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Abstract. We define pseudo-Hermitian magnetic curves in Sasakian manifolds endowed
with the Tanaka-Webster connection. After we have given a complete classification
theorem, we shall construct parametrizations of pseudo-Hermitian magnetic curves in
R2n+1 (_ 3) .
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1. Introduction

The study of the motion of a charged particle in a constant and time-independent
static magnetic field on a Riemannian surface is known as the Landau—-Hall problem
[16]. The main problem is to study the movement of a charged particle moving in the
Euclidean plane E2. The solution of the Lorentz equation (called also the Newton
equation) corresponds to the motion of the particle. The trajectory of a charged
particle moving on a Riemannian manifold under the action of the magnetic field
is a very interesting problem from a geometric point of view [16].

Let (N, g) be a Riemannian manifold, and F a closed 2-form, ® the Lorentz
force, which is a (1,1)-type tensor field on N. F is called a magnetic field if it is
associated to ® by the relation

(1.1) F(X,Y)=g(®X,Y),

where X and Y are vector fields on N (see [1], [3] and [8]). Let V be the Riemannian
connection on N and consider a differentiable curve o : I — NN, where I denotes an
open interval of R. « is said to be a magnetic curve for the magnetic field F) if it
is a solution of the Lorentz equation given by

(1.2) Vo (t) = o((t)).
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From the definition of magnetic curves, it is straightforward to see that their speed
is constant. Specifically, unit-speed magnetic curves are called normal magnetic
curves [9].

In [9], Druti-Romaniuc, Inoguchi, Munteanu and Nistor studied magnetic curves
in a Sasakian manifold. Magnetic curves in cosymplectic manifolds were studied in
[10] by the same authors. In [13], 3-dimensional Berger spheres and their magnetic
curves were considered by Inoguchi and Munteanu. Magnetic trajectories of an
almost contact metric manifold were studied in [14], by Jleli, Munteanu and Nistor.
The classification of all uniform magnetic trajectories of a charged particle moving
on a surface under the action of a uniform magnetic field was obtained in [19], by
Munteanu. Furthermore, normal magnetic curves in para-Kaehler manifolds were
researched in [15], by Jleli and Munteanu. In [17], Munteanu and Nistor obtained
the complete classification of unit-speed Killing magnetic curves in S? xR. Moreover,
in [18], they studied magnetic curves on S?*"*1. 3-dimensional normal para-contact
metric manifolds and their magnetic curves of a Killing vector field were investigated
in [5], by Calvaruso, Munteanu and Perrone. In [20], the present authors studied
slant curves in contact Riemannian 3-manifolds with pseudo-Hermitian proper mean
curvature vector field and pseudo-Hermitian harmonic mean curvature vector field
for the Tanaka-Webster connection in the tangent and normal bundles, respectively.
The second author gave the parametric equations of all normal magnetic curves in
the 3-dimensional Heisenberg group in [21]. Recently, the present authors have also
considered slant magnetic curves in S-manifolds in [11].

These studies motivate us to investigate pseudo-Hermitian magnetic curves in
(2n + 1)-dimensional Sasakian manifolds endowed with the Tanaka-Webster con-
nection. In Section 2, we summarize the fundamental definitions and properties of
Sasakian manifolds and the unique connection, namely the Tanaka-Webster con-
nection. We give the main classification theorems for pseudo-Hermitian magnetic
curves in Section 3. We show that a pseudo-Hermitian magnetic curve cannot
have osculating order greater than 3. In the last section, after a brief information
on R?"+1(—3), we obtain the parametric equations of pseudo-Hermitian magnetic
curves in R?"*1(—3) endowed with the Tanaka-Webster connection.

