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Abstract. Non-invariant hypersurfaces of an e— para Sasakian manifold of an induced
structure (f, g, u, v, \) have been studied in this paper. Some properties followed by this
structure have ben obtained. A necessary and sufficient condition for totally umbilical
non-invariant hypersurfaces equipped with (f, g, u, v, A) — structure of e—para Sasakian
manifold to be totally geodesic has also been explored.

Keywords: eé— Para Sasakian Manifold, totally umbilical, totally geodesic.

1. Introduction

In 1976, Sato [1] introduced a structure (¢, &, n) satisfying ¢? = I—n®€ and (&) = 1
on a differentiable manifold, which is now well known as an almost paracontact
structure. The structure is an analogue of the almost contact structure [2, 3] and is
closely related to almost product structure (in contrast to almost contact structure,
which is related to almost complex structure). An almost contact manifold is always
odd-dimensional but an almost paracontact manifold could be even-dimensional as
well. In 1969, T. Takahashi [4] introduced almost contact manifolds equipped with
associated pseudo Riemannian metrics. In particular, he studied Sasakian man-
ifolds equipped with an associated pseudo— Riemannian metric. These indefinite
almost contact metric manifolds and indefinite Sasakian manifolds are also known as
e—almost contact metric manifolds and e—Sasakian manifolds respectively [5, 6, 7].
Also, in 1989, K. Matsumoto [8] replaced the structure vector field £ by —¢ in an
almost paracontact manifold and associated a Lorentzian metric with the resulting
structure, calling it a Lorentzian almost paracontact manifold. In a Lorentzian al-
most paracontact manifold given by Matsumoto, the semi—Riemannian metric has
only index 1 and the structure vector field £ is always timelike. These circumstances
motivated the authors in [9] to associate a semi—Riemannian metric, not necessar-
ily Lorentzian, with an almost paracontact structure, and they called this indefinite
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almost paracontact metric structure an e—almost paracontact structure, where the
structure vector field ¢ is spacelike or timelike according as e =1 or € = —1.

In [9] the authors studied e—almost paracontact manifolds, and in particular,
e—para Sasakian manifolds. They gave basic definitions, some examples of e —almost
paracontact manifolds and introduced the notion of an e—para Sasakian structure.
The basic properties, some typical identities for curvature tensor and Ricci tensor
of the e—para Sasakian manifolds were also studied in [9]. The authors in [9]
proved that if a semi—Riemannian manifold is one of flat, proper recurrent or proper
Ricci—recurrent, then it can not admit an e—para Sasakian structure. Also. they
showed that, for an e—para Sasakian manifold, the conditions of being symmetric,
semi—symmetric or of constant sectional curvature are all identical.

On the other hand In 1970, S. I. Goldberg et. al [10] introduced the notion of a
non—invariant hypersurface of an almost contact manifold in which the transform
of a tangent vector of the hypersurface by the (1, 1) structure tensor field ¢ defining
the almost contact structure is never tangent to the hypersurface.

The notion of (f,g,u,v,\) — structure was given by K.Yano [11]. It is well
known [12,13] that a hypersurface of an almost contact metric manifold always
admits a (f, g,u,v, A) — structure. Authors [10] proved that there always exists a
(f,g,u,v,\) — structure on a non-invariant hypersurface of an almost contact metric
manifold. They also proved that there does not exist invariant hypersurface of a
contact manifold. R. Prasad [14] studied the non-invariant hypersurfaces of trans-
Sasakian manifolds. Non-invariant hypersurfaces of nearly Trans-Sasakian manifold
have been studied by S. Kishor et. al [15]. The present paper is devoted to the study
of non-invariant hypersurfaces of e—para Sasakian manifolds. The contents of the
paper are organized as follows:

In section-2 some preliminaries are given. Section-3 deals with the study of non-
invariant hypersurfaces of e—para Sasakian manifolds. A necessary and sufficient
condition for a totally umbilical non-invariant hypersurface of an e—para Sasakian
manifold to be totally geodesic is found.

2. Preliminaries

Let M be an almost contact metric manifold with almost contact metric
structure (¢, &, 1, g) where ¢ is (1,1) tensor field, n is 1— form and g is a

compatible Riemannian metric such that

(2.1) P*=I-n®E nE)=1, ¢E) =0, nop=0,
(2.2) 9(¢X,9Y) = g(X,Y) — en(X)n(Y),

(2.3) 9(X,8Y) = g(¢X,Y), g(X,§) =en(X)
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for all X,Y € TM.

An almost contact metric manifold is an e—para Sasakian manifold if
(24) (Vx9)(Y) = —9(¢X, 0Y) —en(Y)$* X

for for all vector fields X, Y on M where ¥ is the operator of covariant differentiation
with respect to g. From (2.4), we have

(2.5) Ux&=epX

A hypersurface of an almost contact metric manifold M (¢,&, 7, g) is called a non-
invariant hypersurface, if the transform of a tangent vector of the hypersurface under
the action of (1,1) tensor field ¢ defining the contact structure is never tangent to
the hypersurface. Let X be a tangent vector on a non-invariant hypersurface of an

almost contact metic manifold M, then X ¢ is never tangent to the hypersurface.
Let M be a non-invariant hypersurface of an almost contact metric

manifold, then defining

(2.6) 6X = 1X + u(X)N,
(27) oN = T,

(2.8) €=V 4 AN, A = n(N):
(29) 1(X) = v(X),

A
where f is a (1,1) tensor field, u,v are 1—forms, N is a unit normal to the hyper-
surface, X € TM and u(X) # 0, then we get an induced (f, g, u,v, A) structure on
M satisfying the conditions [11,12] :

(2.10) fP=-T+ueU+ovaV,

(2.11) fU ==XV, fV =2\,

(2.12) uof = v, vof = —Au,

(2.13) w(U)=1-X, w(V)=0U)=0, oV)=1-\

(2.14) g(f X, 1Y) = g(X,Y) = u(X)u(Y) — v(X)u(Y),
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(2.15)  g(X, fY) =—g(fX,Y), g(X,U) =u(X), g(X,V)=v(X),

A
for all X,Y € TM, where A = n(N).

The Gauss and Weingarten formulae are given by

~ A
(2.16) VxY =vxY +0o(X,Y)N,
~ A
(2.17) VXN =-A.X,

for all X,Y € TM, where v and v are the Riemannian and induced Riemannian

~ A
connections on M and M respectively and [V is the unit normal vector in the normal
bundle T+ M. The second fundamental form o on M is related to Aﬁf by

(2.18) o(X,Y) = g(A&X, Y), forall XY € TM.

3. Non-invariant Hypersurfaces

Lemma 3.1. Let M be a non-invariant hypersurface with (f, g, u, v, \) —structure

of an e—para Sasakian manifold M, then

(31) (Tx)Y = (Txf)Y —u(V)A X +0 (X, V) U+ (7xu)Y +0 (X, fY)N
(3.2) (Vxn)Y = (Vxu)Y — Ao (X,Y)

~ A
(3.3) Uk = (VXV - AAJAVX) 4 (0(X, V) + X\)N
forall XY € TM.

Proof. : Consider

~

(Vx9)Y = Vx(8Y)—¢(VxY)
= Tx(Y +u(Y)N) - 6(VxY +o(X,Y)N)

|
<2

(
X(FY) + Vx(u <Y>fV> — F(IxY) — u(TxY)N — o(X,Y)(~U)
= Tx(fY) + o (X [N +u(Y)(~ AL X) + 9x (V)N ~ f(7xY)

—u(VxY)N +o(X, YU
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which gives,

(FxO)Y = (Vx DY —ulY)(A X) + (X, Y)U + (V)Y +o(X, fY)N
Also,
(VxnY = Vxn(Y¥)-n(VxY)
= Tx (1) —v(TxY) — 0 (X, V) (V).

Therefore N
(Vxn)Y = (Vxu)Y — Ao(X,Y)

Now consider

§X§ ng—‘y-O'(X,g)]/\\f

AN A
VxV + VXAN + (X, V)N

A A AN
VxV —AVxN + (X/\)N—FO'(X,V)N

which gives
N A
Tl = (vxv — ,\AJAVX) + (o(X, V) + XM)N.
|

Theorem 3.1. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M, then

(3.4) o(X, U = —f*X + eu(X)U + f(VxE),
and
(3.5) u(Vx§) = —eu(fX)

Proof. Consider

(Fxo)€ = Vx(o6)—o(Vx¢)
= —e6(6X)
(36) (Fx0) € = 20 (/X +u(X)) N

Also we know that

(3.7) (Fx0) € = 6 (7x8) +o(X.EU
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From (3.6) and (3.7) , we have

—H(IxE) + (XU = —eb(FX +u(X)N
—e¢ (fX)+ eu(X)U

Now from (2.6) & (2.7), we have
1 (9x€) ~ u(TxEN + (X, U = ~e(f (/X) + u(FX)N) + eu(X)U
Equating tangential and normal parts, we get
o(X, U = —ef*X + eu(X)U + f(VxE),

and
u(Vx§) = —eu(fX)

Theorem 3.2. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M, then

(3.8) (Vx /)Y = —g(X, V)V +ev(Y)X + o(X,V)U + u(Y)A, X

(3.9) (Vxu)Y = —Ag(X,Y) — o (X, fY)
Proof. From equations (3.1) & (2.4), we have
(VX )Y ~ulY)A X +o(X,Y)U + (Vx0)Y +0 (X, FYYN

= —g(X, V)V - (X.,Y) N +ev(Y)X

Equating tangential and normal parts in the above equation, we get (3.8) & (3.9)
respectively. [

Theorem 3.3. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M, then
(3.10) (%qu) Y = —g(X,Y)V = Ag(X,Y) N 4 eo(Y)X + 20 (X,Y)U
Proof. Consider

<%x¢>) Y = Vx(¢Y)—¢ (%XY>

A A

= Vx(fY)+Vx (u(Y)N) — f(VxY)—u(VxY)N,
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This implies
(3.11) (Tx6) Y = (/)Y ~u(¥) A X+o(X, V)U+(Vxu) Y + 0 (X, fY)) N
Using (3.8) & (3.9) ,above equation reduces to
(%qu) Y = —g(X,Y)V = Ag(X,Y) N + eo(Y) X +20(X,Y)U
U

Furthur, we proceed for some results on totally geodesic non—invariant hyper-
surfaces.

Theorem 3.4. Let M be a totally umbilical non-invariant hypersurface with (f, g, u,v, A) —

structure of an e—para Sasakian manifold M, then it is totally geodesic if and only
if

(3.12) eu(X)—XA=0

Proof. Consider

Vit = UxEto(X,ON
— U (V4 AN) 4 o(X, VN
— UV + VAN 4+ o(X, V)N
— UxV AN + (XNN 4 o(X, V)N

or
~ A\
(3.13) V€ = (vxv - )\A]QX) + (0(X, V) + XA)N,

Now from (2.5), the above equation is reduced to

A

S(FX +u(X)N) = (VaV = M X) + (0(X,V) + XN,
Equating normal parts on both the sides, we get
(3.14) o(X,V)+ X\ =cu(X)
Now if M is totally umbilical, then Aﬁ, = (I, ¢ is Kahlerian metric and equation

(2.18) reduces to o (X,Y) =g (AJQX, Y) = g(CX,Y) = Cg(X,Y),

Therefore
o (X,Y)=(9(X,Y),



8 S. Kishor and P. Kanaujia
and equation (3.14) implies

C9(X,Y) + X\ = eu(X)
or
(3.15) eu(X) = XA — (g(X.Y)=0

Now if M is totally geodesic i.e. ¢ =0, then (3.15) gives
eu(X) — XX =0.
U

Theorem 3.5. Let M be a non-invariant hypersurface with (f,g,u,v,\) — struc-

ture of an e—para Sasakian manifold M. If U is parallel, then we have
(3.16) X+ f (AJQ’X) — g(6X, UV — exo(X)V =0
Proof. Consider
~ A ~ A ~ A
(Vx¢)N = VxoN—¢ (VXN>
~ A
This gives
~ A
(3.17) (Vxo)N = —vxU + f(A]Q]X)
From equation (2.4), we have
~ A
(3.18) (Vx9)Y = —g(¢X,0Y)V = Ag (¢X,¢Y) N +en(Y) X —en(X)n(Y)§
A
Substituting Y = N, we have
~ A A
(3.19) (Vxd)N = g(¢X, U)V +Ag (6X,U) N — eAX + edv(X)¢
Now from (3.17) and (3.19), we have

XU + f(Ag X) = g(6X, UV +Ag (6X,U) N — eAX + eXo(X)e
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Equating tangential parts on both the sides, we have

(3.20) VxU = f(A, X) = g(@X,U)V — eAX + eho(X)V

—_

10.

11.

12.

13.

14.

Now if U is parellel, then

EAX — f(AL X) +g(6X. D)V — edo(X)V =0
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Abstract. We have introduced diamond ¢, —s derivative and diamond ¢ —s 1 integral
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of convex functions about these new concepts are also discussed.
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1. Introduction

There has been a considerable amount of interest and publications in the theory
and applications of dynamic derivatives on time scales. The study, which was
initiated by Stephen Hilger (1988) in his PhD thesis, unifies traditional concepts
of derivatives and differences, and it also reveals diversities in the corresponding
results. The investigations are not only significant in the theoretical research of
differential and difference equations, but also crucial in many computational and
numerical applications (see for example [4], [14] and [25]).

The study helps to avoid proving a result twice, once for differential equations,
and once for difference equations. Once we have proved a result for a general time
scale, by choosing the set of real numbers R, the derivative and integral are easily
seen to be the 'usual’ derivative and integral respectively. Furthermore, when we
choose the time scale to be the set of integers Z, the same general result yields a
result for difference equations and integral respectively. Hence all results that are
proved on a general time scale include results for both differential and difference
equations.

The time scale theory has advanced fast since its introduction. Lately, the appli-
cations of its calculus in Engineering, Biology, Physics, Medical Sciences, Economics
and Finance, Chemistry and Others, have come to light. For a good introduction
to the theory of time scales and more details, see [1]-[6].
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2. Basic Concepts and Definitions

A time scale, denoted T, is an arbitrary nonempty closed subset of the real
numbers. We assume that a time scale is endowed with the topology inherited
from R with the standard topology. Thus, the real numbers R, the integers Z, the
natural numbers N, and the non negative integers Ny are examples of time scales,
as are [0,1] U [2,3], [0,1] UN, and the Cantor Set, while the rational numbers Q,
irrational numbers R, the complex numbers C, and the open interval (0, 1), are not
time scales.

Throughout this paper, we will denote a time scale by T, and for any I, interval of
R (open or closed, finite or infinite), It = I N'T, a time scale interval.

Definition 2.1. Let T be a time scale. For all ¢ € T, the forward jump operator
o : T — T is defined by

ot)=inf{reT:7>t}VteT,
while the backward jump operator p: T — T is defined by
p(t) =sup{r e T: 7 <t}VteT.

We make the convention:
inf@=supT (i.e, o(t) =t if T has a maximum t) and
sup@ = inf T (i.e, p(t) =t if T has a minimum ¢), where @ denotes the empty set.

The point ¢ is said to be right-scattered if o(t) > t, respectively left-scattered if p(t) <
t. Points that are right-scattered and left-scattered at the same time are called
isolated. The point ¢ is called right-dense if t < supT and o(t) = ¢, respectively
left-dense if t > inf T and p(t) = t. Points that are simultaneously right-dense and
left-dense are called dense.

The mappings p,v : T — [0, +00] is defined by

p(t) = o(t) —t

and
vit)=t—pt)VteT

are called, the forward and backward graininess functions respectively.

Suppose that T*, Ty, and ’]I",: are sets derived from the time scale T as follows:

Tk . T—{M}, ifT has a left-scattered maximum point M
T T, otherwise.

and

T—{m}, T has aright-scattered minimum point m
Tk = .
T, otherwise.
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We set ’]T’,z =T, NT*.

Given f : T — R, the function f° : T — R is defined by f(¢t) = f(o(t)) for all
t €T,ie f7 = foo. Also, the function f* : T — R is defined by f?(t) = f(p(¢))
forallt €T, ie, fP = fop.

Definition 2.2.  (i). Let f : T — R and t € T*. The delta derivative of f in t
is the number f2(t) (when it exists) with the property that for any ¢ > 0,
there is a neighbourhood U of t such that

[f(a(t) = f(s) = f2(t) (a(t) — )| < elo(t) - s
forall s e U.
We call f2(t) the delta (or Hilger) derivative of f at ¢.

(ii). Let f : T — R and ¢t € Ty. The nabla derivative of f in t is the number
denoted by fV(t) (when it exists), with the property that, for any ¢ > 0,
there is a neighbourhood V of ¢ such that

| £(p(1)) = f(s) = £V () (p(t) = 5)| < elp(t) — s,
forall se V.

(iii). The function f : T — R is delta differentiable on T, provided f2(t) =

limg_,, % exists where s — t,5 € T\ {o(t)} for all t € T*.

(iv). The function f : T — R is nabla differentiable on Ty, provided fV(t) =

limg_,y %g((f)(t)) exists where s — t,s € T\ {p(t)} for all t € Ty.

(v). The function f : T — R is said to be differentiable on T¥ provided f2(t) and
£V (t) exists for all t € TX.

Remark 2.1. 1. When T = R, then f2(t) = f¥(t) = f'(t) becomes the total differ-
ential operator (ordinary derivative).

2. When T = Z, then

() FA@) = f(t+1) — f(t) and F27(t) = 27 (t+ 1) — f27(t) are the forward
and r-th forward difference operators

(i) A1) = ft+ 1) — f(t — %) is the central difference operator

(iii) fY(t) = f(t)— f(t—1) and f¥ (&) = f¥ ' (¢) — f¥ (t — 1) are the backward
and r-th backward difference operators

(iv) The shift operator E, is defined as Ef(t) = f(t+1) so that E~*f(t) = f(t—1)
and E73f(t+ 1) = f(t+1)

(v) Also, the mean operator, y, can be given asf*(t + ) = 2 {f(t) + f(t + 1)}.

Several new important relationships may be established between these five operators
(¢) — (v) above in terms of the shift operator, E as follows:
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(i) f2() = (B~ > (1)

(i) SY(t) = (1 EN)f(t)

(i) f(t) = (B %—E*%mt)
(iv) f(t) = 3{BE — E~3}f(1).

3. Let h > 0. If T = hZ, then f2(t) = w and fV(t) = W are the
h-derivatives.

4. Let ¢ > 1. If T = ¢™°, where Ny = 0,1,2, ..., then f&(t) = % and fV(t) =
a(f()—F(L))

i CE) are the g-derivatives.

The following lemma is useful in the sequel.

Lemma 2.1. Let f,g: T — R and t € T*. Then the following holds.

(i) If f2(t) ewists, i.e, f is delta differentiable at t, then f is continuous at t.
(i1) If [ is left-continuous at t and t is right-scattered, then f is delta differentiable
at t with fA(t) = LEL0.
w

(iii) If t is right-dense, then f2(t) exists, if and only if, the limit lim,_,, f(t) f(s)

exrists as a finite number. In this case, fA( ) = limg_y; w

(iv) If f2 exists on TF and f is invertible on T, then (f~1)» = —(fo)"1fAf1
on TF.

(v) If f2(t), g°(t) eist and (fg)(t) is defined, then (fg)*(t) = f(o(t))g™(t) +
FA(0g(t).

Also, given f,g: T — R and t € Ty. Then the following holds.

(i) If £V (t) emists, i.e, f is nabla differentiable at t, then f is continuous at t.

(i1) If [ is right-continuous at t and t is left-scattered, then f is nabla differentiable
at t with f¥(t) = LOZLeO),

(iii) If t is left-dense, then fY (t) ewists, if and only if , the limit limy_ ., w

exists as a finite number. In this case, f¥ (t) = limg %

(iv) If f¥ exists on Ty, and f is invertible on T, then (f~1)V = —(f°) 1 fVf1!
on Ty.

(v) If fY (1), gV (t) exist and (fg)(t) is defined, then (fg)¥(t) = f(p(t))g" () +
Y (t)g().

Definition 2.3. 1. A mapping f : T — R is said to be rd-continuous if it
satisfies the following two conditions:
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(i) f is continuous at all right-dense point or maximal element of T,

(ii) the left-sided limit lim,_,;~ f(s) = f(¢7) exists (finite) at each left-dense
point t € T.

We denote by C,.q(T,R) the set of rd-continuous functions.

2. A mapping f : T — R is said to be ld-continuous if it satisfies the following
two conditions:

(i) f is continuous at all left-dense point or minimal element of T,

(ii) the right-sided limit lim,_,;+ f(s) = f(t1) exists (finite) at each right-
dense point t € T.

We denote by Cj4q(T,R) the set of ld-continuous function.
Obviously, the set of continuous functions on T contains both C).4 and C4.

Definition 2.4.  (i). A function F' : T — R is called a delta antiderivative of
f:T — Rif FA(t) = f(t) for all t € T*. In this case, the delta integral of f
is defined as

/ f(r)AT = F(t) - F(s)
for all s,t € T.

(ii). A function G : T — R is called a nabla antiderivative of g : T — R if
GV (t) = g(t) for all t € T. In this case, the nabla integral of g is defined as

for all s,t € T.

Every rd-continuous function has a delta antiderivative and every ld-continuous
function has a nabla antiderivative (see [2], Theorem 1.74, [26] and [30]).

Theorem 2.1. ([2/, Theorem 1.75).
(i) If f € Cra and t € T, then [ tf(s)As = u(t)f(2).
(ii) If g € Ciq and t € Ty, then fpt tg(s)Vs =v(t)g(t).
The following theorem shows some basic operations with the delta integral.
Theorem 2.2. (see [7], Theorem 2.2). If a,b,c € T,a € R, and f,g € Crq, then
b b b
(i) [,(f() +g@)At= [ fR)At+ [, g(t)At
(i) [D(af)tAt =a [P f(t)At
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(iii) [, J()AL=— [ f(t)At
(i) [°rt)AL= [ F0)AL+ [° ()AL
(v) J2 Fo())g> AL = (fa)(b) ~ (f9)(a) — J1 FA(1)g(t)AL
(vi) [L F(Bg* (A= (F9)(b) — (F9)(a) — [7 FA(Dg(o(t) Al
(vii) [ f(t)At=0
(viii) If f(t) >0 for alla <t < b, then [, f(t)At >0

(iz) If|f(t)| < g(t) on [a,b), then | [7 f(t)A] < [V g(t)At.

An analogous version of Theorem 2.2 holds for the nabla antiderivative of functions
in Cld~

In [7] and [9], Dinu established the diamond-« dynamic derivatives which are linear
combinations of the delta and nabla dynamic derivatives on time scales. Motivated
by this, we have introduced and discussed some basic properties of the diamond-
On—s,1 derivative.

We begin with the following new definition.

Definition 2.5. Let T be a time scale and h : J7 — R a given real-valued function.
For m,n € T¥, set pmn = o(m) —n and vy, = p(m) — n. We define the diamond-
@h—s,1 dynamic derivative of a function f : T — R in ¢ to be the number denoted
by f¢n-=7(t)(when it exists), with the property that for any € > 0, there is a
neighbourhood U of m such that, foralln e U, 0 <s<land 0<w <1,

(M) stm) — flomn +

W

h(l —w)
1-w

) F(p(m)) — ()]t

_fo"shfsvl'r () tmnVmn | < €| mnVmn|-

A function f: T — R is called diamond-¢;,_, 1 differentiable on T¥ if f°%n—s.17(t)
exists for all t € ’]I",:. If f is differentiable on T in the sense of A and V, then
f is diamond-¢;,_, v differentiable at t € Tﬁ, and the diamond-¢p_s 1 derivative
foPn=s.17(t) is given by

paern(oo) = (M) o)+ (M) ot

for all s € [0,1],w € (0,1).

Remark 2.2. (i) fO¢n—s11(t) reduces to the diamond-« derivative for ¢(t) = t,s = 1,
h(w) =1 and w = a. Thus, every diamond-« differentiable on T is diamond-¢n—_s 1
differentiable function but the converse is not true.
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(ii) If f is diamond-¢p—s 1 differentiable for 0 < s < 1,0 < w < 1, then f is both A and
V differentiable.

(iii) Let a,b € T and f : T — R. The diamond-¢p_s 1 integral of f from a to b is defined

/a bf(qs(t))%h_ﬂt:( )75 / Uty A”(h(l%_f)ys/abf Ot

for all s € [0,1],w € (0, 1), provided that f has a delta and nabla integral on [a, b]r
or Ir.

Obviously, each continuous function has a diamond-¢p—s 1 integral. The combined
derivative ¢4, . is not a dynamic derivative, since we do not have a ¢4, _, . an-
tiderivative. Generally,

(/ @) o6z )¢ # f($(t),t € T.

Example 2.1. Let T = [0,1] U {2,4}. Define a diamond-¢,_1,r function f : T — R by
f(¢(t))=1and h: T — R by h(w) = 1. For ¢(t),w € T, then

(/ f(@(1) 00,z )0%_51

We give some basic properties of the diamond-¢;,_, r integral which are similar to
Theorem 2.2 of [7] and its analogue for the nabla integral.

# f(¢(1)).

t=1

Proposition 2.1. Let a,b,c € T,5 € R, and f,g be continuous functions on I,
then

(i) [P0+ 90) 00 _nt = [} FE) 06, t 4 [} 9(8) 06, 1

(ii) [ (Bf)t 0w, .t =0 f;’ () 00 o t

(iii) [, J(t) 09, .t == J f(t) o4, .ot

(i0) 3 F(t) s, ot =[5 F0) 0p, ot [ f() 05t

(v) [5 f(t)op, .ot =0.
Lemma 2.2. (i) If f(t) >0 for all t, then [° f(t) o4, ..t > 0.

(ii) If f(t) < g(t) for all t, then [° f(t)og, .ot < [V g(t) 0, .+ t.

(iii) If f(t) >0 for all t € Ir, then f =0 if and only if [* f(t) o, ..t =0.

(iv) If |f(t)] < g(t) on [a,b), then | [ f(t) 0p,_. . t| < [2 gt) 04, . L.
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(v) If in (iv), we choose g(t) = |f(t)| on [a,b], we have
| f(f f(t) Cbp_s,1 t| < f; ‘f(t)| Chn_s,t 12

Proof. 1. Assume that f and g are continuous functions on I, then, f; f)At >

0 and f; F(#)Vt > 0 since f(t) > 0 for all ¢ € It. Since s € [0,1],w € (0,1),
the result follows.

2. Let h(t) = g(t) — f(t), then f; h(t) ©¢,_, .t > 0 and the result follows from
properties (i) and (ii) above.

3. If f(t) = 0 for all ¢ € Ir, the result is immediate. Now suppose that there
exists to € It such that f(tg) > 0. It is easy to see that at least one of

the integrals ff F(@®)At or fj F(#)Vt is strictly positive. Then we have the
contradiction fab f(t) g, .. t>0.
0

Dinu [8], defined the concept of a convex function on time scales. He equally
included some results connecting this concept with the idea of convex functions on
a classic interval and convex sequences.

In this paper, we have given the notion of classes of convex functions on time scales,
consequently established the various interconnections that exist among them, and
then related their properties with the concept of classes of convex functions on
classic intervals.

3. Some classes of convex functions on time scales

Previous research works have shown that the history of convex functions is tied
to the concept of Jensen convex or mid-point convex functions, which deals with
the arithmetic mean (see for instance [10], [15], [17] and [19]). We shall state the
analogue of Jensen convexity for time scales.

Theorem 3.1. Let It C T be a time scale interval. A function f : T — R is
called convez in the Jensen sense or J-convex or mid-point convex on It if for all
t1,t2 € It, the inequality,

th+1 t) + f(
f 1 2 é f( 1) f( 2) (3.1)
2 2
holds.
Remark 3.1. (i) If T = R, then our version is the same as the classical Jensen in-

equality. However, if T = Z, then it reduces to the well-known arithmetic-geometric
mean inequality.
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(ii) The extensions of the inequality (3.1) to the convex combination of finitely many
points and next to random variables associated to arbitrary probability spaces are
known as the discrete Jensen and integral inequalities on time scales respectively
(see [3], [15] and [16]).

Definition 3.1. We say that f: T — R is Godunova-Levin convex on time scales
or that f belongs to the class Q(It) if f is nonnegative, and that for all ¢,,t5 € I,
and w € (0,1),

Flt + (1= w)t) < S () + 1= f(t2). (3.2)

Remark 3.2. (i) For T = R, the definition 3.1 above is exactly the definition of a
Godunova-Levin function on a classic interval (see [12], [13], [15], and [21]).

(i1) All nonnegative monotonic and nonnegative convex functions on time scales belong
to this class Q(Ir).

(iii) If f S Q(I’]I) = SX(hfl,IT) and t1,t2,ts € I, then

F) (1 —t2)(t1 — t3) + f(t2) (T2 — t1)(t2 — t3) + f(ts3)(ts —t1)(ts —t2) > 0. (3.3)

In fact, (3.3) is equivalent to (3.2) so it can alternatively be used in the definition of
the class Q(Ir).

Definition 3.2. A function f: T — R is a P-function on It or f € P(It) if f is
nonnegative, and for all ¢,ts € I, and w € [0, 1], we have

flwts + (1 = w)ta) < f(t1) + f(t2). (3.4)

Obviously, P(It) C Q(It). Also, P(It) contains all nonnegative monotone, convex
and quasi-convex functions on I, i.e, nonnegative functions satisfying

flwty + (1 = w)ta) < max{f(t1) + f(t2)}
for all t1,t9 € I, and w € [0, 1], (see [24]).
Definition 3.3. A function f: Cr, €T — [0,00) is of s-Godunova-Levin type on
time scales, denoted Q4(I1) with s € [0, 1] if

b
(1—-w)s

for all w € (0,1) and t1,t2 C Cp., where Cp,. is a convex subset of a time scale
interval of a time scale linear space T.

flti+ (L= w)t2) € — () + T f (1), (35)

Remark 3.3. (i) When s = 0, we get a class of P-functions on Ir.

(ii) s =1 gives the class of Godunova-Levin functions on Ir.
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Definition 3.4. Let s be a real number, s € (0,1]. A function f :[0,00) C T —
[0, 00) is said to be s-convex on It (in the second sense on time scales) or Breckner
s-convex on It, denoted K35 (Ir) if

flwty + (1 —w)ty) <wft1) + (1 —w)*f(t2), (3.6)
for all t1,t2 € [0,00) C T and w € [0, 1].

Remark 3.4. Definition 3.4 is a generalization of convex functions on It as defined in
[8]. Hence, s-convexity on It just means convexity when s = 1 on I7.

In order to unify the concepts of Definitions 3.1 — 3.4 above for functions on time scale
variables we now introduce the concept of h-convex functions on time scales (see [11] and
[29]).

Assume that It and Jr are intervals in T,[0,00) C Jr and functions f and h are real
non-negative functions defined on It and Jr respectively.

Definition 3.5. Let h : Jp — R with A not identical to zero. We say that f :
T — R is an h-convex function on It or f belongs to the class SX (h, Ir) if for all
t1,ts € It, f is non-negative, we have

flwty + (1= w)t2) < h(w)f(t1) + h(1 —w) f(t2), (3.7)
for all w € (0,1).

Remark 3.5. (i) If inequality (3.7) is reversed, then f is said to be h-concave on It
ie f e SV(h,Ir).

(ii) Obviously, if h(w) = w, then all non-negative functions on It belong to SX(h, It)
and all non-negative concave functions on It belong to SV (h, It); if h(w) = %, then
SX(h,It) = Q(Ir); if h(w) = 1, then SX(h, It) 2 P(Ir); and if h(w) = w®, where
s € (0,1), then SX(h, It) 2 K2(I7).

Definition 3.6. A function f: It C T — R is said to belong to the class MT(It)
if f is nonnegative and for all ¢1,ts € IT and w € (0,1) satisfies the inequality:

Vw V1—w
ﬁf SN f(t2). (3.8)

Remark 3.6. (i) I T =R, and It = I, we obtain definition 2 of Tung and Yildirim
(2012), for classical MT-convex function (see [21], [22], [23], [27] and [28]).

(ii) If we set w = %, inequality (3.8) reduces to the inequality (3.1).

(iii) Let f,g:[1,00] C T =R, f(t) =t",9(t) = (14 1)",p € (0, 1555);
and h:[1,3] C T = R, h(t) = (1 +t2)™,m € (0 are MT-convex functions on
It but they are not convex on It.

flwti + (1 = w)ta) < (t1) +

1
aﬁ)

Now, we give a variant of a new class of convex functions introduced by Olanipekun
et al. in [20], but in the context of time scales.
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Definition 3.7. Let h: Jr — R,s € [0,1],w € (0,1) and ¢ be a given real-valued
function. Then f : It — R is a ¢p_s Ir-convex function on time scales if for all
t17 t2 S ITa

flwottn) + (-t < (") sl + (22) o). 69

We observe that
(i) If s =0, and ¢(t;) = t1, then f € P(It).

s

(ii) If h(w) = ws+T and ¢(t1) = t1, , then f € SX(h, Ir).

(i) If s = 1,h(w) = 1 and ¢(t1) = t1, then f € SX(Ir), i.e, f is convex on time
scales (See, [8]).

(iV) If h(w) =1 and ¢(t1) = t1, then f S Kf([’]r)

(v) If h(w) = w?,s =1 and ¢(t1) = t1, then f € Q(It).
(Vi) If h(w) = w2, and (b(tl) = tl, then f S QS(I'[[‘).
(vii) If s = 1, h(w) = 24/w(l —w) and ¢(t1) = t1, then f € MT(Ir).

Moreover, suppose we denote by Qs (I1) and SX (¢ —s, IT) the class of s-Godunova
Levin and ¢, _, IT convex functions on time scales respectively, then it is easy to
see that: P(It) = Qo(I1) = SX(¢n—0,I1) € SX(Pn—s:,I1) € SX(Pp—s,,1I1) C
SX(pn-1,Ir) = SX(¢n, IT) for 0 < s1 < 59 < 1 whenever ¢ is the identity func-
tion.

If inequality (3.9) is reversed, then f is ¢p,_, IT concave, that is, f € SV (¢p—s, I).

The permanence properties of diamond-¢y, IT derivative and convexity opera-
tions on time scales constitute an important source of examples in this area.

Proposition 3.1. Let f,g € SX(édn—s, IT), i.e, these are ¢p_s, IT convex, f,g :
T — R be diamond-¢pn_s, It differentiable at t € T, and c be any constant. Then
f+g.cf, fg, é(g #0), g(g #0) are all diamond-¢p—s, It differentiable at t € T.

Proof. Since f and g are o4, _, 1, differentiable, then let
freneem() = (M) A + (ME2) T 60)

and

goorets(t) = (M) gB 0(0) + (H52) g7 (6(1)), then
(i). f+g: T — Ris diamond-(¢p_s, IT) differentiable at ¢t € T, and

D) (o +

= fo(bh—s,l’ﬂ' (t) + go(bh—s,l’ﬂ' (t).

h(l —w)
1-w

(f,g)"net (1) = ( ) (£, (6(1)
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(ii). For any constant ¢ € R,¢f : T — R is diamond-¢y_ 1 differentiable at ¢t € T
and (e (0 = | (22) 7 2to00) + (H52) 7 16|
= cfoPn-s.11(2).

(iii). fg:T — R is diamond-¢,_, 1 differentiable at ¢ € T and

(M) o2 + (M2 g )

w 1
h(w)

w

(fg)**n=s1n(t)
_ f%hS,IT(t>(¢<t>>g(¢<t>>+( ) FO6(0)g% (6(1))

. <h<1—w>> O(0)g7 (6(1)).

1l—w

(iv). For g(t)g?(t)g”(t) # O,% : T — R is diamond-¢p,_, 1 differentiable at t € T

with
1 <>¢;L7311 1 " ) 0¢h78YIT
()70 = - EEEEE ) e
= - (") e
(M=) e
(v). Forhg(t)g”(t)g”(t) # O,g : T — R is diamond-¢p,_s 1 differentiable at ¢t € T
wit
f <><bh—5,1'11‘ _ 1 O¢}L75’I’][‘ o o
)"0 - oremmEm 05 G0 6o
= (M) e 609”00 -
= (M=) et T o)

O
The following proposition easily follows and so we will omit the proof.

Proposition 3.2. Let f be a non negative function on It. Let h be a non negative
function on Ir.

(i). If h(w) < w'™% where s € (0,1], w € (0,1), then f € SX (¢n_s, Ir).
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(it). If h(w) > W'~ for any w € (0,1) and s € (0,1], then f € SV (¢p_s, It).

It is clear that Proposition 3.2 implies that all convex functions on It are the
examples of our newly defined class of convex function on It. An example of such
particularly is h(w) = w* for k > 1 — 1 where s € (0, 1].

Remark 3.7. For t1,t2 € It,p,q > 0, the inequality (3.9) is equivalent to

s (p¢(t1) +q¢(t2)) § (@)*Sf(cb(tl)) + (@)7 f((b(tz)).

pP+q pP+q

The following definition is useful in defining another form of inequality (3.9) on time scales.

Definition 3.8. A function h : Jy — R is said to be a supermultiplicative function
on Jrp C T if for all m,n € Jr,

h(mn) > h(m)h(n), (3.10)

h is said to be a submultiplicative function on time scales if the inequality (3.10)
is reversed and respectively a multiplicative function on time scales if the equality
holds in (3.10).

