is a function on the manifold. In the paper [2], U. C. De and A. K. Mondal
have proved that ξβ = 0. In a quasi-Sasakian manifold, if we consider β is a non-
zero constant, then the manifold becomes β-Sasakian and if β = 1, the manifold
becomes a Sasakian manifold.

The notion of Da-homothetic deformation was introduced by Tanno [11] in 1968.
In paper [8], H. G. Nagaraja, D. L. Kiran Kumar and D. G. Prakasha have stud-
ied Da-homothetic deformation of (κ, µ)-contact metric manifolds. Nagaraja and
Premalatha have studied Da-homothetic deformation of K-contact manifolds in the
paper [9].

Ricci soliton was introduced by Hamilton [4] which is the generalization of the
Einstein metrics and is defined by

(LXg)(Y, Z) + 2S(Y,Z) + 2λg(Y,Z) = 0,

where, LX denotes the Lie-derivatives of Riemannian metric g along the vector
field X, λ is a constant, S the Ricci tensor of type (0, 2) and Y , Z are arbitrary vec-
tor fields on the manifold. A Ricci soliton is called shrinking or steady or expanding
according as λ is negative or zero or positive. Ricci solitons on three dimensional
almost contact manifolds have been studied by several authors. For instance, U. C.
De and A. K. Mondal studied Ricci solitons on three dimensional quasi-Sasakian
manifolds [2]. S. K. Hui and colaborators have investigated Ricci solitons and their
generalizations on some classes of almost contact manifolds. For details see [5], [6],
[7].

In this paper we would like to study some properties of quasi-Sasakian manifold
with Da-homothetic deformation.

The paper is organized as follows: In Section 2, we have discussed some prelim-
inaries. In Section 3, we give an example of quasi-Sasakian manifold to prove the
existance of the said manifold. In Section 4, we deduced some curvature properties
of quasi-Sasakian manifold with respect to the Da-homothetic deformation. In Ses-
tion 5, we study the Ricci soliton in quasi-Sasakian manifold with respect to the
Da-homothetic deformation. In the last Section, we have derived the ξ̄-projective
curvature tensor under Da-homothetic deformation.

2. Preliminaries

Let M be a (2n + 1)-dimensional manifold endowed with an almost contact
metric structure (φ, ξ, η, g), where φ is a tensor field of type (1, 1), ξ is a vector
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field, η is a 1-form and g is the Riemannian metric on M such that [10]

φ2(X) = −X + η(X)ξ, η(ξ) = 1.

As a consequence, we get the following:

φξ = 0, g(X, ξ) = η(X), η(φX) = 0,

g(φX, φY ) = g(X,Y )− η(X)η(Y ),

g(φX, Y ) = −g(X,φY ), g(φX,X) = 0,

(∇Xη)(Y ) = g(∇Xξ, Y ),

for all vector fields X, Y on (M)

Let Φ be the fundamental 2-form of M defined by

Φ(X,Y ) = g(X,φY ),

for all X, Y on M . M is said to be quasi-Sasakian if the almost contact structure
(φ, ξ, η, g) is normal and the fundamental 2-form Φ is closed i.e., dΦ = 0 [1]. The
normality condition gives that the induced almost complex structure of M × R is
integrable or equivalently, the torsion tensor field N = [φ, φ]+2ξ⊗dη vanishes iden-
tically on M , where [X,Y ] is the Lie bracket. The rank of a quasi-Sasakian structure
is always an odd integer [1] which is equal to 1 if the structure is cosympletic and
it is equal to (2n+ 1) if the structure is Sasakian.