2. Preliminaries

Let N be a (2n + 1)-dimensional Riemannian manifold satisfying the following
equations

(2.1) P*(X)=-X+nX)E, nE) =1 6(§)=0, nogp=0,

(2.2) 9(X, &) =n(X), g(X,Y)=g(¢X,0Y)+n(X)n(),

for all vector fields X,Y on N, where ¢ is a (1, 1)-type tensor field, n is a 1-form, &
is a vector field and ¢ is a Riemannian metric on N. In this case, (N, ,&,n,g) is
said to be an almost contact metric manifold [2]. Moreover, if dn(X,Y) = ®(X,Y),
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where ®(X,Y) = g(X, ¢Y) is the fundamental 2-form of the manifold, then N is
said to be a contact metric manifold [2].

Furthermore, if we denote the Nijenhuis torsion of ¢ by [¢,¢], for all X|Y
€ x(IV), the condition given by

[¢u ¢](X7 Y) = _2d77(X7 Y)f

is called the normality condition of the almost contact metric structure. An almost
contact metric manifold turns into a Sasakian manifold if the normality condition
is satisfied [2].
From Lie differentiation operator in the characteristic direction £, the operator
h is defined by
1
h = =L¢o.
5 Led

It is directly found that the structural operator h is symmetric. It also validates
the equations below, where we denote the Levi-Civita connection by V:

(2.3) h§ =0, h¢=—0¢h, Vx&=—-¢X —¢hkX,

(see [2]).

If we denote the Tanaka-Webster connection on N by V ([22], [24]), then we
have

VxY = VxV +3(X)gY + (Vxn)(Y)E = n(Y)Vxé
for all vector fields X, Y on N. By the use of equations (2.3), the Tanaka-Webster
connection can be calculated as

(24)  VxY =VxY +n(X)Y +n(Y)(¢X + ¢hX) — g(6X + ¢hX, Y)E.

The torsion of the Tanaka-Webster connection is

(25) T(X,Y) = 29(X, 0¥ )€ +n(Y)ShX —n(X)phY.
In a Sasakian manifold, from the fact that h = 0 (see [2]), the equations (2.4) and
(2.5) can be rewritten as:

(2.6) VxY = VxY +0(X)gY +n(Y)oX — g(¢X,Y)E,

T(X,Y) =29(X, 9Y)S.

The following proposition states why the Tanaka-Webster connection is unique:

Proposition 2.1. [23] The Tanaka-Webster connection on a contact Riemannian
manifold N = (N, ¢,£,n,g) is the unique linear connection satisfying the following
four conditions:

(a) Vn=0, VE=0;

(b) Vg=0,Vé=0;
() T(X,Y)=-n(X,Y])§, VXY € D;
(

~

d) T(¢,¢Y)=—¢T(£,Y), VY € D.



1294 S. Giiveng and C. Ozgiir

3. Magnetic Curves with respect to the Tanaka-Webster Connection

Let (N,¢,€,m,9) be an n-dimensional Riemannian manifold and o : T — N
a curve parametrized by arc-length. If there exists g-orthonormal vector fields
F1, Fs, ..., B, along a such that

E1 = O/,
Ve E1 = kiEs,
(3.1) Ve, By = —kiEy+ kyEs,
ﬁEl Er = _/];r—lEr—lu

then « is called a Frenet curve for v of osculating order r , (1 <r <mn). Here
ki,...,k.—1 are called pseudo-Hermitian curvature functions of « and these func-
tions are positive valued on I. A geodesic for V (or pseudo-Hermitian geodesic) is

a Frenet curve of osculating order 1 for V. If r = 2 and k1 is a constant, then «
is called a pseudo-Hermitian circle. A pseudo-Hermitian heliz of order r (r > 3) is
a Frenet curve for V of osculating order r with non-zero positive constant pseudo-
Hermitian curvatures ki, ..., k.—1. If we shortly state pseudo-Hermitian heliz, we
mean its osculating order is 3 [7].