We now prove some time scales analogue for ¢y _, IT-convex function where h
is either supermultiplicative or submultiplicative. Some results in [20] are useful in
the sequel.

Proposition 3.3. Let h: Jp — R be a non negative function on Jp C T and let
f:T =R be a function such that f € SX(dp—s, IT), where ¢(t) = t. Then for all
t1,ta,t3 € T such that t; < ta < t3 and t3 —t1,t3 — to,ta — 11, € J’[[‘, the followmg
inequality holds:

[(ts — t1), (t2 — t1), h(ts — t2)] 7 f(t1) — [(t3 — t2), (t2 — t1), h(ts — t1)]* f(t2)

+[(t3 — tl), (tg — tg), h(tQ — tl)}isf(tg) > 0. (311)

If the function h is submultiplicative and f € SX(¢n—s,IT), then the inequality
(5.11) is reversed.

Proof. Since f € SX(¢n—_s,IT), and t1,t2,t3 € T are points which satisfy assump-
tions of the proposition, then

t3 —to to—t t3 —t to —t
R N T U Bk 2=t _
t3 —t1 t3—11 t3—t1  t3—1t
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= (1)) = (=) e w)

Let h(ts — t1) > 0. If in inequality (3.9), we set w = ﬁz:’;f J1—w= 2:2, a=t;,b=

t3, we have to = wa + (1 — w)b and so

and

7}1 (%) ) f(ts)

fo) < | — | )+ | —g
t3—t1 tz—t1
hgtg—tzg - hgtg,—tz)
Rt —t A(ts—t1)
< |\ g | )+ | | [t (3.12)
tz—t1 ts—t1

Multiplying inequality (3.12) by (2:;? )"*(h(ts — t1))~* and further multiplication

by (t5 — t1)"*(t2 — t1)® with rearrangement yields (3.11). O

Remark 3.8. (i) Inequality (3.11) can alternatively be used in Definition 3.7 since
inequalities (3.9) and (3.11) are equivalent.

(ii) If we consider inequality (3.11) with h(t) = ¢*> where s = 1, we will obtain an
alternate definition of Godunova-Levin function on time scales, that is, inequality
(3.3).

(iii) Inequality (3.11) is equivalent to Definition 14 of [18] with A(f) = 1,s = 1 by
considering points t1,t2 € It with ¢t1 < t2 and t € It such that t; < t < t2 and
t=wt1 + (1 —w)te.

(iv) Another way of writing (3.12) is:

f(t) = f(t2) < f(t2) = f(ts)
(d}gii))“ B (h(}f;;i )

where t1 < t3 and t1,ts # to.

’

Theorem 3.2. Let f: It — R be defined and Ay, ,  differentiable function on

A . . , ) .
I{f. If f7%r—=Ir s nondecreasing (nonincreasing) on I{f, then f is ¢p—s 1, convex
(concave) on Ir.

Proof. By Remark 3.8(iv), it suffices to prove that

F@1) = f($(t) _ f(8(t2) — f(o(t)) (3.14)
t—11 - to—t

Let t1 < 71 < &. From the mean value Theorem (see [5]), there exists points
&1,7 € [t1,t)r and &a,72 € [t,t2)7 such that

FO0) = FOt) _ o,
e

FAoer (6) < m)
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and

F(O(2) = FOW) _ (.

A h—s,Ip
7 (&) < P—

(72)- (3.15)

Since t; < v1 < & and from the assumption that fA“*SJT (M) < fA””L*SJT (&),
inequality (3.14) holds, then

J@0) = FO0)) _ Bonvsy () < fhonnns (gy) < L@ =FOW) 5 10
t—t ta =t
for nondecreasing fA(”h*SJT and
f(¢(t)) — f(¢(t1)) > fA(f’h,—s,I—ﬂ- (71) > fAd’h—s,IT (52) > ‘f((b(tQ)) _ f(¢(t)) (317)

t—tl t2_t

. . A
for nonincreasing f~ %=, []

The inequality (3.16) is equivalent to the inequality (3.9) and with the ¢p—s 1,-
convexity of f, while the inequality (3.17) is equivalent with the ¢y _, -concavity of
f. Tt is obvious that the nabla version of the Theorem (3.1) holds for nondecreasing

(nonincreasing) FROn=sin

We now ask a question of interest: Can the generalized class of convex function
(3.19) be continuous on time scales? The answer to this is affirmative. We shall
first discuss the geometrical interpretation of ¢p_s 1, convexity on time scales in
order to justify this claim.

The ¢p—s 1, convexity of a function f : It — R on time scales geometrically
means that the points of the graph of f(¢(t))|[¢(t1), ¢(t2)] are under the chord(or
on the chord) joining the endpoints (¢(t1), f(¢(t1))) and (P(t2), f(@d(t2))) for every
t1,ty € It. Thus

f(o(t2)) = f(6(t1))
o(t2) — o(t1)

for all ¢(t) € [p(t1), #(t2)] and all ¢(t1), d(t2) € I.
This shows that convex functions are majorized locally (i.e, on any compact subin-
terval) by affine functions.

f(o(t)) < fo(tr)) + (¢(t) — o(t1))

Theorem 3.3. Let f: It — R be a continuous function on It. Then f is ¢n—s 1
convezx on It if and only if f satisfies inequality (3.1), i.e, [ is midpoint convex on
I.

Proof. Sufficiently assume for contradiction that f is not ¢p_s . convex on Iy.
Thus, there would exist subinterval (¢(a), ¢(b)] such that f(o(t))|[¢(a), $(b)] is not
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under the chord (or on the chord) joining (¢(a), f(¢(a))) and (¢(b), f(¢(b))) so that
for ¢(t) € [¢(a), H(b)]

zhus § = sup{f(4(6(1)))[(t) € [¢(a), p(D)]} > 0 and (p(a)) = P(4(b)) = 0 since
is continuous.
Also, let K = inf{¢(t) € [¢p(a), p(b)]|v(o(t)) = £}, then we necessarily prove

that ¢(k) = ¢ and k € (¢(a), $(b)).
For every ¢ > 0 for which k + ¢ € (¢(a),¢(b)), we have by the definition of k,

ik — ) < (k) and ¥k + ) < p(k).
So that

LT ELTUEY:)

This contradicts the fact that ¢ is midpoint convex on It. [J

Remark 3.9. (i) Theorem 3.1 remains true if the condition of midpoint convexity on
time scales is replaced by

h(l —w)
1l—w

(-t +wota)) < (") s+ (M) s,

for some 0 < s < 1,h(w) =1,¢(t1) = t1 and w = 1.

(ii) If we replace the condition of continuity in Theorem 3.2 by boundedness from above
on every compact subinterval of time scales, Theorem 3.2 still holds.

4. Conclusion

The concepts of ¢y, -convex function on time scales generalizes the time scale
version of many known classes of convex functions. This implies that ¢y, r-convex
functions on time scales readily provides many inequalities which generalize and
extend the Hermite-Hadamard-type inequalities and several other inequalities for
some classes of convex functions defined on time scales.

REFERENCES

1. R. P. AGARWAL and M. BOHNER: Basic calculus on time scales and some of its
application. Results Math, 35(1999), 3-22.

2. R. P. AcaArRwAL, M. BOHNER and A. PETERSON: Inequalities on time scales: a
survey. pp. 1-31.

3. M. A. Arbpic and M. E. OzDEMIR: On some inequalities for different kinds of
convezity. Journal of Inequalities and Applications, 3(2002), 1-6.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Some classes of convex functions on time scales 27

. M. BOHNER and A. PETERSON: Dynamic equations on time scales: an introduc-
tion with applications. Boston: Birkhauser, 2001.

M. BOHNER and A. PETERSON: Advances in dynamic equations on time scales.
Boston, M.A.: Birkhauser, 2003.

R. BuTLERand E. KERR: An introduction to numerical methods. London: Pit-
man Publishing Corporation, 1962.

C. Dinu: Ostrowski type inequalities on time scales. Annals of the University of
Craiova, Math. Comp. Sci. Ser. 34(2007), 43-58.

C. DiNu: Convex functions on time scales. Annals of the University of Craiova.
Math Comp. Sci. Ser., 35(2008), 87-96.

C. DiNU: Hermite-Hadamard inequality on time scales. Journal of Inequalities
and Applications, vol. 2008, Article ID 287947, 1-24.

S. S. DRAGOMIR and C. E. M. PEARCE: On Jensen inequality for a class of
functions of Godunova and Levin. Period. Math. Hunger., 33(2)(1996), 93-100.
S. DRAGOMIR: Inequalities of the Hermite-Hadamard type for h-conver functions
on linear spaces. Proyecciones Journal of Mathematics, 34(4)(2015), 323-341.

S. S. DRAGOMIR, J. PECARIC and L. E. PERSSON: Some inequalities of Hermite-
Hadamard type. Soochow J. Math, 21(1995), 332-341.

E. K. Gopu~novAa and V. I. LEVIN: Neravenstva dlja funkcii sirokogo klassa,
soderzascego vypuklye, monotonnye i nekotorye drugie vidy funkii, Vycisli-tel.
Mat. i. Fiz. Mezvuzov. Sb. Nauc. Trudov, MGPI, Moskva, (1985), 138-142.

S. HILGER: Analysis on measure chains— a unified approach to continuous and
discrete calculus. Results math, 18(1990), 18-56.

D. S. MiTtrINOVIC and J. E. PECARIC: Note on a class of functions of Godunova-
Levin Vol.12. C.R. Maths Rep. Acad. Sci., Canada, 1990.

D. S. MrTriNovic, J. E. PECARIC and A. M. FINK: Classical and new inequal-
ities in analysis. Kluwer Academic Publishers, Dordrecht, 1993.

R. S. A. Mouray, A. C. F. Rut and F. M. T. DeLFIM: Diamond-
a Jensen’s inequality on Time Scales. (2008), Retrieved from URL:
http://www.hindawi.com/journals/jia/.

D. MozYRSKA and D. F. M. TORRES: The natural logarithm on time scales.
(2008), Retrieved from http://arxiv.org/0809/0809.4555v1.pdf

C. P. NicuLEscU and L. E. PERSSON: Convex functions and their applications:
a contemporary approach. CMS Books, Vol.23, 2004.

P. O. OLANIPEKUN, A. A. MOGBADEMU and O. OMOTOYINBO: Jensen-type
inequalities for a class of convex functions. Facta Universitatis (NIS) Ser. Math.
Inform, 31(3)(2016), 655-666.

O. OMOTOYINBO and A. A. MOGBADEMU: On some inequalities for Godunova-
Levin and MT-Convez functions. Journal of the Nigerian Association of Mathe-
matical Physics, 25(2)(2013), 215-222.

0. OMOTOYINBO and A. A. MOGBADEMU: Some new Hermite-Hadamard integral
inequalities for convez functions. Int. J. Sci. Innovation Tech, 1(1)(2014), 001-012.
O. OMOTOYINBO, A. A. MOGBADEMU and P. O. OLANIPEKUN: [Integral inequali-

ties of Hermite-Hadamard type for A\-MT-convex function. Mathematical Sciences
and Applications E-notes, 4(2)(2016), 14-22.



28

24

25.

26.

27.

28.

29.
30.

F.O. Bosede and A.A. Mogbademu

. M. E. OzDEMIR, A. EKINCI and A. O. AKDEMIR: Some new integral inequalites
for several kinds of convex functions. Retrieved from Arxiv.org/pdf/ 1202. 2003,
(2012) 1-11.

Q. SHENG, M. FADAG, J. HENDERSON and J. M. DAvis: An exploration of
combined dynamic derivatives on time scales and their applications. Nonlinear
Analysis: Real World Applications, 7(3)(2006), 395-413.

A. TuNA and S. KUTUKCU: Some integral inequalities on time scales. Appl. Math.
Mech. Engl. Ed., 29(1)(2008), 23-29.

M. TunNng and H. YILDIRIM: On MT-convexity. (2012) Retrieved from
http://www.arxiv.org: http://ardxiv.org/pdf/1205.5453. pdf .preprint

M, Tung, Y. SuBas and I. KARABIYIR: Some Hermite-Hadamard type inequal-
ities for MT-Convex Functions. Int. J. Open Problems Comp Math. 6(2)(2013),
102-113.

S. VAROSANEC: On h-Convezity. J. Math Anal and Appl. 326(2007), 303-311.

F. H. Wong, W. C. LiaN, C. C. YEH and R. L. LIANG: Hermite-Hadamard’s
inequality on time scales. Int. J. of Artificial Life Research. 2(3)(2011), 51-58.

Fagbemigun Opeyemi Bosede
Department of Mathematics
Faculty of Science

University of Lagos

Akoka, Yaba, Lagos, Nigeria.
opetoyinbo@yahoo.com

Adesanmi A. Mogbademu
Department of Mathematics
Faculty of Science
University of Lagos

Akoka, Yaba, Lagos, Nigeria.

amogbademu@unilag.edu.ng



FACTA UNIVERSITATIS (NIS)
SER. MATH. INFORM. Vol. 35, No 1 (2020), 29-42
https://doi.org/10.22190/FUMI2001029K

TRIPOLAR FUZZY SOFT IDEALS AND TRIPOLAR FUZZY SOFT
INTERIOR IDEALS OVER I'-SEMIRING

M. Murali Krishna Rao and B. Venkateswarlu

© 2020 by University of Ni§, Serbia | Creative Commons License: CC BY-NC-ND

Abstract. In this paper, we have introduced the notion of tripolar fuzzy soft I'—subsemi-
ring, tripolar fuzzy soft ideal, tripolar fuzzy soft interior ideals over I'—semiring and
also studied some of their algebraic properties and the relations between them.
Keywords: tripolar fuzzy set, soft set, fuzzy soft set, tripolar fuzzy soft ideal, tripolar
fuzzy soft interior ideal.

1. Introduction

In 1995, Murali Krishna Rao [16, 17] introduced the notion of a I'—semiring as a
generalization of I'—ring, ring, ternary semiring and semiring. As a generalization
of ring, the notion of a I'—ring was introduced by Nobusawa [22] in 1964. As a
generalization of ring, semiring was introduced by Vandiver [25] in 1934. In 1981,
Sen [24] introduced the notion of I'—semigroup as a generalization of semigroup.
The notion of ternary algebraic system was introduced by Lehmer [12] in 1932.
Lister [13] introduced ternary ring.The set of all negative integers Z is not a semiring
with respect to usual addition and multiplication but Z forms a I'—semiring where
I' = Z. The important reason for the development of I'—semiring is a generalization
of results of rings, I'—rings, semirings, semigroups and ternary semirings. Murali
Krishna Rao and Venkateswarlu [21] introduced the notion of I'—incline and field
I'—semiring and studied properties of regular I'—incline and field I'—semiring.

The theory of fuzzy sets is the most appropriate theory for dealing with uncertainty
was first introduced by Zadeh [26]. Rosenfeld [23] introduced fuzzy group. There
are many extensions of fuzzy sets, for example, intuitionistic fuzzy sets, interval
valued fuzzy sets, vague sets, bipolar fuzzy sets, cubic sets etc. Molodtsov [15]
introduced the concept of soft set theory as a new mathematical tool for dealing
with uncertainties. Feng et al. [5] initiated the study of soft semirings. Soft rings
are defined by Acar et al. [1] and Ghosh et al. [6] who initiated the study of fuzzy
soft rings and fuzzy soft ideals. In 2001, Maji et al. [14] combined the concept of
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fuzzy set theory which was introduced by Zadeh [26] in 1965 and the notion of soft
set theory which was introduced by Molodstov [15] in 1999. Aktas and Cagman
[2] introduced the concept of fuzzy subgroup, soft sets and soft groups which was
extended by Aygnnogln and Aygun [4]. Murali Krishna Rao [18] studied fuzzy
soft I'—semiring homomorphism, fuzzy soft I'—semiring and fuzzy soft k—ideal over
I'—semiring, In 2000, Lee [10, 11] used the term bipolar valued fuzzy sets and
applied it to algebraic structure. Bipolar fuzzy sets are an extension of fuzzy sets
whose membership degree range is [—1, 1]. In 1994, Zhang [27] initiated the concept
bipolar fuzzy sets as a generalization of fuzzy sets. Jun et al. [7, 8] introduced the
notion of bipolar fuzzy ideals and bipolar fuzzy filters in Cl-algebras. The ideals of
an intuitionistic fuzzy set” was first introduced by Atanassor [3] as a generalization
of notion of fuzzy set. Murali Krishna Rao [19] introduced the notion of tripolar
fuzzy set to be able to deal with tripolar information as a generalization of fuzzy set,
bipolar fuzzy set and intuitionistic fuzzy set and introduced the notion of tripolar
fuzzy ideals and tripolar fuzzy interior ideals of I'—semigoup. In this paper, we
have introduced the notion of tripolar fuzzy soft ideals and interior ideals over
I'—semiring. We have studied some of their algebraic properties and the relations
between them.

2. Preliminaries

In this section, we recall some definitions introduced by the pioneers in this field
earlier.

Definition 2.1. Let (M, +) and (T, +) be commutative semigroups. Then we call
M as a I'—semiring,if there exists a mapping M x ' x M — M is written (z, a, y)
as xay such that it satisfies the following axioms:

(1) zaly + 2) = zay + zaz
(ii) (z +y)az =zaz +yaz
(ili) z(a+ By = zay + zPy

)

(iv) za(yBz) = (zay)pBz, for all z,y,z € M and o, 8 € T.

Every semiring R is a I'—semiring with I' = R and ternary operation zvyy as the
usual semiring multiplication.

Example 2.1. Let M be a a set of all rational numbers and I" be a set of all natural
numbers are commutative semigroups with respect to usual addition. Define the mapping
M xT'x M — M by aab as usual multiplication, forall a,b € M, € I'. Then M is a
I"'—semiring.

Definition 2.2. A I'—semiring M is said to have zero element if there exists an
element 0 € M such that 0+x = 2 = z+0 and Oax = za0 =0, forallz € M,a €T
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Definition 2.3. Let M be a I'—semiring. An element 1 € M is said to be unity
if for each x € M there exists « € T" such that zal = lax = x.

Definition 2.4. A I'—semiring M is said to be commutative I'—semiring if zay =
yax, for all x,y € M and a € T'.

Definition 2.5. Let M be a I'—semiring. An element a € M is said to be regular
element of M if there exist x € M, «, 8 € I such that a = aaxfa.

Definition 2.6. Let M be a I'—semiring. If every element of M is a regular then
M is said to be regular I'—semiring.

Definition 2.7. A non-empty subset A of I'—semiring M is called

(i) a I'—subsemiring of M if (A, +) is a subsemigroup of (M, +) and AT'A C A.
(ii) a quasi ideal of M if A is a I'—subsemiring of M and ATM N MT A C A.

)

)
(iii) a bi-ideal of M if A is a I'—subsemiring of M and ATMT A C A.
(iv) an interior ideal of M if A is a '—subsemiring of M and MTAT'M C A.
)

(v) aleft (right) ideal of M if A is a '—subsemiring of M and MTA C A(ATM C
A).

(vi) an ideal if A is a I'—subsemiring of M, ATM C A and MT' A C A.

(vii) a k—ideal if A is a T'—subsemiring of M, ATM C A, MTA C A and = €
M, z+yeAyec Athenz e A

Definition 2.8. A tripolar fuzzy set A in a universe set X is an object having the
form A = {(z,pa(z), a(x),04(x)) | z € X and 0 < pa(z) + Aa(z) < 1}, where
pa:X —=[0,1;24 : X = [0,1];04 : X — [—1,0] such that 0 < py(x) +Aa(z) < 1.
The membership degreep4(x) characterizes the extent that the element z satisfies
to the property corresponding to tripolar fuzzy set A,\4(z) characterizes the extent
that the element z satisfies to the not property(irrelevant ) corresponding to tripolar
fuzzy set A and d4(x) characterizes the extent that the element = satisfies to the
implicit counter property of tripolar fuzzy set A. For simplicity A = (pa,Aa,04)
has been used for A = {(x, pa(z), \a(z),da(x)) |2 € X,0 < pa(z) + Aa(z) <1}

Remark 2.1. A tripolar fuzzy set A is a generalization of a bipolar fuzzy set and an
intuitionistic fuzzy set. A tripolar fuzzy set A = {(z,pa(z), a(z),0a(x) | z € X )
represents the sweet taste of food stuffs. Assuming the sweet taste of food stuff as a
positive membership value pa(x), i.e. the element z is satisfying the sweet property. Then
bitter taste of food stuff as a negative membership value da(z,) i.e. the element z is
satisfying the bitter property, and the remaining tastes of food stuffs like acidic, chilly
etc., as a non memberships value A4(z), i.e., the element is satisfying irrelevant to the
sweet property.
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Definition 2.9. A tripolar fuzzy set A = (14, Aa,d4) of a I'—semiring M is called
a tripolar fuzzy I'—subsemiring of M if A satisfies the following conditions.

i) palz+y) = min{pa(z), paly)}
i) Aa(z +y) < max{Aa(z),A\a(y)}
(i) da(z +y) < max{da(x),0a(y)}
iv)
)
)

pa(zoy) > min{pa(@), pay)}
Aa(zay) < max{Aa(z), Aa(y)}
(vi) da(zay) < max{da(x),d0a(y)}, for all z,y,z € M, €T.
Definition 2.10. A tripolar fuzzy I'—subsemiring A = (14, Aa, d4) of a '—semiring
M is called a tripolar fuzzy ideal of M if A satisfies the following conditions.
(i) pa(zroy) > max{pa(z), pa)(zy}
(i) Aa(zay) < min{ia(z), Aa(y)}
(iil) da(zay) <min{da(x),04(y)}, for all z,y,z2 € M,a €T
Definition 2.11. A tripolar fuzzy I'—subsemiring A = (14, Aa, d4) of a '—semiring
M is called a tripolar fuzzy interior ideal of M if A satisfies the following conditions.
(i) pa(zazBy) = pa(z)
(i) Aa(zazfy) < Aa(z)
(i) da(zazBy) < da(z), for all z,y,z € M,a, B €T.
Definition 2.12. Let (f, A), (g, B) be fuzzy soft sets over a I'—semiring M. The

intersection of fuzzy soft sets (f, A) and (g, B) is denoted by (f, A)N (g, B) = (h,C)
where C' = AU B is defined as

fes ifce A\ B;
he =< ¢e, if ce B\ 4;
feNge, ifce ANB.

forallce AUB and x € M.

Definition 2.13. Let (f, A), (g, B) be fuzzy soft sets over a I'—semiring M S. The
union of fuzzy soft sets (f, A) and (g, B) is denoted by (f, A)U(g, B) = (h,C') where
C = AU B is defined as

fes ifce A\ B;
he =X 9e, ifce B\ 4; ,
feUge, ifce ANB.

forallce AUB and x € M.
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Definition 2.14. Let (f, A), (g, B) be fuzzy soft sets over a I'—semiring M.
“(f,A)and(g, B) is denoted by “(f, A)A(g, B)” is defined by (f, A)A(g, B) = (h,C),
where C = Ax B. h.(z) = min {fq(x),gs(x)} for all c = (a,b) € Ax B and x € M.

Definition 2.15. Let (f, A), (g, B) be fuzzy soft sets over an ordered I'—semiring
M. “(f, A)or(g, B)” is denoted by (f, A)V(g, B) is defined by (f, A)V(g, B) = (h,C),
where C = A x B and h.(z) = max {f,(x),gp(z)}, for all ¢ = (a,b) € Ax B,z € U.

3. TRIPOLAR FUZZY SOFT IDEALS OVER I'-SEMIRING

In this section, we introduce the notion of tripolar fuzzy sets to be able to deal
with tripolar information as a generalization of fuzzy sets, bipolar fuzzy set and
intuitionistic fuzzy sets. We introduce the notion of tripolar fuzzy soft ideals and
interior ideals over I'—semiring.

Definition 3.1. A tripolar fuzzy soft set (f, A) over I'—semiring M is called a
tripolar fuzzy soft I'=semiring over M if f(a) = {1a) (%), \f(a)(2),05(a)(2) | €
M,a € A}, where ppq)(z) : M — [0,1]; Apa)(x) : M — [0,1];044)(x) : M —
[—1,0] such that 0 < gy (x) + Apey(2z) < 1 and for all z € M satisfying the
following conditions

(1) pra)(z+y) = min{pgpa) (@), npa)(y)}

(ii /\f(a)(l‘ +y) < max{Ar)(®), A\r@) ()}
(@) (@ +y) < max{ds@) (), 55 (y)}

(woy) = min{pip(a) (2), 0y (¥)}

(v /\f(a)(l‘ay) < max{Af(q) (), Apa)(¥)}

(@) (zay) < max{dsq)(x),054)(y)}, for all z,y € M,a €T and a € A.

Definition 3.2. A tripolar fuzzy soft set (f, A) over a I'—semiring M is called a
tripolar fuzzy soft ideal over M if
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Remark 3.1. Every tripolar fuzzy soft ideal (f, A) over a I'—semiring M is a tripolar
fuzzy soft semiring (f, A) over M but the converse is not true.

Example 3.1. Let M = {z1,z2,23},I' = {a, 8}. Then, we shall define the operations
with the following tables:
+ | x1 | T2 | T3 a | z1 | z2 | T3 B | z1 | x2 | x3

+|a|p
T1 x1 X2 X3 T T T3 T3 T1 1 T2 T3
a|ala ; and
/8 o 5 ) i) ) T3 T2 xrs3 ) T3 i) 3 i) I3
X3 €3 €3 €2 T3 T3 T3 T3 I3 3 T3 T3

Let £ = {a,b,c} and B = {a,b}. Then (¢, B) is tripolar fuzzy soft set defined as

(6, B) = {6(a), (b)}, where

é(a) = {(21,0.2,0.7, —0.2), (2, 0.3,0.6, —0.3), (3, 0.6,0.3, —0.3)}

o(b) = {(21,0.4,0.5,—0.3), (2, 0.6,0.3, —0.5), (x3,0.5,0.4, —0.2)}.

Then (¢, B)is a tripolar fuzzy soft '—subsemiring over M and (¢, B) is not a tripolar fuzzy
soft ideal over M.

(¢, B) is tripolar fuzzy soft interior ideal over M.

Definition 3.3. A tripolar fuzzy soft (f, A) over I'—semiring M is called a tripolar
fuzzy soft interior ideal of M if

(1) ppa)(@azBy) > psa)(2)
(i) Af(a)(zazBy) < Afw(2)

(iii)  6f(a)(zazBy) < 0f(q)(2), for all z,y,2 € M,a,3 €T and a € A.

Theorem 3.1. FEvery tripolar fuzzy soft ideal over a I'—semiring Mis a tripolar
fuzzy soft interior ideal over a I'—semiring M.

Proof. Let (f, A) be tripolar fuzzy soft ideal over a I'—semiring M. Then f(a) =
{u(a), A(a), f(a)} is a tripolar fuzzy ideal of M,a € A. Then

(1)t (TazBy) > ppa)(raz) > ppa)(z)
(il) Apa)(azfy) < M) (zaz) < Apa)(2)

(iii) dpa)(razfy) < 0fa)(raz) < dfq)(2), forall z,y,2 € M,a, 3 €T and a € A.

Hence (f, A) is a tripolar fuzzy soft interior ideal over M. [

Theorem 3.2. FEvery tripolar fuzzy soft interior ideal over a reqular I'—semiring
M is a tripolar fuzzy soft ideal over M.

Proof. Let (f, A) be tripolar fuzzy soft interior ideal over a regular I'—semiring M.
Then f(a) = {ftf(a)» Af(a)» O(a)} 18 @ tripolar fuzzy ideal of M,a € A.
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Suppose xz,y € M, € I'. Then zay € M. Then there exist 5,y € I', z € M such
that zay = xayBzyray.

br@(Tay) = pga)(rayBzyray)
= fif(a) (TayB(zyzay))
> pipa)(y)

By (ray) = ppa) ((zayBz)yray)
> pfa)(T)

Hence fiy(q) is a fuzzy ideal of M.

M) (Tay) = A (zayBzyzay)
< )\f(a)(y)
A (@oy) = Ap) ((wayBz)yzay)

IA
>
=
ORC
&
~—"

Hence Ay, is a fuzzy ideal of M.

Sfa)(ray) = ) (zayBzyray)
< 6f(a) (y)
Oy (zay) < b5 ().

Hence 67, is a fuzzy ideal of M.
Therefore, f(a) is a tripolar fuzzy ideal of I'—semiring M.
Thus, (f,A) is a tripolar fuzzy soft ideal of I'—semiring M. O

Theorem 3.3. If(f, A) and (g, B) are two tripolar fuzzy soft ideals over a T'—semiring
M then (f, A) A (g, B) is a tripolar fuzzy soft ideal over a T'—semiring M.

Proof. Suppose (f, A) and (g, B) are two tripolar fuzzy soft ideals over a I'—semiring
M.

Then by Definition [2.14], (f, A) A (g9,B) = (fNg,C), where C = A x B
and (f Ag)(a,b) = f(a) N g(b), for all (a,b) € C. Then

Lr@ngwy (@ +y) = min{upe (@ +y), pew)(x+y)}
> min { min{ ) (2), t15(0) ()}, min{ gy (), gy (¥)}
= min{ min{pusa) (@), Lo ()} min{psa) (y), 1w (¥)}}
= min{psa)ngm) (%), L @ngm) () }-
min{A sy (2 +9), Agp )( z+y)}
min { max{Az(q) (), Af(a) ()}, max{ Ay g(b 0y
= max {min{\;)(z), A (b)( )}amm{)‘f(a) Y)s Aar) ()1
max{A(a)ng(b) (£); Af(a)ng(v) (¥)}-

Atng)(an) (@ +y)

A\
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dfng)apy (@ +y) = min{dsq)(z+y),0g0) (z+y)}
> min { max{07()(x), 6 (a)(y)}, max{dy) (), 5y ()} }
= max{mm{éf(a)( )s 0g(oy ()}, min{ S 70y (¥), dg() (¥ }}
= max{d¢a)ngs)(T), d¢(a)ngv) (¥)}-

p@ngo(zay) = min{pusa)(@ay), nem (zay)}
> min { ming g (q) (), fpa) (¥) }> in{ pag ) (), g (y)}}

min { min{ze (o) (2), g (2)}, min{ge 0y (), gy (W)}

= min{us(a)ng(v) (%), L (a)ng(v) (¥) }-

Asng)an (@ay) = min{Apq)(@ay), A\ (zay)}
< mm{max{)\f(a)(x) At(a)(y)} max{Ag ) (2 g(b) }}

max { min{ () (), Ag() () }, min{ X p(a) (4), Ag vy (¥)} }

max{Af(a)ng(s) (€ )7>‘f(a)ﬂg(b) ()}

S(sng)(ab) (Tay) = min{dp)(zay), dgw) (zay)}
< min { max{d;(q) (), 0 5(a)(y) }, max{dy() (%), 0g(0) ()} }
= max{min{éf ) (@), 6g(y ()}, min{0 ¢4y (1), Iy (¥ }}
= max{0s(a)ng(v) (), O s(a)ng(v) (¥)}-

Hence (f, A) A (g, B) is a tripolar fuzzy soft ideal over a I'—semiring M. [

Theorem 3.4. If (f,A) and (g, B) are two tripolar fuzzy soft interior ideals over
a T'—semiring M then (f, A)A(g, B) is a tripolar fuzzy interior ideals of T —semiring
M.

Proof. Suppose (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over a
I'—semiring M.

Then by Theorem[3.3], (f, A) A (g, B) is soft tripolar fuzzy I'—subsemiring of M.
By Definition[2.14], (f, A) A (¢,B) = (f A g,C), where C = A x B.

Suppose (a,b) € C,z,y € M and a € T. Then

Linglab)(TayBz) = lra)ngp)(TayBz)

min{u(q) (xayBz), pyw) (zayBz)}
min{ e (a) (¥)s ) () }
Mf(a)ng(b)(y)

tpag(ap) (Y)-

Af(a)ng(v) (TayBz)

min{\ s o) (zayBz), Ay (wayfz)}
min{Af(q) (¥), Ag(v) (¥) }

Af(@ng() ()

v

Afng(ab) (ToyBz)

IN
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= Afagab)(¥)-

Singlap)(TayBz) = Opang)(TayBz)
min{d(q)(zayBz), o,y (zayBz)}
min{ds(a) (), 090y (¥) }
d(ayna(v)(Y)

= Jpnglan) (¥)-

IN

Hence (f, A) A (g, B) is a soft tripolar fuzzy interior ideal of I'—semiring M. O

The following theorem proofs are similar to Theorem [3.4].

Theorem 3.5. If (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over
a T'—semiring M then (f, A)U(g, B) is a tripolar fuzzy interior ideals of T'—semiring
M.

Theorem 3.6. If (f, A) and (g, B) are two tripolar fuzzy soft interior ideals over
a T'—semiring M then (f, A)N(g, B) is a tripolar fuzzy interior ideals of I'—semiring
M.

Theorem 3.7. If(f, A) and (g, B) are two tripolar fuzzy soft ideals over T'—semiring
M then (f, A) U (g, B) is a tripolar fuzzy soft ideal over M.

Proof. Suppose (f, A) and (g, B) are two tripolar fuzzy soft ideals over I"'—semiring
M. Then by Definition [2.13], we have (f, A) U (g, B) = (h,C), where C = AU B;
and
f(e) ifc € A\ B;
he) = fUge) =4 90 ifce B\ A
flc)Ug(e) ifce AN B, forall ce AU B.

case(i) : If c€ A\ B then fUg(c) = f(c¢). Thus we have

oy (@ +y)

min{ /ey (2), (o) (y)}

= min{psug(e) (), truge) (Y)}-
Ajuge)(z+y) = Apey(z+y)

max{As () (), Are) (¥)}
max{Arug(e) (), Arug(e) () }-
Ofe) (@ +y)

max{dy () (), 05(c)(y)}

= max{dsug(e)(T), 0 pug(e)(¥)}-
L) (Tay)

Hrug(e) (:E + y)

%

IN

6ng(c) (.1? + y)

IN

Hfug(e) (xay)
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IV

max{/if () (xay), iy () (zay)}
= max{sug(e) (), Lrugie)(y)}-
Afugte)(Tay) = Age(zay)
< min{)\f(c)(m)?)\f(c)(y)}
= min{Asugee)(®), Apuge) (V) }-
Opug(e)(way) = dpe)(zay)
min{d e (), 57y (y)}
min{éfug(c) (CC), 6fU9(C) (y)}

IN

case(ii) : If c € B\ A then f U g(c) = g(c).

Since g(c) is a tripolar ideal of I'—semiring M, fUg(c) is a tripolar ideal of I'—semiring
M.

case(iii) : If c € AN B then fUg(c) = f(c) Ug(c).

truge) (@ +y) = peuge) (@ +y)
max{/‘f(C) (w + y)v Hg(c) (x + y)}

> max{min{ss(c)(2), tr(e)(¥) } min{pige) (2), pg(e)(v) 1}
= min{max{pc)(7), tg(e) ()}, max{ps ) (y), o) (¥) }}
= min{gs(eyug(e) (2); s (eyug(e) ()}
= min{usug(e) (@), truge)(¥)}
Similarly we can prove
Aruge) (@ +y) < max{Arug(e) (@) Arug(e)(¥)}
Srugle)(r+y) < max{dugc)(7), drug(e)(¥)}-

fioge)(Tay) = fif(e)ug(e) (Tay)

= max{py(e)(zay), py(e) (Tay)}
max{max{iuy ) (), psc) (Y) } max{pige) (@), o) (Y) 1}
maX{maX{Mf(c) ()5 Hg(e) (z)}, max{/f'f(c) (Y); Hg(e) (¥)}}
max{fif(e)ug(e) (), H(e)ug(e) (¥)}
max{fsug(e) (), Bpug(e)(Y)
Similarly we can prove
min{Arug(e) (), Apuge) (¥) }
min{dsug(c) (), 6 pug(e) () }-

v

Afug(e) (zay)
5ng(c) (I’Oéy)

INIA

Therefore, f U g(c) is a tripolar fuzzy ideal of M.
Hence (f, A) U (g, B) is a tripolar fuzzy soft ideal over M. O

Corollary 3.1. If(f, A) and (g, B) are two tripolar fuzzy soft ideals over T'—semiring
M then (f, A) N (g, B) is a tripolar fuzzy soft ideal over M.
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Definition 3.4. Let (f, A) and (g, B) be two tripolar fuzzy soft sets over a I'—semiring
M. The the product (f, A) and (g, B) is defined as (f, A)o (g, B) = (fog,C), where
C = AU B. Then we have (f, A) o (g, B) = (h,C), where C = AU B; and

1 (e) (), if ce A\ B;

_ if c € B\ A4;

H(goq)e (@) = 3 Ha@(@): . ’

7 sup {min{pus)(y), pg(e)(2)}}, ifce ANB.
r=yaz

Aty (@), ifce A\ B;

Afog) () (@) = Age) (@), if cc B\ 4;

inf {max{)\f(c)(y),)\g(c)(z)}}, ifce AN B.
r=yoaz

5f(c)((.'L‘)), ifCEAiB;

1) ° C(;L’): 6g(c) Zz), ifceB A,

(oo inf { max{8;(o) (1), 6,00 (2)}}, ifce ANB.
r=yaz

Theorem 3.8. If (f,A) and (g,B) are tripolar fuzzy soft interior ideals over
T'—semiring M then (f, A)o(g, B) is a tripolar fuzzy soft interior ideal over T'—semiring
M.