For a three-dimensional quasi-Sasakian manifold, we have [2]

∇Xξ = −βφX,(2.1)

(∇Xφ)(Y ) = β(g(X,Y )ξ − η(Y )X),(2.2)

(∇Xη)(Y ) = −βg(φX, Y ),(2.3)

R(X,Y )ξ = −(Xβ)φY + (Y β)φX + β2{η(Y )X − η(X)Y },(2.4)

S(X,Y ) = (
r

2
− β2)g(X,Y ) + (3β2 − r

2
)η(X)η(Y )

− η(X)dβ(φY )− η(Y )dβ(φX),

QX = (
r

2
− β2)X + (3β2 − r

2
)η(X)ξ

− η(X)(φgradβ)− dβ(φX)ξ,

S(X, ξ) = 2β2η(X)− dβ(φX).(2.5)

The Weyl projective curvature tensor P of type (1, 3) on a Riemannian manifold
(M, g) of dimension (2n+ 1) is defined by [3]

P (X,Y )Z = R(X,Y )Z − 1

2n
[S(Y,Z)X − S(X,Z)Y ],

for all X, Y , Z ∈ χ(M).
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3. Example of quasi-Sasakian manifold of dimension three

This example is constructed by following U. C. De and A. K. Mondal in the
paper [2].

Let us consider the manifold M = {x1, x2, x3 ∈ R3 : x3 6= 0} of dimension 3,
where {x1, x2, x3} are standard co-ordinates in R3. We choose the vector fields

e1 =
∂

∂x1
, e2 =

∂

∂x2
+ x1

∂

∂x3
, e3 =

∂

∂x3
,

which are linearly independent at each point of M , we get

[e1, e2] = e3, [e1, e3] = 0, [e2, e3] = 0.

Let g be the Riemannian metric defined by g(ei, ej) = δij, for all i, j = 1, 2, 3.
Let ∇ be the Riemannian connection and R the curvature tensor of g. The 1-form
η is defined by η(X) = g(X, e3), for any X on M , which is a contact form because
η ∧ dη 6= 0.

Let φ be the (1, 1)-tensor field defined by

φ(e1) = e2, φ(e2) = −e1, φ(e3) = 0.

Then we find

η(e3) = 1, φ2X = −X + η(X)e3,

g(φX, φY ) = g(X,Y )− η(X)η(Y ),

for any vector fields X, Y on M . Hence (φ, e3, η, g) defines an almost contact metric
structure on M .

Using Koszul’s formula, we obtain

∇e1e2 =
1

2
e3, ∇e1e3 = −1

2
e2, ∇e2e3 =

1

2
e1,

∇e2e1 = −1

2
e3, ∇e3e1 = −1

2
e2, ∇e3e2 =

1

2
e1

and the remaining ∇eiej = 0, for all i, j = 1, 2, 3. Thus we see that the structure
(φ, e3, η, g) satisfies the formula ∇Xe3 = −βφX for β = − 1

2 .

Hence the manifold is a three dimensional quasi-Sasakian manifold with the con-
stant structure function β.
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Also, from the definition of curvature tensor, the expressions curvature tensor
are given by

R(e1, e2)e1 =
3

4
e2, R(e1, e2)e2 = −3

4
e1, R(e1, e3)e1 = −1

4
e3,

R(e2, e3)e3 =
1

4
e2, R(e1, e3)e3 =

1

4
e1, R(e2, e3)e2 = −1

4
e3

and the remaining R(ei, ej)ek = 0, for all i, j, k = 1, 2, 3.

4. Da-homothetic deformation

Let (M,φ, ξ, η, g) be a 3-dimensional quasi-Sasakian manifold. A Da-homothetic
deformation is defind by

φ̄ = φ, ξ̄ =
1

a
ξ, η̄ = aη, ḡ = ag + a(a− 1)η ⊗ η,(4.1)

with a being a positive constant [8].

If M(φ, ξ, η, g) is a quasi-Sasakian manifold with Riemannian connection ∇
and ∇̄ be the connection of the Da-homothetic deformed quasi-Sasakian mani-
fold M(φ̄, ξ̄, η̄, ḡ) which is calculated from ∇ and g. Then the relation between the
connections ∇ and ∇̄ is given by

∇̄XY = ∇XY + (1− a)[η(Y )φX + η(X)φY ],(4.2)

for any vector fields X, Y , on M .

