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Ser. Math. Inform. Vol. 37, No 2 (2022), 283-293

https://doi.org/10.22190/FUMI210921019V

Original Scientific Paper

INVARIANTS FOR F -PLANAR MAPPINGS OF SYMMETRIC
AFFINE CONNECTION SPACES
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Radoja Domanovića 12, 34000 Kragujevac, Serbia

Abstract. This research is motivated by similarity of basic equations of F -planar map-
pings of symmetric affine connection space AN involved by J. Mike and N. S. Sinyukov,
and which have been studied by Mikes research group (I. Hinterleitner, P. Peška,
J. Stránská) and almost geodesic mappings (specially almost geodesic mappings of
the second type) of the space AN involved by N. S. Sinyukov and which have been
studied by many authors. We used the formulas obtained by N. O. Vesic to obtain
invariants for special F -planar mappings in this article. These invariants are analogous
to invariants of geodesic mappings (the Thomas projective parameter and the Weyl
projective tensor).
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1. Introduction

In this article, we will study special F -planar mappings of a symmetric affine
connection space. Our purpose is to obtain invariants for these mappings.

The F -planar mappings of symmetric affine connection spaces are involved by
J. Mikeš and his research group [2–7,9,10]. This research is continued with F -planar
mappings of non-symmetric affine connection spaces [11,16]. We are aimed to apply
the formulas from [14] to obtain invariants for special F -planar mappings in this
paper.
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1.1. Symmetric affine connection spaces

An N -dimensional differential manifold equipped with affine connection
0

∇,
whose coefficients are Lijk, Lijk = Likj , is the symmetric affine connection space

AN
(
see [10,12]

)
.

The affine connection coefficients Lijk are not components of a tensor. They

satisfy the transformation rule [10,12]

(1.1) Li
′

j′k′ = xi
′

αx
β
j′x

γ
k′L

α
βγ + xi

′

αx
α
j′k′ ,

where xi
′
, xj

′
, xk

′
,. . . are components of coordinate system O′x1

′
. . . xN

′
, xi, xj , xk

are components of coordinate system Ox1 . . . xN , xi
′

j = ∂xi
′
/∂xj , xij′ = ∂xi/∂xj

′
,

xij′k′ = ∂2xi/∂xj
′
∂xk

′
. We will also assume xij′k′ = xik′j′ below.

The next equalities hold

(1.2) xα
′

α x
α
j′α′ = xα

′

α x
β
j′x

γ
α′xαβγ = 0, and xαj′α = xβj′x

α
βα = 0.

Covariant derivative of a tensor â of the type (1, 1), whose components are aij ,

in the direction of xk is [10, 12]

(1.3) aij|k = aij,k + Liαka
α
j − Lαjkaiα,

where partial derivative ∂/∂xk is denoted by comma. The Einstein summation
convention by mute Greek indices is used in the previous equation and will be used
in the rest of paper.

One Ricci identity is founded with respect to the covariant derivative [10,12]

(1.4) aij|m|n − a
i
j|n|m = aαj

0

Riαmn − aiα
0

Rαjmn,

where

(1.5)
0

Rijmn = Lijm,n − Lijn,m + LαjmL
i
αn − LαjnLiαm,

are components of the curvature tensor
0̂

R of space AN .

The components of Ricci tensor of space AN are

(1.6)
0

Rij =
0

Rαijα = Lαij,α − Lαiα,j + LβijL
α
βα − L

β
iαL

α
jβ .

Ricci tensor of space AN is non-symmetric, i.e. it exists at least one pair of indices

(i0, j0) such that
0

Ri0j0 6=
0

Rj0i0 .



Invariants for F -Planar Mappings of Symmetric Affine Connection Space 285

1.2. F -planar and second-type almost geodesic mappings

A curve `, which is given by the equations
(
J. Mikeš, N. S. Sinyukov [9]; see

[2, 4–7,9, 10]
)

(1.7) ` = `(t), λ(t) = d`(t)/dt( 6= 0), , t ∈ I,

where t is a parameter, is called F -planar, if under a parallel translation, the tangent
vector λi = d`i/dt remains in the small area of vectors λi and λαF iα adjoint to it,
i.e.

λi|j = aλi + bλαF iα

where a and b are functions of t.