Let N = (N2"+1, ¢,§,77,g) be a Sasakian manifold endowed with the Tanaka-
Webster connection V. Let us denote the fundamental 2-form of N by Q. Then, we

have
(3:2) QX,Y) = g(X, ¢Y),

(see [2]). From the fact that N is a Sasakian manifold, we have Q0 = dn. Hence,
dQ) =0, i.e., it is closed. Thus, we can define a magnetic field F;, on N by
F‘Z(X7 Y) = QQ(X, Y)7

namely the contact magnetic field with strength q, where X, Y € x(N) and ¢ € R
[14]. We will assume that ¢ # 0 to avoid the absence of the strength of magnetic
field (see [4] and [9]).
From (1.1) and (3.2), the Lorentz force ® associated to the contact magnetic
field F; can be written as
P = —q¢.

So the Lorentz equation (1.2) is
(3.3) Vi, E1 = —q¢En,

where o : I — N is a curve with arc-length parameter, F1 = «' is the tangent
vector field and V is the Levi-Civita connection (see [9] and [14]). By the use of
equations (2.6) and (3.3), we have

(3.4) Vi B = [—q + 2n(E1)] 6 E:.
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Definition 3.1. Let o : I — N be a unit-speed curve in a Sasakian manifold
N = (N2"+1, o, &, n,g) endowed with the Tanaka-Webster connection V. Then it
is called a normal magnetic curve with respect to the Tanaka- Webster connection

~

V (or shortly a pseudo-Hermitian magnetic curve) if it satisfies equation (3.4).

If n(Ey) = cosf is a constant, then « is called a slant curve [6]. From the
definition of pseudo-Hermitian magnetic curves, we have the following direct result
as in the Levi-Civita case:

Proposition 3.1. If a is a pseudo-Hermitian magnetic curve in a Sasakian man-
ifold, then it is a slant curve.

Proof. Let a: I — N be a pseudo-Hermitian magnetic curve. Then, we find

%Q(Elvg) = g(ﬁElEl,f)‘Fg(El,%Elg)
= g([~q+2n(E1)] ¢E1,§)
0.

So we obtain
n(E1) = cos @ = constant,

which completes the proof. [

As a result, we can rewrite equation (3.4) as
(3.5) Ve, B = (—q+ 2cosb) ¢Ey,
where 6 is the contact angle of . Now, we can state the following theorem:

Theorem 3.1. Let (N2”+1,¢),§,77,g) be a Sasakian manifold endowed with the

Tanaka- Webster connection V. Then o : I — N is a pseudo-Hermitian magnetic
curve if and only if it belongs to the following list:

(a) pseudo-Hermitian non-Legendre slant geodesics (including pseudo-Hermitian
geodesics as integral curves of &);

(b) pseudo-Hermitian Legendre circles with ky = |g| and having the Frenet frame

field (for V)
{E1, —sgn(q)dEn };

(c) pseudo-Hermitian slant helices with
k= |—q + 2 cosf|sind, ko = |—q + 2 cosf|ecosd

and having the Frenet frame field (for 6)

9
sin

1)
{El, M(ﬁEl, o (= COS@El)} ,

where 6 = sgn(—q +2cosf), € = sgn(cos) and cos # 1.
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Proof.  Let us assume that a: I — N is a normal magnetic curve with respect
to V. Consequently, equation (3.5) must be validated. Let us assume k; = 0.

Hence, we have cosf = £ or ¢E; = 0. If cosf) = %, then a is a pseudo-Hermitian

non-Legendre slant geodesic. Otherwise, ¢pE1 = 0 gives us F; = ££. Thus, o is a
pseudo-Hermitian geodesic as an integral curve of +¢. So we have just proved that
a belongs to (a) from the list, if the osculating order r = 1. Now, let k1 # 0. From
equation (3.5) and the Frenet equations for @, we find

(3.6) Vi, By = ki1 By = (—q + 2cos0) ¢F, .

Since Ej is unit, the equation (2.2) gives us

(3.7) g(¢Ey1, pE;) = sin? 6.

By the use of (3.6) and (3.7), we obtain

(3.8) k1 =|—q+ 2cosf|sinb,

which is a constant. Let us denote § = sgn(—q + 2 cos6). From (3.8), we can write
(3.9) ¢FEy = 0sin0Fs.