The Riemannian curvature tensor R̄ of M(φ̄, ξ̄, η̄, ḡ) is given by

R̄(X,Y )Z = ∇̄X∇̄Y Z − ∇̄Y ∇̄XZ − ∇̄[X,Y ]Z.(4.3)

Using (2.1), (2.2), (4.1) and (4.2) in (4.3), we get

R̄(X,Y )Z = R(X,Y )Z + (1− a)β[g(X,Z)η(Y )ξ

− g(Y, Z)η(X)ξ − 2g(φX, Y )φZ − g(φX,Z)φY

+ g(φY,Z)φX − 2η(Y )η(Z)X + 2η(X)η(Z)Y ]

− (1− a)2[η(X)η(Z)Y − η(Y )η(Z)X].(4.4)

Therefore,

R̄(X,Y, Z,W ) = R(X,Y, Z,W ) + (1− a)β[g(X,Z)η(Y )η(W )

− g(Y,Z)η(X)η(W )− 2g(φX, Y )g(φZ,W )

− g(φX,Z)g(φY,W ) + g(φY,Z)g(φX,W )

− 2g(X,W )η(Y )η(Z) + 2g(Y,W )η(X)η(Z)]

− (1− a)2[g(Y,W )η(X)η(Z)− g(X,W )η(Y )η(Z)],(4.5)
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where R̄(X,Y, Z,W ) = g(R̄(X,Y )Z,W ) and R(X,Y, Z,W ) = g(R(X,Y )Z,W ).

Let, {ei}, (i = 1, 2, 3) be the orthonormal basis of the tangent space of the
manifold. Putting X = W = ei, in (4.5) and summing over i, we get

S̄(Y,Z) = S(Y,Z) + 2(1− a)β[g(Y,Z)− 3η(Y )η(Z)]

+ 2(1− a)2η(Y )η(Z).(4.6)

From which,

Q̄Y = QY + 2(1− a)β(Y − 3η(Y )ξ) + 2(1− a)2η(Y )ξ,

From (2.2) and (4.2), we get

(∇̄Xφ)Y = (∇Xφ)Y − (1− a)η(Y )φ2X.

Also, from (2.1) and (4.2), we obtain

∇̄X ξ̄ =
1− a− β

a
φX.(4.7)

Thus, from (2.3), (4.1), (4.2) and (4.7), we get

(∇̄X η̄)Y = a2(1− a− β)g(φX, Y ).

Thus, we can state the following
Theorem 4.1. For aDa-homothetically deformed quasi-Sasakian manifoldM(φ̄, ξ̄, η̄, ḡ),
the followings hold

R̄(X,Y )Z = R(X,Y )Z + (1− a)β[g(X,Z)η(Y )ξ

− g(Y,Z)η(X)ξ − 2g(φX, Y )φZ − g(φX,Z)φY

+ g(φY,Z)φX − 2η(Y )η(Z)X + 2η(X)η(Z)Y ]

− (1− a)2[η(X)η(Z)Y − η(Y )η(Z)X].

S̄(Y,Z) = S(Y,Z) + 2(1− a)β[g(Y, Z)− 3η(Y )η(Z)]

+ 2(1− a)2η(Y )η(Z).

Q̄Y = QY + 2(1− a)β(Y − 3η(Y )ξ) + 2(1− a)2η(Y )ξ,

(∇̄Xφ)Y = (∇Xφ)Y − (1− a)η(Y )φ2X.

∇̄X ξ̄ =
1− a− β

a
φX.

(∇̄X η̄)Y = a2(1− a− β)g(φX, Y ).
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5. Ricci soliton in three dimensional quasi-Sasakian manifold with
respect to the Da-homothetic deformation

Let M(φ̄, ξ̄, η̄, ḡ) be a Da-homothetically deformed quasi-Sasakian manifold of
dimension 3. A Ricci soliton (ḡ, V, λ) is defined on M(φ̄, ξ̄, η̄, ḡ) as

(L̄V ḡ)(X,Y ) + 2S̄(X,Y ) + 2λḡ(X,Y ) = 0,(5.1)

where L̄V ḡ denotes the Lie derivative of Riemannian metric ḡ along a vector field
V , S̄ is the Ricci tensor of type (0, 2) on M(φ̄, ξ̄, η̄, ḡ).