Proof. Obviously (f, A) o (g, B) is tripolar fuzzy soft I'—subsemiring over M. Let
T,Y,2 € M,O[,,B el

By Definition [3.4], (f, A)o(g, B) = (fog,C), where C = AUB and ¢ € C,z € M.
case(i) : If c € A\ B then

Hfogc) = Hi(o)
Afogle) = Af(e)
Ofoglc)y = Of(c)-

Since (f, A) is a tripolar fuzzy soft interior ideal over M, f o g(c) is a tripolar fuzzy
soft interior ideal of M.

case(ii) : If ¢ € B\ A then

[fogcy = Hg(e)
Afogle) = Aglo)
Ofogle) = dg(e)-

Since (g, B) is a tripolar fuzzy soft interior ideal over M, f o g(c) is a tripolar fuzzy
soft interior ideal of M.
case(iil) : If ¢ € AN B then

Hfog(c) (l‘) = Supb{ mln{uf(a)(x)nug(b)(‘r)}

r=acx
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Pfog(e)(xayBz) = Supb{min{uﬂa)(myﬁzLug<b>(myﬂ2)}

r=acx

v

sup, {min{ura) (W), pgw) (v)}

Hfog(c) (y)
inf , {max{Aj(,) (zayBz), Ay (zayBz)}

r=ax

Supb { max{)‘f(a) (y)v )‘g(b) (y)}

>\fog(c) (y)
Ei:%fxb {max{6; ) (zayBz), 0ym) (zayBz)}
< $i:rif(.xb { max{éf(a) (y)a §g(b) (y)}

= 5fog(c) (y)

Afog(e) (zayBz)

IN

O fog(e) (Tayfz)

Hence f o g(c) is a tripolar fuzzy interior ideal of M.
Therefore (f, A) o (g, B) is a tripolar fuzzy interior ideal over M. O

Theorem 3.9. Let E be a perimeter set and Y (M) be the set of all tripolar fuzzy
E
soft interior ideals over T'—semiring M. Then (> (M),U,N) forms complete dis-
E

tributive lattices along with the relation C .

Proof. Suppose (f, A) and (g, B) be soft interior ideals over M such that A C
E,BCE.

By Theorems [3.6, 3.7], (f,4) N (g,B) and (f, A) U (g, B) are tripolar fuzzy soft
interior ideals over M.

Obviously (f,A) N (g,B) is lub of {(f,A),(g,B)} and (f,A) U (g,B) is glb of

{(f; A)(g, B)}-
Every sub collection of Y (M) has lub and glb.
E

Hence Y (M) is a complete lattice.
B

We can prove (f, A) N ((g,B) U (h,C)) = ((f.4) N (g, B)) U (£, 4) N (h,C)).
Therefore (D> (M), U,N) forms a complete distributive lattice. O
E

4. Conclusion

Murali Krishna Rao [19] introduced the notion of tripolar fuzzy set in I'—semigroup
to be able to deal with tripolar information, as a generalization of fuzzy set, bipolar
fuzzy set and intuitionistic fuzzy set. In this paper, we have introduced the notion
of tripolar fuzzy soft subsemiring, tripolar fuzzy soft ideal, tripolar fuzzy soft in-
terior ideals over I'—semiring and studied some of their algebraic basic properties
and relations between them.The results of this paper can be extended to different
algebraic structures and it can be applied to decision making problems.
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Abstract. The Q-Fourier-Dunkl transform satisfies some uncertainty principles in a
similar way to the Euclidean Fourier transform. By using the heat kernel associated
to the Q-Fourier-Dunkl operator, we have established an analogue of Cowling-Price,
Miyachi and Morgan theorems on R by using the heat kernel associated to the Q-
Fourier-Dunkl transform.

Keywords: Cowling-Price’s theorem; Miyachi’s theorem; Uncertainty Principles; Q-
Fourier-Dunkl transform.

1. Introduction

There are many theorems which state that a function and its classical Fourier

transform on R cannot simultaneously be very small at infinity. This principle
has several versions which were proved by M.G. Cowling and J.F. Price [3] and
Miyachi [6]. In this paper, we will study an analogue of Cowling-Price’s theorem
and Miyachi’s theorem for the Q-Fourier-Dunkl transform. Many authors have
established the analogous of Cowling-Price’s theorem in other various setting of
harmonic analysis (see for instance [5]) The outline of the content of this paper is
as follows.
Section 2 is dedicated to some properties and results concerning the Q-Fourier-
Dunkl transform. In Section 3 we give an analogue of Cowling-Price’s theorem,
Miyachi’s theorem, and Morgan’s theorem for the Q-Fourier-Dunkl transform. Let
us now be more precise and describe our results. To do so, we need to introduce
some notations. Throughout this paper a > _71 Notice that if o = _71 then the
space is the classical Lebesgue one, we can follow in this case the procedures for
similar transforms, such as the Fourier transform (see for example [3, 6]).

(1.1) Q(x) = exp ( /Ow q(t)dt) , z€R

Received January 06, 2018; accepted March 18, 2019
2010 Mathematics Subject Classification. Primary 42A38; Secondary 44A35, 34B30
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where ¢ is a C* real-valued odd function on R.

e L7 (R) the class of measurable functions f on R for which || ||y, < 0o, where

1l = ( / |f<x>p|x2““dx)p, if 1<p<os,

and || flloo,a = [Iflloc = esssupaer|f(z)|.
o L{)(R) the class of measurable functions f on R for which || f[l,.q = |Qfllp,a <
oo, where @ is given by (1.1).

We consider the first singular differential-difference operator A defined on R

})f(ﬂf) — f(==)

S N0

where ¢ is a C* real-valued odd function on R. For ¢ = 0 we regain the Dunkl
operator A, associated with reflection group Z, on R given by

Aaf(@) = F'(2) + (a+ ;M

(1.2) Af(z) = f'(2) + (a+

1.1. Q-Fourier-Dunkl Transform
The following statements are proved in [1]

Lemma 1.1. 1. For each A € C, the differential-difference equation
Au=idu, u(0)=1
admits a unique C* solution on R, denoted by Uy, given by
(1.3) Ua(z) = Qx)eaq(idr),

where e, denotes the one-dimensional Dunkl kernel defined by

ca(2) = ja(iz) + mja—&-l('z) (2 €C),

and j, being the normalized spherical Bessel function of index a given by

= ()G

1.4 ] =T 1 — 27 .

(14) ol <T@t DY ey (€ )
2. Forallz e R, A€ C andn =0,1,... we have

(15) | ) 1< QEa)fael™ M

In particular
(1.6) | Wr(2) < Q(a)elm Miel
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3. For all x € R, XA € C, we have the Laplace type integral representation

1

17 V(@) = 0aQa) [ (1= 2)T (14 e,

-1
Al'(a+1)
Val(a+ )

Definition 1.1. The Q-Fourier-Dunkl transform associated with A for a function
in L (R) is defined by

where a, =

(18) Falh)(N) = / @)Uy ()22 .

Theorem 1.1. 1. Let f € Li(R) such that Fo(f) € Ly(R). Then for allmost
x € R we have the inversion formula

f(2) (@ / Fol YN T @) AHd),

where
1

22(0‘+1)(F(a + 1))2 .

My =
2. For every f € LzQ(R), we have the Plancherel formula
@) (Q@)? e = m [ 1Fo(MEIAP*ax

3. The Q-Fourier-Dunkl transform Fg extends uniquely to an isometric isomor-
phism from L (R) onto L7 (R).

The heat kernel N(x,s), z € R, s > 0, associated with the Q-Fourier-Dunkl trans-

form is given by
22
e 4s

(25)° 2 Q(x)’

Some basic properties of N(x, s) are the following:

(1.9) N(z,s) =mgq

o N(z,5)Q%(z) = ma/Refsw‘I’y(I)lyIQa“dy-

2

o Fo(N(.,8))(z) =e"""".

we define the heat functions W;, [ € N as

(1.10) Q*(x)Wi(z,s) = /R?/lff%%(x)ly\hﬂdy
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(1.11) Fo(Wi(.,,s)) = ityle V",

The intertwining operators associated with a Q-Fourier-Dunkl transform on the real
line is given by

Xolf)(w) = asQ(e) [ flt)(1 =) at,
its dual is given by
(1.12) tXQ(f)( = afw‘>‘y|f Q(x)'Sgn(z)(zz *yQ)Oéi%(l'er)dx

!X can be written as

"Xq(f) / f(2)Q(z)dvy(z),

where
_1
dvy(z) = aaX{ja|>|yys9n()(@® — )72 (x + y)dx

and X{|z|>|y|} denote the characteristic function with support in the set {z €
R /2| > [y[}

Proposition 1.1. If f € Ly (R) then 'Xqo(f) € L'(R) and [|'Xq(f)l1 < [ fll.-

For every f € L (R)
(113) ]:Q :.Fot XQ(f),

where F is the usual Fourier transform defined by

)\):/Rf(x)e_i’\wdx.

2. Cowling-Price’s Theorem for the Q-Fourier-Dunkl Transform

Theorem 2.1. Let f be a measurable function on R such that

e QP ()| f(@)IP | 5a
(2.1) /]R TG |z dz < 0o
and
| F(NOI e _
(22) L= asge e <

for some constants a,b >0, k>0,m>1and1 <p,r < +4oc0.

i) If ab > %, then f =0 almost everywhere.
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it) If ab= 1, then f(z) = P(z)N(z,b) where P is a polynomial with

degP < min{% + %, m=1} " Especially, if

2 1 1
k<2a—|—2—|—pm1n{ + OL_J— 7m 1,
P r
then f =0 almost everywhere. Furthermore, if m €]1,14r] and k > 2a + 2,
then f is a constant multiple of N(.,b).

ii) If ab < 1, then for all § €]b, 1a[ all functions of the form f(z) = P(x)N(z,d)
satisfy (2.1) and (2.2).

Proof. Tt follows from (2.1) that f € Lg, and Fq(f)(€) exists for all £ € R.
Moreover, it has an entire holomorphic extension on C satisfying for some s > 0,

Imz2

[Fo(£)(2)] < Cemaa™ (1 + [Imz])°.
By (1.1) we have for all z = ¢ +in € C,

(2.3) [Fo(N(=)] < Alf(m)\lAf(w)\lwl2a+ld$
(24) < e% w( _'_‘ |)% 7a(x7*)2|x|2a+1d5€
R (L+[a])F

By Holder inequality we have

IFo(f)(2)] < e% (/R epax(le);’:{k(Iﬂp|x|2a+1dm>

S

according to (2.1) we get that

=

Fol)E+in)| < Cek ( [+ e ar |x2a+ldx)
R

1
2 oo ry
1@ (/ (1+a)F Fr2atl g—ap' (o= 2 )zdx>
0

ky 2041

,,72
< Cew(L+p))r" » .

A
Q
@ .
&

If ab = %, then
20-/}—1

F(F)(E +in) < O (1 +|n) 5455
We put g(z) = ebz2]-'Q(f)(z), then

+1

19(2)] < CeVRe (1 4 | Imz) s+

It follows from (2.2) that
l9(2)I"
——d€ < oo.
/]R (1+ghm

R

e
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Lemma 2.1. Let h be an entire function on C such that
[h(z)] < Ce"Re (1 + | Tmz])f

for somel >0, a >0 and

@
L s pay Pl <

for somer > 1, m > 1 and P is a polynomial with degree m. Then h is a polynomial
with degh < min{l, m%M*l} and if m <r+ M + 1, then h is a constant.

From this Lemma, g is a polynomial, we say P, with degP, < min{k%_,_ 2<:.)J,r1 m—11

Then Fq(f)(z) = P,(x)e=*" then,

f(z) = Qu(z)N(z,b)

where degP, = deg@y. Therefore, nonzero f satisfies (1.10) provided that

kp' 2a+1 m—1
k> 2a+ 2+ pmin l—l— oz,+ ,L .
p p q

If m < r+1, by Lemma 1 we have g as a constant and Fqg(f)(z) = Ce~" and
f(z) = CN(z,b). If m > 1 and k > 2a + 2, these functions satisfy (2.1) and (2.2),
which proves (ii).

If ab > %, then we can find positive constants a; and b; such that a > a; =
ﬁ > 7. Then f and Fg(f) also satisfy (2.2) with a and b replaced by a; and

2

by respectively. Then Fo(f)(z) = Py, (v)e . Fo(f) cannot satisfy (2.2) unless
Py, = 0, which implies that f = 0, this proves (1) If ab < 1, then for all § €]b, -],

) 4a
the functions of the form f(x) = P( )N (z,9), where P is a polynomlal on R, satisfy

(2.1) and (2.2). This proves (iii). O
3. Mathematical Formulas

4. Miyachi’s Theorem for the Q-Fourier-Dunkl Transform

Theorem 4.1. Let f be a measurable function on R such that

(4.1) ¢’ f € LY (R) + L (R)

and b

(4.2) / log™ M;f)e'dg < 0,
R

for some constants a,b,\ >0 and 1 < p,r < 400.
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(i) if ab > i then f =0 almost everywhere.
(ii) if ab =% then f = cN(.,b) with |c| < A.
(iti) if ab > § then for all § €]b, [, all functions of the form f(x) = P(z)N(z,6),

where P is a polynomial on R satisfy (2.1) and (2.2).
To prove this result, we need the following lemmas.
Lemma 4.1. [5] Let h be an entire function on C such that
[h(2)] < AePIRel”,
and
(1.3 [ oz iy < .

for some constants A and B. Then h is a constant.

Lemma 4.2. Letr € [1,+00],a > 0. Then for g € Lj(R) there exist ¢ > 0 such
that ) ,
e "Xole™™ g) l-<cll gllng -

Proof. From the hypothesis, it follows that e=%%" belongs to L4(R). Then by

Proposition 1.1, Xg (e‘a92 g) is defined almost everywhere on R. Here we consider
two cases:

i) If r € [1, 400 then

e Kol o) 17 < [ ([ Qe latw)ldv. ) da.

/Remz (AIQ(y)g(y)leyw(y)) (/R e_ar,yzd%(w):, N

where 7’ is the conjugate exponent for r. Since

s1%

IN

(4.4) / e*”fdl/z(y) =Ce ™,
R
for r > 0 it follows from (4.4) that
2 —ay? I T
e Kol o) I < € [ Xolal) @)

C/ lg(z)|"|z|** T dr < .
R

ii) If r = co then it follows from (4.4) that

2

2
I e™ "Xq(e™ g) IIr

2

2
< e Xo(e™™)(@)lgllQ.e
= CllgllQ.cc-
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0
Lemma 4.3. Letr,p € [1,400] and let f be a measurable function on R such that
(4.5) ¢’ f € LB (R) + Ly (R)
for some a > 0. Then for all z € C, the integral
Fo(NE) = [ F@h ool
is well defined. Fq(f)(2) is entire and there exists C > 0 such that for all , n € R,

(4.6) Fo(f)(E+in)| < Ce¥e.

Proof. From (5) and Holder’s inequality we have the first assertion. For (4.6)
using (4.5) we have f € L (R) and *Xq(f) € L*(R). for all £, n € R,

F()(E +in) :/R EX o (f)(x)e =M dy

|]:Q (f) (6 + ”7)| < e% /Reaarz |tXQ (f) (;[;)| e—ax2+zn_gdx
< ol [ X (@]t
R

From (4.5) we can deduce that there exists u € Lg)(R) and v € Lj,(R) such that

2 2

flx) =e " u(z)+e " v(x),
by Lemma 4 we have

az® |t x _a(z_%)de C||lu
[ Xa (@) e <€ (lullq + lvl.q) < o0,

which proves the Lemma. [

Proof of Theorem
o If ab > i. Let h be a function on C defined by
z2
h(z) = et Fq (f) (2).
h is entire function on C, it follows from (4.6) that

(4.7) VEER, Yy € R |h(£+in)| < Cela.



An analogue of Cowling-price’s theorem for the Q-Fourier-Dunkl transform 51

On the other hand, we have

/ log™
R

by2‘7_'
B /logJr T reUw e(32=0)v" gy
R

/R log™ |12 ()| dy

ek Fo (/) <y>\ dy

A
' Fo (f) () .
< /logJr dy + / AelF =0V gy

R A R
because log (cd) < log, (c) +d for all ¢, d > 0. Since ab > 1, (2.2) implies
that
(4.8) / log™ |h(y)|dy < cc.

R

A combination of (4.7), (4.8) and Lemma 3 shows that h is a constant and

Fa () (y) = Cem ",

Since ab > %, (2.2) holds whenever C' = 0 and the injectivity of F¢ implies
that f = 0 almost everywhere.

2
o If ab = 1. We deduce from previous case that Fo(f) = Ce~f%a. Then (2.2)
holds whenever |C| < A. Hence f = CN(.,b) with |C] < A.

IS

o If ab < 1. If f is a given form, then Fq(f)(y) = Q(y)e=%Y" for some Q.

In the contintion, we will give an analogue of Hardy’s theorem [?] for the Q-Fourier-
Dunkl transform.

Theorem 4.2. Hardy Let N € N. Assume that f € L3)(R) is such that

(4.9)  [f@@)| < M5 ae, Yy €R,|Fo(f)(y)] < M1 +|y))Ne ™™,
for some constants a >0, b > 0 and M > 0. Then,

i) If ab > %, then f =0 a.e.
i) If ab = %, then the function f is of the form

f(z) = Z aSWS(i,x) ae., as €C.

ls|<N

i) If ab < i, there are infinitely many nonzero functions of f satisfying the condi-

tions (4.9).

Proof. The first condition of (4.9) implies that f € LlQ (R). So by Proposition
1.1, the function *X¢(f) is defined almost everywhere. By using the relation (1.13),
we deduce that for all z € R,

" Xo(f)()] < Moe™™,
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where M is a positive constant. So
(4.10) "Xo(f)@)] < Mo(1+[a)Nem"",
On the other hand from (1.13) and (4.9) we have for all z € R,

(4.11) IF(X0)(f)(y)| < M(1+ |y|)Ne Wl

The relations (4.10) and (4.11) show that the conditions of Proposition 3.4 of [2],
p.36, are satisfied by the function ‘X¢(f). Thus we get:
i) If ab > I, "Xq(f) = 0 a.e. Using (1.13) we deduce

vy € R, Fo(f)(y) = F o ("Xo)(f)(y) = 0.

Then by the injectivity of o we have f =0 a.e.
i) If ab = 1, then *X¢(f)(z) = ]3(96)6_‘”’27 where P is a polynomial of degree lower
than N. Using this relation and (1.13), we deduce that

Vo € R, Fo(f)(y) = F o' Xo(f)(y) = F(P()e " )(y).

but )
Vo € R, F(P(x)e % )(y) = S(y)e T,

with S a polynomial of degree lower than N.
Thus from (1.11), we obtain

G N-—1
[s|< P}

The injectivity of the transform Fq implies

1
flx)= Z asWS(E,:E) a.e.
|s|<N
—tx?

i) Tf ab < 1, let ¢ €la, 5[ and f(x) = C=

v Q(z)
functions satisfy the conditions (4.9).
Oln the next part, we will give an analogue of Morgan’s theorem [7] for the Q-
Fourier-Dunkl transform.

for some real constant C', these

Theorem 4.3. Morgan Let 1 < p < 2 and r be the conjugate exponent of p. As-
sume that f € LQQ(]R) satisfies

(4.12) /Re%“”'p\f(x)ﬂxﬁaﬂdx < +o00, and /Re%|yv|}'@(f)(y)|dy < 400,

for some constants a > 0, b > 0.
1

Then if ab > | cos(&F)|7, we have f =0 a.e.
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Proof. The first condition of (4.12) implies that f € LlQ (R). So by Proposition
1.1, the function *X¢(f) is defined almost everywhere. By using the relation (4.12)
and Proposition 1.1, we deduce that:

/|XQ D)e el gy </e%lm|p|f(x)||x|2a+1dx < to0.
R

So
(4.13) / It Xo(f)(@)le 7" do < +o0

On the other hand, from (1.13) and (4.12) we have:

(4.14) / T | Fo () (y)ldy = / TV F(XQ) () (w)ldy < +oc.

The relations (4.13) and (4.14) are the conditions of Theorem 1.4, p.26 of [2], which
are satisfied by the function ‘X¢q(f). Thus we deduce that if ab > |cos(%)\% we
have ‘X (f) = 0 a.e. Using the same proof as in the end of Theorem 4, we have
obtained f(y) =0. ae. yeR. O
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Abstract. This paper investigates the classical p-median location problem in a network
in which some of the vertex weights and the distances between vertices are uncertain
and while others are random. For solving the p-median problem in an uncertain random
network, an optimization model based on the chance theory is proposed first and then
an algorithm is presented to find the p-median. Finally, a numerical example is given
to illustrate the efficiency of the proposed method.

Keywords: Location problem; p-median; Chance theory; Uncertain random network.

1. Introduction

Location problems have received strong theoretical interest due to their relevance
in practice. Omne of the well-known location problems which was considered in
the literature is the p-median location problem which is stated as follows: Let
N = (V,E) be an undirected connected network with vertex set V, | V |= n,
edge set E and let p be a constant with p < n. Every edge e € E has a positive
length and each vertex v; € V is associated with a nonnegative weight w; that it
is the demand of the client at this vertex. Let d(x,y) denote the distance between
x, y € N which is equal to the length of the shortest path connecting these two
points. In the classical p-median problem, the aim is to locate p pairwise different

facilities myq, ..., m, on the network N (i.e., on vertices or edges) which minimize
the sum of weighted distances from each vertex to its closest facility:
(Py) : min Z wid(v;, Xp)

XpCN,|Xp|=
pCN,|Xp| pviEV

where

d(vi7Xp) = 11’n21n d(Uiamj)7 XP = {mlv oo 7mp}'
J=L44,...,p

An optimal solution X is called a p-median.

Received April 19, 2018; accepted August 15, 2019
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Hakimi [13] showed that there exists an optimal solution among the set of ver-
tices. This property is called vertex optimality. Later, Kariv and Hakimi [16] proved
that the classical p-median problem was NP-hard, even if N was a planar graph of
maximum degree 3.

Now, let d;; = d(v;,v;) be the distance from demand vertex v; to candidate
facility at vertex v;. Also, let w = {w; | v; € V} and d = {d;; | vi,v; € V'} denote
the set of the vertex weights and the set of distances between vertices, respectively.
Then in the network N, the optimal objective value of the p-median problem is a
function of w and d, which is denoted as f(w,d) in this paper.

We are going to present a 0-1 linear programming formulation of the classical
discrete p-median problem. Let z;; be the variable that is equal to 1 if the demands
of the vertex v; are served by a facility at the vertex v;, and 0 otherwise. Also,
let the variable x; be equal to 1 if there is an open facility at the vertex v;, and 0
otherwise. Then, the 0-1 linear programming formulation of the classical discrete
p-median problem can be stated as follows:

(PQ) : min Z?:l Z?:l widijxij

s.t. Y xij =1 Vi=1,...,n,
.Z‘ijgl‘j Vi,j:l,...,n,
n p—
Zj:lzj =D

x5, € {0,1} Vi,j=1,...,n.

This model minimizes the total weighted distance between each demand vertex and
the nearest facility. The first set of constraints requires each demand vertex to be
assigned to exactly one facility. The second set of constraints allows the demand
of the vertex v; to be assigned to a vertex v; only if there is an open facility in
this location. The third set of constraints states that exactly p facilities are to be
located. Finally, the last constraints are the standard integrality conditions [8, 28].

The p-median location problems have been studied by many researchers. Kariv
and Hakimi [16] presented an O(p?n?) time algorithm for the p-median location
problem on tree networks. Gavish and Sridhar [10] proposed an algorithm for the
2-median problem on trees which is run in O(nlogn) time. Tamir [36] improved the
time complexity of the p-median problem on trees to O(pn?). Benkoczi and Bhat-
tacharya [6] presented an algorithm with time complexity of O(pnlogn) for solving
the p-median problem on interval networks. Also, they designed an O(nlog?™2 n)
time algorithm to solve the p-median problem on trees [1]. For the 1-median prob-
lem on wheel networks, Hatzl [14] provided an algorithm with linear running time.
In addition, he showed that the 2-median problem on the cactus networks can be
calculated at O(n?) time. Chang et al. [7] proved that the connected p-median
problem on block graphs was AP-hard and for the case that the lengths of the
edges were equal to one, he proposed an O(n) time algorithm. In 2017, Nguyen et
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al. [30]presented a simple algorithm with linear running time to find the 1-median
location on a cactus network. In the real life, we are usually faced with various
types of non-determinacy. For example, in location problems, we are usually not
sure of the vertex weights and the distances between vertices of a network. For
dealing with non-determinacy phenomena, probability theory was introduced by
Kolmogorov [17] in 1933 for modeling frequencies, while in 2007, uncertainty the-
ory was presented by Liu [18] for modeling belief degrees.

The early works mainly focus on handling randomness, i.e., regarding distances
between vertices and vertex weights as random variables. Berman and Krass [5]
investigated the p-median problem with unreliable facilities and complete informa-
tion on a line. They presented an approach for solving the problem that was based
on representing the stochastic problem as a linear combination of deterministic me-
dian problems for which analytical results are available. Berman and Wang [3]
studied the problem of locating p facilities to serve clients residing at the vertices
of a network with discrete probabilistic demand weights. Tadei et al. [37] tried
to find the location of p facilities when the cost for using a facility is a stochastic
variable with unknown probability distribution. Berman and Drezner [4] investi-
gated the p-median problem with stochastic objective value. Their aim was to find
the location of p facilities such that the expected value of the objective function in
the future is minimized. When the stochastic network is a tree, Mirchandani and
Oudjit [27] used a selective enumeration approach for solving the 2-median prob-
lem. Various results on the p-median problem on stochastic networks are given in
[2, 9, 23, 24, 25, 26].

Stochastic network optimization models work well when there are enough data
to estimate the probability distributions of vertex weights and distances between
the vertices. When we do not have enough samples to estimate the probability dis-
tributions of the vertex weights and the distances between vertices, we have to invite
experts to give the belief degrees about the vertex weights and distances between
vertices. Some researchers applied the uncertainty theory to deal with the location
problems: for example the uncertain models for single facility location problems
were investigated by Yuan Gao [12], the hierarchical facility location for the reverse
logistics network design under uncertainty was studied by Wang and Yang [38], the
capacitated facility location-allocation problem under uncertain environment was
investigated by Wen et al. [39], the inverse 1-median problem on a tree under un-
certain cost coefficients was solved by Nguyen and Chi [29] and the classical p-center
location problem on a network with the uncertain vertex weights and the uncertain
distances was studied by Soltanpour et al. [35].

In many cases, uncertainty and randomness simultaneously appear in a complex
system. Specifically, for some non-deterministic phenomena, we have enough obser-
vational data to obtain their probability distribution functions, while for others, we
can only estimate them by expert data. In order to describe this complex system,
in 2013 the chance theory was developed by Liu [21] with the concepts of uncertain
random variable, chance measure and chance distribution. Liu [21] also introduced
the concepts of expected value and variance of uncertain random variables. For cal-
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culating the variance of uncertain random variables, Guo and Wang [11] presented
a formula based on uncertainty distribution. Sheng and Yao [34] verified a formula
to calculate the variance using chance distribution and inverse chance distribution.
As an important contribution to chance theory, Liu [22] presented an operational
law of uncertain random variables. In addition, Hou [15] investigated the distance
between uncertain random variables, and Yao and Gao [40] proved a law of large
numbers for the uncertain random variables. In order to model the optimization
problems with uncertainty and randomness, uncertain random programming was
introduced by Liu [22] in 2013. For a survey on the uncertain random optimization
problems, the reader is referred to [31, 32, 33].

In this paper, we will investigate the p-median location problem on a network
with uncertain random vertex weights and distances. In the p-median problem too,
there are some circumstances by which there are enough data for some of vertex
weights and distances to estimate their probability distributions. On the other
hand, there are no samples to estimate the probability distributions for some other
vertex weights and distances so that we have to invite experts to give the belief
degrees about them. Therefore, data are divided into categories; some of them have
probability distributions and the others have uncertainty distributions.

The article is organized as follows: In the next section some basic concepts
and properties of the uncertainty theory and chance theory will be introduced.
In Section 3., we will introduce an uncertain random network and give an ideal
chance distribution function of the p-median. Then, we propose an algorithm to
calculate the ideal chance distribution function of the problem under investigation
on uncertain random networks. Section 4. presents a model for finding the p-median
and proposes an algorithm to seek the p-median of an uncertain random network.
A numerical example is presented in Section 5. to illustrate the efficiency of our
proposed method. Finally, Section 6. gives a brief summary to the paper.

2. Preliminary concepts and definitions

In this section, we will introduce some concepts and theorems of the uncertainty
theory and chance theory.

2.1. Uncertainty theory

The uncertainty theory, introduced by Liu [18], provides a new approach to
deal with non-determinacy factors. Nowadays, the uncertainty theory has become a
branch of mathematics for modeling human uncertainty based on normality, duality,
subadditivity, and product axioms.

In the following part, we will introduce some foundational concepts and proper-
ties of the uncertainty theory, which will be used throughout this paper [18, 19, 20].

Definition 2.1. Let I be a nonempty set, £ a o-algebra over I". A set function
M : L —[0,1] is called an uncertain measure if it satisfies the following axioms:
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Axiom 1: (Normality Aziom) M{I'} =1 for the universal set T'.

Axiom 2: ( Duality Axiom) M{A} + M{A°} =1 for any event A € L (A° is com-
pliment of A).

Axiom 3: (Subadditivity Aziom) For every countable sequence of events Aj, Ao, .. .,

we have . .
M {U Al} <> M{AY
=1 =1

The triple (T, £, M) is called an uncertainty space. Moreover, in order to pro-
vide an operational law, Liu defined the product uncertain measure on the product
o-algebra L as follows.

Axiom 4: (Product Aziom) Let (I'y, L, M},) be uncertainty spaces for k =1,2,.. ..
Then the product uncertain measure M is an uncertain measure satisfying

oo o0
M {HAk} = \ M{A}
k=1 k=1
where Ay are arbitrary chosen events from Ly for k =1,2,..., respectively.

Definition 2.2. An uncertain variable is a measurable function £ from an uncer-
tainty space to the set of real numbers, i.e., for any Borel set B of real numbers,
the set

{¢eBt={yel'|&(y) e B}

is an event.

In order to describe an uncertain variable, a concept of uncertainty distribution
is defined as follows.

Definition 2.3. The uncertainty distribution function ¢ of an uncertain variable
¢ is defined by
p(z) = M{¢ <z}

for any real number z.

Definition 2.4. The uncertain variables &1, &5, ..., &, are said to be independent
if
M {ﬂ{& € Bz}} = A\ M{& € B}
i=1 =1
for any Borel sets By, Bs, ..., B, of real numbers.

Definition 2.5. Let £ be an uncertain variable with regular uncertainty distribu-
tion function ¢. Then the inverse function ¢! is called the inverse uncertainty
distribution function of &.
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The distribution of a monotonous function of uncertain variables can be obtained
by the following theorem.

Theorem 2.1. Let &1,&,...,&, be the independent uncertain variables with reg-
ular uncertainty distribution functions ¢1, ¢a, ..., ¢n, respectively. If the function
flz1,xa,. .., xy,) is strictly increasing with respect to x1,xa,...,x,, then

v = f(&,&,...,&) is an uncertain variable with inverse uncertainty distribution
function

P Ha) = f(¢1 (), 83 (@), ..., 6, ().

2.2. Chance theory

In this subsection, we will introduce some foundational definitions and properties
of the uncertain random variable, the chance measure, the chance distribution and
the operational law, [21, 22].

Let (T, £, M) be an uncertainty space and (€2, A, Pr) be a probability space.
The product (T, £, M) x (2, A, Pr) is called a chance space.

Definition 2.6. Let (I, £, M) x (2, A, Pr) be a chance space, and let
© € L x A be an uncertain random event. Then the chance measure of © is defined
as

1
Ch{®} = /0 Pri{iw € QM{~y € T|(y,w) € O} > r}dr.

Liu [21] proved that a chance measure satisfies normality, duality, and mono-
tonicity properties, that is

(1) Ch{I' x Q} =1.
(2) Ch{©®} + Ch{O°} =1 for any event O (O° is compliment of O).
(3) Ch{©1} < Ch{O3} for any real number set ©; C Os.

Moreover, Hou [15] proved the subadditivity of chance measure, that is,

Ch{G @1} < ich{@i}

for a sequence of events 01,0, . ...

Theoretically, an uncertain random variable is a measurable function on the
chance space. It is usually used to deal with measurable functions of uncertain
variables and random variables.

Definition 2.7. An uncertain random variable is a measurable function 8 from a
chance space (T, £, M) x (Q, A, Pr) to the set of real numbers, i.e., {# € B} is an
event for any Borel set B.
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Note that random variables and uncertain variables can be regarded as special
cases of uncertain random variables.

Definition 2.8. The chance distribution function of an uncertain random variable
0 is defined by
O(z) = Ch{0 < z}

for any real number x.

The chance distribution function of a random variable is just its probability
distribution function, and the chance distribution function of an uncertain variable
is just its uncertainty distribution function.

Theorem 2.2. Letny,n2,...,nmn be the independent random variables with proba-
bility distribution functions ¥y, Wy, ..., ¥, respectively, and let 71,7, ..., T, be the
uncertain variables. Then the uncertain random variable

0:f(nl;nQa"'777M7T17T27"'7Tn)

has a chance distribution function

O(x) = / - F(z,y1,92, -« s Ym)dV1(y1)d¥2(y2) . . . AV, (Yim)

where F(x,y1,Y2, - .-, Ym) 8 the uncertainty distribution function of uncertain vari-
able f(y1,Y2, -, Ym, T1, T2, - - -, Tn) for any real numbers yi,y2, ..., Ym.

3. The ideal chance distribution function of the p-median

In this section, we will introduce the uncertain random network and the ideal
chance distribution function of p-median. Then, we propose an algorithm for cal-
culating the ideal chance distribution function. First, some assumptions are listed
as follows.

(1) The undirected uncertain random network is connected.

(2) The weight of each vertex and the distances (shortest path length) between
vertices are finite.

(3) The weight of each vertex and the distances between vertices are positive
uncertain variables or positive random variables.

(4) All the uncertain variables and the random variables are independent.

Definition 3.1. The quartette (V,U, R, W) is said to be an uncertain random
network if V = {vy,va,...,v,} is the vertex set and U, R, W are defined as follows.

U = {(v;,v;)| the shortest distance between vertices v; and v; is uncertain}

(J{vk| the weight of the vertex vy, is uncertain},
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R = {(vs,v;)| the shortest distance between vertices v; and v; is random}

(J{vk| the weight of thevertex vy, is random},

and W is the collection of uncertain and random vertex weights and uncertain and
random vertex distances.

In this paper, all deterministic distances and weights are regarded as special
uncertain distances and weights.

Let n, and ;; denote the weight of vertex vy,vry € U UR, and the distance
between two vertices v; and v;, (vi,v;) € U U R, respectively. Then n; and
&;; are uncertain variables if vy, (v;,v;) € U, and n and §;; are random vari-
ables if v, (v;,v;) € R. Without loss of generality, we assume that the uncertain
weight 7y, and the distance &;; for v, (v, v;) € U are defined on uncertainty spaces
(T'1, L1, My) and (T'g, Lo, M3), respectively, and also the random weight 1y and the
distance &;; for v, (v;,v;) € R are defined on probability spaces (1,41, Pr1) and
(Q2, Aa, Prs), respectively. Since the weights and the distances are assumed to be
finite, we have ap < np < by, a5 < & < by, where ag,a;; and by, b;; are the lower
bounds and the upper bounds, respectively.

Define n = {ni| vi, € U UR} and & = {&;| (vi,v;) € U UR}. We can denote
the network with the uncertain random weights and distances as (V,U, R,W). The
optimal value of the p-median problem is a function of weights and distances which
is denoted as f in this paper. Obviously, f(n,£) is an uncertain random variable.
For an uncertain random network, the optimal value of the p-median problem,
f(n,€), is an increasing function with respect to each component of 7, and §;;. The
chance distribution function of f(n, &) is called an ideal chance distribution function
associated with uncertain random network (V,U, R, W). Note that the ideal chance
distribution function is unique for a given uncertain random network. The following
theorem explains how to calculate an ideal chance distribution function.

Theorem 3.1. Let (V,U, R, W) be an uncertain random network. Assume that
the uncertain weights n, and the uncertain distances &; have reqular uncertainty
distribution functions Yy, and Y;; for v, € U and (vi,v;) € U and also the random
weights n and the random distances &;; have probability distribution functions ¥y,
and U,; forvi, € R and (v;,v;) € R, respectively. Then the ideal chance distribution
function associated with the uncertain random network (V,U, R, W) is

O(z) = fooo . fooo F(2z; Yk, yij| vk, (vi,v5) € R)
[Lo,er AVk(Wr) I (o, 0,)er AV (4i)

where F(z; Yk, yij| vk, (vi,vj) € R) is the uncertainty distribution function of the
uncertain variable f(yg, Yij| vk, (Vi,v5) € R; Mk, &ij| vk, (vi, v;) € U), and it is deter-
mined by its inverse uncertainty distribution function F~'(c; yk, yij|vk, (vi,vj) € R)
which is equal to

F s yisl vk, (v, 05) € Ry T (@), Y5t (@) v, (v, 05) € U),

and f can be calculated by using (Ps).