A diffeomorphism f : AN → AN is called F -planar [2,3,6,7,10] if any F -planar
curve in AN is transformed to an F -planar curve in AN by the mapping f .

The basic equation of F -planar mapping f : AN → AN is [2, 3, 6, 7, 10]

(1.8) Lijk = Lijk + ψjδ
i
k + ψkδ

i
j + 2σjF

i
k + 2σkF

i
j ,

for 1-forms ψj , σj and an affinor F ij .

The F -planar mapping f transforms the affinor F ij to F ij . We will stay focused
on F -planar mappings which preserve the F -structure [2, 3, 6, 7, 10]. In this case,
the next equation holds

(1.9) F ij = aF ij + bδij ,

for scalar functions a and b.

A mapping f : AN → AN whose deformation tensor is given by (1.8) is called the
F -planar mapping

(
[10], p. 386, an alternative definition of F -planar mappings

)
.

A mapping f : AN → AN determined by the equations

(1.10)

{
Lijk = Lijk + ψjδ

i
k + ψkδ

i
j + 2σjF

i
k + 2σkF

i
j ,

F ij|k + F ik|j + 2F iαF
α
j σk + 2F iαF

α
k σj = µjF

i
k + µkF

i
j + νjδ

i
k + νkδ

i
j ,

for 1-forms ψj , σj , µj , νj and affinor structure F ij , is called the second type almost
geodesic mapping of the space AN . Details about almost geodesic mappings of
symmetric affine connection spaces may be found in [1, 7, 8, 10] and in many other
publications.

The second type almost geodesic mapping f : AN → AN has the property of
reciprocity if it preserves the affinor structure F ij , F

i
j = F ij , and the corresponding

inverse mapping f−1 is the second type almost geodesic mapping. It is proved that
the mapping f satisfies property of reciprocity if and only if F iαF

α
j = eδij , e = ±1, 0.

Based on the alternative definition of F -planar mappings, we conclude that
F -planar mappings of space AN are subclass of the class of second type almost
geodesic mappings of AN . The almost geodesic mappings which have the property
of reciprocity are F -planar mappings which transform the F -structure by the rule
(1.9) for a = 1 and b = 0. These F -planar mappings form the class πF (e).
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1.3. Geometric mappings and their basic invariants

Infinitely many affine connections may be defined on the manifold MN . Let
0

∇

and
0

∇ be two affine connections defined on MN . If Lijk and Lijk are coefficients of

these affine connections, the geometrical objects
0

P ijk = Lijk − Lijk are components

of tensor
0̂

P of the type (1, 2). The tensor
0̂

P is called the deformation tensor.

The affine connections
0

∇ and
0

∇ defined on the manifold MN generate two

affine connection spaces AN and AN . Transformation
0

∇ f→
0

∇, i.e. Lijk
f→ Lijk =

Lijk +
0

P ijk, is the mapping of space AN .

Different forms of deformation tensor
0

P ijk generate special classes of mappings:

geodesic, conformal, almost geodesic,. . .

Example 1.1. The deformation tensor of geodesic mapping f : AN → AN is

(1.11)
0

P ijk = ψjδ
i
k + ψkδ

i
j ,

for a 1-form ψj . After substituting the equality
0

P ijk = Lijk − Lijk in the equation (1.11),
one obtains

(1.12) Lijk − Lijk = ψjδ
i
k + ψkδ

i
j .

If the equation (1.12) is contracted by i and k, one obtains

(1.13) ψj =
1

N + 1

(
Lαjα − Lαjα

)
.

Based on the equations (1.12, 1.13), it is obtained

(1.14)

Lijk − Lijk =
1

N + 1
δik
(
Lαjα − Lαjα

)
+

1

N + 1
δij
(
Lαkα − Lαkα

)
⇔

Lijk −
1

N + 1

(
δikL

α
jα + δijL

α
kα

)
= Lijk −

1

N + 1

(
δikL

α
jα + δijL

α
kα

)
⇔

0

T ijk =
0

T ijk,

0

T ijk = Lijk −
1

N + 1

(
δikL

α
jα + δijL

α
kα

)
,
0

T ijk = Lijk −
1

N + 1

(
δikL

α
jα + δijL

α
kα

)
.