Let us suppose that the vector field V is the Reeb vector field ξ̄ on M(φ̄, ξ̄, η̄, ḡ).
Then from (5.1), we have

(L̄ξ̄ ḡ)(X,Y ) + 2S̄(X,Y ) + 2λḡ(X,Y ) = 0.(5.2)

Now, from (2.1) and (4.2), we have

(L̄ξ̄ ḡ)(X,Y ) = ḡ(∇̄X ξ̄, Y ) + ḡ(X, ∇̄Y ξ̄)
= 0.(5.3)

Therefore, from (4.1), (5.2) and (5.3), we get

S̄(X,Y ) = −λḡ(X,Y ).(5.4)

Putting Y = Z = ξ in (4.6), we get

S̄(ξ, ξ) = 2(β + a− 1)2.(5.5)

Putting X = Y = ξ̄ in (5.4) and using (5.5), we get

λ = −2(β + a− 1)2

a2
.

Thus we can state the following
Theorem 5.1. If a Da-homothetically deformed quasi-Sasakian manifold of di-
mension three admits Ricci soliton, then the Ricci soliton is shrinking.

6. ξ̄-projective curvature tensor on quasi-Sasakian manifold with
respect to Da-homothetic deformation

Definition 6.1. The ξ̄-projective curvature tensor of type (1, 3) on a quasi-
Sasakian manifold of dimension (2n+1) with respect to Da-homothetic deformation
is given by [8]

P̄ (X,Y )ξ̄ = R̄(X,Y )ξ̄ − 1

2n
[S(Y, ξ̄)X − S(X, ξ̄)Y ],
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for any X, Y on M .
A quasi-Sasakian manifold of dimension n is said to be ξ̄-projectively flat with re-
spect to the Da-homothetic deformation if P̄ (X,Y )ξ̄ = 0.

The Weyl projective curvature tensor P̄ of a three dimensional quasi-Sasakian
manifold under Da-homothetic deformation is defined by [8]

P̄ (X,Y )Z = R̄(X,Y )Z − 1

2
[S̄(Y,Z)X − S̄(X,Z)Y ].(6.1)

Interchanging X and Y ,we get

P̄ (Y,X)Z = R̄(Y,X)Z − 1

2
[S̄(X,Z)Y − S̄(Y, Z)X].(6.2)

Adding (6.1) and (6.2), we get by using the property R̄(X,Y )Z = −R̄(Y,X)Z

P̄ (X,Y )Z + P̄ (Y,X)Z = 0.

Also, from (6.1) by using first Bianchi identity R̄(X,Y )Z+R̄(Y, Z)X+R̄(Z,X)Y =
0, we get

P̄ (X,Y )Z + P̄ (Y,Z)X + P̄ (Z,X)Y = 0.

Thus the Weyl projective curvature tensor under Da-homothetic deformation in
a quasi-Sasakian manifold is skew-symmetric and cyclic.

Using (4.1), (4.4) and (4.6) in (6.1) , we get

P̄ (X,Y )Z = R(X,Y )Z + (1− a)β[g(X,Z)η(Y )ξ

− g(Y,Z)η(X)ξ − 2g(φX, Y )φZ − g(φX,Z)φY

+ g(φY,Z)φX − 2η(Y )η(Z)X + 2η(X)η(Z)Y ]

− (1− a)2[η(X)η(Z)Y − η(Y )η(Z)X]

− 1

2
[S(Y,Z)X + 2(1− a)β{g(Y,Z)X − 3η(Y )η(Z)X}

+ 2(1− a)2η(Y )η(Z)X − S(X,Z)Y

− 2(1− a)β{g(X,Z)Y − 3η(X)η(Z)Y }
− 2(1− a)2η(X)η(Z)Y ].(6.3)

Replacing Z by ξ̄ in (6.3), using (2.4), (2.5) and (4.1), we get

P̄ (X,Y )ξ̄ =
1

a
[(−(Xβ)φY + (Y β)φX) +

1

2
(−(φXβ)Y + (φY β)X)].

Thus we can say
Theorem 6.1. The ξ̄-projective curvature tensor on a Da-homothetically deformed
quasi-Sasakian manifold of dimension 3 is given by
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P̄ (X,Y )ξ̄ =
1

a
[(−(Xβ)φY + (Y β)φX) +

1

2
(−(φXβ)Y + (φY β)X)].

and the manifold is not ξ̄-projectively flat with respect to the Da-homothetic de-
formation.
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