(3.1)
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Proof. Let f(n,&j| vk, (vi,v;) € UUR) be the sum of the weighted distance of the
p-median. By Definitions 2.6 and 2.8 and also Theorem 2.2, we can obtain the ideal
chance distribution function as follows.

®(2) Ch{f(Mk,&j| vk, (vi,v;) eUUR) < z}

fol Pr{w; € Q1,ws € Qo| M{f(nr(wr), & j(w2)|vk, (vi,v;) € R,
Ny Eiglvr, (viyv;) €U) < 2} > r}dr

fOOO . fOOO M{f(nk(w1)7£zg(w2)| VU (Uiu Uj) € R: 77k7§ij|vk7 (Uiu vj) € Z/{) < Z}
[Lo,er @Y%) T, 0,)er @35 (ij)

- fooo . fo‘x’ F(z; 9k, Yij| vk, (vi,v;) € R) HvaR A9 (yx) H(vi,vj)en d¥;;(yi;)

where F'(2; Y, Yij| vk, (vi,v;) € R) is the uncertainty distribution function of uncer-
tain variable f(y,yi;| vk, (vi,v;) € R Nk, &ij| v, (vi, v;) € U) for any real numbers
Yk Yij»> Uk, (Vi,vj) € R, and it is determined by its inverse uncertainty distribution
F~ (o yk, Yij, vk, (vi,vj) € R). By Theorem 2.1, for given o € (0, 1), we have

F~Y (o yr, yij, vk, (v5,v;) € R)

= [(uksyis| vors (0i,05) € Ry T (@), Yot ()] v, (vi,05) €U,

which is just the optimal value of the p-median problem of a determinacy network
and f is a strictly increasing function with respect to 7 and &;;, where 1, and &;;
denote the weight of the vertex v; and the shortest distance between two vertices
v; and vj, respectively. We can calculate f by using (P2). Thus the theorem is
proved. [

Note that, it is difficult to calculate the ideal chance distribution function by
using formula (3.1). Hence, in order to calculate the ideal chance distribution func-
tion of the p-median in an uncertain random network, we propose the following
algorithm:

Algorithm 1

1. For any yi and y;;, vk, (vi,v;) € R, give partitions [[, and Hij of intervals
[ak, bk] and [a;;,b;;] with step A = 0.01. Let random variables 7 and &;;
take values in {yg| yp = ar + 0.01 x¢ fori = 1,2,...,(bx — ax) * 100} and
{yijl yij = a;j +0.01 % ¢ fori=1,2,...,(b;; — a;5) * 100}, respectively.

2. Calculate F~'(a; yk, yij, vk, (vi,v;) € R) by using (P2) for given y; and y;;
and each a € {0.01,0.02,...,0.99}.

3. Obtain the uncertainty distribution function of F'(z;yw, yi;| vk, (vi,v;) € R),
from its discrete form via linear interpolation.

4. Input F(z;yk, ¥i;| vk, (vi,v;) € R) into formula (3.1) to calculate the chance
distribution function ®(z) for each z.
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4. The p-median model in uncertain random networks

In this section, we will consider the p-median problem in an uncertain random
network and present an algorithm for finding the p-median.

Given a connected and undirected uncertain random network (V,U, R, W). Let
Vo €V, |V,| = p, and let the variable z; be equal to 1 if v; € V,, and 0 otherwise.
Also let z;; be the variable that is equal to 1 if the nearest vertex to the vertex
v; in V), is the vertex v;, and 0 otherwise. A p-facility location is represented by
{z;,zi;j| vj, (v;,v;) € U UR}, where

2w wpeuvr Ty =1 Vo EUUTR,
Tij < xj ij,(vi,vj) ceUUTR,
Zvjeuun Tj =D

zij, x; € {0,1} Yo;, (vi,v;) €U UR.

Therefore the sum of weighted distances of a p-facility location
{mj,xij| Vj, (Uz', Uj) e U R} is

2.2 mbymy
v; EUUR (v;,v;) EUUR

which is obviously an uncertain random variable. Its chance distribution function
is denoted by ¥(z), i.e.,

V(z) =Ch Z Z ni&ijTi; < 2

v; EUUR (v;,v;) EUUR

Based on Theorem 2.2, we suggest the following algorithm to calculate the
chance distribution function which corresponds to the p-facility location

{xj,xij\ Vj, (UZ‘,’U]‘) ceuUuu R}

Algorithm 2

1. Step 1 as described in Algorithm 1.

2. For given y;, and y;; and each a € {0.01,0.02,...,0.99}, calculate
F~Y; Yk, Yij, vk, (vi,vj) € R), which is the sum of the weighted distances of
the corresponding p-facility location.

3. Use discrete form of linear interpolation to obtain the uncertainty distribution
function of F(z;yk, yij| vk, (vi,vj) € R).
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4. Input F(2; Yy, Yij| vk, (vi,v;) € R) into formula
Jo - IS F (s yns vigl vk, (viv) € R) Ty er A5 (0k) T 0;)er %45 (%))
and calculate the chance distribution function ¥(z) for each z.

Theorem 4.1. Let (V,U,R, W) be an uncertain random network and let ®(z) be
an ideal chance distribution function associated with it. Assume that
{zj,zi;] vj, (vi,v;) EUUR} is a given p-facility location. Then we have

U(z) < O(2).
Proof. Obviously, by Theorem 3.1, the ideal chance distribution function of the

p-median ®(z) is the smallest sum distribution. So we can obtain the chance dis-
tribution function of any p-facility location

U(z) < O(2).

The theorem is proved. [

In order to find the p-median location of an uncertain random network (V, U, R, W),
we give the following definition.

Definition 4.1. Let (V,U,R,WW) be an uncertain random network and let ®(z)
be the ideal chance distribution function of the p-median. Assume that ¥(z) is the

chance distribution function of a p-facility location {x;, x;;| vj, (v;,v;) € UUR}. If
U(z) is the closest the ®(z), i.e.,

/OOO{QJ(Z) —U(2)}dz

is minimum, then the p-facility location {z;, z;;| v;, (vi,v;) € U UR} is called the
p-median in an uncertain random network.

Based on Definition 4.1 and the above statements, we formulate the following
optimization model to determine a p-median for an uncertain random network.

(P3): min fooo{q)(z) —U(z)}dz
s.t. Z(Umvy‘)EUU'R Lij = 1 Yoy, e UUTR,
Tij < Yoj, (vi,v;) EUUR,
Z’U_,’EUUR Tj =D,

25,2 € {0,1} Yv;, (vi,v;) EUUR,



66 A. Soltanpour, F. Baroughi and B. Alizadeh

where ®(z) is the ideal chance distribution function and

U(z) =Ch Z Z miijTij < 2

v; EUUR (v;,v;) EUUR

is the chance distribution function of any p-facility location.

In order to find the p-median in an uncertain random network (V,U, R, W), we
propose the following algorithm.

Algorithm 3

1. Calculate the ideal chance distribution function for the uncertain random
network by using Algorithm 1.

2. Consider all the p-facility locations in the uncertain random network.

3. Calculate the chance distribution function of the sum of weighted distances
for each p-facility location by using Algorithm 2.

4. Calculate the objective function of Model (P3) for given p-facility location,
and choose the minimum value of objective function, which corresponds to
the desired p-median.

5. An illustrative example

In this section, we give an example for the 2-median location problem in an
uncertain random network to illustrate the proposed algorithms.

Consider goods distribution system. Assume that the system is given as the
network NN in Figure 5.1 where the vertices denote urban areas. In this system,
warehouses of the distribution company and supermarkets are facilities and clients,
respectively. There is a supermarket at each area. Suppose that the weight n; of
the vertex v; is equal to the average monthly purchase of residents of this area from
the supermarket located at vertex v;. Some of the vertex weights and the distances
between vertices in the network are uncertain, while others are random (see Table
5.1). Our aim is to find two vertices on the network N to locate warehouses of the
distribution company which will minimize the sum of weighted distances from each
supermarket to its closest warehouse.

V = {v1,v2,v3,v4, V5, V6 },

U= {vl,v27v4,v5,v6} U {(Ulvv2)u (U17v4)v (027'05)» (03704)(0477}6)}7
R = {vs} U{(v2,v3)},

W = {n1,m2,13,M4, M5, M6 } U {&12, 14, €23, €5, €34, Ea }-

Note that if the distance between some vertices or weight of some vertices are
considered as constant values, then we regard them as special uncertain variables.
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F1c. 5.1: An uncertain random network

Table 5.1: Uncertainty and probability distributions

vertex ;i arc &ij
vy 2 (v1,v2) | L(2, 3)
(%] 5(2, 4) (’1)1,’()4) £<3, 4)
V3 U(2, 3 ) (’UQ,Ug) U(47 6 )
V4 3 (UQ, ’U5) 2
Vs L(1,2) | (vs,vq) | L(2,3)
Ve £(2, 3) (’04, UG) 5

From Theorem 3.1, we can obtain the ideal chance distribution function associ-
ated with the network (V,U, R, W) as follows:

P(2) = /OOO /000 F(2;93,923)dV3(y3)d¥as(y23)

where F(z;ys,y23) is determined by its inverse uncertainty distribution function

F_l(a§y37y23) = f(’rl_l(a)v TQ_I(a)ay?n Tzl(a)v Tgl(a)’ Tﬁ_l(a); Tl_Zl(O‘)v T1_41 (a)7y237

T2_51 (@), T541 (@), TZﬁl ().

Give a partition [, on interval [2, 3] with step 0.01, and let random variable 13
take values in

{ys|ys =2+ 0.01i for ¢ =1,...,100}.

Also give a partition [[,, on interval [4, 6] with step 0.01, and let random
variable 7923 take values in

{y23 | Y23 = 4+ 0.01¢ fori = 1, ceey 200}
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For any y3 € [[5, y23 € [[o5, given a € {0.01,0.02,...,0.99}, we calculate
F~1(a;y3,y23) by using the model (P5).

We may first calculate the ideal chance distribution function ®(z) associated
with the network by Algorithm 1.

Then we will calculate the chance distribution function of the total weighted
distance of each 2-facility location( i.e., ¥(z)) by Algorithm 2, which is shown in
Figure 5.2.

Ywd"r"z Y(@)ofv v, Yz ofv v, Y (2) ofv Vs
2 2 2 2
! 1 — 1 1 -
-1 - - -1
46.2 464 3‘9,5 40 405 3‘2,2 324 326 534 535 S36 537
Y2 ofv v, Y@ ofv v, Y (2) of v, v, (ideal) Y@ ofv v,
2 2 2 2
1 - 1 1 e e
0 7 0 L/ 0 o
- -1 -1 -
3]9.4 395 396 336 337 338 339 262 2625 263 2635 624 626
Y[z)olvz,vo Y(Z)ofvl,v‘ Y2 ofv_'.vs Y(z)ofv’,v6
2 2 2 2
1 1 1 1 J 1
o/ 0 7 0 /
-1 -1
45 35 M43 444 445 a5 403 404 405 406 443 444 445 446
Y(z)ofv‘,vs Vtz)o(v4,v6 Y(z)ofvs.v6
2 2 2
1 1 1 I
0 / 0 / 0
- -1 -1
312 314 431 432 433 434 470 472 473 474

Fi1G. 5.2: The shapes of chance distribution functions of all 2-facilities for the ex-
ample

Using Algorithm 3, we will calculate the difference between the chance distri-
bution function of total weighted distance of each 2-facility location and the ideal
one, which is given as Table 5.2.

Model (P3) implies that the vertices vo and vy are the desired warehouses lo-
cations since the difference between the chance distribution function and the ideal
one is minimum.
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Table 5.2: Difference between the chance distribution function and the ideal chance
distribution function

2-facility location | {v1,va} | {v1,vs} | {v1,va} | {v1,05} | {v1,v6}
Difference 20.015 13.759 6.259 27.234 13.234
2-facility location | {ve,vs} | {v2,vsa} | {v2,vs5} | {v2,v6} | {vs,va}
Difference 7.511 0 36.234 8.759 18.261
2-facility location | {vs,vs} | {vs,ve} | {va,vs5} | {va,ve} | {v5, 06}
Difference 14.261 18.261 5.009 17.009 21.006

6. Conclusions

In this paper, we have investigated the p-median location problem in an un-
certain random network, i.e., a network in which the weights of vertices and the
distances between vertices are uncertain random variables. We first introduced the
concept of the ideal chance distribution function and then presented an algorithm
to calculate the ideal chance distribution function of the p-median associated with
the uncertain random network. We have formulated the discrete p-median location
problem in an uncertain random network and presented an algorithm to find the
p-median. Finally, to illustrate the efficiency of the proposed method, we gave a
numerical example.
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Abstract. In this work, we introduce bivariate Fibonacci quaternion polynomials and
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1. Introduction

In mathematics, Fibonacci and Lucas or other special numbers are investiga-
tion topic of great interest. Classical Fibonacci sequence {F, }, . is defined by a
recurrence identity;

0 if n=0
F, = 1 if n=1
Fn—l + Fn_g if n Z 2.

The Lucas sequence {L,}
ferent starting values;

nen 18 defined by some recurrence identity with dif-

2 if n=0
L, = 1 if n=1
Ly 1+ L, it n>2.
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Let p(z) and ¢(x) be polynomials with real coefficients of the (p, ¢)—Fibonacci
polynomials are defined by the recurrence relation

Fpgn+1 = P(I)Fp7q7n + q(I)FP7CI7"—1

with the initial conditions Fj,,o = 0, F, 41 = 1. Also for the p(z) and ¢(zx)
polynomials with real coefficients the (p, ¢)—Lucas polynomials are defined by the
recurrence relation

Lp.gn+1 = p(®)Lpgn + q(x)Lpgn-1
with initial conditions Ly 40 =2, Ly 41 = p(x) .

Definition 1.1. [1] For n > 2, bivariate Fibonacci polynomials are defined as
recurrence relation

(11) Fn(xvy) :IFn—l(xay)+yFn—2(z7y)

We can compute the first few bivariate Fibonacci polynomials as follow Fy(x,y) =
07 Fl(xay)zlv FQ(Iay):x7 Fg(x,y)zx2+y, F4(I’7y):$3+213y Charac-
teristic equation of relation (1.1) is

(1.2) h* —zh —y =0
and so the roots of (1.2) are a = a(x,y) = %M and S = B(z,y) =
VT ”zzH‘y. Also it has Binet’s formula F),(x,y) = ‘X:’g for n > 0.

o

Definition 1.2. [1] For n > 2, bivariate Lucas polynomials are defined as recur-
rence relation

Ln(.’E, y) = $Ln,1(l', y) + yLTL*Q(xa y)

with initial conditionals Lo(z,y) =2 and Ly (z,y) = 1.

Likely, let compute the first few terms of Lucas polynomials Lo(z,y) = 2,
L1<.'17,y) =1, Lg(ﬂ?,]/) =z +2y, L3(.’L‘,y) = a” + 2zy + vy, L4(x,y) =a® + 2372:9 +
22y + 2y%. Also it has Binet’s formula L, (x,y) = a™ + 3" for n > 0.

Some authors considered special sequence polynomials for example generalized
Fibonacci and Lucas polynomials in [7] and also bivariate Fibonacci and Lucas like
polynomials in [6].

Normed division algebra, nowadays which is so important topic consists of the
real numbers R, complex numbers C, quaternions H and octonions O. Prime facie,
directly we can not extend sundry results on real and complex numbers to quater-
nions due to quaternions are noncommutative normed division algebra over the real
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numbers, even it looks like things are going to be done with quaternions H [3]. For
ag,a1,a2,a3 € R, a quaternion is defined by

e = apeg + a1e1 + ases + aszes

where ey = 1,e;1, ez, and e are unit vectors which verifies the following rules

(1.3) (e1)” = (e2)? = (e3)” = eresey = —1.

From equation (1.3), we get

€162 = —€2€1 = €3, €263 = —€3€2 = €1, €1€3 = —€3€] = €2.
Some new quaternion and octonion polynomials are studied in [2, 4, 5, 8, 9].

2. Bivariate Fibonacci and Lucas quaternion polynomials

Now, we define new quaternion polynomials which are called bivariate Fibonacci
quaternion polynomials (Q BF') and bivariate Lucas quaternion polynomials (QBL).

Definition 2.1. Bivariate Fibonacci quaternion polynomials (QBF) are defined
as the recurrence relation

3
QBF,(,y) = Y Foyr(z,y)ex
k=0

(2.1) = Fy(z,y)eo + Foyi(z,y)er + Fopa(z,y)es + Frps(x,y)es

where F, . (z,y) is the n — th bivariate Fibonacci polynomial with the initial con-
ditions QBFy(r,y) = e; + xes + (22 + y)ez and QBFy(x,y) = eg + ze; + (2% +
y)es + (23 + 2zy)es.

Furthermore,

NE

QBF,11(z,y) = Foyiyn(z,y)ex

=

3

=0
3
=z Z Foir(z,y)er +y Z Fove—1(z,y)er.
k=0 k=0

So we get recurrence relation as follow

(2.2) QBF,11(z,y) = 2QBF,(2,y) + yQBF,_1(,y).
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Similarly, bivariate Lucas quaternion polynomials QBL are defined as the re-
currence relation

3
QBLy(x,y) = > Luy(x,y)ex
k=0
(2.3) = Ln(z,y)e0 + Lpy1(x,y)er + Lyyo(x,y)ez + Lyys(x,y)es

where Lpix(x,y) is the n — th bivariate Lucas polynomial and with the initial
conditions QBLo(x,y) = 2eo+e1 + (z+2y)es + (22 +2zy +y)es and QBLy (z,y) =
eo+ (z+y)er + (22 +2xy +y)es + (23 + 222y + 22y + 2y?)ez.  Moreover, recurrence
relation is

(2.4) QBLyy1(x,y) = xQBLy(x,y) + yQBL,—_1 (2, y).

Let a(z,y) = wa and B(z,y) = TV ”;2““1/ denote the roots of the char-

acteristic equation such that /z2 + 4y = A,
t?—xt—yt=0

on the recurrence relation of (2.2) and (2.4).

From now on, for convenience of representation, we adopt the following notation
a(z,y) =a, Blz,y) =B, A= a2 +4y.

Equations that can be obtained with these roots are as follow

a+pf = =z
a—0 = A
(2.5) af = -y
a a?
By
s _ B
« Y

We continue with the generating function results.

Theorem 2.1. The generating functions for QBF and QBL polynomials are re-
spectively

_ QBFy(z,y) + [QBFi(z,y) — 2QBFy(z,y)]t

(o)
BF,(z,y)t"
> QBF,(x,y) R

n=0
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and

QBLO(QT,?J) + [QBLI('/E) y) - .IQBLQ(Z‘, y)]t
1—at — yt?

> QBLy(z,y)t" =
n=0

Proof. To compute the generating function of Q BF' polynomials

> QBF,(z,y)t"
n=0

= QBFy(z,y) + QBFi(2,y)t + QBFs(2,y)t* + - - - + QBF, (2, y)t" + - --

then using the equations of —zt (3o QBF,(z,y)t") and —yt* (3" s QBF,(z,y)t")

> QBFE,(z,y)t" + (—at) > QBFu(z,y)t" + (—yt*) > QBF,(z,y)t"
n=0 n=0 n=0

= QBFy(z,y) + [QBFi(z,y) — xQBFy(x,y)]t
+[QBFy(x,y) — xQBF(x,y) — yQBFy(x,y)] t*
+oee [QBF’H(‘/E) y) - IQBFn—l(xa y) - yQBFn—Q(‘Ta y)] 4

Consequently,

> QBF,(z,y)t"(1 - at — yt*) = QBFy(x,y) + (QBF\ (x,y) — 2QBFy(x,y))t

n=0

is valid. Similar proof can be done for QBL polynomials. []J
Now we can give the following theorems.

Lemma 2.1. If we rearrange the Theorem 2.1, we have the generating functions
as follows

QBF(2,y)=BQBFy(z,y) _ QBFi(z,y)—a(z,y)QBFy(z,y)

o0
ST QBF,(z,y)t" = e =
n=0 a— 5
and
) QBLi(z,y)—BQBLo(z,y)  QBLi(z,y)—a(z,y)QBLo(z,y)
> QBL(ey)t" = = =

a—p

n=0
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Proof. If we use Theorem 2.1 and recurrence relation (2.2), then we have

Z QBF,(z,y)t"

n=0

_ (QBFO(%y)—l—(QBFl(:my)—(a—i—ﬁ)QBFo(x,y))t)
(1 —at)(1 - pt)
a—p
X<a—6>

{ QBF(z,y)(1 - Bt) + BQBFy(x,y)(~1 + Bt) }
+QBFi(z,y)(—1 + at) + aQBFy(z,y)(1 — at)
(1—at)(1-pt)(a—pB)

QBFi(2,y)=BRBFy(z,y) _ QBFi(z,y)—a(z,y)QBFy(z,y)
l—at 1-8t

a—f

Hence the proof is completed. The other QBL polynomials can be proved simi-
larly. O

Lemma 2.2. Fork > 0, let bivariate Fibonacci and Lucas polynomials are Fy,(x,y)
and Ly (z,y). We have

(’L) Fk+1(x,y)—o¢Fk(m,y) = ﬁk
(7’7’) Fk+1(.’lﬁ,y)—ﬁFk($7y) = o
(iii) OéLk(xayl—_LBkJrl(vay) — B
(iv) Lk+1(3€,.7;):§Lk(zay) .

Proof. (i) We can prove it by induction method. Let k = 1, then Fy(z,y) —
aFl (.’17, y) = B

Now let us assume that the equation is F,(z,y) — aF,_1(z,y) = 8" %, for
k =n — 1. For k = n it becomes,

gro= g

(Fa(z,y) — aFy-1(z,y))B

ﬂFn(I, y) - O‘/BFn—l(xv y)

(a + 5 — a)Fn($7y) - O(Fn(x,y) - O‘ﬁFn(mvy)
= aFy(2,y) + yFa(z,y) — aFy(z,y)

= Fhoa(z,y) — aly(z,y).

so this completes the proof. (i7), (#ii) and (iv) can be done similarly. [
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Now we want to derive the Binet formulas for QBF and QQBL polynomials. To

get this we can give the following theorem.

Theorem 2.2. The Binet formulas of QBF and QBL polynomials are given as

QBFy(z,y) = %
QBLu(z,y) = a"a"+p"8"

3 3
forn >0, where a* = Y aFey, and * = 3. BFey.
k=0 k=0

Proof. Recall that generating function is

S n  QBFy(z,y) + (QBF(z,y) — tQBFy(x,y))t
ZQBFn(xay)t - 1—xt—yt2 :

n=0

So using the Lemma 2.1 and Lemma 2.2, we have

> QBF,(z,y)t"
n=0

oo (oo} (oo} (oo}
= Y (Fiyr = BFen)er Y a"t" = (Frp1 — aFppa)er » A"
k=0 n=0 k=0 n=0

So we get,

s a*a”—ﬂ*ﬁ” n
> (=)

n=0

this is valid. Binet formula for the other Q BL polynomial can be done similarly.

O

We derive generating functions for the (mk + s) — th order of QBF and QBL

polynomials.

Theorem 2.3. For alln € N and m,s € Z, we have

K _ QBFs(x,y) = (=y)"Q@BF;_m(z,y)z
(_y)m - Lm(m7y) + 1

Z QBka—&-s(xa y)$

k=0
and

_ QBLs(xvy) — (—y)mQBLS,m(x,y)x
(_y)m - Lm(xuy) +1 .

> QBLyis(w,y)at

k=0
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Proof. Using Binet formula and equation (2.5), we have

0
Z QBka-‘rs(-ra y)xk

0

>
Il

a*amk‘—i-s _ ﬂ*ﬁmk-{-s A

a—pf o

I
M8

=

=0

* o0

o0
_ o'’ Zamkxk_ prpe Zﬂmkxk
gt gt

_arfaf 1 B*p° 1
 a—-p\1l—amz a—pF \1-pmx
a*aiig*ﬁs _ (aﬁ)m (a*as—zig*ﬁs—m) "

1—(a™+ ™)z + (af)ma?

this is valid. The other result can be done similarly. [

We formulate the sum of the first n terms of these sequences of QBF and QBL
polynomials.

Theorem 2.4. The sum of the first n—terms of the quaternion sequences Q BF, (z,y)
and QBL,(x,y) is given by

{ —YQBE,(z,y) — QBf;nJ%l*(x,y) }
n +QBFy(x,y) - “E=5e
];)QBFk(xvy): (a—l)(ﬂ—l)

and
{ —yQBLy(%,y) — QBLyy1(z,y) }
+QBLo(z,y) + a* B+ B«
(a—1)(B-1)

> QBLi(x,y) =
k=0

Proof. Using Binet formula and equation (2.5), we get
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L @2l g
= a J—
a—pf a—1 8—1
1 afla*a™—B*B")  a*attlogrgntl
a=p .
(a—=1)(B-1)

AR ot o’
a—f3 a—f

The other case can be done similarly. [

We derive summation formulas for the (mk 4 s) — th order of QBF and QBL
polynomials.

Theorem 2.5. For alln € N and m, s € Z,we have

{ (=)™ (QBFyn+s(x,y) — QBFs_m(z,y)) }
*QBan+m+S(5177 y) + QBF, (‘Ta y)
(_y)m - Fm(x7y) +1

> QBFis(z,y) =
k=0

and

{ (_y)m(QBLmn+s(xa y) - QBLsfm(xay)) }
~QBLpyntmes (‘”7 y) +QBL; (:L', y)
(=y)™ = Lin(z,y) + 1

> QBLypgys(a,y) =

k=0

Proof. Using Binet formula, equation (2.5), we have

Z QBka—i-s (Ia y)
k=0

n a*amk+s _ B*ﬂmk+s

k=0 a-p

o*a® [omntm 1 o*a® [omntm ]
- a—ﬁ( am—1 )a—ﬁ( am—1 )

a*(@MnEsgmpBm — omnETmEs _ 8 gm 4 o8)
{ —BH(gmntsamgn — grnimts — amge + %) }
(@ = B)(@m B — = pm+ 1)
(aﬁ)m(a*amn—&-s _ B*amn+s) _ (a*amn+m+s _ ﬁ*ﬁmn+m+s)
(a = B)(am = am = 7+ 1)

—(aB)"(a%a" ™ — *a"™) — (atammEs g g

(a = BA)am B —am =57+ 1)

Other case can be done similarly. O

+



82 A. Ozkog Oztiirk and F. Kaplan

Now, some new results for binomial summation of these sequences are derived
by using their Binet forms.

Theorem 2.6. Let n be a non-negative integer. Then we have the following bino-
mial sum formulas for odd and even terms,

O () aBriey) = QBFuay
k=0

)3 (1)t QB ) = QBFu(e)
k=0

)
@3 (1)t 0pLuten) = @pLatey
)

(w)Z(Z y ek QBLy(z,y) = QBLopii(z,y).
k=0

Proof. (i) Let P = Y"1 (})y" *2*QBFy(x,y). From Binet formula, we change
the right-hand side of P into:

Py (e (U

Elementary calculations implies that

0’ (y +za)" — B"(y +28)"

P= gy

From equation (2.5), we get

aa 6/@271
a—p

The other cases (i4),(ii7) and (iv) can be done similarly. [

= @QBFy,(x,y).

Now we can also formulate the Catalan’s identity, Cassini’s identity and d’Ocagne’s
identity by using Binet formulas.

Theorem 2.7. (Catalan’s Identity) For n and k non-negative integer such that
k <n, we have

QBF, 41 (x,y)QBF, _i(z,y) — QBF2(z,y)

= (=) " *E,_i(z,y) (a*ﬁ*i’; - g;‘a*a’“>

and

QBLn+k(x,y)QBLn_k(x,y) - QBL2 (93 y)
= (=) "Fo iz, y)Va(a B BE — Bratak).
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Proof. Using Binet formula, we obtain

QBanLk(xvy)QBFn*k(xvy) - QBFg(x,y)
_ a*an+k _ 5*Bn+k a*anfk _ 5*Bn7k: atam — 5*5n
- ( a—p >< a—p )( a—p >
@B)" (o ("B o [(BF—aF
g o (ozs) e (525))

ek Oék _ 5]6 Oé*ﬁ*ﬁk _ B*a*ak
(@) (a—ﬂ>( =P )

Theorem 2.8. For any natural number n, Cassini’s identities for QBF and QBL
polynomials are

QBF1(2,9)QBF,1(2,y) — QBF2(x.y) = (—y)"~ (O‘W_Ma)

a—p
and
QBLn+1(x,y)QBLn_1(:c,y) - QBL?L(x,y) = (*y)nilﬁ(a*ﬂ*ﬂ - B*OZ*O&).

Proof. Let k =1 in Catalan’s identity so the proof is completed for both of QBF
and QBL polynomials. [

Theorem 2.9. (d’Ocagne’s Identity) Let QBF, and QBL, be n-th QBF and

QBL polynomials. The d’Ocagne’s identities are

QBFy(z,y)QBF,1(7,y) — QBFr1(2,y)QBF,(2,y)

_ (_1)nyn * ok _k—n *x sk nk—n
= ﬂ(a fra"T" = gt pr")

and

QBLk(x7y)QBLn+1(xay) - QBLk+1(x,y)QBLn(a:,y)
— (a—ﬁ)(ﬁ*a*b’ka"—a*ﬂ*akﬁ").

Proof. From Binet formula to left -hand side, we get

QBFk($7y)QBFn+1($,y) - QBFk+1(x,y)QBFn(J;,y)

B Oé*Oék _ /B*Bk a*an—i-l _ B*BH—H Oz*Oék—H _ 6*/6k+1 afa™ — 6*6n
_< a—p )( a—p )‘( a—p )( a—p >
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1 (a*)Qan+k+1 _ ﬁ*a*ﬁka”H _ a*ﬁ*akﬁn—kl + (ﬂ*)Qﬁn-&-k—&-l
m _(a*)Qan-‘rk-‘rl + ﬁ*a*ﬂk-‘rlan + a*B*ak+1ﬂ" _ (6*)25n+k+1
,B*a*ﬁka”(ﬂ _ a) + a*ﬁ*akﬁn(a _ ﬁ)
(a —B)?
_ ((a()éf)ﬁ) (Oé*ﬂ*akin _ ﬂ*a*ﬁkin).

The other case can be done similarly. [

The corresponding identities for QBF and QBL polynomials are contained in
the next theorem.

Theorem 2.10. Forn > 0, the following statements hold:

(a*)2a2n+1 o (ﬁ*)262n+1

a—f

YyQBE}(z,y) + QBF, 1 (x,y) =
and
yQBL (z,y) + QBL; 1 (z,y) = (a — B)((a")?a® " — (67)252" ).
Proof. Using Binet formula and equation (2.5), we obtain

YyQBF2(z,y) + QBF2,(z,y)

afam™ — /B*Bn 2 a*antl — ﬂ*ﬂnJrl 2
! (O‘_ﬁ> " < a—p )

_ 1 [ y@)a —yptat —yat B ()" + y(5)2BP + (aF) e
(a — ﬂ)Q *ﬁ*a*(aﬂ)rﬁl o a*ﬂ*(aﬁ)"“ + (6*)262n+2

= ﬁ{ y(a*)2a2”+(a*)2a2"+2+y(6*)252"+(6*)262”+2 }
(a*)2a2"+1 _ (6*>2ﬁ2n+1

(a—p)

Other case can be done similarly. [

Matrix method can use to get results for not only different identities but also
algebraic representations in the study of recurrence relations.

In[10], the Pell quaternion matrix is defined by

R, R,—
R(”) - ( Rn—l Rn—; )
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and also was obtain equality as follow
R, Roa\ (R Ry 2 1\"?
Rn—l Rn—2 - Rl RO 0 1

where n > 2 is an integer.
Now, we define the matrix for Q BF,,(x,y) and QBL,(z,y). The matrix QBF, (x, y)(n)
and QBL,(z,y)(n) that play role of R(n). These are

QBF,11(z,y) QBF,(z,y)
QBEw(z,y)(n) = ( QBFu(o.y) gQBFm,Z))

and

_ ( @BLui(2,y) yQBLy(x,y)
QBLn(ﬂc,y)(n)( QBL:(lx,y)y ZQBLn(x,z)>

for n > 1.

Theorem 2.11. For an integer n > 1, we have

_ ( QBFy(z,y) yQBFi(z,y) x "
QBF,(z,y)(n) = ( QBF?(QC’:Z) ?ngBF;(L?i;) > ( 1 g )

and

_ ( QBLy(z,y) yQBLi(z,y) z "
QBLy(z,y)(n) = ( QBLl(x,z) zQBLo(I,z) ) ( 1 g ) .

Proof. Induction method can be used to prove it. Let n = 1, then basis step is
clear. Now let us assume that the equation is valid for n = k — 1. For n = k, it

becomes
( QBFy(z,y) yQBFi(x,y) ) ( vy >’“‘1
QBF1<x7y) yQBFO(x7y) 10
_ ( QBFy(z,y) yQBF(x,y) ) ( oy )k ’ < Ty )
B QBFi(z,y) yQBFy(x,y) 10 Lo
( QBFy(r,y)  yQBF;- 1 (x y ) ( )
QBFy_1(z,y) yQBF_of
_ (QBFk+1(x’y) yQBFk(may) )
QBF(z,y)  yQBFy-1(z,y) )’

which completes the proof. The other case can be done similarly. O
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3. Conclusion

This work studied bivariate Fibonacci and Lucas quaternion polynomials. Since bi-
variate Fibonacci and Lucas quaternion polynomials were not intensive studied until
now, we expect to find in the future more and surprising new properties. For this
purpose, Fibonacci and Lucas quaternion polynomials was used and investigated in
detail particularly in the first part. Also in the other part, Binet formulas, generat-
ing functions, matrix representation and some identities of bivariate Fibonacci and

Lucas

quaternion polynomials were computed. Quaternions have great importance

as they are used in quantum physics, applied mathematics, graph theory and differ-
ential equations. Thus, in our future studies we plan to examine bivariate Fibonacci
and Lucas octonion polynomials and their key features.

10.
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Abstract. The present paper deals with the study of generalized Sasakian-space-forms
with the conditions C?(¢, X).S = 0, C%(¢,X).R = 0 and C(¢, X).C? = 0, where R,
S and C? denote Riemannian curvature tensor, Ricci tensor and quasi-conformal cur-
vature tensor of the space-form, respectively. In the end of the paper, we have given
some examples to support our results.

Keywords: Quasi-conformal curvature tensor; generalized Sasakian-space-forms; Ein-
stein manifold; Pseudosymmetric manifold.

1. Introduction

An almost contact metric manifold M?"*1(¢, £, n,g) is said to be a generalized
Sasakian-space-form if the curvature tensor of the manifold has the following form

R(X,Y)Z

H{gY, 2)X —g(X,2)Y}

f2{(9(X,02)9Y — g(Y,02)d X + 29(X, Y )9 Z)}
H(((X)n(2)Y —n(Y)n(Z2)X

(1.1) 9(X, Z)n(Y)¢E — g(Y, Z)n(X)E)),

for any vector fields X, Y, Z on M?"*!. By taking f; = % and fo = f3 = 021,
where ¢ denotes constant ¢-sectional curvature tensor, we get different kind of gen-
eralized Sasakian-space-forms. This idea was introduced by P. Alegre, D. Blair and
A. Carriazo [13] in 2004. P. Alegre and Carriazo [15], A. Sarkar, S. K. Hui, etc.
[19, 21, 22] studied generalized Sasakian-space-forms by considering the cosymplec-
tic space of Kenmotsu space form as particular types of generalized Sasakian-space-
forms. In 2006, U. Kim [22] studied conformally flat generalized Sasakian-space-
form and locally symmetric generalized Sasakian-space-form. He proved some geo-

metric properties of generalized Sasakian-space-forms which depends on the nature

+ + +
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of the functions f1, fo and f3. Also, he proved that if a generalized Sasakian-space-
form M2"F1(fy, fa, f3) is locally symmetric then (f; — f3) is constant. In [21] De
and Sarkar studied the projective curvature tensor of generalized Sasakian-space-
forms and proved that generalized Sasakian-space-forms is projectively flat if and
only if f3 = 13_f22n. D.G. Prakasha and H. G. Nagaraja [8] studied quasiconformally
semi-symmetric generalized Sasakian-space-forms. They proved that a generalized
Sasakian-space-forms is quasiconformally semi-symmetric if and only if either space
form is quasiconformally flat or f; = fo. Recently, Hui and Prakasha [17] have stud-
ied C-Bochner curvature tensor of generalized Sasakian-space-forms. S. K. Hui and
D. G. Prakasha [17] studied the C-Bochner pseudosymmetric generalized Sasakian-
space-forms. The generalized Sasakian-space-forms have also been studied in ([9],
[18], [10], [11], [23]) and many others. Throughout their study, C-Bochner curvature
tensor B satisfied the conditions B(¢, X).S =0, B(¢{, X).R=0and B(¢,X).B =0,
where R and S denoted the Riemannian curvature tensor and Ricci curvature ten-
sor of the space form respectively. After investigations of the above mentioned
developments, we plan to study the quasi-conformal curvature tensor of generalized
Sasakian-space-forms.