Let us assume %2 = 0, that is, » = 2. From the fact that %1 is a constant, « is a
pseudo-Hermitian circle. (3.9) gives us

n(pFE1) =0=24sin0n(Es),

which is equivalent to
n (Eg) =0.

Differentiating this last equation with respect to @, we obtain
Ve (EB)=0=g (§E1E27§) +9 (E27 $E1§> -
Since @f =0 and r = 2, we have

g(_ElElag) = 07

that is, n(F1) = 0. Hence, « is Legendre and cosf = 0. From equation (3.8), we
get kg = lg|. In this case, we also obtain § = —sgn(q) and Fy = —sgn(q)pE;. We
have proved that « belongs to (b) from the list, if the osculating order » = 2. Now,
let us assume /];2 #£ 0. If we use @qﬁ = 0, we calculate

(3.10) Vi, 0E1 = k1dEs.
From (2.1) and (3.9), we find

(3.11) $?Ey = —F1 + cos0¢ = §sin 0 Fs,



On Pseudo-Hermitian Magnetic Curves in Sasakian Manifolds 1297

which gives us
4]
QZ/)EQ = m (—El —+ cos 95) .

So equation (3.10) becomes

= ~ 0
(3.12) Ve, ¢FE = kl@ (—E4 + cosbg).

If we differentiate the equation (3.9) with respect to @, we also have
(3.13) Ve, 0B, = 6sinfVg, By
= dsing (T By + kaBy )

By the use of (3.12) and (3.13), we obtain
(3.14) Ky cot 0 (& —cosOE,) = ko sin 0 Es.
One can easily see that

g(& — cosOF,, € — cosOE;) = sin® 4.
From (3.14), we calculate

ko = |—q + 2cosf| e cos b,

where we denote € = sgn(cosf). As a result, we get

e

(3.15) By = = (£ —cos0Ey),
1)
Ey = —¢F;.
sin @

If we differentiate (3.15) with respect to V, since ¢E; || Ea, we find ks = 0. So

we have just completed the proof of (¢). Considering the fact that ks = 0, the
Gram-Schmidt process ends. Thus, the list is complete.

Conversely, let « : I — N belong to the given list. It is easy to show that
equation (3.5) is satisfied. Hence, « is a pseudo-Hermitian magnetic curve. [J

A pseudo-Hermitian geodesic is said to be a pseudo-Hermitian ¢-curve if the set
sp{F1,¢FE1,£} is ¢-invariant. A Frenet curve of osculating order r = 2 is said to
be a pseudo-Hermitian ¢-curve if sp{FEy, F2,£} is ¢-invariant. A Frenet curve of
osculating order r > 3 is said to be a pseudo-Hermitian ¢-curve if sp {E1, Es, ..., E, }
is ¢-invariant.

Theorem 3.2. Leta: I — N be a pseudo-Hermitian ¢-helixz of order r < 3, where
N = (N2"+1, ¢,§,n,g) is a Sasakian manifold endowed with the Tanaka-Webster

connection V. Then:
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(a) If cos® = =+1, then it is an integral curve of &, i.e. a pseudo-Hermitian
geodesic and it is a pseudo-Hermitian magnetic curve for Fy for arbitrary q;

(b) Ifcosf ¢ {—1,0,1} and k1 =0, then it is a pseudo-Hermitian non-Legendre
slant geodesic and it is a pseudo-Hermitian magnetic curve for Fscos9;

(c) If cos® =0 and @1 # 0, i.e. « is a Legendre ¢-curve, then it is a pseudo-
Hermitian magnetic circle generated by F_ s , where § = sgn(g(¢En, Ez));

(d) If cosf = gfip and /k\:g # 0, then it is a pseudo-Hermitian magnetic curve
2

1
for F''o —~— .4, , where d = sgn(g(¢E1, E2)) and € = sgn(cosf).
_6 kl +k2+TW
V F1 2
(e) Except above cases, a cannot be a pseudo-Hermitian magnetic curve for any
F,.