The geometrical object
0

T ijk is Thomas projective parameter.

With respect to the invariance

0

T ijm,n −
0

T ijn,m +
0

Tαjm

0

T iαn −
0

Tαjn

0

T iαm =
0

T ijm,n −
0

T ijn,m +
0

Tαjm
0

T iαn −
0

Tαjn
0

T iαm,
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the next invariant for geodesic mapping of space AN is obtained

(1.15)

0

W̃i
jmn =

0

Rijmn +
1

N + 1
δijR[mn] −

1

(N + 1)2
δim
(
(N + 1)Lαjα|n + LαjαL

β
nβ

)
+

1

(N + 1)2
δin
(
(N + 1)Lαjα|m + LαjαL

β
mβ

)
.

After contracting the difference

0

W̃i
jmn −

0

W̃i
jmn = 0, the Weyl projective tensor as

invariant for the geodesic mapping of AN is obtained

(1.16)
0

W i
jmn =

0

Rijmn +
1

N + 1
δij

0

R[mn] +
N

N2 − 1
δi[m

0

Rjn] +
1

N2 − 1
δi[m

0

Rn]j .

The process for obtaining the Thomas projective parameter and the Weyl pro-
jective tensor motivated N. O. Vesić to obtain general formulae of invariants for
different geometric mappings [14].

If the deformation tensor of mapping f : AN → AN is P ijk =
0
ωijk −

0
ωijk, the

basic associated invariant of the Thomas type for this mapping is

(1.17)
0

T̃ijk = Lijk − ωijk,

and the basic associated invariant of the Weyl type for this mapping is

(1.18)
0

W̃i
jmn =

0

Rijmn − ωijm|n + ωijn|m + ωαjmω
i
αn − ωαjnωiαm.

The formulas (1.17, 1.18) were applied in [15, 16] for obtaining invariants of
mappings of non-symmetric affine connection spaces. In this paper, we will use
these formulas to obtain invariants for F -planar mappings of the type πF (e).

1.4. Motivation

Symmetric affine connection spaces and mappings between them have been stud-
ied by many authors. Some of these authors are J. Mikeš, N. S. Sinyukov, I. Hin-
terleitner, and many others.

The theory of invariants for mappings between non-symmetric affine connec-
tion spaces has been developed in last decades. Some of results from this subject
research are obtained by the following authors

(
M. S. Stanković [11, 13, 15]; M.

Lj. Zlatanović [13, 16–18]
)

and many others. Numerous authors have studied this
subject of differential geometry.

Almost geodesic mappings of second type which have the property of reciprocity
are the special class of F -planar mappings. The researches about invariants for
almost geodesic mappings of the second type [15] motivated the research presented
below.
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The main purpose of this paper is to obtain basic associated invariants of Thomas
and Weyl type for F -planar mappings of space AN of the type πF (e).

The next aim is to examine how many invariants for F -planar mappings of the
type πF (e) may be obtained with respect to the corresponding basic invariants.

The last goal of this paper is to examine these invariants tensors or parameters.

2. Invariants for F -planar mappings of space AN
Let f : AN → AN be an F -planar mapping of the class πF (e). Because F ij = F ij

and the deformation tensors P ijk and P ijk of the mapping f and its inverse mapping

f−1 satisfy the equality P ijk = −P ijk, it exists the 1-form σj such that σj = −σj .

For this reason, the deformation tensor P ijk of mapping f : AN → AN from the

class πF (e) is

(2.1) P ijk = Lijk − Lijk = ψjδ
i
k + ψkδ

i
j − σjF ik − σkF ij + σjF

i
k + σkF

i
j .

After contracting the equation (2.1) by i and k, one obtains

(2.2) ψj =
1

N + 1

(
Lαjα + σjF + σαF

α

j

)
− 1

N + 1

(
Lαjα + σjF + σαF

α
j

)
for F = Fαα and F = F

α

α.

Hence, it holds

P ijk =
1

N + 1
δij

(
Lαkα + σkF + σαF

α
k

)
+

1

N + 1
δik

(
Lαjα + σjF + σαF

α
j

)
− 1

N + 1
δij

(
Lαkα + σkF + σαF

α
k

)
− 1

N + 1
δik

(
Lαjα + σjF + σαF

α
j

)
− σjF ij − σkF ik + σjF

i
k + σkF

i
j .