2. Preliminaries

A Riemannian manifold (M?"*+1 g) of dimension (2n + 1) is said to be an almost
contact metric manifold [7] if there exists a tensior field ¢ of type (1, 1), a vector
field ¢ (called the structure vector field) and a 1-form n on M such that

(2.1) P*(X) = =X +n(X)¢,

(2.2) 9(¢X,0Y) = g(X,Y) — n(X)n(Y)
and

(2.3) n) =1,

for any vector fields X, Y on M . In an almost contact metric manifold, we have
¢& = 0 and no¢ = 0. Then such type of manifold is called a contact metric manifold
if dn = ®, where ®(X,Y) = g(X, ¢Y) is called the fundamental 2-form of M Z+1),
A contact metric manifold is said to be K-contact manifold if and only if the co-
varient derivative of £ satisfies

(2.4) Vx§=—0¢X,

for any vector field X on M.
The almost contact metric structure of M is said to be normal if

(2.5) [0, (X, Y) = —2dn(X,Y)¢,
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for any vector fields X and Y, where [¢, ¢] denotes the Nijenhuis torsion of ¢.
A normal contact metric manifold is called Sasakian manifold. An almost contact
metric manifold is Sasakian if and only if

(2.6) (Vxo)Y = g(X,Y)¢ —n(Y)X,
for any vector fields X, Y.
The generalized Sasakian-space-forms M2 L(f1, fo, f3) satisfies the following rela-

tions [13]

(2.7) R(X,Y) &= (fi = fs) {n(Y)X = n(X)Y},
(2.8) R(E X)Y = (fi = f3) {9(X,Y)§ —n(Y) X},

(29)S(X,Y) = (2nf1 +3f2 — f3)9(X,Y) = {3f2 + (2n — 1) fs} n(X)n(Y).

Replacing Y by ¢ in the equation (2.9), we get

(2.10) S(X,€) =2n(f1 — f3)n(X).
Replacing X and Y by £ in the equation (2.9), we get
(2.11) 5(&:€) =2n(f1 — f3),

from the equation (2.9), we have

(2.12) r=2n2n+1)fi +6nfs —4dnfs.

Again from (2.9), we have

(2.13) QX = (2nf1 +3f2 — f3)X = (3f2 + (2n — 1) f3)n(X)¢.
Replacing X by £ in the above equation, we get

In a Riemannian manifold of dimension (2n 4+ 1) the quasi-conformal curvature
tensor is defined by [12]

CUX,Y)Z

aR(X.Y)Z +b(S(Y,2)X — 5(X,2)Y
+ 9(Y,2)QX — g(X, Z)QY)

T a
2.15 - 7[7 Qb} Y, Z2)X — g(X,Z)Y?},
(2.15) 51 Lan T2 (Y, 2)X — 9(X, 2)Y}
where o and b are constants such that a,b # 0, Q is the Ricci operator, i.e.,
9(QRX,Y) =S(X,Y), for all X and Y and r is scalar curvature of the manifold.
Using the equations (2.7)-(2.15), we have
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(a+(2n —1)b)((2n —1)fs + 3f2)
2n+1

(2.16) CI(X, V)¢ = [ } (XY — n(V)X},

(a+ (2n—1)b)((2n —1)f3 + 3f2)

(2.17) CY(E,Y)Z = [ } W2 - g(Y, 2)c}.

2n+1
and
PERER ST g [ECES UCESEES 2] AP
(2.18) - g(Y, Z)n(X)).

This is required quasi-conformal curvature tensor in generalized Sasakian-space-
forms.

3. Quasi-conformal Pseudosymmetric generalized
Sasakian-Space-Forms

Let (M, g) be a Riemannian manifold and let V be the Levi-Civita connection of
(M, g). A Riemannian manifold is called locally symmetric if VR = 0, where R is
the Riemannian curvature tensor of (M, g). The locally symmetric manifolds have
been studied by different differential geometry through various aproaches and they
extended semisymmetric manifolds by [2, 3, 4, 5, 6, 24], recurrent manifolds by
Walker [1], conformally recurrent manifold by Adati and Miyazawa [20].

According to Z. 1. Szab o [24], if the manifold M satisfies the condition

(3.1) (R(X,Y).R) (U V)W =0, X,Y,UV,W € x(M)

for all vector fields X and Y, then the manifold is called semi-symmetric manifold.
For a (0, k)- tensor field T on M, k£ > 1 and a symmetric (0, 2)-tensor field A on M
the (0, k+2)-tensor fields R.T and Q(A, T) are defined by

(R.T)(Xl, ..... Xk;X,Y) = —T(R(X,Y)Xl,XQ, ....... Xk)
(3.2) e = T(X1y e Xp1s RO, Y) X),
and

Q(A,T)(le7 ..... Xi; X, Y) = —T((X Aa Y)Xl,Xg, ....... Xk)
(33) - . - T(Xl, ..... Xi_1, (X Na Y)X}C),

where X A4 Y is the endomorphism given by

(3.4) (X Aq Y)Z =AY, Z)X — A(X, 2)Y.



(f1

Quasi-conformal Curvature Tensor of Generalized Sasakian-Space-Forms........ 93
According to R. Deszcz [16], a Riemannian manifold is said to be pseudosymmetric
if
(3.5) R.R=LrQ(g,R),

holds on U, = {;v € MR- s G # 0 at x} where G is (0, 4)-tensor defined by

G(X1, X9, X3,X4) = g((X1 A X2) X3, X4) and Ly is some smooth function on Ug.
A Riemannian manifold M is said to be quasi-conformal pseudosymmetric if

(3.6) R.CY = Lea Q(g, C9),

holds on the set Usa = {x € M : C1 # 0 at x}, where L¢a is some function on Ugq
and C? is the quasi-conformal curvature tensor.
Let M?"HL(f1, fa, f3) be quasi-conformal pseudosymmetric generalized Sasakian-
space-form then from the equation(3.6), we have

(3.7) (R(X,8).CHU, V)W = Lea[((X Ng §).CT) (U, V)WT.
Using the equations (3.2) and (3.3) in the equation (3.7), we get
R(X,)C U, VW — CIUR(X, f)U, V)W — CYU,R(X, V)W

- CUU,V)R(X, o)W
= Lea((X Ay ) U, V)w
CH(X Ay U V)W
(3-8) — CUU,(X Ay V)W = CUU,V)(X Ng E)W).
Again, using the equations (2.7) and (3.4) in (3.8), we conclude the following
(f1 = ) (96, CUUVIW)X  — g(X,CUU,V)W)E
- (U)CUX, V)W
+ (X, U)CUEVIW — (V) C1U, X)W
+ 9(X,V)CU U, W —n(W)C*(U, V)X
+ g(X,W)Ci(U, V)ﬁ)
= Lea(g(&, CUU VW)X — g(X,CU(U,V)W)E
- nU)CUX, V)W
+ g(X,U)CUEVIW —n(V)CUU, X)W

(
+ (X, V)CUU, W —n(W)CI(U, V)X
(3.9) + g(X,W)CUU,V)E).

The above expression can be written as

—f3= Lea)(9(6, CUUVIW)X = g(X,CUU,V)W)E
= U)CUX, VIW + g(X, U)CU(E V)W
— (V)CUU, X)W + g(X,V)CUU, W
(3.10) — (W)CUU,V)X + g(X,W)CUU,V)E) =0,
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which implies either Loq = f1 — f3 or

(9, Cl U VW)X — g

+ g

+ g

(3.11) + g

X, CU U, VIW)E = n(U)CUX, V)W
X, U)CUE V)W —n(V)CUU, X)W
X, V)CUU,HOW — ’7(W) WU, V)X
X, W)CYU,V)¢) =

—~ o~ —~

Putting W = ¢ in the equation (3.11) and using the equations (2.17) and (2.18), we
have

CUU, V)X

[(a + (2n = 1)b)((2n — 1) f5 + 3f2)

o+ 1 ](g(X, vV

contracting V in the above equation, we have

[(a + (2n —1)b)((2n —1)f3 4 3f2)
2n +1

(3.13) } 2ng(U, X) =

this implies that

(a4 (2n —1)b)((2n —1)f5 + 3f2)
2n+1

(3.14) =0,

from the above equation two conditions arise, either

(3.15) a=—2n-1)b
3f2
(3.16) fo= G5

Using the equations (3.15) or (3.16) in (2.16) and (2.17), we get

(3.17) cilEY)Z =0,
and
(3.18) CUX,Y) =0,

this means M2+ L(f1, fa, f3) is quasi-conformally flat.
Thus, we conclude:

Theorem 3.1. Let M2 L(f1, fa, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. If M*"TY(f1, fa, f3) is quasi-conformal pseudosymmetric then

M HL(f1, fa, f3) is quasiconformally flat if at least one of the following conditions
holds:

(it)a = —(2n — 1)b, (ii)Lea = f1 — f.
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Now we propose:

Theorem 3.2. Let M?"TY(fy, fa, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. Then M*"FL(f1, fa, f3) satisfies C1(€, X).S = 0 if and only if at least
one of the following conditions holds:

3f2

(1) fs = A=)’ (i) a = —(2n —1)b,  (id1) S(X,U) = 2n(f1 — f3)9(X,U).

Proof. If generalized Sasakian-space-form satisfies C?(§, X).S = 0.
Then from the equation (3.2), we have

(3.19) S(CU(E X)U,€) + S(U, C1(¢, X)E) = 0,

From the equation (2.10), we have

(3.20) S(C(8, X)U,¢) = 2n(f1 — fs)n(C(€, X)U).
Now with the help of equations (2.17) and (3.20), we can write

(a4 (2n —1)b)((2n —1)f5 + 3f2)
2n+1

S(CUEX)U.E) = 2m(fi— i) [
(3.21) — g(X,U)).

} (1(X)n(V)

Again in view of the equation (2.17), we have

S(CUE X)) = [@ o= D@ = 1o + 37

(3.22) = 2n(f1 = f3)n(X)n(0)).

By using the expressions (3.21) and (3.22) in (3.19), we infer

sy

n—1)b n— E
{(a+(2 1) ;Sil 1)f3+3f2)} (S(X, U)

(3.23) =2n(f1 — f3)9(X,U)) =0,

which implies that if C7(¢,X).S =0 then either a =—(2n—1)bor f3 = (lifgn) or
Conversely, it is clear that if a = —(2n — 1)b or f3 = (ﬁf;n) or S(X,U) =2n(f; —
f3)g(X,U) then from (2.17), we have O

(3.24) Cc¢, X).S=0.
Now we take C?(¢,U).R = 0.

Then from the equation (3.2), we have
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which in view of the equation (2.17), we have

(a+<2n71>b)<(2n71)fs+3f2>] (n(R(X,Y)Z)U

2n+1
—g(U, R(X’ Y)Z)f - n(X)R(Uv Y)Z
+9(U, X)R(&,Y)Z —n(Y)R(X,U)Z + g(U,Y)R(X,£) Z
(3.26) —n(Z)R(X, YU + g(U, Z)R(X, Y){) =0,

using Z = £ and (2.2) in the above equation, we infer

[(a+(2n*1)b)((2n*1)f3+3f2)]
2n+1

(3.27) ((fr = £3)(9(U,Y)X — (U, X)Y) = R(X,Y)U) =0,

which implies that if C7(¢, X).R =0 then either a=—(2n—1)bor f3 = 522
or

R(X,Y)U = (f1 = f3)(g(U,Y)X — g(U, X)Y).

Thus, we conclude:

Theorem 3.3. Let M2V L(f1, fo, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. If M2 L(f1, fa, f3) satisfying C4(¢,U).R = 0 then at least one of the
following necessarily holds:
(Z) f3 (1,271)’(”) a ( n ) ’
(i#8) ROX, YU = (i — f3)(9(U, X)Y — g(U,Y)X).

Now we propose:

Theorem 3.4. Let M?"Y(f1, fa, f3) be a (2n+1)-dimensional generalized Sasakian-
space-form. Then M?"VL(f1, fa, f3) satisfies C1(€,X).C1 = 0 if and only if either
fz= % ora=—(2n—1)b.

Proof. If generalized Sasakian-space-form satisfies C9(¢, X).C? = 0. Then, from
the equation (3.2) we have

Ci(&, X)CUU, V)W — CUCUE, XU, VIW
(3.28) —CUU,CUE X)VI)W — CUU,V)CI(E, X)W =0,

by which in view of the equation (2.16) we get

Lt ORISR | (y(Co(U, V)W) X

—g(X, CU(U, V)W)§ —n(U)CH X, V)W
+9(X,U)CUV, W —n(V)CUU, X)W + g(X, V)C(U, )W
(3.29) +g(W, X)C1(U, V)¢ — n(W)CUU, V)X) = 0.
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By using V = £ in the above equation, we infer

[<a+<2n71>b><<2n*1>f3+3f2)] ((cuu, x)w

2n+1

. [(a+(2n—1)b%((27;—1)f3+3f2)} (9(X, W)U)

n+

(3.30) —g(U.W)X)) =0,

which implies that either « = —(2n — 1)b or f3 = (13_72271) or

(3.31) CUU, X)W = (LerCn=LCn=DIst8)) (U, W)X — g(X, W)U),

n+
contracting U in the above equation, we have

(a+ (2n = 1)b)((2n = 1) fs + 3f5)

3.32
( ) 2n+1

2ng(X,V) =0

this implies that either a = —(2n—1)bor f3 = (1 . Conversely, if M2 (f1, fa, f3)

satisfies a = —(2n — 1)b or f3 = then in view of (2.17)
we have C1(£, X).C1=0. O

_3f2
1—2n)’

4. Examples

Example 4.1. [13] Let N(\1, A2) be generalized Sasakian-space-forms of dimension 4,
then by the warped product M x N endowed with the almost contact metric structure
(6,&,m,95), Sasakian space form M(f1, f2, f3) is generalized with
A _ ! 2 A A _ !’ 2 "
= gf) =G fa= T gf) +‘L7

f / f f
where A1 and A2 are constants, f = f(¢), t € R and f, denotes the derivative of f with
respect to t.

(4.1) fi=

If we take Ay = —232 and f(t) = ", K is constant,
then4f1 = zﬁm [3/\2 + K?e 2Kt] fo= 2Kt and f3 = *@%[%] Hence f3 = (13,7](22”), if
n=4.

Example 4.2. [14] Let N(c) be a complex space form, and by the warped product M =
(=%,%) x5 N endowed with the almost contact metric structure (¢,&,n,gy), Sasakian

space form M (f1, f2, f3) is generalized with functions

c—4(f)? ¢ c—a(f)? | f
T fQZW’ fza= 1f2 +7,
where f = f(t), t € R and f/ denotes the derivative of f with respect to t.
If we take ¢ = 0 and f(t) = e**, K is constant,

"

(4.2) fi=

then fi = —K?, fo = f3 = 0. Hence f3 =

2
(1 2n) *
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Abstract. The aim of the present paper is to study the properties of locally and glob-
ally ¢-concircularly symmetric Kenmotsu manifolds endowed with a semi-symmetric
metric connection. First, we will prove that the locally ¢-symmetric and the globally
¢-concircularly symmetric Kenmotsu manifolds are equivalent. Next, we will study
three dimensional locally ¢-symmetric, locally ¢-concircularly symmetric and locally
¢-concircularly recurrent Kenmotsu manifolds with respect to such connection and will
obtain some geometrical results. In the end, we will construct a non-trivial example
of Kenmotsu manifold admitting a semi-symmetric metric connection and validate our
results.

Keywords: Kenmotsu manifolds, ¢-symmetric manifolds, n-parallel Ricci tensor, semi-
symmetric metric connection, concircular curvature tensor.

1. Introduction

The product of an almost contact manifold M and the real line R carries a natural
almost complex structure. However, if one takes M to be an almost contact metric
manifold and suppose that the product metric G on M x R is Kdahler, then the
structure on M is cosymplectic [19] and not Sasakian. On the other hand, Oubina
[25] pointed that if the conformally related metric e?!G, t being the coordinates on
R is Kdahler, then M is Sasakian and vice versa.

In [34], Tanno classified almost contact metric manifolds whose automorphism
group possesses the maximum dimension. For such manifold M, the sectional cur-
vature of the plane section containing £ is constant, say c. If ¢ >, =, and < 0, then
M is said be a homogeneous Sasakian manifold of constant sectional curvature,
product of a line or a circle with Kahler manifold of constant holomorphic sectional
curvature, and warped product space R xy C™, respectively. In 1972, Kenmotsu
[23] characterized the geometrical properties of the manifold when ¢ < 0, called
Kenmotsu manifold. The geometrical properties of this manifold have been studied
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by many geometers, for instance (see, [3], [7]-[11], [15], [16], [22], [26], [33], [36], [40],
[41]).

In general, a geodesic circle (a curve whose first curvature is constant and sec-
ond curvature is identically zero) does not transform into a geodesic circle by the
conformal transformation

(1.1) Gij = V%gi5

of the fundamental tensor g;;. A transformation which preserves the geodesic circle
was first introduced by Yano [37]. The conformal transformation (1.1) satisfying
the partial differential equation

w;i;j = ¢gij

change a geodesic circle into a geodesic circle. Such transformation is known as the
concircular transformation and the geometry which leads with such transformation
is known as the concircular geometry [37].

A (1,3) type tensor C' which remains invariant under the transformation (1.1),
for an n-dimensional Riemannian manifold M, given by

(1.2) C(X,Y)Z=R(X,Y)Z - [9(Y, 2)X — g(X, Z)Y]

n(n —1)
for all vector fields X, Y and Z on M is known as a concircular curvature tensor
[37], where R, r, and V are the Riemannian curvature tensor, the scalar curvature,
and the Levi-Civita connection, respectively. In view of (1.2), it is obvious that

dr(W)

(13)  (VwOXY)Z = (VwR(X.Y)Z - s

[9(Y, 2)X —g(X, 2)Y].
The importance of the concircular transformation and the concircular curvature
tensor are well known in the differential geometry of F-structures such as complex,
almost complex, Kahler, almost Kdhler, contact and almost contact structures ([37],
[6], [35]). In a recent paper, Ahsan and Siddiqui [1] have studied the application of
concircular curvature in general relativity and cosmology.

Let (M, g) be a Riemannian manifold of dimension n. A linear connection V on
(M, g), whose torsion tensor T' of type (1,2) is defined by

T(X,Y)=VxY - VyX — [X,Y]

For arbitrary vector, fields X and Y on M are said to be torsion free or symmetric
if T vanishes, otherwise it is non-symmetric. If the connection V satisfies Vg =0
on (M, g), then it is called metric connection, otherwise it is non-metric. In [17],
Friedmann and Schouten introduced the notion of semi-symmetric linear connection
on a differentiable manifold. Hayden [18] introduced the idea of semi-symmetric lin-
ear connection with non-zero torsion on a Riemannian manifold. The systematic
study of the semi-symmetric metric connection on the Riemannian manifold was
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introduced by Yano [38]. He proved that a Riemannian manifold endowed with a
semi-symmetric metric connection has vanishing curvature tensor with respect to
the semi-symmetric metric connection if and only if it is conformally flat. This
result was generalized for vanishing Ricci tensor of the semi-symmetric metric con-
nection by T. Imai ([20], [21]). Various geometrical and physical properties of this
connection have been studied by many authors among whom are ([2]-[4], [12]-[14],
[27]- [31], [39]). Motivated by the above studies, the authors will continue to study
the properties of the Kenmotsu manifolds equipped with a semi-symmetric metric
connection. The present paper is organized in the following manner:

After the introduction in Section 1, we will notify you on the basic results
of the Kenmotsu manifolds and the semi-symmetric metric connection in Section
2 and Section 3, respectively. In section 4, we will start the study of globally
¢-concircularly symmetric Kenmotsu manifold and prove that the manifold is 7-
Einstein as well as locally ¢-symmetric.The following sections deal with the study
of locally ¢-symmetric, locally ¢-concircularly symmetric, Ricci semisymmetric,
n-parallel Ricci tensor and locally ¢-concircularly recurrent Kenmotsu manifolds
equipped with a semi-symmetric metric connection. In the last section, we will
construct an example of three dimensional Kenmotsu manifold admitting a semi-
symmetric metric connection to verify some results of our paper.

2. Preliminaries

Let M be an n(= 2m + 1)-dimensional connected almost contact metric manifold
with an almost contact structure (¢, €, 7,g), that is, M admits a (1,1)-type tensor
field ¢, a (1,0)-type vector field &, a 1-form 7, and a compatible Riemannian metric
g satisfies

(2.2) 9(6X,9Y) = g(X,Y) = n(X)n(Y), ¢(X,&) =n(X)

for all X,Y € T(M), where T'(M) denotes the tangent space of M [5]. If an almost
contact metric manifold M satisfies

(2.3) (Vxo)(Y) = g(¢X,Y)§ —n(Y)opX

for all X, Y € T(M), then M is called a Kenmotsu manifold [23]. From (2.1)-(2.3),
it can be easily prove that

(2.4) Vx§=X—n(X)§
and
(2.5) (Vxn)(Y) = g(X,Y) = n(X)n(Y)

for all X, Y € T(M). Let S denote the Ricci tensor of M. It is noticed that M
satisfies the following relations.

(2.6) R(X,Y)E =n(X)Y —n(Y)X,
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(2.7) R(EX)Y =n(Y)X — g(X,Y)§
and
(2.8) S(X,€) = —(n—1)n(X)

forall X, Y € T(M). The curvature tensor R in a 3-dimensional Kenmotsu manifold
M assumes the form

r+6

Rz = (52 ) v 2)x - g0x, 271 - (550 v 2o
(29) 0, 23V ) + 0V (Z)X — (X pn(Z)Y ]

After contracting X it becomes
1
(2.10) S(Y,2) = 5 [(r +2)9(Y, Z) — (r + 6)n(X)n(Y)]

for all X, Y € T(M).
An n-dimensional Kenmotsu manifold (M, g) is said to be an n-Einstein manifold
if its non-vanishing Ricci-tensor S takes the form

(2.11) S(X,Y) = ag(X,Y) + bn(X)n(Y)

for all X, Y € T(M), where a and b are smooth functions on (M, g). If b =0 and
a is constant, then n-Einstein manifold becomes Einstein manifold. Kenmotsu [23]
proved that if (M, g) is an n-dimensional n-Einstein manifold, then a+b = —(n—1).

1l

3. Semi-symmetric metric connection on Kenmotsu manifold

Let M be an n-dimensional Kenmotsu manifold endowed with a Riemannian metric
g- A linear connection V on (M, g) is said to be a semi-symmetric metric connection
[38] if the torsion tensor T of the connection V and the Riemannian metric g satisfies
(3.1) .

1., 1, kmlkvmmmmmmmmmmmmmmmmmmmmT(X,Y) = n(Y)X —n(X)Y

and
(3.2) Vg=0

for all X, Y € T(M). The Levi-Civita connection V and the semi-symmetric metric
connection V on (M, g) are connected by

(33) VY = V¥ +5(Y)X — g(X, V)¢
for all X, Y € T(M) [38]. From (2.1), (2.2) and (3.3), it follows that

(3-4) (Vxn)(Y) = (Vxn)(Y) = n(X)n(Y) + g(X,Y).
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The curvature tensors R and R with respect to V and Vv, respectively, are connected
by

(35) R(X,Y)Z =R(X,Y)Z+a(X,2)Y —a(Y, Z2)X + g(X, Z)AY — g(Y, Z)AX,

where « is a tensor field of type (0,2) and A, a tensor field of type (1, 1), are related
by

(36)  a(¥,2) = g(AY.2) = (Vyn)(2) ~ n(V)n(Z) + 59V, 2)
forall X, Y, Z € T(M) [38]. From (2.1), (2.5), (3.5) and (3.6), it follows that

R(X,Y)Z=R(X,Y)Z —-39(Y,Z)X +39(X, 2)Y +2n(Y)n(Z)X
(3.7) —2(X)n(2)Y +2n(X)g(Y, Z)§ — 2n(Y)g(X, Z)¢.
Contracting (3.7) along X, we get

(38)  S(¥.2) = S(Y.2) - (3n - 5)g(V. Z) +2(n — 2n(Y )n(2),
which becomes
(3.9 r=r—n3n-7)—4.

Here S and 7 denote the Ricci tensor and the scalar curvature with respect to the
connection V. Replacing Z by & in (3.8) and using (2.8), we have

(3.10) S(Y,€) = —2(n — 1)g(Y, £).
Thus we can state:

Proposition 3.1. Let M be an n-dimensional, n > 3, Kenmotsu manifold equipped
with a semi-symmetric metric connection V. Then £ is an eigen vector of S corre-
sponding to the eigenvalue —2(n — 1).

4. Globally ¢-concircularly symmetric Kenmotsu manifold with a
semi-symmetric metric connection

In this section, we will study the properties of the globally ¢-concircularly symmetric
Kenmotsu manifold equipped with a semi-symmetric metric connection V and prove
our result in the form of theorems.

Definition 4.1. A Kenmotsu manifold M of dimension n is said to be locally
¢-symmetric with respect to the semi-symmetric metric connection V if the non-
vanishing curvature tensor R satisfies the relation

#*(VwR)(X,Y)Z) =0

for all vector fields X, Y, Z and W orthogonal to &.
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This notion was introduced by Takahashi [32] for Sasakian manifold.

Definition 4.2. An n-dimensional Kenmotsu manifold M is said to be a globally
¢-concircularly symmetric manifold with respect to V if the non-zero concircular
curvature tensor C' satisfies

(4.1) P*(VwC)(X,Y)Z) =0

for all vector fields X, Y, Z, W € T(M).

Definition 4.3. An n-dimensional Kenmotsu manifold M equipped with the semi-
symmetric metric connection V is said to be a globally ¢-concircularly symmetric

Kenmotsu manifold with respect to V if the non-vanishing concircular curvature
tensor C with respect to V satisfies

(4.2) P*(VwC)(X,Y)Z) =0

for arbitrary vector fields X, Y, Z and W. Here C is a concircular curvature tensor
[37] with respect to V and is defined by

T

(4.3) C(X,Y)Z=R(X,Y)Z - nin=1)

[9(Y,2)X — g(X, 2)Y].

Theorem 4.1. An n-dimensional, n > 3, globally ¢-concircularly symmetric Ken-
motsu manifold M equipped with a semi-symmetric metric connection V is an n-
FEinstein manifold.

Proof. We suppose that M is a globally ¢-concircularly symmetric Kenmotsu man-
ifold with respect to a semi-symmetric metric connection V. Then we have

O (VwC)(X,Y)Z) =0.
In view of (2.1), the above equation becomes
~(VwO)(X,Y)Z + (Vi C)(X,Y)Z)é = 0.

Equation (1.3) along with above equation give

~o(FwRIXYIZU) + O [0V 2)0(X, ) ~ (X, Z)g(v,0)
Fa(Fw R X Y)Z)0() — O Y. Z)0(X) = (X, 200 )] (1) =0,

Replacing X = U = e;, where {e;,i = 1,2,3,...,n}, be an orthonormal basis of the
tangent space at each point of the manifold M and then summing over i, 1 <1¢ < n,
we get

~@wd),2)+ Ty 2) (@ ie, )2)
dR (W)

n(n 1) Y 2) =0V )(2)] =o.
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Putting Z = £ in the above equation and using (2.1), we get

(4.4) —(Vw8)(Y,€)

N @ n(Y) +n(VwR)(€,Y)E) = 0.

In view of (2.1), (2.2), (2.4), (2.6), (2.7), (3.3) and (3.7), we conclude that

n(VwR)(£,Y)E) =0

and hence the equation (4.4) becomes

dr (W)

(4.5) (VwS)(Y.€) = n(y).

Substituting ¥ = ¢ in (4.5) and using (2.1) and (2.8), we get dif(W) = 0. This
implies that 7 is a constant. So from (4.5), we obtain

(4.6) (VwS)(Y,€) = 0.
It is well known that
(VwS)(Y,€) = VwS(Y,€) — S(VwY, &) — S(Y, V).

In view of (2.1), (2.2), (2.4), (2.5), (2.8), (3.3), (3.4), (3.10) and (4.6), above equation
takes the form

SY,W) = (n=3)g(Y, W) = 2(n = 2)n(Y)n(W).

Hence the statement of the Theorem 4.1 is proved. [

From the above equation, it is clear that r = (n — 1)(n — 4). Hence the scalar
curvature under consideration is constant. Thus we have

Corollary 4.1.  Ann-dimensional, n > 3, globally ¢-concircularly symmetric Ken-
motsu manifold M equipped with a semi-symmetric metric connection V possesses
a constant scalar curvature.

Theorem 4.2. Let M be an n-dimensional, n > 3, Kenmotsu manifold admits a
semi-symmetric metric connection V. Then the globally ¢-concircularly symmetric
manifold and the locally ¢-symmetric manifold with respect to V coincide.

Proof. We suppose that the manifold M is globally ¢-concircularly symmetric with
respect to a semi-symmetric metric connection V. Since r is constant on M and
therefore 7 is also constant. The covariant derivative of (4.3) gives

(4.7) (VwC)(X,Y)Z = (VwR)(X,Y)Z.
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In view of (3.3), (3.4) and (3.7), we get
(VwR)(X,Y)Z = (VwR)(X,Y)Z +2{(Vwn)(Y) — n(Y)n(W)
+9(YV, W)in(Z)X +2{(Vwn)(Z) = n(Z)n(W) + g(Z, W)} n(Y) X
—2{(Vwn)(X) = n(X)n(W) + (X, W)} n(2)Y
=2{(Vwn)(Z) = n(Z)n(W) + g(Z, W)} n(X)Y
+29(Y, 2){(Vwn)(X) = n(X)n(W) + g(X, W)} £
+2{Vw+ W —n(W)EH{n(X)g(Y, 2) +n(Y)g(X, Z)}

(4.8) —29(X, 2){(Vwn)(Y) +n(Y)n(W) — g(Y, W)} €.
Using (2.4) and (2.5) in (4.8), we obtain
(VwR)(X,Y)Z = (VwR)(X,Y)Z +4{=n(Y)n(W) +g(Y,W)}n(Z)X

+4{-n(Z)n(W) + g(Z, W)} n(Y)X
—4{=n(X)n(W) + g(X, W)} n(Z2)Y
—4{-=n(Z)n(W) + g(Z, W)} n(X)Y
+49(Y, Z) {=n(X)n(W) + g(X, W)}

(4.9) +4{n(X)g(Y, Z) +n(Y)g(X, Z)}{W — n(W)&} .
If X, Y, Z and W are orthogonal to £ then from above equation, we get
(4.10) (VwR)(X,Y)Z = (VwR)(X,Y)Z + 49(Y, Z)g(X, W)E.

In view of (4.7) and (4.10), we have

(TwC)(X,Y)Z = (VwR)(X,Y)Z + 49(Y, Z)g(X, W ).
Operating ¢? on either sides of the above equation and then using (2.1) we get
(4.11) S (TwC)(X,Y)Z = *(VwR)(X,Y)Z

for all vector fields X, Y, Z and W orthogonal to . From the equations (4.7) and
(4.9), it is clear that the equation (4.11) satisfies for all vector fields X, Y, Z and
W on M. Hence the statement of the Theorem 4.2 is proved. O

Remark 4.1. The last equation shows that a locally ¢-symmetric Kenmotsu man-
ifold with respect to the semi-symmetric metric connection V is always globally ¢-
concircularly symmetric manifold. Thus we conclude that on a Kenmotsu manifold
locally ¢-symmetric and globally ¢-symmetric manifolds are equivalent correspond-
ing to the connection V.

5. Three dimensional locally ¢-symmetric Kenmotsu manifolds with
respect to the semi-symmetric metric connection

This section deals with the study of the locally ¢-symmetric Kenmotsu manifold
M with respect to a semi-symmetric metric connection V. Now, we will consider
a 3-dimensional locally ¢-symmetric Kenmotsu manifold equipped with a semi-
symmetric metric connection V and prove the following:
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Theorem 5.1. A 3-dimensional Kenmotsu manifold equipped with a semi-symmetric

metric connection V is locally ¢-symmetric with respect to the connection v if and
only if dr(W) =0, W is an orthonormal vector field to &.

Proof. From (2.9) and (3.7), we get

r—

RX.Y)Z = ( >{9(YZ)X 4(X. 2)V)

(’”*2) 9(X, 2)€ + n(X)(2)Y
()

(5.1) 9(Y, 2)€ = n(Y)n(2)X].

Taking covariant differentiation of (5.1) with respect to the semi-symmetric metric
connection V along W, we have

(VwR)(X,Y)Z = (Y, Z)X — g(X, 2)Y —n(X)n(2)Y
+{=9(X, Z2n(Y) + g(Y, Z)n(X)} & + n(Y)n(Z) X]
+ (152 WX 2)Fwn (V€ + (X, 20y e

—9(Y, 2)(Vwn)(X)& = (Y, Z)n(X)Vw
+0(Z)(Vwn)(X)Y +n(X)(Vwn)(2)Y
(52) =n(Z)(Vwn)(V)X = n(Y)(Vwn)(2)X].

dr(W)
2

In consequence of (3.3) and (3.4), (5.2) becomes

(VwR)(X,Y)Z =

(Y, 2)X —g(X,2)Y — g(X, Z)n(Y)§

2)Y +g(Y, Z)n(X)& +n(Y)n(Z2)X]

[—n(X)g(Y, Z){Vw&+ W —n(W)E}
—n(

X)n(W) +g(X, W)} ¢
—n(X)n(W)

dr(W)
2

g(X, W)}y
9(Z,W)}Y
gV, W)} X
9(Z, W)t X
{(Vwn)(Y) = n(Y)n(W) + g(Y, W)} €

(5-3) +9 nY){Vw&+ W —n(W)E}.

Let us suppose that the vector fields X, Y, Z and W are orthogonal to &, therefore
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(5.3) becomes

(TwR)(X.)Z = dT(QW) (0(Y.2)X — g(X. 2)Y)
(152 B 2 (Fw ) + v W)
(5-4) —9(Y, Z) {(Vwn)(X) + g(X, W)}¢.
Operating ¢? on both sides of (5.4) and then using (2.1) and (2.2), we obtain
65 PR 2) =~ v 2)x - g(x 2)v)

From the equation (5.5), it is obvious that the manifold M is locally ¢-symmetric
Kenmotsu manifold with respect to V if and only if dr (W) = 0. Hence the statement
of the Theorem 5.1 is proved. [

6. Three dimensional Locally ¢-concircularly symmetric Kenmotsu
manifold with a semi-symmetric metric connection

Definition 6.1. A Kenmotsu manifold M is said to be locally ¢-concircularly
symmetric with respect to the semi-symmetric metric connection V if its concircular
curvature tensor C' satisfies

¢ (VwC)(X,Y)Z) =0
for all vector fields W, X, Y and Z orthogonal to &.

Theorem 6.1. A 3-dimensional Kenmotsu manifold M with respect to the semi-
symmetric metric connection V is locally ¢-concircularly symmetric manifold with
respect to the connection V if and only if the scalar curvature r is constant.

Proof. From (2.9) and (3.7), it follows that

r—2

R(X,Y)Z = ( ) {9(V,2)X — g(X, 2)Y}

2
(6.1) +{9(X, 2)n(Y) — g(¥, 2)n(X)} £].
In view of (1.2) and (6.1), we get

n ( i 2) n(X)n(Z)Y — n(¥)n(2)X

r—2

O(X.Y)Z = ( ) (V. 2)X — g(X. Z)¥}

+ (532 ) @y - o) x

+{9(X, Z2)n(Y) — g(Y, Z)n(X)}¢]
(6.2) +5 {90V 2)X — g(X. 2)Y}.
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Taking covariant derivative of (6.2) with respect to the semi-symmetric metric con-
nection V along W, we have

Fwe)x )z = T v 2)x — g(x, 2)Y 4 w2y

V0, 2) — (X9, 2V € — (¥ In(2)X
(’"”) (X, 2)(Fwn)(V)E + 9(X, Z)n(Y)Fwe

—g(Y, Z)(Vwn)(X)& — g(Y, Z)n(X)Vwé + n(X)(Vwn)(Z2)Y

—(Z)(Vwn)(Y)X = 0(Y)(Vwn)(Z2)X +n(Z)(Vwn)(X)Y]

(6:3) + 0 fov 2% —g(x,2)7)

Let us consider that the vector fields X, Y and Z are orthonormal to £ and therefore
(6.3) converts into the form

dr(W)
2

(VwC)(X,Y)Z = {9(V, 2)X —g(X, 2)Y'}

+ ( > 2) {90, 2)(Twn)(¥) = 9V, 2)(Twn) (X) } ¢

(6.4) L&)

{9V, 2)X —g(X, 2)Y}.
Using (3.4) in (6.4), we obtain

(FwC)(X,Y)Z = rez

2‘”‘;”’) {9V, 2)X — g(X,2)Y} + ( ) 9(X, 2)(Vwn)(Y)

—9(X, Z)n(Y)n(W) — g(Y, Z)(Vwn)(X) + g(Y,W)g(X, Z)
(6.5) —g(Y, Z)g(X, W) + g(Y, Z)n(X)n(W)]¢.

Applying ¢? on both sides of (6.5) and using (2.1), we get

2 {g(v, 2)X — g(X, 2)Y}.

¢* ((Vw)(x,7)Z) =
This proved the statement of the Theorem 6.1. [J
From the Theorem 5.1 and the Theorem 6.1, we can state the following:

Corollary 6.1. A 3-dimensional Kenmotsu manifold with respect to the semi-
symmetric metric connection V is locally ¢-concircularly symmetric with _respect
to the connection N if and only if it is locally ¢-symmetric with respect to V.

[l
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7. Three dimensional Ricci semisymmetric Kenmotsu manifold with
respect to the semi-symmetric metric connection

The following section delas with the study of a 3-dimensional Ricci semisymmetric
Kenmotsu manifold with respect to the semi-symmetric metric connection with tha
aim to prove some geometrical results.