Proof. Firstly, let us assume cos @ = +1, that is, F; = ££. As a result, we have
Ve E1 =0, ¢F; =0.

Hence, equation (3.5) is satisfied for arbitrary ¢g. This proves (a). Now, let us take
cosf ¢ {—1,0,1} and k; = 0. In this case, we obtain

Ve Er =0, ¢E; # 0.

So equation (3.5) is valid for ¢ = 2cos6@. The proof of (b) is over. Next, let us
assume cosf = 0 and k; # 0. One can easily see that o has the Frenet frame field

(for V)
{E1,00E,}

where § corresponds to the sign of g(¢pFE1, Es). Consequently, we get
Vi Er = 0ki1E:,

that is, « is a pseudo-Hermitian magnetic curve for ¢ = —5@1. We have just proven

(c). Finally, let cos6 = \/% and ky # 0. So « has the Frenet frame field (for V)
1 2

) €
{El, sim(bEl, m (5 — COSHEl)} 5

where § = sgn(g(¢FE1, Ez)) and € = sgn(cosf). After calculations, it is easy to
show that equation (3.5) is satisfied for ¢ = —0\/k2 + k2 + —22_. Hence, the

N
proof of (d) is completed. Except above cases, from Theorem 3.1, @ cannot be a
pseudo-Hermitian magnetic curve for any F,. O



On Pseudo-Hermitian Magnetic Curves in Sasakian Manifolds 1299

4. Parametrizations of pseudo-Hermitian magnetic curves in R?"+1(-3)

In this section, our aim is to obtain parametrizations of pseudo-Hermitian mag-
netic curves in R?"™1(—3). To do this, we need to recall some notions from [2]. Let
N = R?"*1 Let us denote the coordinate functions of N with (21, ..., Ty, Y1, .-, Yn, 2)-
One may define a structure on N by n = 1(dz — 37, yidz;), which is a contact
structure, since n A (dn)™ # 0. This contact structure has the characteristic vector
field £ = 2%. Let us also consider a (1, 1)-type tensor field ¢ given by the matrix
form as

0 & 0
p=1| -6 0 0
0 Y; 0

Finally, let us take the Riemannian metric on N given by g = n®77+% S ((dz;)*+
(dy;)?). Tt is known that (N, ¢, &, 7, g) is a Sasakian space form and its ¢-sectional

curvature is ¢ = —3. This special Sasakian space form is denoted by R?"T1(—3) [2].
One can easily show that the vector fields

0 0 0 — 0
4.1 X, =2—, Xp1i = 0X; =2(=— i—), t=1,n, £€=2—

are g-unit and g-orthogonal. Hence, they form a g-orthonormal basis [2]. Using this
basis, the Levi-Civita connection of R?"T1(—3) can be obtained as

inXj = vX7n+iXm+j =0, inXm-l-j = 5ij§7 va+i'Xj = _6ij§7

ing = VEXi = _Xeria VXm+i§ = vaeri = Xi
(see [2]). As a result, the Tanaka-Webster connection of R*"1(-3) is

VX = Vi Xmts = Vi, Xty = Vi, X =
6Xig = €EX1' = §Xm+i§ = 6f‘Xeri =0,

which was calculated in [12]. Now, we can investigate the parametric equations of
pseudo-Hermitian magnetic curves in R?"*1(—3) endowed with the Tanaka-Webster
connection.