Based on this equation, we get

ωijk =
1

N + 1
δij

(
Lαkα + σkF + σαF

α
k

)
+

1

N + 1
δik

(
Lαjα + σjF + σαF

α
j

)
− σjF ik − σkF ij ,

and the corresponding ωijk.

With respect to this ωijk, the basic invariant of Thomas type for F -planar map-

ping f : AN → AN is

(2.3)
F

0

T̃ ijk = Lijk + σjF
i
k + σkF

i
j

− 1

N + 1

(
δij

(
Lαkα + σkF + σαF

α
k

)
+ δik

(
Lαjα + σjF + σαF

α
j

))
.
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The basic invariant of Weyl type for F -planar mapping f : AN → AN is

(2.4)

F
0

W̃i
jmn =

0

Rijmn +
1

N + 1
δij

0

R[mn] −
1

N + 1
δij

0

U [mn] −
1

N + 1
δ[mL

α
jα|n]

− 1

N + 1
δi[m

0

U jn] +
1

N + 1
δin

0

V jm −
1

N + 1
δim

0

V jn

− σj|[mF in] + σjF
i
[m|n] − σ[m|n]F

i
j + σ[mF

i
j|n]

+ σασj(F
α
mF

i
n − Fαn F im) + σαF

α
j (σmF

i
n − σnF im)

+ σje(σnδ
i
m − σmδin),

for Lijm|n = Lijm,n + LiαnL
α
jm − LαjnLiαm − LαmnLijα and

0

Uij = σi|jF + σiF,j − σα|iFαj + σαF
α
i|j ,

(2.5)

0

Vij = LβαβF
α
j σi + FFαj σiσα + LβαβF

α
i σj + FFαi σjσα + 2eσiσj

− 1

(N + 1)
(Lαiα + σiF + σαF

α
i )(Lβjβ + σjF + σβF

β
j ).

(2.6)

Because σj = −σj and F ik = F ik, we get F iαF
α
j = eδij = F iαF

α
j = eδij , which

gives e = e, σiσj = σiσj , σiσjF
p
qF

r
s = σiσjF

p
q F

r
s . Moreover, it holds F ,i = F,i.

Hence, we get σiF ,j = σiF,j . It also holds

(2.7)

(Lαiα + σiF + σαF
α
i )(Lβjβ + σjF + σβF

β
j ) = LαiαL

β
jβ + Lαiα

(
σjF + σβF

β
j

)
+ Lαjα

(
σiF + σβF

β
i

)
+
(
σiF + σαF

α
i

)(
σjF + σβF

β
j

)
.

Based on invariants from the previous paragraph, and with respect to the form

of the geometrical object F
0

W̃i
jmn given by (2.4), such as the equation (2.7), we

simplify the expressions (2.4, 2.5, 2.6) to

(2.4’)

F
0

W̃i
jmn =

0

Rijmn +
1

N + 1
δij
( 0

R[mn] −
0

U [mn]

)
− 1

N + 1

(
δi[mL

α
jα|n] + δi[m

0

U jn] + δi[m
0

V jn]
)

− σj|[mF in] + σjF
i
[m|n] − σ[m|n]F

i
j + σ[mF

i
j|n],

(2.5’)
0

U ij = σi|jF − σα|iFαj + σαF
α
i|j ,
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(2.6’)

0

V ij = LβαβF
α
j σi + LβαβF

α
i σj −

1

N + 1
LαiαL

β
jβ

− 1

N + 1
Lα(iαδ

γ
j)

(
σγF + σβF

β
γ

)
.

The next lemma holds.

Lemma 2.1. Let f : AN → AN be an F -planar mapping of the type πF (e). The

geometrical objects F
0

T ijk and F
0

W̃i
jmn, respectively given by equations (2.3, 2.4’),

for
0

U ij and
0

V ij given by (2.5’, 2.6’), are invariants for the mapping f .

Corollary 2.1. The invariants F
0

T ijk and F
0

W̃i
jmn for F -planar mapping f :

AN → AN given by (2.3, 2.4’) are parameters expected in the special case.

Proof. The invariant F
0

T ijk for mapping f is the sum of the Thomas projective
parameter and tensor of the type (1, 2). For this reason, this invariant is parameter.