Theorem 7.1. A 3-dimensional Ricci semisymmetric Kenmotsu manifold with re-
spect to a semi-symmetric metric connection V possesses a constant scalar curva-
ture.

Proof. Let us consider a 3-dimensional Kenmotsu manifold M equipped with a
semi-symmetric metric connection V which satisfies R(X,Y) - S = 0, that is, M is
Ricci semisymmetric with respect to V and then we have

(7.1) S(R(X,Y)Z,W)+ S(Z,R(X,Y)W) = 0.
Replacing X by € in (7.1), we get

(7.2) S(R(&,Y)Z, W)+ S(Z,R(£,Y)W) =0.
From (5.1), it is obvious that

(7.3) R(&Y)Z = =2{g(Y, 2)§ = n(Z)Y} .

By virtue of (3.10), (7.2) and (7.3), we obtain

(7.4)  0(2)SY, W) +4n(W)g(Y, Z) +n(W)S(Z,Y) + 4n(2)g(Y, W) = 0.

Let {e;}, ¢ = 1,2,3, is an orthonormal basis of the tangent space at each point
of the manifold M. Putting Y = Z = ¢; in (7.4) and taking summation over 4,
1 <4 <3, we get

(7 + 12)n(W) = 0.

Since (W) # 0, in general, therefore 7 = —12 (constant). This proved the state-
ment of the Theorem 7.1. O

In consequence of the Theorem 6.1 and Theorem 7.1, we state:

Corollary 7.1. If a 3-dimensional Kenmotsu manifold M with respect to a semi-
symmetric metric connection V satisfies the condition R(X,Y)-S =0, then M is
locally ¢-symmetric as well as locally ¢-concircularly symmetric with respect to V,
respectively.

8. n-parallel Ricci tensor with respect to the semi-symmetric metric
connection
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Definition 8.1. A Ricci tensor 51 of a Kenmotsu manifold M equipped with a
semi-symmetric metric connection V is called n-parallel with respect to V if it S is
non-zero and satisfies

(8.1) (VxS)(¢Y,¢2) =0
for all vector fields X, Y and Z on M.

The notion of n-parallel Ricci tensor on a Sasakian manifold was introduced
by M. Kon [24]. Since then, many authors studied the geometrical and physical
properties of this tensor.

Theorem 8.1. If a 3-dimensional Kenmotsu manifold M with respect to the semi-
symmetric metric connection V possesses an n-parallel Ricci tensor, then the scalar
curvature of M is constant.

Proof. In view of (2.2), (2.9) and (3.8), we have

(52 St0x,01) = (54 X.1) ~ nC0nm}

Differentiating (8.2) covariantly with respect to the semi-symmetric metric connec-
tion V along W, we get

(T 8)(0X.01) = T0 (o, ¥) ~ n(X)n(¥))

. ( : 4) [@wn) (Xn(v) + (Twn)(V)n(X)}

(8.3) =S((Vw)(X),0Y) = S(6X, (Vwe)(Y)).
In view of (2.1), (2.3), (2.5), (3.3), (3.4), (8.1) and (8.3), it can be easily found that
TV {9, )~ n(XIn(V)} + 2m(X)S(@W, 67) + 20(3)S(6W. 6X)

B4) = +4) {n(YV)g(X, W) +n(X)g(Y, W) — 2n(X)n(Y)n(W)} = 0.
In consequence of (8.2), (8.4) becomes
dr(W) {g(X,Y) =n(X)n(Y)} = 0,

which gives
dr(W) = 0 <= 7 is constant.

Hence the statement of the Theorem 8.1 is proved. [

In the light of the Theorem 6.1 and Theorem 8.1, we state the following corollary.

Corollary 8.1. If a 3-dimensional Kenmotsu manifold M equipped with a semi-
symmetric metric connection V has n-parallel Ricci tensor, then the manifold is
locally ¢-symmetric as well as locally ¢-concircularly symmetric with respect to V,
respectively.
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9. Three dimensional locally ¢-concircularly recurrent Kenmotsu
manifold with respect to the semi-symmetric metric connection

Definition 9.1. A Kenmotsu manifold M equipped with a semi-symmetric metric
connection V is said to be ¢-concircularly recurrent with respect to V if there exists
a non-zero 1-form A on M such that

(9.1) P*(VwC)(X,Y)Z) = AW)C(X,Y)Z

for arbitrary vector fields X, Y, Z and W, where C is the concircular curvature
tensor with respect to the semi-symmetric metric connection V. If the 1-form A
vanishes identically on M, then the manifold M with V is reduced to a locally

¢-concircularly symmetric manifold with respect to V.

Theorem 9.1. If a 3-dimensional locally ¢-concircularly recurrent Kenmotsu man-
ifold admits a semi-symmetric metric connection V, then the curvature tensor with
respect to V assumes the form (9.7).

Proof. From (3.9) and (5.5), we have

S dr(W
02 SR Y)Z) =T (v 2)x - g(x.2)7).
On the other hand, from (1.3), it is seen that (for n = 3)

93) (VwC)(X,Y)Z = (VwR)(X,Y)Z — df(6W)

(Y, 2)X —g(X, 2)Y}.

Applying ¢? on both sides of (9.3), we get
(9.4)

¢’ (VwC)(X,Y)Z) = ¢*(VwR)(X,Y)Z) ~

dr(W
W) Loy, 200X — g(x, 2167V}
In consequence of (2.1), (9.1) and (9.2), it is obvious that

AW)C(X,Y)Z = —@ {9(V,2)X — g(X,2)Y}

N df(ﬁw) {n(X)g(Y,2) = n(Y)g(X, Z)} €.

Replacing W with £ in (9.5), we get

(9.5)

CIX.Y)Z = ~ i oY 2)X ~ (X, 2)Y)
(9:6) S 09(Y.2) - n()a(X, 2)) &

provided A(§) # 0. In view of (1.2) and (9.6), we have
(9.7 R(X,Y)Z =a{g(Y,2)X - g(X, Z)Y} = b{n(X)g(Y, Z) = n(Y)g(X, Z)} £,

where a = {g — g;(é)) }, b= gz(é)) and A is a non-zero 1-form. [J
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10. Example of a Kenmotsu manifold admitting a semi-symmetric
metric connection

In this section, we will construct a non-trivial example of a Kenmotsu manifold
admitting the semi-symmetric metric connection and after that we will validate our
results.

Example 10.1. Let
M= {(l’,y,Z) € Rd : z,y,z(# O) € R}v

be a three dimensional Riemannian manifold, where (z,y, z) denotes the standard coordi-
nates of a point in R3. Let us suppose that

o} o} 1o}
el =2z—, e =2—, €3 = —

ox dy “ oz

be a set of linearly independent vector fields at each point of the manifold M and therefore
it forms a basis for the tangent space T'(M). We also define the Riemannian metric g of
the manifold by g(e;,e;) = d;5, where d;; denotes the Kronecker delta and 4,5 = 1,2, 3.
Let us consider a 1-form 7 defined by n(Z) = g(Z, e3) for any Z € T'(M) and a tensor field
¢ of type (1,1) defined by

pler) = —e2, P(e2) =e1, ¢es) =0.
By the linearity properties of ¢ and g, we can easily verify the following relations
¢°X = —X +n(X)es, nles) =1, g(¢X,6Y) = g(X,Y) = n(X)n(Y)
for arbitrary vector fields X, Y € T(M). This shows that for &€ = es, the structure

(¢,€,m, g) defines an almost contact metric structure on M.

If V represents the Levi-Civita connection with respect to the Riemannian metric g,
then with the help of above relations, we can easily calculate the non-vanishing components
of Lie bracket as:

[61762} = 0, [61,63] = €1, [62,63] = €2.
We recall the Koszul’s formula
29(VxY, Z) = Xg(Y, Z) + Yg(X,Z) - Zg(X,Y)

for all vector fields X,Y, Z € T(M). It is obvious from Koszul’s formula that

Ve,e1=—e3, Ve ea=0, Ve, e3 =e1,
v5261 = 07 vezez = —e€3, V52€3 = €2,
Vg3e1 = O, Vegeg = 0, V6363 =0.

From the above calculations, we can observe that Vx& = X — n(X)¢ for € = es. Thus
the manifold (M, g) is a Kenmotsu manifold of dimension 3 and the structure (¢,n,¢&,g)
denotes the Kenmotsu structure on the manifold M [16].
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In consequence of (3.3) and the above results, we can find that

Velel = 7263, Velez = 0, Veleg = 2(317
ﬁe261 = 07 66262 - _2637 66263 - 2627
66361 = O, 66362 = 0, 66363 =0

and also the components of torsion tensor T are

T(ei,ei) = @eiei — @Eiei — [ei,ei] =0, for i=1,2,3
~ _o

T(el, 62)

T(€1,63) = é€1, T(ez,eg) = €2.

This shows that 7 # 0 and, therefore, by the equation (3.1), we can say that the linear
connection defined in (3.3) is a semi-symmetric connection on (M, g). By straightforward
calculation, we can also find

(Verg)(e2,e3) =0,  (Veng)(es,e1) =0,  (Vezg)(er,e2) =0

and other components by symmetric properties. This demonstrates that the equation (3.2)
is satisfied and hence the linear connection defined by (3.3) is a semi-symmetric metric
connection on M. Thus, we can say that the manifold (M, g) is a 3-dimensional Kenmotsu
manifold equipped with a semi-symmetric metric connection defined by (3.3).

With the help of the above discussions, we can calculate the curvature and Ricci tensors
of M with respect to the semi-symmetric metric connection V as

R(61,€2)63 = 07 R(61,€3)€3 = —261, R(€3,62)€2 = —2637
R(€3,€1)61 = —2637 R(62761)61 = —462, R(62,63)€3 = —2627

R(el,eg)eg = 07 5(61,61) = —6, 5(62,62) = —2, 5'(63,63) = —4

and other components can be calculated by skew-symmetric properties. We can easily
observe that the equation (3.10) is verified.

Next, we have to prove that the manifold (M, g) is a Ricci semisymmetric with respect
to the connection V, i.e., R-S = 0. For instance,

(R(eg,el)-S)(e1,e1) IO7 (R(63,€2)'5)(61,€1) :0, (R(€3,€3)-S)(61,€1) =0.

In a similar way, we can verify other components. Also, we can prove that 7 = —12
(constant) and hence the Theorem 7.1 is verified. Moreover, it can be easily seen that the
Theorem 5.1, Theorem 6.1 and the Theorem 8.1have been verified.

Acknowledgments. The authors express their thanks and gratitude to the
Editor and the anonymous referees for their suggestions.
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Abstract. We give the expressions of the virtual and the structure tensor fields of an
almost paracontact metric structure. We also introduce the notion of paracontactly
geodesic transformation and prove that the structure tensor field is invariant under
conformal and paracontactly geodesic transformations. For the particular case of para-
Kenmotsu structure, we give a necessary and sufficient condition for a conformal trans-
formation to map it to an a-para-Kenmotsu structure and show that a para-Kenmotsu
manifold admits no nontrivial paracontactly geodesic transformation of the metric. In
the conformal case, the virtual tensor field is invariant.

Keywords: tensor field, paracontact metric structure, geodesic transformation.

1. Introduction

Let M be a (2n + 1)-dimensional smooth manifold, ¢ a (1,1)-tensor field called
the structure endomorphism, £ a vector field called the characteristic vector field, n
a 1-form called the contact form and g a pseudo-Riemannian metric on M. In this

case, we say that (¢, &, n,g) defines an almost paracontact metric structure on M
[2] if

1. ¢?X = X —n(X)E, for any X € x(M);
2. () =1;
3. g(pX,9Y) = —g(X,Y) +n(X)n(Y), for any X, Y € x(M)

and ¢ induces on the 2n-dimensional distribution kern an almost paracomplex
structure P and the eigensubbundles corresponding to the eigenvalues 1 and —1 of
P, respectively, have equal dimension n.

From the definition, it follows that ¢ = 0, n(¢X) =0, n(X) = g(X,§), g(§,€) =
1, g(0X,Y) = —g(X,pY), for any X, Y € x(M) and ker p? = ker .
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2. The virtual and the structure tensor fields

Consider BE(X,Y) := %@((VW(QQ)QOY + @((Vyrxp)pY)) the virtual and

CE(X,Y) = %@((wacp)apY — ((Vyrxp)pY)) the structure tensor fields of the
almost paracontact metric structure (p, &, 7, g) which is connected to the Nijenhuis
tensor field of ¢ used in studying the normality of the structure.

Proposition 2.1. The virtual and the structure tensor fields of the almost para-
contact metric structure (¢,&,n,g) have the following properties:

1. o(BE(X,Y)) = BE(¢X,Y) = —BE(X, 9Y);
BY(9X,9Y) = =BG (X,Y);

9(BE(X,Y), Z) + g(Y, B&(X, Z)) = 0;
P(CE(X,Y)) = —CE(pX,Y) = —CL(X,9Y);
Co(pX,9Y) = CL(X,Y);

S T R

9(CS(X,Y), Z) +g(Y,CE(X, 2)) = 0,
forany X, Y, Z € x(M).
Proof. Notice that
1
BY(X,Y) = 50(Vex Y — o(Vex V) + 9(Verx Y = ¢(VexpY))) =

1
= §[¢(V¢X¢QY) — @*(Vex@Y) 4+ 0*(Vrx@’Y) — ¢* (V2 x V).

We have:

1
e(B&(X,Y)) = §[</J2(V¢X¢2Y) — ©*(Vox YY) + ¢* (Ve x9’Y) — ¢! (Ve xeY )],

1
BE(pX,Y) = §[¢(V¢2xs02Y) — *(Vpex oY) + @* (Vs x©’Y) — * (Vs x Y],
1
BE(X,Y) = 5[@(V¢x¢3Y) — @*(Vox@?Y) + ©*(Vo2x@’Y) — 0* (Vo x9?Y)],
1
BE(pX,pY) = §[<P(V¢2x<p3Y)—@2(szx<p2Y)+¢2(V¢sx<p3Y)—<P3(V¢sxs02Y)}-

Because ¢* = g and ¢* = ? it follows p(B&(X,Y)) = B&(pX,Y) = —BE(X, ¢Y)
and B (pX,pY) = —-BE(X,Y).

Similarly we can show ¢(CH(X,Y)) = —CH(¢X,Y) = —CH(X,9Y) and
Co(pX,pY) = CE(X,Y).
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Taking into account that g(¢X,Y) = —g(X, ¢Y) and g(©?> X, p*Y) = —g(p X, ¢Y),
for any X, Y € x(M), we get:

9(BG(X,Y), Z) + g(Y, BE(X, Z)) =

1
= 5[—9(V¢X902Y7 ©Z) — g(Vox @Y, 0 Z) + (Vo x9®Y, 0* Z) + g(V o2 x oY, 0 Z)—

—9(Vox©*Z,0Y) — g(Vox0Z,0*Y) + g(V 2 x> Z,0°Y ) + g(V 2 xZ, Y )] =
1
= g[ﬂpX(g(sozY, ©Z))—pX (9(0Y, 9*2))+* X (9(£°Y, 0° Z))+¢* X (9(¢Y, 0 2))]

Similarly we can show ¢(C&(X,Y),Z) +¢(Y,C5(X,Z)) =0. O

Il
=

Let m and [ be the complementary projectors on the tangent bundle of M,
defined by:
m:=n®¢ l=I-n®¢

and denoted by 9 := I'm(m) and £ := Im(l) (obviously, | = ¢?). Then TM =
M L, and from the properties of the almost paracontact metric structure it follows
that 9 = ker ¢ and £ = ker .

By N,, we denoted the Nijenhuis tensor field of :
Ny (X,Y) = @*[X, Y]+ [0X, oY ] — 0[0X, Y] — o[ X, Y] =
=3 (VxY) = p*(Vy X) + VoxpY — VoypX—
—p(VexY) +o(VypX) — o(Vx oY) + o(Vey X).

Proposition 2.2. If (¢,£,n,g) is an almost paracontact metric structure on M,
then p*(Ny (0 X, 0Y)) = 2(C5(Y, X) — CL(X,Y)), for any X, Y € x(M).

Proof. We have:
(N (X, 0Y)) = 0*(©*(Vex 0Y) — * (Vv 0X) 4+ Vierx @°Y — Voy o’ X —
—p(Verx@Y) + 9(Voy 9> X) — o(Vox ¢°Y) + o(Viey 9 X)) =
= 0" (Vox9Y) — 0" (Vor9X) + 0 (Vo2 x9°Y) — 0 (Vioy 9* X)—
—*(Vp2x@Y) + wg(waQX) — @} (Vox@?Y) + ¢*(V 2y<pX)
Because @3 = ¢ and p* = ¢? it follows
*(No(0X,0Y)) = @2 (Vox Y ) —0* (Voy 9X) +0* (Ve x @2 ) — 03 (Vpoy 0* X ) —
—p(Vrx0Y) + o(Voy 9 X) — o(Vox @°Y) + o(Vyey o X) =
= —[o(Vex©®Y) = @*(Vox V) — 9> (Vorx9’Y) + o(V 2 x9Y )+
+He(Vey9® X) — 0*(Voy 9X) — 0* (Vpry 0 X) 4+ 9(Veey 0 X)] =
= —20¢(X,Y) 4 2CE(Y, X).
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Corollary 2.1. Let (¢,£,n,9) be an almost paracontact metric structure on M.

1. If the Nijenhuis tensor field of ¢ vanishes identically, then the structure tensor
field is symmetric.

2. If the structure tensor field is symmetric, then N,(oX,Y) € M, for any X,
Y e x(M).

Proof. From Proposition 2.2 we have for any X, Y € x(M):
P (N (X, 0Y)) = 2(CE(Y, X) = CL(X,Y)).
1. If N, =0 follows C&(Y, X) — C&(X,Y) =0, for any X, Y € x(M).

2. HCE(Y,X) =Cg(X,Y), for any X, Y € x(M) follows ©? (N, (pX,Y)) =0
ie. Ny(pX,pY) € ker p? = ker p = 9.
U

3. Paracontactly geodesic transformations

We will introduce the notion of paracontactly geodesic transformation of an
almost paracontact metric structure and study the invariance of the virtual and
structure tensor fields under paracontactly geodesic transformations.

Recall that a diffeomorphism between two pseudo-Riemannian manifolds @ :
(M,g) — (M,g) is called geodesic map, if it takes each geodesic of (M, g) to a
geodesic of (M,g). In this case, the pseudo-Riemannian metric § := ®*g on M is
called geodesic transformation of g. Note that the metrics ¢ and g have common
geodesics.

Let (¢, &,m, g) be an almost paracontact metric structure on the smooth manifold
M. Then:

Definition 3.1. A geodesic transformation g — g of the pseudo-Riemannian met-
ric g on M is called paracontactly geodesic transformation if (¢,&,n, ) is also an
almost paracontact metric structure on M.

A simple example similar like in the almost contact case [3] is the following.

Example 3.1. Let ®: (M, ,&,1,9) — (M, $,£,7,3) be a geodesic map preserving the
almost paracontact structure, that is, @ = ®. 0 po (®.)7!, € = ®.(£), 7= (®*)"'n. Then
g — §:= ®"g is a paracontactly geodesic transformation of g on M.

Let (p, &, m, g) be an almost paracontact metric structure on the smooth manifold
M and g — g a paracontactly geodesic transformation of g.

It was proved [5] that the tensor T of the affine deformation from the Levi-Civita
connection V of ¢ to the Levi-Civita connection V of § has the form T(X,Y) :=
VxY = VxY = (X)Y + ()X, X, Y € x(M), for ¢ an exact 1-form on M
called the 1-form of geodesic distortion. In this case, the Levi-Civita connections
associated to g and § satisfy (Vx@)Y = (Vx@)Y + 1h(9Y)X — ¢(Y)eX, for any
X,Y € x(M).
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Proposition 3.1. The virtual and the structure tensor fields of the transformed
structure have the following properties:

1. BE(X,Y) = BE(X,Y) + 0(¢*Y)0’ X — (Y )X ;
2 C3XY) = C3(X,Y),
forany X, Y € x(M).

Proof.

BL(X,Y) = 5o((Tox @)V +o((Vyox o)l ) =

= %@((Wxs@)s@Y +P(P°Y )X — (oY )p* X+
+o((Verx @)oY +1(0°Y)0* X — (Y )p° X)) :=
= BE(X,Y) 4 SV )6?X — (oY )" X + (¥ )g X — p(o¥ )P X].

Because ©® = ¢, ¢* = p? and p° = @, we get the first relation. The second one
can be similarly obtained. O

We can therefore state the theorem:

Theorem 3.1. The structure tensor field of an almost paracontact metric struc-
ture is invariant under paracontactly geodesic transformations.

Concerning the virtual tensor, we give necessary and sufficient conditions for it
to be invariant.

Theorem 3.2. The virtual tensor field of the almost paracontact metric structure
(p,&,m,9) is invariant under paracontactly geodesic transformations g — g (i.e.
Bg = BZ) if and only if Y(p*Y) X — (oY) X € M, for any X, Y € x(M).

Proof. From Proposition 3.1, the condition Bg = BY is equivalent to
0= (Y )" X (Y )pX = ¢[h(0?Y )X —1(¢Y)X], forany X, Y € x(M). O

4. Conformal transformations

By a conformal transformation of the almost paracontact metric structure
(p,€,m,g) we understand the passage to the almost paracontact metric structure
(cp,g,ﬁ,g), where € := ef¢, fj:= e Ty, §:= e 2/g, for f a smooth function on the
manifold M. In the part to follow, we shall study the invariance of the virtual and
the structure tensor fields under conformal transformations.

Because the Levi-Civita connection V of § and V of g satisfy VxY = VxY —
[(X(NY +Y(f)X - g(X,Y)grady(f)] it follows (Vx @)Y = (Vx)Y —df (oY) X +
df (V)X + g(X, oY )grady(f) — g(X,Y)p(grady(f)), for any X, Y € x(M).
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Proposition 4.1. The virtual and the structure tensor fields of the transformed
structure have the following properties:

1. BZ(X,Y) = B&(X,Y)~df (9*Y ) X+df (9Y )X —g( X, Y )p*(grady(f))+
9(eX,Y)p(grady(f));
2. CL(X.Y) = C&(X.Y),

forany X, Y € x(M).

Proof.

BE(X,Y) = so((Tox el +o((Vyexo)el ) =

= %w((%w)@’ — df (©*Y )X + df (0Y)* X + g(¢X, ©*Y )grady(f)—

—9(pX, Y )o(grady(f)) + (Vprx )Y — df (9*Y)0* X + df (Y )p° X +
+9(0° X, *Y)grady(f) — g(¢>X, oY )p(grady(f)))) :=
= B&(X,Y) + %[*df(sz)sDQX +df (Y )* X + g(0X, %Y )p(grady(f))—
—9(0X, oY) (grady(f)) — df (0*Y )" X + df (9Y )" X+
+9(0* X, 0°Y)@? (grady(f)) — 9(£* X, oY )" (grady(f))].
Because p° = ¢, p* = p® and ¢° = ¢, g(pX,Y) = —g(X, 9Y) and g(p* X, ¢*Y) =

—g(pX,Y), for any X, Y € x(M), we get the first relation. The second one can
be similarly obtained. O

We can therefore state the theorem:

Theorem 4.1. The structure tensor field of an almost paracontact metric struc-
ture is invariant under conformal transformations.

Concerning the virtual tensor, we shall find a necessary and sufficient condition
for it to be also invariant. Note that in the particular case when g = Ag, for A a
constant positive function, Bg = B¢.

Theorem 4.2. The virtual tensor field of the almost paracontact metric structure
(o, €,m, g) is invariant under conformal transformations g — § := e~/ g (i.e. Bé =

BE) if and only if grady(f) € M.

Proof. We follow the steps used in proving an analogue result for the almost contact
metric case [4]. Therefore, Bg = BY if and only if for any X, Y € x(M)

df (©*Y)* X — df (9Y )X = —g(0X, oY )@*(grady(f)) + g(¢X, Y )p(grady(f)).
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Changing the role of X and Y in the previous relation, we obtain:
df (P*X)?Y — df (0 X)pY = —g(0Y, 0 X)¢?(grady(f)) + g(#Y, X)p(grady(f)) =
= —g(¢Y, pX)p*(grady(f)) — g(Y. pX)p(grady(f))
and adding the two relations we get:
df (P*Y )P X —df (0Y ) o X +df (0* X )Y —df (0 X)pY = —2g(¢ X, Y )p? (grady(f)).
Then for Y := X we obtain:
df (¢*X)p* X — df (pX)pX = —g(pX, 9 X)¢* (grady(f)).

If we assume that g(X, X) = 1 it follows that g(0X, pX) = —1 + [n(X)]? and if
X € Lweget n(X) =0and p?X = X. Therefore, for X € £ such that g(X, X) =1
we obtain g(¢X,pX) = —1 and p?X = X. Then the equality becomes

df (X)X — df (p X)X = @*(grady(f)),

which means that ¢?(grady(f)) is a linear combination of the vector fields X and
pX. Writing this for X :=Y we get:

df (Y)Y — df (9Y)pY = ¢*(grady(f))
and substracting the two relations

dF(X)X — df (e X)X — df (Y)Y +df (Y )oY = 0.

Since the four vector fields {X, pX,Y, Y} are linearly independent, we deduce
that df(X) = 0 equivalent to g(grady(f),X) = 0, for X € £, which means that
grady(f) € £+ =M.

Conversely, if grad,(f) € 9 = ker p we get ¢*(grady(f)) = @(grady(f)) = 0.
Then

df (@*Y)@* X — df (Y )X = g(grady(f), 0*Y)e* X — g(grady(f), oY )X =

= g(¢*(grady(f)),Y)e* X + gle(grady(f)),Y)eX =0
and so Bg =B O

5. Applications

We shall consider the particular case of a para-Kenmotsu manifold. Let « be a
smooth real function on the smooth manifold M.

Definition 5.1. [6] We say that the almost paracontact metric structure (¢, &, 1, g)
is a-para-Kenmotsu if the Levi-Civita connection V of ¢ satisfies
(Vx@)Y = alg(eX,Y)§ —n(Y)eX], for any X, Y € x(M).
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For a =1, we call (¢, &, n,9) para-Kenmotsu structure.

Theorem 5.1. A conformal transformation with defining function f maps a para-
Kenmotsu structure to an el -para-Kenmotsu structure if and only if f is locally
constant.

Proof. Let (p,€,n,g9) be a para-Kenmotsu structure on M and (cp,g,ﬁ,f]) be a
conformal transform of (p,&,n,g) with € = ef¢, fj=e T, §=e"2fyg.

We know that:

(Vx@)Y = (Vx@)Y =df (¢Y) X +df (V)X +9(X, oY )grady(f)—g(X,Y)e(grady(f)),
for any X, Y € x(M).

If (p,&,m, g) is para-Kenmotsu structure, we have:

(Vx)Y =g(eX,Y)§ = n(Y)pX,
for any X, Y € x(M). It follows:
(Vx)Y = g(oX,Y)E = n(Y)eX — df (pY)X +df (Y)p X +
+9(X, oY )grady(f) — g(X,Y)e(grady(f)),
for any X, Y € x(M). Replacing ¢ = e_fé, n = efi, g = e?f§, we obtain:
(Vxp)Y = el [§(pX,Y)E = i(Y)pX] — df (pY) X + df (Y)p X +
+eX (X, Y )grady(f) — §(X,Y )p(grady(f))],

for any X, Y € x(M).

Then (ga,g,ﬁ,g) is ef-para-Kenmotsu structure, i.e.

(Vxp)Y =€l [§(pX,Y)E = ii(Y)pX],
for any X, Y € x(M) if and only if
df (pY)X — df (V)X = X [3(X, Y )grady(f) — §(X,Y)p(grady(f))],

for any X, YV € x(M). For X := ¢ and YV := &, because ¢ = 0, we get
w(grady(f)) = 0, i.e. grady(f) € kerp = 9M. Replacing this in the previous
relation, we have:

df (V)X — df (V)X = e §(X, oY )grady(f),

for any X, Y € x(M). For Y := £, because ¢¢ = 0, we get df(§) = 0 which is
equivalent with g(grady(f),§) = 0 and with grad,(f) L &, i.e. grady(f) € kern =
L.

Therefore, grad,(f) € M N £ = {0}, which means that f is locally constant.



Conformal and paracontactly geodesic transformations 129

Conversely, if f is locally constant, then df = 0, grady(f) = 0 and
(Vx@)Y = el [§(pX,Y)E = i(Y)pX] — df (9Y) X + df (Y)p X +
+eM[§(X, oY )grady(f) — §(X,Y)p(grady(f))] =
= e/[g(pX,Y)E = (V) X],
for any X, Y € x(M), i.e. (p,&,7,§) is ef-para-Kenmotsu structure. [J

Corollary 5.1. If a conformal transformation with defining function f maps a
para-Kenmotsu structure to an ef -para-Kenmotsu one, then the virtual tensor field
18 1nvariant.

Proof. From Theorem 5.1 we have that f is locally constant and from Proposition
4.1 we obtain Bé =BS. O

Theorem 5.2. A para-Kenmotsu manifold admits no nontrivial paracontactly geo-
desic transformation of the metric.

Proof. Let (,&,7m,9) be a para-Kenmotsu structure on M and g + § be a para-
contactly geodesic transformation with VxY = VxY + ¢(X)Y + ¢(Y) X, for X,
Y € x(M).

We know that:

(Vx@)Y = (Vx@)Y + 9(pY)X = »(Y)pX,

for any X, Y € x(M).

If (p,&,m, g) is para-Kenmotsu structure, we have:

(Vx@)Y =g(eX,Y)§ = n(Y)pX,
for any X, Y € x(M). It follows:
(Vx@)Y = g(pX, Y)E = n(Y)eX + 9(pY)X =9 (Y)pX,

for any X, Y € x(M).

If the transformed structure (@, &, n, §) would be para-Kenmotsu, too, then:

(Vx@)Y = g(pX, Y)E = n(Y)pX,
for any X, Y € x(M) and replacing this in the previous relation, we obtain:
[G(X,Y) = g(eX,Y)]§ = ¢ (oY) X = (Y )X,
for any X, Y € x(M). For X := &, because ¢ = 0, we get ¥(¢Y) = 0, for any
Y € x(M). It follows:
[G(pX,Y) = g(X,Y)J§ = —(Y)pX,
for any X, Y € x(M) and applying ¢, we get:
P(Y)eX =0,

for any X, Y € x(M), which implies ¢y = 0 or ¢ = 0, that is impossible. Therefore,

the paracontactly geodesic transformation g — ¢ can not map the para-Kenmotsu
structure (¢, &,n,¢g) to a para-Kenmotsu one. [J
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Abstract. In this paper, we have studied the stability of ¢-spread principal Borel ideals
in degree two. We have proved that Ass®(I) = Min(I) U {m} , where I = B,(u) C S'is
a t-spread Borel ideal generated in degree 2 with v = z;z,,t +1 < ¢ < n — t. Indeed,
I has the property that Ass(I™) = Ass([) for all m > 1 and ¢ < ¢, in other words, I
is normally torsion free. Moreover, we have shown that [ is a set theoretic complete
intersection if and only if u = x,,_+x,. Also, we have derived some results on the van-
ishing of Lyubeznik numbers of these ideals.

Keywords: Monomial ideals, t-spread principal Borel ideals, Arithmetical rank, Com-
plete intersection.

1. Introduction

Let S = K[z1,...,2,] be a polynomial ring and I C S a graded ideal. By a well-
known result of Brodmann [4], there exists an integer k > 1 such that Ass(I™) =
Ass(I*) for all m > k. A prime ideal P € Ass®(I) = J,, -, Ass(I™) is called
persistent with respect to I, and whenever P € Ass(I¥) we have P € Ass(I*+1).
The ideal I has the persistence property if all the prime ideals P € Ass™(I) are
persistent, that is, if Ass(I) C Ass(I?) C--- C Ass(I™) C -~

The persistence property for monomial ideals has been intensively studied in the
last years; see for example, [10] and the references therein. Recently, it has been
proved in [1] that ¢-spread principal Borel ideals have the persistence property. The
so-called t-spread ideals were introduced in [7].

Let t > 1 be an integer. A monomial z;, ---x;, € S with i; <--- <44 is called
t-spread if i;—ij_1 >t for 2 < j < d. We recall from [7] that a monomial ideal I C S
with the minimal system of monomial generators G(I) is called t-spread principal
Borel if there exists a monomial u € G(I) such that I = Bi(u), where B;(u) denotes
the smallest ¢t-spread strongly stable ideal which contains u. A monomial ideal I is
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called t-spread strongly stable if it satisfies the following condition: for all u € G(I)
and j € supp(u), if ¢ < j and z;(u/x;) is t-spread, then z;(u/z;) € I.

In this paper, we will study several properties of ¢t-spread principal Borel ideals
Bi(u) generated in small degree. Most part of the paper is devoted to the study of
Ass®™(B¢(u)). In the second part of the paper we will study the arithmetical rank
of Bi(u). In the last part, we will derive some results on the vanishing of Lyubeznik
numbers of By(u).

The main result of the first section shows that if I = By(u) C S is a t-spread
Borel ideal generated in degree 2 with u = x;2,,t +1 < i < n —t, then Ass(I™)
is already stabilized at m = 2 and Ass™ () = Min(7) U {m}, where Min(I) denotes
the set of minimal prime ideals of I and m is the maximal graded ideal of S. The
hypothesis ¢ > ¢ + 1 might look restrictive, but as we explain in Remark 2.4, this is
the only case when Ass®™ (1) 2 Min([I).

For the proof, one has to consider monomial localization of a monomial ideal.
Let P = Py = (z; : j € A) be a monomial prime ideal and I C S a monomial ideal.
Then the localization of I with respect to P is I(P) C S(P) = K[{z; : j ¢ A}]
which is obtained from I by applying the K-algebra homomorphism S — S(P)
induced by z; — 1 for j ¢ A. Moreover, by [11, Lemma 2.3], we have P € Ass(I) if
and only if depth S(P)/I(P) = 0.

It was observed in [1] that all the powers of a ¢t-spread principal Borel ideal have
linear quotients with respect to the decreasing lexicographic order. By monomial
localization of a t-spread principal Borel ideal generated in degree 2, we can get
monomial ideals which still have linear quotients though they are not generated
in a single degree. Therefore, we can compute the depth of their powers by using
the projective dimension formula given in [9, Chapter 8]. Namely, let I C S be
a monomial ideal with G(I) = {uy,...,un}. We say that I has linear quotients
with respect to the order uq, ..., u,, of its minimal monomial generators if for every
J > 1, the ideal quotient L; = (u1,...,uj_1) : u; is generated by variables. If
r; is the number of variables which generate L; for every j, then projdim S/I =
max{ry,...,mm} + 1, hence

(1.1) depthS/I =n —1—max{ry,...,rm}.

We should note that the persistence property of every t-spread principal Borel
ideal Bi(u) generated in degree 2 may be derived by using [6, Theorem 2.15] since
B (u) can be viewed as the edge ideal of a graph.

Let I C S be a homogeneous ideal and VI the radical of I. Then the arithmetical
rank of I is defined as

ara(l) = min{r > 1: there exists f1,..., f, € I such that VI = V{1, )}

It is known that for every squarefree monomial ideal I C S, we have

(1.2) ara(I) > cd(I) = projdim(S/I),
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where cd(I) denotes the cohomological dimension of T [14].

If height(I) = ara(I), the ideal I is called a set-theoretic complete intersection.
An ideal I is called cohomologically complete intersection if ht(I) = cd(1).

There are several classes of squarefree monomial ideals for which equality holds
in inequality (1.2); see, for example, [3, 5, 8, 12]. In [12] and [5] it was shown that
if I C S is a squarefree monomial ideal with a 2-linear resolution, then ara(l) =
projdim(S/I). As a consequence of [7, Theorem 1.4], it follows that every t-spread
principal Borel ideal has a 2-linear resolution, thus if I = B;(u) where u is a t-spread
monomial of degree 2, then we have ara(I) = projdim(S/I). In Section 3. we give
a direct proof of this equality by using the Schmitt-Vogel Lemma (see [15]) which
might be interesting for the reader. In particular, we derive that I = By(u) is a set
theoretic complete intersection ideal if and only if u = z,,_sx,,..

Finally, in Section 4., we derive some results on the vanishing of Lyubeznik
numbers of t-spread principal Borel ideals in degree two.

2. Stability for the associated primes
In this section, we aim at proving the following:

Theorem 2.1. Let I be a t-spread principal Borel ideal, where u = x;x,, t +1 <
1 <n—t. Then
Ass(I™) = Min(I) U {m}, form > 2.

In particular,
Ass™(I) = Min(I) U {m}.

In order to prove this theorem, we need some preparation.

Let u = zjay, with @ <t and I = By(u). We set S(I) = U, gy supp(v). If i < ¢,
then S(I) C [n]. Then, as it was observed in the proof of [1, Theorem 3.1], since I
satisfies the [- exchange property, it follows that I™ has linear quotients with respect
to >e, for every m > 1. This means that if G(I™) = {u1 >jex U2 >leg - - - Ug >lex )
then for every j > 1, the ideal quotient (uq,...,u;—1) : u; is generated by variables.

Lemma 2.2. In the above settings, for every j > 1, xp,x; & (U1, ...,uj-1) : u;.

Proof. Clearly x, ¢ (u1,...,uj_1) : u; since we cannot write z,u; as a multiple of
w with [ < j — 1.