Let N = R?*""1(-3) endowed with the Tanaka-Webster connection V. Let
a: T CR = N, a=(a1,02,...,0n, Qpt1, ...y @2p, G2p+1) be a pseudo-Hermitian
magnetic curve. Then, the tangential vector field of o can be written as

- 0] - 0] 0
Bi= 2 gy, + 2 gy + gy
i=1 i=1

In terms of the g-orthonormal basis, E; is rewritten as

1[& - -
Ey = B ;a%JriXi + ;aéXnH + <0/2n+1 - ;O‘/io‘"ﬂ' 3K
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From Proposition 3.1, « is a slant curve. Hence, we have
n(E1) = cos @ = constant,

which is equivalent to

(4.2) O yq = 2cost + Zaganﬂ.
i—1

From the fact that « is parametrized by arc-length, we also have

g(Eb El) = 15
that is,
2n
(4.3) > (af)? = 4sin? 9.
1=1

Differentiating E; with respect to 6, we obtain
1 n n
VE1 1= 5 (Z aZJriXi + Z a/ian_H‘) .
i=1 i=1

We also easily find

1 n n
oE, = B <— Z ar X+ Z 04;1+an+1'> .
i=1 i=1
Since « is a pseudo-Hermitian magnetic curve, it must satisfy
Ve, B = (—q+ 2cosb) GE;.

Then, we can write

1 " 1

Ay _ Qg by ~A

o = .= ——O/ = o = ...= o = R
1 n n+1 2n

where A = ¢ — 2cosf. From the last equations, we can select the pairs

" " 1
Ay o oy Oy

(4.4) ? —_— 7 PRI _—/ —_—
CYl an—i—l an

al,
Firstly, let A ## 0. Solving the ODEs, we have

2 2 .
(a;) + (a;wri) :C?,ZZ 1,...n

for some arbitrary constants ¢; (i = 1,...,n) such that

n

ZC? = 4sin?4.

i=1
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So we have

I oo — ean
Q; = ¢;COS fi, Q. ; = cisin f;

for some differentiable functions f; : I = R (i = 1,...,n). From (4.4), we get

1"

Nl = ),

(0%

which gives us
fi=XM+d;

for some arbitrary constants d; (i = 1,...,n). Here, t denotes the arc-length param-
eter. Then, we find

of = cicos (At +d;), oy = ¢isin (Mt +d;).
Finally, we obtain

a; = % sin (At + d;) + hi,

2

;A;L [2 (At + d;) + sin (2 (Mt + dy))]

Qopt1 = 2tc059+2{
i=1
ihni .
+CT+ sin (At 4+ di)} + hont1

for some arbitrary constants h; (i =1,...,2n + 1).

Secondly, let A = 0. In this case, ¢ = 2 cosf and El = 0. Hence, we have
N 1 n n
Ve B =5 <Z all X+ Za;’xnﬂ-) =0,
i=1 i=1

which gives us
a;=ct+d;, i=1,..,2n,

Qopq1 = 2t cosf + Z Ci (%R + dn+z‘f) + Cant1,

=1

where ¢; (i = 1,2,...,2n+ 1) and d; (i = 1,2,...,2n) are arbitrary constants such
that

2n

Z c? = 4sin? 6.

i=1

To conclude, we can state the following theorem:
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Theorem 4.1. The pseudo-Hermitian magnetic curves on R*"T1(—3) endowed
with the Tanaka- Webster connection have the parametric equations

) on+1 _
a: I CR—RM(=3),a=(a1,02, .. Qny Qnt 1, ey Qany Qant1) s

where a; (i =1,...,2n + 1) satisfies either

=) )
Q; = = sin (At + dl) + hi,

A
Oppi = _Tcz cos (At + d;) + hppi,
n _02
Qopy1 = 2cosft + Z { 1 5 [2 (Mt +d;) +sin (2 (M + d;))]
i=1

cihnii .
—|—T+ sin (At + dl)} + h2n+1,

where A =q—2cos £0, ¢;, d; (i=1,....,n) and h; (i =1,...,2n+ 1) are arbitrary
constants such that

Z ¢ = 4sin? 0,

i=1
or

a; = ¢t + dj,

- Cn+4i
Qopt1 = 2tcosf + Zl C; (Tt2 + dn+z‘t) + Can+1,
where ¢ = 2cos® and ¢; (i = 1,2,...2n+ 1), d; (i = 1,2,...,2n) are arbitrary
constants such that
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