Based on equations (2.5’, 2.6’), the invariant F
0

F̃ given by (2.4’) is expressed as
sum of tensor and the geometrical object

(2.8) Mi
jmn =

1

N + 1
δi[mL

α
jα|n] +

1

(N + 1)2
δi[mL

α
jαL

β
n]β .

It holds the equality Lαjα|k = Lαjα,k − LαjkL
β
αβ .

Based on the equation (1.1), one obtains

(2.9) Lα
′

i′α′|′j′ = xβi′x
γ
j′L

α
βα|γ − x

β
j′k′L

α
βα,

(2.10) Lα
′

i′α′L
β′

j′β′ = xβi′x
γ
j′L

β
αβL

δ
γδ.

From (2.9, 2.10), we obtain

(2.11) M i′

j′m′n′ = xi
′

αx
β
j′x

γ
m′x

δ
n′Mα

βγδ −
1

N + 1
δi

′

[m′x
β
j′n′]L

α
βα.

That means that the invariants F
0

T̃ ijmn and F
0

W̃i
jmn are tensors if and only if

xi
′

αx
α
j′k′ −

1

N + 1

(
δi

′

k′x
α
j′α + δi

′

j′x
α
k′α

)
= 0 and δi

′

[m′x
β
j′n′]L

α
βα = 0, respectively.
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Now, using F
0

W̃i
jmn − F

0

W̃i
jmn = 0, where F

0

W̃i
jmn is basic invariant of the

F -planar mapping is given by (2.4’) and F
0

W̃i
jmn is its image, one obtains

(2.12)

0 = F
0

W̃i
jmn −F

0

W̃i
jmn

= Rijmn −Rijmn +
1

N + 1
δij
(
R[mn] −R[mn] − U [mn] + U[mn]

)
− δi[mAjn] −

1

N + 1

(
δi[mL

α
jα‖n] − δ

i
[mL

α
jα|n]

)
− σj‖[mF in] + σjF

i
[m‖n] − σ[m‖n]F

i
j + σ[mF

i
j‖n]

+ σj|[mF
i
n] − σjF

i
[m|n] + σ[m|n]F

i
j − σ[mF

i
j|n]

where is Aij =
1

N + 1

(
U ij − Uij + V ij + Vij

)
.

After contracting the previous equation by i and n, we get

Ajm = − N

N2 − 1

(
Rjm −Rjm

)
− 1

N2 − 1

(
Rmj −Rmj

)
+

N

N2 − 1

(
U jm − Ujm

)
+

1

N2 − 1

(
Umj − Umj

)
− 1

N − 1

(
Lαjα‖m − L

α
jα|m

)
+

1

N − 1

(
Bjm −Bjm

)
,

where

(2.13) Bij =
(
σj|α − σα|j

)
Fαi −

(
σi|α − σα|i

)
Fαj − σiFαj|α − σjF

α
i|α,

and the corresponding Bij .

If involves the expression of Aij in the equation (2.12), we get

F
0

W i
jmn = F

0

W i
jmn,

where
(2.14)

F
0

W i
jmn =

0

Rijmn +
1

N + 1
δij

0

R[mn] +
N

N2 − 1
δi[m

0

Rjn] +
1

N2 − 1
δi[m

0

Rn]j

− 1

N + 1
δijU[mn] −

N

N2 − 1
δi[mUjn] −

1

N2 − 1
δi[mUn]j −

1

N − 1
δi[mBjn]

+ σj|[mF
i
n] + σ[m|n]F

i
j − σjF i[m|n] − σ[mF

i
j|n].

The next theorem holds.

Theorem 2.1. Let f : AN → AN be an F -planar mapping of symmetric affine

connection space AN . The geometrical object F
0

W i
jmn given by (2.14) is an invariant

for the mapping f . This invariant is tensor.
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3. Conclusion

In this paper, we studied F -planar mappings of the type πF (e). The basic
invariants of Thomas and Weyl type for these mappings are obtained in Lemma
2.1. The derived invariants of Weyl type for these mappings is obtained in Theorem
2.1. In Corollary 2.1 and in the second part of Theorem 2.1, we examined tensor
characters of the obtained invariants.
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