As i < t, the generators of I are the form of z;z;, with 1 < 4 < i < ¢,
ji > t. Assume that there exists j > 2 such that z;u; € (ui,...,uj_1). Let u; =
(xille)...(:rimxjm) with 1 <41 <ip <. <4, <i<tandt < JlyevesJm < n.
Then u; = (x5, ... 25, )(zj, ... xj,, ). If Zu; € (uq,...,uj_1), then there exists some
monomial u; € G(I™) with [ < j—1 such that x;u; = wxs, for some s > i. Let u; =
(i ooy )@y .oy ) with 1T <d) <y <. <y, <i<tandt<jj,...,j, <n.
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We have z;(w;, ..., )(xj, ... 25,,) = (], ...2} )(@), ...2) )z with s >4 . But
then,

> deg, (wiug) =m+1>m =" deg, (wz,)

j=1 =1

which is contradiction. O

In particular, by (1.1), the above lemma shows that
depth(K[{z; : j € S(I)}]/I™) > 0, for every m > 1.

First, we will identify the minimal prime ideals of I = By(u), where u = x;x,
and t +1 <i <n —t. By applying [1, Theorem 1.1], it follows that

(2.1) Min(I) = {(z1, ...,z) U {(@1, 0, Tj -1, Tjy 45 or Tn) ¢+ 1 < g1 < i}

Let @ be a monomial prime ideal associated to I"™ for some m > 2. Then
Q=Qa = (xj:j5 ¢ A) for some set A C [n| and depth S(Q)/I(Q)™ = 0, where
S(Q) = K[{z; : j ¢ A}] and I(Q) is the localization of the ideal I with respect to
@, that is, I(Q) is obtained from I by mapping the variables x; — 1 for j € A.
Therefore, in order to find all the associated monomial prime ideals of I"™ for m > 2,
we need to consider the localization of I with respect to some variable.

Lemma 2.3. Let k be a positive integer and Py = (v; : j € [n]\{k}). Let
I = By(u) withu = x;xp, t+1<i<n-—t, and let k € [n]. Then

(1) If k=1, then I(Pgy) = (144, -, Tn)-
(2) If 1 < k <t, then
I(Pgey) = (@pgts -5 2n) + Beoa (@h—12k40-1)S(Ppiy)

where B;_1(x_1Tx1¢—1) is the (t — 1)-spread principal Borel ideal generated
by Ti_1Tptt—1 in the polynomial ring K[{x1,...,xkre—1} \ {2k}

(3) Ift <k <1, then
I(Pgry) = (T1, - ket Thogts - - > ) + Bt (Th—1@p44-1) S (Ppiy)

where By_1(xp_1T44¢_1) is the (t —1)-spread principal Borel ideal in the poly-
nomial ring K[{xg—1,...,xp+e—1} \ {xx}].

(4) Ifi <k <i+t, then
I(P{k}) = (-7517 ce axk—t) + Bt—l(l'il'n)S(P{k})

where By_1(z;1,) is the (t — 1)-spread principal Borel ideal in the polynomial
ring K[{xk—t41,---,2n} \ {2k}
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(5) If k >i+t, then I(Pyy) = (21,...,7;).

Proof. Assumptions and definition of monomial localization imply that I(Pyy) for
all cases, as desired. [

Proof of Theorem 1.1 In order to prove the statement of the theorem, we have to
show that for m > 2, I there is no other associated prime ideal except the minimal
prime ideals of I and the maximal ideal. Notice that m € Ass(I™) for every m > 2
by [1, Theorem 3.1].

Let Q = Qa = (z; : j ¢ A) be a monomial prime ideal which contains I, @ #

m. Then, @ € Ass(I™) if and only if depth I(é),)n = 0 where S(Q) = K[{z; : j ¢ A}]

and I(Q) is the localization of I with respect to ). Thus, in order to prove the
desired statement, we have to show that if @ ¢ Min(7), then depth S(Q)/I(Q)™

We will distinguish the following cases.

Case (). Q@ = Qa D (x1,...,x;). Let k = max A. If k > i + ¢, then I(Q) =
I(Pgy) = (21,...,%;). Since Q # (z1,...,2;), there exists x; € Q with [ > 4.
Thus, depth S(Q)/I(Q)™ > 0 since z; is regular on S(Q)/I1(Q)™. Thus @ is not an
associated prime of 1.

Now we assume that & = max A < i +t. Obviously, we have £k > min A >
i. Then Q = Qa4 D (x1,...,%i,Titt,...,Tpn). Then by using Lemma 2.3, we get
Q) = (v1,- -, ¥h—¢) + Bi—1(2:7,)S(Q), where B;_1(z;z,,) is the (¢ — 1)-spread
principal Borel ideal in the polynomial ring K[{xg—t+1,...,2n} \ {xx}]. Then

l

= (@1 mk) " (B (miwn)) -
=0

It is easily seen that I(Q)™ has linear quotients with respect to decreasing pure
lexicographic order. Let G(I(Q)™) = {w1 >lex --- >lex Wq} be the minimal set of
generators of T(Q)™ ordered with respect to the pure lexicographic order. Clearly,
the smallest monomials in G(I(Q)™) are the minimal generators of (Bi—1(z;zn))™
ordered decreasingly with respect to the lexicographic order. By Lemma 2.2, since
i—(k—t+1)=(i—k)+(t—1) < t, no ideal quotient of G((B;_1(x;x,))™) contains
x; and x,. Therefore, by using formula (1.1) we get depth S(Q)/I(Q)™ > 0. This
shows that @ = Q4 is not an associated prime of I(Q)™

Case (ii). Q@ = Qa D (z1,...,Tj—1,%j,41,---,Tp) for some j3 < i. Then
A C [j1,71 +t], thus k = maxA < i+t and | = minA > j;. If [ = 1, that
is, j1 = 1, then I(Q) = I(P{13) = (z14¢,...,%n), by Lemma 2.3. In this case
depth S(Q)/I(Q)™ > 0 since @ D (Z14¢,---,%n), thus there exists z; € S(Q) which
is regular on S(Q)/I(Q)™. Let now j; > 2. Then | > 2. We consider the following
subcases:

(a) i<I<k<i+t;

by I<i<k<i+t
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(c) I<Ek<i.

In subcase (a), we get 1(Q) = I(Px) and we derive that depth S(Q)/I(Q)™ > 0
as in case (i). For (b) and (c), we observe that I(Q) is of the form I(Q) =
(L1, Tty Tty s Tny Bi_1(s_1741_1)) for some s, where B;_1 (x4 17414_1) C
K[{xs—1,...,2s11—1}\{zs}]. Then, we order the minimal generators of (I(Q))™ de-
creasingly with respect to the pure lexicographic order induced by

X1 > > Tgp > Xggt > 2 > Ty > Ts—ty1 > Lg—p42 > > Lgyt—1-

By a similar argument to the one used in case (i), we get depth.S(Q)/I(Q)™ > 0
since B;_1(2s—12Zs1¢—1) is a (t — 1)-spread principal Borel ideal of the form given in
Lemma 2.2. Therefore, no monomial as in Case (ii) is an associated prime of I™.
UJ

Remark 2.4. Of course, we may consider the behavior of Ass(I™) when I = By(u)
is a t-spread principal Borel ideal generated by u = x;x, with ¢ < t. To begin with,
we consider i < t. In this case, S(I) = U eqnsupp(v) = [n] \ {i +1,i+2,...,1}
and I = Bi(u) is in fact an i-spread ideal in the polynomial ring K[{z; : j ¢
{i+1,i4+2,...,t}}]. Therefore, we are reduced to considering a t-spread principal
Borel ideal I = Bi(u) where u = x4x,. Then we see that I is the edge ideal of a
bipartite graph on the vertex set {1,2,...,t} U{t + 1,t 4+ 2,...,n}. Consequently,
by [16, Theorem 5.9], I has the property that Ass(I™) = Ass(I) for allm > 1, in
other words, I is normally torsion free.

3. Arithmetical rank of principal Borel ideals generated in degree two

In this section, we will give a direct proof of Theorem 3.2 on the arithmetic rank
of a principal Borel ideals of degree 2. As we have mentioned in Introduction, we
can get this result by using [12, Corollary 5.3]. A useful tool in our proof is the
Schmitt-Vogel Lemma (see [15])

Lemma 3.1. Let I C S be a squarefree monomial and Ay, ..., A, be some subsets
of the set of monomials of I. Suppose that the following conditions hold:

(SV1) |A1]| =1 and A; is a finite set for any 2 <i <r;

(SV2) The union of all the sets A;, i = 1,...,7, contains the set of the minimal
monomial generators of I.

(SV3) For any i > 2 and for any two different monomials m1, mo € A; there exists
Jj <t and a monomial m' € A; such that m'| mims.

Let g;= >, m; for 1 <i<r. Then \/(g1,...,9-) = L. In particular, ara(l) < r.

mi;EA;
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Theorem 3.2. Let I be a t-spread principal Borel ideal, where u = x;x,, i < n—t.
Then
ara(I) = projdimg(S/I) =n —t.

Proof. By [7, Theorem 2.3] we have projdimg(S/I) = n—t. We show that ara(l) =
n—t by using the Schmitt-Vogel Lemma. We will display the minimal generators of I
in an upper triangular tableau as follows. In the first row, we will put the generators
divisible by x; order decreasingly with respect to the lexicographic order. In the
same manner, in the second row, we will order the monomials divisible by z5. We
shall continue this way up to the row containing the monomial divisible by x; where
we shall put the generators x;z,,_¢...x;x,. Then our tableau looks as follows.

T1Tt41 T1Tt42 T1Tt43 ... L1Lj4t .-+ T1Tp—2 T1Tp—1 T1Tn
ToTt42 X2XTt43 ... T2Ti4¢ ce. X2T¥p—2 T2Tp—1 T2Tp
Tiltts - LiTp—2 LiTn—1 Tiln

Next we define the sets A1, As, ..., A,,—¢ in the following way. In the first set,
we will put the monomial from the right up corner of the tableau. In the second
set, we will put the two monomials from the right up parallel to the diagonal of
triangular tableau. In the third set, we will collect the three monomials from the
next parallel to the diagonal, and so on. Explicitly, the sets are the following ones.

Ay ={z12,}
Ay = {r120-1, T2 }
Az ={x1&p_9,T0%n_1,23Tn}

Aj ={T1%n_j11,T2Tn_ji2, ..., T2y}, for i > j
Aj =A{x1Tp—jq1, TaTp_ji2, . TiTp_jti}, for i < j

Ap—t—1 = {$1i€t+27$23€t+37 --~7$i$i+t+1}
Anft = {xlxtﬂ, .’E2$t+2, ceoy ximiﬁ.}

One may easily check that the sets Aq,..., A,_; verify all conditions of the
Schmitt-Vogel Lemma. The first two conditions of Lemma 3.1 are clearly fulfilled.
We hall sgive an explanation for the third condition only. If we pick up two different
monomials in the set A; for some j > 2, let us say m; from the k-th row and mo
from the I-th row of the tableau with k < [, then we put the monomial which is the
intersection element of the k-th row and the column of ms as m’ which divides the
product myms and m’ € A, for some r < j. For instance, if my = xp&p—jik, Mo =
TyTp—jt1 € Aj for some k < I then we choose m' = zyx,_j41 € Agt,j—; which
divides mimg = 2 t1Th—j4xTrn—jrr. O



138 B. Lajmiri and F.Rahmati

We recall from [2] that the ideal I is called a set-theoretic complete intersection
if height(I) = ara(l) . An ideal I is called cohomologically complete intersection if
ht(I) = cd(I).

Proposition 3.3. Let I = Bi(u) be a t-spread principal Borel ideal generated in
degree 2. Then I is a set theoretic compete intersection if and only if u = xp_1T,.

Proof. Let u = 2;2,,. By Theorem 3.2, we have ara(I) = projdim(S/I) =n—t. By
[1, Theorem 1.1], we know that height(I) = ¢. Thus height(I) = ara([]) if and only
ifir=n—-t. O

Proposition 3.4. Lett > 1 be an integer and I,, 4+ C S the t-spread Veronese
ideal generated in degree d. Then I is a cohomologically complete intersection ideal.
In particular, cd(Ip, q4) =n —t(d —1).

Proof. By [7, Theorem 2.3 ], I is Cohen-Macaulay and c¢d(R, I, 4,1) = height(I,, 4+) =
n—t(d—1). So I, 4, is cohomologically intersection. [

4. Lyubeznik numbers

Suppose that (R, m, K) is a local ring admitting a surjection from an n-dimensional
regular local ring (S,n, K) containing a field, and let I denote the kernel of the
surjection. Given 4,5 € N, the Lyubeznik number of R with respect to i,j € N, is
defined as

Aij(R) = dimg Extl (K, Hy 77(9))

and is denoted A;;(R). Put d = dim R, Lyubeznik numbers satisfy the following
properties:

(a) Xij(R)=0 for j>d or i>j.
(b) Aa,a(R) #0.
(¢) If R is Cohen-Macaulay, then Ay 4(R) = 1.

(d) Euler characteristic,

(1) Nij(R) = 1.

0<i,j<d

Therefore, we can record all nonzero Lyubeznik numbers in the so-called Lyubeznik
table:
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Xoo - - - Ao

0
0
0
0 0 . .
0 0 0 Agd
where \; ; := XA; j(R) for every 0 <4, j < d, see for example [2].
Corollary 4.1. Lyubeznik table of I, g4 = J C S is

)\i,j(S/J) =0 fOT all 0 < i,j <d and /\d,d = 1,
where dim(S/J) = d.
Proof. [7, Theorem 2.3]. [

Lemma 4.2. Let S = k[xy,...,2,] be a polynomial ring over a field k,m which
denotes its homogeneous mazimal ideal (x1,...,2,) and I = Bi(u) where u =
Tp_tXTyn. Then

Xij(S/T) =0 for all 0<i,5 <d and Agq=1.

Proof. As I is cohomologically complete intersection,
dim(S/I) = fgrade(I, S).

So
depth(S/I) < fgrade(I, S).

By [2, lemma 3.2] we conclude that

Aij(S/I)=0 for all 0<i,j<d and Agq=1.
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Abstract. In this paper, we introduce the concepts of aS—statistical convergence and
strong af—Cesaro summability of delta measurable functions on an arbitrary time scale.
Then some inclusion relations and results about these new concepts are presented. We
will also investigate the relationship between statistical convergence and «3—statistical
convergence on a time scale.

Keywords: statistical convergence, time scale, delta measurable functions, Cesaro
summable.

1. Introduction

The idea of statistical convergence for sequences of real and complex numbers
was introduced by Fast [14] and Steinhaus [15] independently in the same year
(1951) as follows. Let K C N, the set of natural numbers and K, = {k <n:k € K}.
Then the natural density of K is defined by § (K) = lim,n~! |K,,| if the limit ex-
ists, where |K,| denotes the cardinality of K,. A sequence x = (z) is said to be
statistically convergent to L if for every € > 0, the set K. :={k € N: |z, — L| > ¢}
has natural density zero, i.e., for each ¢ > 0,

1
lim — [{k <n: e~ L] > £} = 0.
n n

In this case, we write st —lima = L. It is known that every convergent sequence is
statistically convergent, but not conversely. For example, suppose that the sequence
x = (zy) defined by z = Vk if k is square and z;, = 0 otherwise. It is clear that
the sequence x = (zy) is statistically convergent to 0 but it is not convergent. Over
the years, generalizations and applications of this notion have been investigated by
various researchers [2, 8, 10, 11, 13, 16, 17, 18, 19, 20, 21, 24, 26, 29].

Aktuglu [13] introduced af—statistical convergence as follows. Let a (n) and
B (n) be two sequences of positive numbers satisfying the following conditions:
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P; : a and 8 are both non — decreasing,
Py:5(n) =2 a(n),
P;:3(n)—a(n) — ocoasn — oo.
Let A denote the set of pairs («, ) satisfying Py, P, and Ps.

For each pair (a,8) € A, 0 <~y <1 and K C N, we define

6P (K,v) = lim

where P27 is the closed interval [ (n), 3 (n)] and |S| represents the cardinality of

S.

Definition 1.1. [13] A sequence x = (x,,) is said to be af—statistically convergent
of order 7 to L, if for every ¢ > 0

ke P®F . |xx — L| > €}|
8P ({k + oy — L| > = li { n -
(ks lox =Ll > e}o7) = i —— s 1 0

which is denoted by stzﬁ —limz,, = L. For v = 1, we say that = is a—statistically
convergent to L, and this is denoted by st,g — limz, = L.

The purpose of our study is to introduce the concept of af—statistical conver-
gence on an arbitrary time scale.

A time scale T is an arbitrary non-empty closed subset of the real numbers R
with the subspace topology inherited from the standard topology of R. The theory
of time scales was introduced by Hilger in his Ph. D. thesis supervised by Auldbach
in 1988 (see [3, 27]), in order to unify continuous and discrete analysis. Since
this theory is applicable to any field in which dynamic processes can be described
with discrete or continuous models and is also effective in modeling some real life
problems, it has a tremendous potential for applications and has recently received
much attention, see [1, 12, 22, 23, 28]. In addition, statistical convergence is applied
to time scales by various researchers in literature. For instance, Seyyidoglu and
Tan [25] defined some new notions such as A—convergence and A—Cauchy, by
using A—density. Turan and Duman introduced the concepts of density, statistical
convergence and lacunary statistical convergence of delta measurable real-valued
functions defined on time scales in [5] and [6], respectively. Also, in [7], they obtained
a Tauberian condition for statistical convergence, and established a relationship
between statistical convergence and lacunary statistical convergence on time scales.
Altin, Koyunbakan and Yilmaz [30] gave the notions of m— and (A, m) —uniform
density of a set and m— and (A, m) —uniform statistical convergence on an arbitrary
time scales. Furthermore, A—statistical convergence on time scales was defined by
Yilmaz, Altin and Koyunbakan [9]. Recently, Sozbir and Altundag [4] introduced
the concepts of weighted statistical convergence and [N , p]T—summability of delta
measurable functions on time scales, and investigated their relations. We here recall
some concepts and notations about the theory of time scales.
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The forward jump operator ¢ : T — T can be defined by
o(t) =inf{s € T:s >t}

for t € T. And the graininess function pu : T — [0,00) can be defined by u(t) =
o(t) —t. In this definition we put inf @ = sup T , where @ is an empty set. A closed
interval in a time scale T is given by [a,bl; = {t € T : @ <t < b}. Open intervals or
half-open intervals are defined accordingly.

Let F; denote the family of all left closed and right open intervals of T of the
form [a,b)y = {t € T:a <t < b} with a,b € T and a < b. The interval [a,a) is
understood as the empty set. F} is a semiring of subsets of T. Let my : F; — [0, 00)
be a set function on Fy such that m; ([a,b);) = b — a. Then, it is known that m;
is a countably additive measure on Fj. Now, the Caratheodory extension of the set
function m; associated with family F} is said to be the Lebesgue A—measure on T
is denoted by pa. In this case, it is known that if a € T\ {max T}, then the single
point set {a} is A—measurable and pa ({a}) = o (a)—a. If a,b € T and a < b, then
pa ([a,b)p) = b—a and pa ((a,b)y) =b—o0(a). If a,b € T\ {maxT} and a < b,
then pa ((a,b]p) = o (b) — o (a) and pa ([a,b]y) = o (b) — a (see [12]).

We should note that throughout the paper, we consider that T is a time scale
satisfying inf T = ¢y > 0 and supT = oco. Turan and Duman [5] introduced the
concepts of density, statistical convergence and strong p—Cesaro summability of
measurable real valued functions defined on time scales in the following way.

Definition 1.2. [5] Let Q be a A—measurable subset of T. Then, for ¢t € T, we
define the set Q (¢) by
Q) ={s € to,t]p: s € Q}.

In this case, we define the density of  on T, denoted by dr (), as follows:

i 1220)
5T (Q) - tLOO HA ([tht]T)

provided that the above limit exists.

Definition 1.3. [5] Let f : T — R be a A—measurable function. We say that f
is statistically convergent on T to a number L, if for every ¢ > 0

or({teT:[f(t) - Ll >¢e}) =0

holds, i.e., for every ¢ > 0,

lim 18 ({s € [to, t]p: |f(s) = L| > e})
t—=o0 pa ([to, tly)

=0,

which is denoted by sty — tlim f@) =1L.
— 00
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Definition 1.4. [5] Let f: T — R be a A—measurable function and 0 < p < .
We say that f is strongly p—Cesaro summable on the time scale T to a number L,
if there exists some L € R such that

1
t_’OONA([t07t]T)[ | () |
to,t)p

2. Main Results

In this section, we will begin by introducing the new concepts of «/5—statistical
convergence and strong aff—Cesaro summability on an arbitrary time scale, which
are our main definitions, and we establish some relations about these notions. We
also examine the relationship between statistical convergence and «f—statistical
convergence on a time scale.

Now let o, 8 : T — RT be two functions satisfying the following conditions:

T1 : a and § are both non — decreasing,
To:0(B(t) >a(t) >toforallt €T,
T3:0(8(t) —a(t) = coast — oo.
And let At denote the set of pairs («, ) satisfying 71, T and T3.

Definition 2.1. Let f : T — R be a A—measurable function and (o, 8) € Ar.
Then, f is said to be aff—statistically convergent to I € R on a time scale T, if for

every € > 0
i P Us€la®), B@)]r:|f(s) — LI >e})
t—00 pa ([a(t), B (8)]y)

which is denoted by str_qpg — lim f (¢) = L.

:0,

This definition includes the following special cases:

1) If we take « (t) = to and S (t) =t for all ¢t € T, then aS—statistical conver-
gence is reduced to statistical convergence on a time scale introduced in [5].

1) Let A = (\,) be a non-decreasing sequence of positive real numbers tending to
oo such that A\,11 < Ap+1and Ay = 1. For T = N, if we choose « (t) = t— X+t and
B (t) = t, then af—statistical convergence on a time scale is reduced to A—statistical
convergence introduced in [24].

Remark 2.1. Let § = (k,) be an increasing sequence of non-negative integers with
ko =0 and o (k) — o (kr—1) — 00 as r — oo, which means that 0 is a lacunary sequence
with respect to T. If we take T =N, « (t) = kt—1 + 1 and B (t) = k¢, then af—statistical
convergence on T gives us the concept of lacunary statistical convergence introduced in
[19]. However, for an arbitrary time scale T, this is not clear, and we leave it as an open
problem.

Proposition 2.1. If f : T — R is af—statistically convergent, then its limit is
unique.



af—Statistical Convergence On Time Scales 145

Proposition 2.2. If f,g : T — R with sty_op —lim f (t) = Ly and str_.5 —
lim g (t) = Lo, then we have the following:

’L) Stjr,a[j — lim (f (t) +g (t)) = L1 + L2,

) str_qp — lim (cf (t)) = cLq for any c € R.

Definition 2.2. Let f : T — R be a A—measurable function and (o, 8) € Ar.
Then, one says f is said to be strongly af—Cesaro summable on a time scale T, if
there exists some L € R such that
1
lim / |f(s)— L|As=0.
t=oo pa ([a(t), B (t)])
[ee(2),8(8)]y

Theorem 2.1. Let f : T — R be A—measurable function and L € R. Then we
have the following:

i) If f is strongly af—Cesdro summable to L, then str_qp — lim f (t) = L, but
not conversely.

4i) If sty_ap —lim f (t) = L and f is a bounded function, then f is strongly
af—Cesaro summable to L.

Proof. i) Let f is strongly af— Cesaro summable to L. Then, for every e > 0, we
can write that

()= LlAs > J |[f (s) = L[ As
(o)1)l [(t).B(D)]:1 £ ()= LI 22

Zepa({s€la@), B0l :|f(s) - LI =e}),

which implies that str_np —lim f (t) = L.

To prove the converse, define a function f in each intervals [a (t), B (t)]y by

+ )’]1‘7

1, ifsela(t),a(t)+1
Loa(t)+2)g,

2, if sela(t)+1,
fs)=4 "
(g|x/u7|], ifﬂié Lo (0) + [lval] = L) + [lval])o
where u (t) = o (B (1)) — a (t).

Then, for every € > 0, we observe that

pa({s€la®). 8@ (s)-Li>e})  pa(lal®)a®)+[varl),)

pa ([e(t),8(6)]y) pa ([e(t).8(6)]y)

= vedl g (ast — 00).

Thus, str_ag — tlim f)=0.
—00
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On the other hand,

el
pa(le(t),8(0)]r) [ (t),8(®)]p

| [lv/el]
= =D 21 mpna ([a(t) +m—1,a(t) +m)y)

(Il
m=1

124 4]
Ut

_ [I\/ftl]([\L/fuTI]H)/? _ % £0 (ast— oo).
Hence, we obtain that f is not strongly af— Cesaro summable to 0. This completes
the proof.

i) Let [ be bounded and sty_qp — lim f (t) = L. Then, there exists a positive
number M such that |f (t)| < M for allt € T, and for a given € > 0, we also have

pa({s € o), 8@y : |f(s) = L] > &})

= na (00), 8 (D)) =0
Then, we can easily see that
m[a(ﬂﬁ(tm Jr A
B m[a(t)ﬁ(t)h{f@—ﬁ?e S = A
+m[a(t)ﬁ(t)]w{f(5)—ﬁ<s Jls) = HAs
) m([i\f[(%)‘gl(t)h) [ (), B(1)]p:]f (s)—L|>e et m [a(t)’é(t)]qr o

- pa ({s€la(®),B®)]5:If ()= LI>e})
= (M +|L]) PNEOES

Letting t — oo on the both sides of the last inequality, since € > 0 is arbitrary, we

have
. 1 -
B A (@ () .8 Oly) / IF(s) = L|As = 0.
[ae(t),B(1)]p

So, the proof is completed. O
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Theorem 2.2. If litm inf ”(ﬁg)) > 1, then sty — lim f (t) = L implies str—_ap —
—00
limf(¢t) =L

Proof. Suppose that hm 1nf (((t))) > 1. Then, for sufficiently large t, there exists

0 > 0 such that ”(B(t)) > 1+ 6, and hence ZEWI—a®)

a(t) HEIO)) For a given € > 0,

5
1406 °
we have

pa({s€lto B f(s)=L|><})
na([to.B(1)]r)

pa ({s€la(®).B():|f ()~ LI><})

>

a(B(t))—to
o (B(t))—a(t) ha({s€la(t),B(t)]y:|f(s)—Lize})
S EO) a(B)—all)
S o #a({sel® s (5)-LI>e})
~ 140 T(BO)—a(D)

Letting t — oo on the both sides of the last inequality and also using the sty —
lim f (¢t) = L, we get

pa({sela(®),B@)]y:|f(s) - LI>e}) _
lim =0.
t=o0 pa ([ (t), B (t)]y)
This completes the proof of the theorem. [
Theorem 2.3. If hm % = 0, then str_op — lim f (t) = L implies stt —

lim £ (¢) =

Proof. Assume that str_os —lim f (t) = L. Then, for every e > 0, we may write

pa({s€ltoBO:If(s)—LI>})
1a([to,B(H)]y)

pa ({s€lto,a(®)y:lf(s)=LI><}) n pa ({s€la®).B()]:lf(s)-LI><})

- 1ia ([to,8(t)]y) pa([to,B(t)]y)
_pa({s€lto,al®)p:lf(s)— L\>e}) pa({s€la(t), 81| f(s)—LI>e})
= o (B(E)—to (B(t)) %o

a)—to | pa({s€le®),B®))y:lf(s)—L|>e})
a(B(t))—to a(B(t))—alt) ’

N

Taking limit as t — oo on the both sides of last inequality and using the condition

of lim ?ﬁ((g))tot =0, we have

t—o0 7

o B8 ({5 € 0, Bl 5 If (5) ~ | > £})
t=00 pa ([to, B (8)]y)

=0,
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which completes the proof. [

Now, let (o, 8) € At and (¢/, 8') € Ar. In the following theorem a—statistical
convergence and o/ 3’ —statistical convergence are compared under the restriction

a(t) <a' () <p'(t) < B (1)

for all ¢ € T. Under these conditions above,we have the following theorem:

a(B'(1)—a'(t)

Theorem 2.4. If hngo W

St'ﬁ',a/[-}/ — hmf ( ) L.

> 0, then str_qp — lm f(t) = L implies

Proof. Suppose that tlg(r)lo % > 0 and str_qp —lim f (t) = L. We have the

inclusion
{seld@®).8 Op:1f(s)—
for every e > 0, and hence
a{sela (t),8 @)y :1f(s) - L[ =2 ¢})
a{sela@®),B®)p:[f(s) =Ll >¢}).

LizepC{sela®),8®)p:[f(s) - Ll > ¢}

So, we may write that

pa({s€la®),8®)]:l f(s)—LI><})
pa ([e(t),B8(1)];)

na({s€le’(©),8'(1)],:|f(s)—L|ze})
pa([a(t),8(H)]y)

o(8'())—a’(t) pa({s€[o’®).8'®)] I F(s)-LI>e})
R CIO)ERI0) (1) ~a’()

Since sty_qp — lim f (t) = L, taking limit as t — oo on the both sides of last
inequality, we get

i P U3 €10/ (0.8 W (= LI>e))
2 e @)~ O |

which means str_q g — lim f (t) = L. Hence, the proof is completed. [
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Abstract. Let G be a connected graph. For an edge e = uv € E(G), suppose n(u)
and n(v) are respectively, the number of vertices of G lying closer to vertex u than to
vertex v and the number of vertices of G lying closer to vertex v than to vertex u. The
Mostar index is a topological index which is defined as Mo(G) = }_ ¢ p(q) f(e), where
f(e) = |n(u) — n(v)|. In this paper, we will compute the Mostar index of a family of
fullerene graphs in terms of the automorphism group.

Keywords: Automorphism group, Mostar index, group action.

1. Introduction

For arbitrary vertices u and v of a graph G, the distance d(u,v) is defined as
the length of a shortest path connecting u and v. For the edge e = uv € E(G),
suppose n(u) and n(v) are respectively, the number of vertices of G lying closer to
vertex u than to vertex v and the number of vertices of G lying closer to vertex v
than to vertex u. The Mostar index is defined as Mo(G) = > cp(q) f(€), where
f(e) = In(u) —n(v)|, see [10].

Let G be a group which acts on the non-empty set (2. The left action G on
Q induces a group homomorphism ¢ from G into the symmetric group Sq, that
satisfies the following two axioms (where we denote (g, a) as a9): a® = «a for all
a € Q (e denotes the identity element of group G) and a9") = (a9)" for all g,h € G
and all a € Q. The orbit of an element a € € is denoted by a® and it is defined
as the set of all a9’s, where g € G. The size of (2 is called the degree of this action.
The stabilizer of an element a € Q is defined as G, = {g € G : a9 = a}. Let
H = G,, then for 8 € Q (a # ), Hg is denoted by G, g. On the other hand, the
orbit-stabilizer theorem implies that |a®|.|G4| = | G|, see [9].

A bijection ¢ on the vertex set of graph G is called an automorphism of G if it
preserves the edge set. In other words, if « is an automorphism of G, then e = wv
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2010 Mathematics Subject Classification. Primary 05C07; Secondary 05C12, 20D45
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is an edge if and only if o(e) = o(u)o(v) is an edge of G. Let Aut(G) be the
set of all automorphisms of G. Then Aut(G) under the composition of mappings
forms a group. The graph G is called vertex-transitive if its automorphism group
has one orbit. This means that for two arbitrary vertices z,y € V(G), there is an
autoorphism ¢ € Aut(G) such that p(xr) = y. We can similarly define an edge-
transitive graph.

The aim of this paper is to compute the Mostar index of an infinite family of
fullerene graphs. To do this, we shall first compute the automorphism group of the
fullerene graph, and afterwards we shall compute all edge-orbits. Finally, we shall
determine the contribution of each edge in the formula of Mostar index.

2. Mostar index of fullerenes

If G is a vertex-transitive graph, for every edge e = wv € E(G), we have
n(u) = n(v) and thus Mo(G) = 0. Here, by relyinh on this and knowing that the
action of a group on its orbits is transitive, we will compute the Mostar index of a
benzenoid graph by means of orthogonal cuts. Let F' be an orthogonal cut. For the
arbitrary edge e € E(G), all vertices in one shore of F are closer to the end-vertex
of e belonging to the same shore than to the other one. Hence, all edges of the
same orthogonal cut contribute equally to Mo(B). It is proved in [10] that if F' C
E(B) is an orthogonal cut of a benzenoid graph B of size p and if the shores of F
have n; and ny vertices, respectively, then the total contribution of edges from F
to Mo(B) is equal to p|n; — ns|. Hence, we have the following theorem.

Theorem 2.1. Let B be a benzenoid graph on n vertices and let Fi,..., Fy be all
its orthogonal cuts. Let p; denotes the size of F;, and n;, and n;, be the number of
vertices in its shores. Then

q
Mo(B) = pilni, — ni,|-
=1

Doglié et al. in [10] proved that since the dodecahedron and the Buckminster
fullerene are the only two vertex-transitive fullerene graphs, we have Mo(Cyg) =
Mo(Cgp : Ir) = 0. They also introduced the following open problem:

Problem [10]. Are there other fullerene graphs G such that Mo(G) = 07

Here, we will compute the Mostar index of an infinite family of fullerenes. This is
the first attempt to give some new results about the above problem. We conjecture
that if F' is a fullerene (except dodecahedron and the buckminsterfullerene) then
Mo(F') # 0. Let F be a fullerene with Mo(F) = 0. Then for all edges e = uwv,
we have n(u) = n(v) and thus F is a distance balanced graph. In other words, we
conjectured that a fullerene is distance-balance if and only if F' is vertex-transitive.
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Theorem 2.2. Let Ey,--- , E, be the orbits of graph G under the action of Aut(G)
on the set E(G). Then

(2.1) Mo(G) = > Y |Ei| x [n(u;) — n(v;)].

i=1e;€EFE;

Proof. Let Eq, ..., E, be the orbits of graph G under the action of Aut(G) on the
set of edges. For two edges e = uv and f = ab in the same edge-orbit of G, one
can prove that {n(u), n(v)}={n(a), n(b)}. This completes the proof. [

Fullerenes are polyhedral molecules made entirely of carbon atoms. The most
symmetric fullerene is the famous buckminster fullerene, Cgp, whose discovery in
1985 marked the birth of fullerene chemistry [23]. In 1991, the buckminster fullerene
was declared ” The Molecule of the Year” by Science magazine, and since then, these
new graphs have been attracting attention of various research communities. Many
methods of graph theory have been applied to investigate the mathematical models
of fullerene molecules called fullerene graphs. M. Ghorbani and A. R. Ashrafi, in a
series of papers [1-8,12-17,21], introduced some infinite classes of fullerene graphs.
At first, they tried to classify fullerenes with respect to their automorphism group.
However, this problem is still open, although Fowler and his co-authors in [11]
showed that fullerenes are realizable within 28 point groups. Recently, Ghorbani et
al. have computed the automorphism group of some classes of polyhedral graphs,
see [18-20].

F1G. 2.1: Cion, n is even.

Example 2.1. Consider the fullerene graph Cio, (n is even) as depicted in Figure 2.1.
The vertices of central pentagon are labeled by {1%, 2%, 3 4' 5'}. These vertices compose
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the first layer of fullerene graph Cio,. The vertices of the second layer are the boundary
vertices of five pentagons adjacent to the central pentagon and so on. In [22], it is shown
that the following elements are in the automorphism group of fullerene graph Cio,. Let
a be a symmetry element that fixes the vertices 1',10%,10%,.--,10",5%,5% ... ,5" and
3n+1 and o= (117 1n+17 217 2n+17 31’ 3n+1, 41’ 4n+1 51 5n+1)(12 2n 32 4n 52 6n 72
8”, 927 10')1)(227 377,’ 42’ 5117 627 7n, 82, 971’ 1027 1n) (13 gn— 1 33 qn— 1 53 6n 1 73 8n 1
93 107171) (23 3”71 43 577,71 63 771.71 83 gn— 1 103 1n l) . (171./2 2(n+4)/2 3n/2
4(n+4)/2 5n/2 6(n+4)/2 7n/2 8(n+4)/2 9n/2 0(n+4)/2) (2n/2 3(n+4)/2 4n/2 5(n+4)/2 6n/2
7(n+4)/2 8n/2 9(n+4)/2 10n/2 1(n+4)/2) (1(n+2)/2 2(n+2)/2 3(n+2)/2 4(n+2)/2 5(n+2)/2
6(n+2)/27 7(n+2)/27 8(n+2)/27 9(n+2)/27 10(n+2)/2)‘

It is clear that o = ¢ =1, aca = ¢! and G = {(a,0) < A = Aut(Cion). On the

other hand, every symmetry element which fixes 1, must also fix 102, 103, -- - , 10", 52, 53,
, 5" and 3""!. The identity element and the symmetry element o do this, too. Hence,
the orbit-stabilizer property ensures that |A| = | 1* 4|.|A;1| and thus |A] = 10 x 2 = 20

which implies that A = Dsg. All orbits of the automorphism group Cio, are given in Table
1.

Example 2.2. Consider the fullerene graph Cio, (n is odd) as depicted in Figure 2.2.

Assume that « is a symmetry element which fixes the points 1%, 102, 103, --. , 107, 11,
52, 5%, ..., 5" 7! and 5" and o is a symmetry element by the following permutation
presentation:

o= (117 4714»17 217 5n+1’ 317 1n+1’ 417 2n+1’ 517 3n+1) (12’ 771,7 32’ 971,7 52’ 1n’ 727 371,7 92’ 5n)
(227 8n7 427 10”, 62, 2717 82, 4n7 1027 6n) (137 7n717 337 9n717 537 17@717 737 Snfl, 937 5n71) (23
8{n— 1 45 1On 65 on— 1 85 qn— 1 103 6"~ 1) . (1(n+1)/2 7(n+3)/2 3(n+1)/2 9(n+5)/2
5(n+1 /2 1(n+3)/2’ 7(n+1)/2 3(n+3)/2 9(n+1)/2 5(n+8)/2) (9(n+1)/2 8(n+3 /2 4(n+1)/2
10("+3)/2 6(n+1)/27 2("+3)/2 8(n+1)/2 4(n+3)/2 10("+1)/2 6(”+3)/2).

Similar to the last case, one can see G = (a,0) = Aut(Cion) is isomorphic with the
dihedral group Dag. The orbits of the automorphism group are given in Table 4.

In the following part, we will count all orbits of fullerene Cig,. To do this, let
fix(g) be the set of elements of X fixed by ¢g. By applying Burnside’s Lemma, if
group G acts on the set X, then for g € G, the number of orbits is

(2.2)

|G| Z|fws

geG

For every edge e = wv and each automorphism a € Aut(G), define a(e) =
{a(u),a(v)}. Thus, Aut(G) acts on the set of edges by the above rule and the
Burnside’s Lemma for the set of edges can be rewritten as follows:

(2.3) |G| Z | fiz(g)

geG

Again, consider the fullerene graph Cg,, where n is even, as depicted in Figure
2.1. In this part, we will find the permutation presentation of elements of Aut(Cioy,)-



The Mostar Index of Fullerenes in Terms of Automorphism Group 155

Fic. 2.2: Cion, n is odd.

It is not difficult to see that there are five symmetry elements of order two in
Aut(Choy) denoted by a;, 1 <i < 5. One can easily check that

fiz(an) = {11,10%,10%, - ,10", 52,55, .- , 57, 371},

fZiL'(OlQ) = {217 227 237 e ’2717 727 737 e ’7n’4n+1}7

fiz(az) = {31,4%,43,... 4" 92 93 ... on 5ntly

fZl'(O(4) - {417 627637 e 76na 127 137 Tty 1n’ 111—0—1}7

fwc(a5) — {51’ 827 83, . ,8", 32’ 337 .. 73n7 2’n+1}.

This means that |fiz(a;)| = 2n, (1 <4 < 5). Suppose f; is an involution that
maps 1! to 27+, 21 to 17+ 31 to 57F1, 41 to 47t 5! to 37t 12 to 27, 22 to 17,
32 to 10", 42 to 9", 52 to 8", 62 to 77, 72 to 6", 82 to 5", 92 to 5", 10% to 3" and
so on. It is clear that fix f; = ¢. If we continue with this method, all permutation
presentations of [3;’s are as follows:

ﬂ 1= (117 271«%1)(217 ]_n+1)(317 E)7z+1)(417 4n+1)(51’ ?)7z+1)(127 2n)(22’ ]_n)(:))?7 10n)(42
971)(527 8”)(62, 771)(727 6")(82, 571)(927 4n)(102’ 371)(137 271—1)(237 171—1)(337 1071—1)
(437 9n—1)(537 8n_1)(63, 7n—1)<73, 6n_1)(83, 5n—1)(93) 471—1)(103’ 3n—1) .. (1n/27
2(71+4)/2)(2n/2’ 1(7’L—0—4)/2)(3n/27 10(n+4)/2)(4n/2’ 9(n+4)/2)(5n/2, 8(n+4)/2)(6n/2’
7(n+4)/2)(7n/2’ 6(n+4)/2)(8n/27 5(n+4)/2)(9n/2’ 4(n+4)/2)(10n/2, 3(n+4)/2)(1(n+2)/2’
2(n+2)/2)(3(n+2)/2’ 10(n+2)/2)(4(n+2)/2’ 9(n+2)/2)(5(n+2)/27 8(n+2)/2)(6(n+2)/2’
7(71-1—2)/2)7

Bo = (11, 37H)(28, 27 H) (3, 1) (48, 5 ) (51, 4nF1)(12, 47) (22, 37) (32, 27) (4
17) (5%, 107) (67, 7) (72, 87) (82, 77) (92, 67) (10, 57) (1%, 47 1) (25, 57— ) (38, 20-1)
(437171—1)(53710n—1>(63,9n—1)(73’8n—1)(83’7n—1)(9376n—1)(103 5n— 1) (1n/2
4(n,+4)/2)(2n/2’ 3(n—‘,—4)/2)(3n/27 2(17,+4)/2)(4n/27 1(n+4)/2)(5n/2 O(n+4)/2)(6n/2
9(n+4)/2)(7n/2’8(n+4)/2)(8n/277(n+4)/2)(9n/2’6(n+4)/2)(10n/2 n+4)/2)( n+2)/2
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4(n+2)/2)(2(n+2)/2’ 3(71-1—2)/2)(5(71-"-2)/27 ]_0(71-&-2)/2)(6(71-5-2)/27 9(n-|-2)/2)(7(n+2)/27
8(n+2)/2),

o = (L1421, 341 (8L 24!, 1) 51, 51 (12,6 (22, 57) (32, 47) (42
3m)(52,27)(62,1)(7%,10™)(8%,9™)(9%,87) (102, 7) (13,67~ 1) (23,57 1) (33,47~ 1)
(437371—1)(537271—1)(637171—1)(7371071—1)(83’971—1)(93 {n— 1)(103 n= 1) (1n/2
6(n+4)/2)<2n/275(n+4)/2)(3n/274(n+4)/2)(4n/273(n+4)/2)(5n/2 2(n+4)/2)(6n/2
1(n+4)/2)(7n/2’ 10(n+4)/2)(8n/2,9(n+4)/2)(9n/2’8(n+4)/2)(10n/2 7(n+4 /2)(1 (n+2)/
6(n+2)/2)(2(n+2)/2’ 5(71+2)/2)(3(n+2)/27 4(n+2)/2)(7(n+2)/2’ 10(n+2)/2)(8(n )/2
9(n+2)/2)’

B 4= (11’5n+1)(2174n+1)(31,3n+1)(4172n+1)(51,1n+1)(1278n)(22 7n)(32 6”)(

5)(52,47)(62,37)(72, 27) (8%, 17)(92, 107) (102, 97) (13, 8" 1)(23, 771 (3%, 6" 1)

(43 530 1)(53 4qn— 1)(63 3n— 1)(73,2’”71)(83,1”71)(93, 10"~ 1)(103 gn— 1) (1n/2
n+4)/2)(2n/2 7(n+4 /2)(3n/2 6(n+4)/2)(4n/2’5(n+4)/2)(5n/2 4(n+4)/2)( n/2

3(n+4)/2)(7n/2 2(n+4)/2>(8n/2 1(n+4)/2)(9n/2’10(n+4)/2)(10n/2 9(n+4) )(1(n+2)/2
(n+2)/2)( 2(n+2)/2 7 (n+2)/2)( 3(n+2)/2 ¢ (n+2)/2)(4(n+2)/2 (n+2)/2)(9(n+2)

10 (n+2) /2)

ﬁ 5 = (11 1n+1)(21’51’7,—‘,—1)(317471—&-1)(41’31’7,-‘,—1)(517271—&-1)(12’ 1071)(227971)(327871)(42
)(52 6n)(62 5n)(72 4n)(82 3n)(92’2n)(10271n)(1371071—1)(23,971—1)(33,871—1)
(43 = 1)(53 6" 1)(63 Fn— 1)(73 qn— 1)(83 3n— 1)(93,2n—1)(103’1n—1._.(1n/27
10 (n+4) /2( n/2 n+4)/2)(3n/2 8(n+4)/2)(4n/2 7(n+4)/2)(5n/2 6(n+4)/2)(6n/2’
n+4)/2 (7n/2 4(n+4 /2)(8n/2 3(n+4)/2)(9n/2 2(n+4)/2)(10n/2 (n+4)/2)(1(n+2)/27
10 (n+2) /2)( 9(n+2)/2 9(n-|-2)/2)(3(n+2)/27 (71-&-2)/2)(4(71-&-2)/2’'7(71-1-2)/2)(‘r)(n-l-Q)/27
6(n+2)/2);

B 6 = (11 37’L+1)(217 4n+1)(31’ 57’Hr1)(417 1n+1)(51’ 2n+1)(127 6”)(22, 771)(327 8”)(42
971)(527 10”)(62, ]_n)(727 2”)(82, 371)(927 411)(1027 5n)(137 671—1)(237 7n—1)(33’ 8n—1)
(437971—1)(53710n—1>(63’1n—1>(73’2n—1>(8373n—1)(93 qn— 1)(103 sn—1. (1n/2,
6(n+4)/2)(2n/2’ 7(n+4)/2)(3n/27 8(n+4)/2)(4n/2’ 9(n+4)/2)(5n/2 10(n+4)/2)(6n/2
(n+4)/2)(7n/2’ 2(n+4)/2)(8n/27 3(n+4)/2)(9n/2’ 4(n+4)/2)( On/27 5(n+4)/2)( (n+2)/2
n+2)/2)( n+2)/2’ 7(n+2)/2)(3(n+2)/27 8(n+2)/2)(4(n+2)/2, 9(n+2)/2)(5(n+2)/27
10(n+2)/2)

)

This yields that Aut(Cig,) includes four rotational elements ~; (1 < ¢ < 4)
and four permutations o; (1 < i < 4) of order 10 with the following permutation
presentation:
v1 o= (11,2131 41 51)(12,32,52,72,92)(22,42 62,82, 10%)(13, 33, 53,73,93) (23,43,
63, 837 103) .. (ln—l’ 3n—17 5n—1’ 7n—1’ 91’L—1)(2n—17 4n—1’ 6n—1’ 811—1, lon—l)(ln’ 311’
5n, 7n’ 971)(277,7 4n7 6”, 8“, 10n)(1n+1, 2n+1’ 3n+1’ 477,Jr17 577,Jr1)7
v o = (11,315, 21 41)(12,52,92 32 72)(22,62,102,42,8%)(13, 53,93, 33, 73)(23, 63,
103’ 43’ 83) .. (1n—17 5n—17 9n—1’ 3n—1’ '771—1)(271—17 6n—1’ 10n—1’ 4n—1’ 8n—1)(1n’ 5n’
9n 3n 7n)(2n 6n 1071’ 47%7 8n)(1n+1’ 3n+1’ 5n+1’ 2n+17 477.Jr1)7
v 5= (11,51,4%,31 21)(12,92, 72 52 32)(22, 102, 82, 62,42)(13,93, 73, 53, 33) (23,103,
83 63 43) (1n 1 9n—1 7n—1 5n—1 3n—1)(2n—1 10n—1 Sn—l 6n—1 4n—1)(1n gn
7n, 5n’ 311)(2n7 10n’ 8“, 6”, 4n)(1n+1’ 5n+1’ 4n+1’ 3n+17 277.Jr1)7
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v q = (11,4121, 51, 31)(12,72, 32,92, 52)(22, 82, 42,102, 62)(13, 73, 33, 9, 5%) (23, 82,
43 103 63)“-(1”_1 7n—1 3n—1 9n—1 5n—1)(2n—1 8n—1 4n—1 10n—1 6n—1)(1n 7n
377,) 9n7 571)(2n7 8”, 4n, 10n7 6n)(1n+1, 4n+1’ 2n+1’ 5n+17 3n+1).

oq1= (]_17 5n+1, 51’ 4n+1’ 41’ 377,Jr17 317 2n+1, 21’ 171«%1)(127 10n’ 92’ 8”, 727 6“, 52’ 4n’ 32’
271)(227 1n7 102, 971’ 82, 7n7 627 5n’ 4:27 371)(137 ]_071—17 937 8n—1, 737 6n—1’ 537 4n—1’ 337
271—1)(237 1n—1’ 103, 9n—17 837 771—1’ 637 5n—1’ 437 3n—1) L (1n/27 10(n—‘,—4)/27 9n/2’
8(n+4)/2’ 7n/2, 6(71—4—4)/27 5n/2’ 4(n+4)/2, 371/27 2(n+4)/2)(2n/27 1(71—‘,—4)/27 1On/27 9(n+4)/2’
8n/2’ 7(n+4)/2’ 6n/27 5(n+4)/2’ 4n/2, 3(n+4)/2)(1(n+2)/2’ 10(n+2)/2’ 9(n+2)/2’ 8(71%»2)/27
7(n+2)/2’ 6(n+2)/2’ 5(n+2)/2’ 4(n+2)/2’ 3(n+2)/2’ 2(n+2)/2)7

09 = (11’ 1n-|—17 217 2n—f—17 31’ 37;-&-17 41’ 41@-{-17 517 571—4—1)(127 2n’ 327 4717 52, 6n7 72’ 8’rL7 927
1071)(227 3n7 42, 5n, 62, 7n’ 827 977,7 102’ 1n)(137 271,—1’ 337 4n—1’ 537 6n—1’ 73’ 8n—17 93’
10n71)(23, 3n717 43, 571717 637 7n71’ 837 gnfl’ 1037 1n—1... (177./2’ 2(n+4)/27 3n/2’
4(n+4)/27 577,/2’ 6(n+4)/2’ 7n/2, 8(n+4)/2’ 9n/2’ 10(n+4)/2)(2n/2’ 3(n+4)/2’ 4n/2’ 5(n+4)/2’
6n/2, 7(n+4)/2 gn/2 g(nt+4)/2 1gn/2 1(n+4)/2)(1(N+2)/2, 2(n+2)/2 3(n+2)/2 4(n+2)/2
5(71-‘,—2)/2’ 6(1’7,—‘,—2)/2, 7(71—‘,—2)/27 8(71-‘,—2)/2’ 9(1’7,—‘,—2)/2, 10(n—‘,—2)/2)7

5= (117 277.Jr17 417 5n+1, 21’ 3n+1’ 517 1n+17 317 4n+1)(12’ 4717 727 10n’ 32’ 6”, 927 277,7
52, 8n)(22’ 577,’ 82, 1n’ 42’ 7n, 102’ 3n, 62, 9n)(13’ 4n71’ 73’ 10n71’ 33’ 6”71, 93’ anl’
53’ 87171)(23’ 571717 83, ]_nfl7 437 771717 103, 3n717 637 gnfl) L (171/27 4:(7L~HL)/27 7n/2’
10(71—‘,—4)/27 377,/27 6(71—‘,—4)/27 9n/27 2(77,—‘,—4)/27 5n/27 8(71—‘,—4)/2)(271/27 5(1’7,—‘,—4)/2, 871/27
1(n+4)/2’ 4n/2, 7(n—‘,—4)/27 1071/27 3(n+4)/2’ 6n/2, 9(n+4)/2)(1(n+2)/2’ 4(7L+2)/2, 7(n—‘,—2)/27
10(n—‘,—2)/27 3(77,—}-2)/2’ 6(n+2)/27 9(n—0—2)/27 2(77,—}-2)/2’ 5(n+2)/27 8(n+2)/2)7

04= (]_17 4n+1, 317 1n+1’ 517 3n+17 217 5n+1, 41’ 271«%1)(127 8“, 52’ 271’ 92’ 6717 327 1071’ 72’
4n)(22 9n 62 3n 102 7n 42 1n 82 571)(13 8n—1 53 on— 1 93 6"~ 1 33 10"~ 1 737
4qn— )(23 gn— 1 63 gn— 1 103 7n— 1 43 1= 1 83 5n ) (1n/2 8(n+4)/2 5n/2’
2(n+4)/2’ 9n/2, 6(n—0—4)/27 377,/2’ 10(n+4)/2’ 7n/2, (n+4)/2)(2n/2 9(n+4)/2 6n/2 3(n+4)/2
1071/27 7(n+4)/2’ 4n/2, 1(714»4)/27 877,/2’ 5(n+4)/2)(1(n+2)/27 8(n+2)/27 5(n+2)/2, 2(n+2)/27
9(n+2)/27 6(n+2)/2’ 3(n+2)/2, 10(n+2)/27 7(n+2)/2’ 4(n+2)/2).

Hence, Cior (n is even) has ”7*2 X 2+ 2 = n orbits each of them has 10 vertices,
see Table 1.

Vertex Orbit members
11 11’21731741751’1n+172n+1’3n+174n+175n+1
12 12,3252, 72,92, 27 47,67, 8", 10"
2 2% 4% 6%, 8%,10%, 17,37 5", 7", 0"
1n/2 1n23n25n27n/29n2
2(n+4)/27 (n+4)/2, 6(n+4)/2, 8(n+4)/2 10(n+4)/2
on 2 on 2’4n 2,6” 2,8” 2’10n 27

1(n+4)/2 3(n+4)/2 5(n+4)/2 7(n+4)/2 9(n+4)/2
1(n+2) 2 1(n+2) 2 2(n+2) 2 3(77,—‘,—2) 2 4(n+2) 2 5(n+2) 2
6(n+2)/2 7(nt2)/2 gn+2)/2 g(n+2)/2 1(n+2)/2

Table 1. Members of orbits of Cyg,, n is even.
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Fic. 2.3: Cion, n is even.

It is not difficult to see that |fiz(az)| = n+2 (1 < i < 5), |fiz(B;)] = 2
(1< <5) and |fia(B)| = | fiz(7)| = |fia@)] = 0 (1 < k < 4).(1 < | < 4).
By considering the action of Aut(Cig,) on the set of edges and using Eq. 2.3,
one can prove that the number of orbits is n 4+ 1 for which n is even. They are
O(e}). O(e). O(e}), O(e2), -+, O(f" 7%, O(e"=2/), 0(e}"?), O(¢"/?) and

O(egnﬁ)/z). Hence, we proved the following theorem.

Theorem 2.3. Consider the fullerene graph Cion, n is even. Then there are n+1
orbits under the action of automorphism group on the set of edges.

Theorem 2.4. Consider the fullerene graph Cio,, where n is even and n > 10.
Then
Mo(C1op) = T5n? — 100n 4 3980.

Proof. Suppose e} = {1!,2!} and e! = {5!,8%}. Then

Npooo= {1%,5',72,8% 92 10%,73,8% 93, 74 8% 75},
Npnoo= {1%,5',72,8%,92,10%,73,8%,93, 74 8% 75},
Nyv = {2%,31,22 32,42 5% 33,43 53,44, 54 5%},
Niigr = V(Cion) — N1t — Nox,

Nsoo = {1%,2',3' 4% 5! 22 3% 42 3%},

Ngz = V(Cion) — Ni1 — Np1 g2,

Nsige = {12,5%,6%,10%,1%,23 43 53 24 3% 4% 3°}.
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This means that n(1!) = 12, n(2') = 12, n(11,2!) = 10n — 24, n(5') = 9, n(8?%) =

10n — 21 and n(5',8%) = 12. Also if e§ = {22,1%}, ¢ = {92,93}. Then

Ny =
Np =
N22’12 =
Ny =
Ngs =
N92 ,93 =

{21 3 41 22 3% 42 52 6% 33,43 5% 6%, 4% 5%, 6, 5°,6°,6°},

V(Clon) - N22 - N22712,

{1%,5'},

{11,231 41 511222 3% 42 52 62,77, 8%,9%,10%},
V(Cl()n) - N92 - N92’93,

9,

and thus n(22) = 18, n(1?) = 10n — 20, n(22,12) = 2, n(9?) = 15, n(93) = 10n — 15,

n(9%2,9%) = 0, and so on, see Table 2.

By using Theorem 2.2, for every edge

e = {u, v}, one can determine the contributions of n(u) and n(v) of edge e = {u, v}
as reported in Table 2. The summation of these integers yields that

Mo(Chon) = 10 x (12 —12) + 10 x (10n — 30) + 20 x (10n — 38)

+10 x (10n — 30) + 20 x (10n — 50) + 10 x (10n — 50)
+20 x (10n — 65) + 10 x (10n — 70) + 20 x (10n — 81)

10 x Y272 100 — 2(45 + 104) + 20 x 317275 100 — 2(50 + 10i)

+10 x (5n — 5n) = 75n2 — 100n 4 3980.

Type of edge n(u), n(v), equidistant Number

e 12,12,10n-24 10

el 9,10n-21,12 10

e 18,10n-20,2 20

e? 15,10n-15,0 10

ef 24,20n-26,2 20

e3 25,10n-25,0 10

et 32,10n-33,1 20

el 35,10n-35,0 10

el 40,10n-41,1 20

ed 45,10m-45,0 10

el 50,10n-50,0 20

ef 55,10n-55,0 10
2/ 5n-20,51-+20,0 20
e(n=2) /2 5n-15,5n+15,0 10
e /2 5n-10,5n+10,0 20
en /2 5n-5,51n+5,0 10
e§n+2 )/2 on,5n,0 10

Table 2. The values of n(u), n(v) and equidistant vertices, where n > 8.
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The exceptional cases are given in Table 3. Also, their Mostar indices are given
in Table 4.

Type of edge C40 Cﬁo Cgo
el 12 12 16 12 12 36 12 12 56
el 9 20 11 9 39 12 9 59 12
e 15 22 3 18 40 2 18 60 2
e? 15 25 0 15 45 0 15 65 O
es 18 18 4 23 34 3 24 54 2
e’ - - - 25 3 0 25 55 0
ef - - - 29 29 2 32 47 1
et - - - - - - 3 45 0
ey - - - - - - 39 39 2

Table 3. Exception of n(u), n(v), equidistant vertices.

n 4 6 8
Mo(Cio,) 350 1360 3140

Table 4. Special cases of Mostar index of fullerene Cig,,..

Now consider the fullerene graph Cg,,, where n is odd, as depicted in Figure 2.2.
There are five symmetry elements of order two in Aut(Cio,) denoted by a;, 1 <
1 < 5. One can easily check that

fiz(ay) = {11,10%,103,--- 107, 1"+ 52 53 ... 5n},

fix(OZQ) = {217227237' o ’2n,2n+1772’73’. o ’7n}7
fix<a3) = {31742743?' o 74n’3n+1792793,. o 79n}7
fi:L’(Ol4) = {417627637' o ’Gn,4n+1’ 127137' o aln}a
fiz(as) = {51,82783,“- , 8™ 5ntl 32 33 ... ,3",2”+1}.

This means that fiz(a;) = 2n, (1 < ¢ < 5). Similar to the last case, the pre-
sentations of other elements of Aut(Cio,) are as follows:

B = (11, 12 20 (31, 37 (41, 47 1) (51, 571 (12, 17)(22, 27) (3%, 3™) (42, 4™)
(527 5”)(62, 6”)(72, 7”)(82, 8”)(92, 9n)(102’ 10n)(137 1n71)(23’ 2n71)(33’ 3n71)(43’
4n71)(53’ 5”71)(63, 6”71)(73, 7”71)(83, 87171)(93’ 97171)(103’ 10n71) . (1(n+1)/2’
1(7L-i-3)/2)(2(’n—i—1)/27 2(71-1-3)/2)(3(71-‘,—1)/27 3(7L—|-3)/2)(4(’n—i—1)/27 4(71-}-3)/2)(5(71-‘,-1)/27 5(n+3)/2)
(6(n+1)/2’ 6(n-|—3)/2)(7(n-‘,—1)/27 7(n+3)/2)(8(n+1)/2’ 8(n-|—3)/2)(9(n-‘,—1)/27 9(n+3)/2)
(10(n+1)/2’ 10(n+3)/2)’

52 — (117 3n+1)(217 2n+1)(31’ 1n+1)(417 5n+1)(51’ 4n+1)(127 3n)(22’ 271)(327 1n)(42’
1071)(52’ 9”)(62, 8”)(72, 7”)(82, 6n)(927 571)(102’ 4n)(137 371—1)(23’ 2n—1)(33, 1n—1>
(437 1071,—1)(53, 9"_1)(63, 871,—1)(737 7"_1)(83, 6n—1)(93’ 5n—1)(1037 4n—1 ..
(1(n+1)/2’ 3(n+3)/2)(2(71+1)/27 2(n+3)/2)(3(n+1)/2’ 1(n+3)/2)(4(n+1)/27 10(n+3)/2)
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(5(nH1)/2 g(n8)/2) (6(n+1)/2 g(n+3)/2)(7(n+1)/2 7(n+8)/2) (8(n+1)/2 6(n+3)/2)
(9('rL-i-1)/27 5(n+3)/2)(10(n+1)/2) 4(n+3)/2)’

B 3:(11 4n+1)(21 3n+1)(31 2n+1)(417 1n+1)(51’ 5n+1(12, 5n)(22’4n)(327 3n)(42
on )(52 1”)(62 1071)(72 9”)(82 8n)(9277n)(1027677,)(13,5n71)(23,4n71)(33,3n71)
(43 gn— 1)(53 17— 1)(63 10"~ 1)(73 gn— 1)(83’87171)(93’7n71)(10376n71 .

( (n+1)/2 (n+3 /2)( 9(n+1)/2 .4 n+3)/2)(3(n+1)/273(n+3)/2)(4(n+1)/272(n+3)/2)
(5(n+1)/2 1(n+3)/2 (6(n+1)/2 10(n+3)/2)(7(n+1)/2’9(n+3)/2)(8(n+1)/2)8(n+3)/2)
(9(n+1)/2 7(n+3)/2)( 10 +1/2 ¢ (n+3)/2)7

B 4= (11,571 (2L, 41 (31, 3P (41, 2 (51, 1) (12, 7) (22, 67) (3, 57) (42,
4n)(52,3)(62,2")(7%, 17)(82,10™)(9%,9") (102, 8™) (1%, 7"~ 1) (2%, 6"~ 1)(33 5m1)
(43 qn— 1)(53’371—1)(637271—1)(73’171—1)(83,10n—1)(93’9n—1)(10378n
(1(n+1)/2 7(n+3)/2)(2(n+1)/2 6(n+3)/2)<3(n+1)/275(n+3)/2)(4(n+1)/274(n+3)/2)

( (n+1)/2 3(n+3)/2)(6(n+1)/2 (n+3)/2)(7(n+1)/2’ 1(n+3)/2)(8(n-‘,-1)/27 10(n+3)/2)
( n+1)/2 9(n+3)/2)(10(n+1)/2 8(71%»3)/2)7

B (11 1n+1)(21, 5n+1)(31’ 4n+1)(41, 3n+1)(51’ 2n+1)(12, 9n)(227 8“)(32, 7n)(42
6™ )(52 5")(62, 471)(727 3”(827 271)(927 1n)(1027 10n)(13’ 9n—1)(23’ 8n—1)(33’ 7n—1)
(43 6" 1)(537 5”_1)<63, 471—1)(73, 3n—1)(83, 2n—1)(93) 1n—1)(1037 10n—1 .
(1(n+1)/2 9(n+3)/2)(2(n+1)/2 8(n+3)/2)(3(n+1)/2’ 7(n+3)/2)(4(n+1)/276(n+3)/2)

(5 n+1)/2’ 5(n+3)/2)(6(n+1)/2 n+3)/2)( n+1)/2’ 3(n+3)/2)(8(n+1)/27 2(n+3)/2)

(9 (n+1)/2 1(n+3)/2)(10(n+1)/2 10(n+3)/2)

B

g=(11,21) (21, 171 (31, 57 H1)(41, 44 (51, 3741 (12, 17) (22, 107) (32, 9") (42,
8{n )(52 7n)<627 6”)(72, 5")(82, 4n)(92’ 3n)(1027 2n)(137 1'n—1)(237 10n—1)(33, 9n—1>
(4 {n— 1)(53 e 1)(63 6" 1)(73 FR— 1)(83’4n—1)(93’3n—1)(103’2n—1)_._

(1 n+1)/2 1(n+3)/2)(2(n+1)/2 10(n+3)/2)(3(n+1)/279(n+3)/2)(4(n+1)/2,8(n+3)/2)

(5 n+1)/2 7(n+3)/2)(6(n+1)/2 6(n+3)/2)(7(n+1)/2’ 5(n+3)/2)(8(n+1)/2,4(n+3)/2)
(9(n+1)/2 3(n+3)/2)( 0(n+1)/272(n+3)/2)

v 1=(11,21, 31,41 51)(12,32,52,72,92)(22, 42,62, 82,102)(13, 33,53, 73, 93)(23, 43,
63, 83, 103) .. (1n—17 3n—17 5n—1’ 7n—1’ 91’L—1)(2n—17 4n—1’ 6n—1’ 811—1’ lon—l)(ln’ 311’
Sn, 7n’ 971)(277,7 4n7 6”, 8“, 10n)(1n+1, 2n+1’ 3n+1’ 477,Jr17 577,Jr1)7

v o=(11,31, 51,21 41)(12,52,92,32,72)(22,62,102,42,82)(13,53,93,33,73)(23, 62,
103’ 4:37 83> .. (1n—1’ 5n—1’ 971—17 3n—1’ 7n—1)(2n—1’ 671—17 1071—1’ 4n—1’ 871—1)(1717 5717
9n, Sn’ 7n)(2n7 6”, 10n’ 4n7 8”)(1n+1, Sn—‘rl7 5n+1’ 2n-|—17 4n-l—1)7

v 3=(1%, 51,41 31 21)(12,92, 72,52 32)(22,10%,82,62,42)(13,93, 73,53, 33)(23, 103,
83, 63, 43) . (lnfl’ 9n71’ 7n71’ 5n71, 3n71)(2n71’ 10n71’ 877,71’ 6n71, 4n71)(1n, gn’
7n’ 571’ 371)(2717 1071’ 8717 6717 4n)(1n+1’ 5n+1’ 4n+17 3n+17 2n+1)7

v a=(11,4%,21 51 31)(12,72,32, 92, 52)(22, 82,42, 102, 62)(13, 73, 33,93, 53)(23, 83,
43 103 63).”(1n—1 7n—1 3n—1 9n—1 5n—1)(2n—1 8n—1 4n—1 10n—1 6n—1)(1n 7n
3n, gn’ 511)(2n7 8”, 4n’ 10”, 6n)(1n+1’ 4n+1’ 2n+1’ 5n+17 3n+1)7

o 1:(11, 2n+1, 31’ 4n+1’ 51’ ]_nJrl7 21, 3n+1, 41’ 5n+1)(127 3n, 52’ 7n’ 92’ 1n7 32, 5n, 72,
9n)(22’ 4717 627 8”, 102’ 2n7 427 6”, 82, 10n)(13’ 3n717 537 7n717 937 lnfl’ 337 5n71’ 737
971—1)(237 471—1’ 637 871—17 1037 271—1’ 437 671—17 83, 10n—1) . (1(n+1)/2, 3(71-&—3)/27
5(n+1)/2’ 7(n+3)/2, 9(71—4—1)/27 1(n+3)/2’ 3(n+1)/2, 5(71—4—3)/27 7(n+1)/2’ 9(n+3)/2)(2(n+1)/2,
4(n+3)/2’ 6(n+1)/2’ 8(71%»3)/27 10(n+1)/27 2(n+3)/2’ 4(n+1)/2, 6(n+3)/27 8(n+1)/2’ 10(n+3)/2)’

)
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2:(11’3n+1751’2n+174171n+173175n+1721’4n+1)(1275n’92’3n77271n752’9n732’
7n)(227 6", 102,4'”, 827 2n’ 627 10n, 427 8")(13, 5n—1’ 937 3n—1’ 737 1n—17 53’ 9n—1’ 337
n— 1)(23 6n—1 103 gn—1 83 on—1 63 1071 43 8{n— 1) (1(n+1)/2 5(n+3)/2
9(n+1)/2’3(n+3)/2 7(n+1)/2 (n+3)/2 5(n+1)/2 9(n+3)/2 3(n+1)/2 7(n+3)/2)(2(n+1)/2
6(n+3)/2 10(n+1)/2 4(n+3)/2 8(n+1)/2 2(n+3)/2 6(n+1)/2 10(n+3)/2 (n+1)/2’8(n+3)/2)

3:(117 4n+1) 217 57),-&-1’ 31’ 1n+17 417 2n+1’ 517 371,—‘,—1)(127 7n, 32, 9n’ 52’ 1n7 727 3n, 927
5n)(22’ 8", 427 10n’ 62, 2717 827 477,7 102’ 6")(13, 7n—1’ 337 9n—1’ 537 1n—1’ 73’ 3n—1’ 93’
57171)(237 8n71’ 437 10n717 637 anl’ 837 4n71’ 1037 6n71) . (1(n+1)/2, 7(n+3)/27
3(n+1)/27 9(n+3)/2’ 5(n+1)/2’ ]_(TLJrB)/Q7 7(n+1)/2’ 3(n+3)/2’ 9(n+1)/27 5(n+3)/2)(2(n+1)/2’
Rn+8)/2 4(nt1)/2 1(nt8)/2 G(n+1)/2 9(n+8)/2 g(nt1)/2 4(n+8)/2 10(n+1)/2 6(nt3)/2)

o 4:(117 5n+1, 41’ 3n+1’ 217 1n+17 517 4n+1, 31’ 2n+1)(127 9n7 72, 571’ 327 ln7 927 7n, 52’
3n)(22’ 10n, 82, 6”, 42’ 2n7 102, 8”, 62, 4n)(13, 9'(1717 737 5n71’ 337 1n71’ 93’ 7n71’ 53’
3n—1)(23’ ]_On—l7 83, 671—17 43’ 271—17 103, 871—17 63, 4n—1) .. (1(n+1)/2’ 9(71-5-3)/27
7(n+1)/2’ 5(n+3)/2, 3(n-§—1)/27 1(n+3)/2’ 9(n+1)/2, 7(n-‘,—3)/27 5(n+1)/2’ 3(n+3)/2)(2(n+1)/2,
10(71,—‘,—3)/27 8(71,—}-1)/2’ 6(n+3)/27 4(71,—4—1)/27 2(71,—}-3)/2’ 10(n+1)/2’ 8(n+3)/2, 6(71,—4—1)/27 4(n+3)/2).

So, the fullerene Cigy, (n is odd) has 2% x 2+ 1 = n orbits which each of them
has 10 vertices, see Table 5.

Vertex Members of orbit
11 11 21 31 41 51 1n+1 2n+1 3n+1 4n+1 57z+1
12 12,32752772,92,ln’3n’5n77n’9n
2 2%,4%,6%,8%,10%,2",4",6",8",10"

1(n+1) 2 1(n+1) 2,3(n+1) 275(n+1) 2’7(n+1) 2,9(n+1) 27
1(n+3)/2’ 3(n+3)/2, 5(n+3)/27 7(n+3)/2’ g(n+3)/2
2(n+1) 2 2(n+1) 2’4(n+1) 2’6(n+1) 278(n+1) 2’ lo(n—i—l) 2’
2(n+3)/27 4(n+3)/2’ 6(n+3)/27 8(n+3)/27 10(n+3)/2

Table 5. Members of orbits of Cyg,, n is odd.

The values of n(u), n(v) and equidistant vertices in Table 6 can be obtained by
a similar argument. Hence, we have the following theorem.

Theorem 2.5. Consider the fullerene graph Ciop (n is odd), then there are n+1

orbits under the action of automorphism group on the set of edges. They are O(e}),
O(e"), 0(e3), O(?), -+, 0(e*~V/2), O(e" ™7?) and O(e+1/2).

Theorem 2.6. Consider the fullerene graph Cio, wheren is odd andn > 9. Then

Mo(C1op) = T5n* — 100n 4 4005.
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Fic. 2.4: Cion, n is odd.

Type of edge n(u), n(v), equidistant Number

el 12,12,10n-24 10
el 9,10n-21,12 10
e 18,10n-20,2 20
2 15,10n-15,0 10
e 24,20n-26,2 20
e3 25,10n-25,0 10
el 32,10n-33,1 20
et 35,10n-35,0 10
e 40,10n-41,1 20
o 45,10n-45,0 20
ef 50,107-50,0 20
b 55,101-55,0 10
/2 5n-15,5n+15,0 20
e(n=1)/2 5n-10,5n+10,0 10
P72 5n-5,51+5,0 20
e(nt1)/2 5n,5n,0 5

Table 6. The values of n(e), n(v) and equidistant vertices, where n > 7.

The exceptional cases are given in Table 7. Also, their Mostar indices are given
in Table 8.
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Type of edge Csg Cso Cro
e% 10 10 10 12 12 26 12 12 46
el 9 13 8 9 29 12 9 49 12
e? 12 14 4 17 30 3 18 50 2
e? 15 15 0 15 35 0 15 55 0
e3 — - - 21 26 3 24 44 2
e3 - - - 25 25 0 25 45 0
et - - - - - - 31 37 2
el - - - - - - 3 3 0

Table 7. Exception of n(u), n(v), equidistant vertices.

n 3 5 7
Mo(Ci0,) 80 760 2160

Table 8. Special cases of Mostar index of fullerene Cg,,.
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Abstract. In this paper, we have studied the tangent bundle endowed with quarter-
symmetric non-metric connection obtained by vertical and complete lifts of a quarter-
symmetric non-metric connection on the base manifold and, also, proposed the study of
the tangent bundle of an almost Hermitian manifold and an almost Kaehler manifold.
Finally, we obtained some theorems for Nijenhuis tensor on the tangent bundle of an
almost Hermitian manifold and an almost Kaehler manifold.

Keywords: Almost Hermitian manifold, almost Kaehler manifold, vertical lift, com-
plete lift, Nijenhuis tensor.

1. Introduction

The idea of quarter-symmetric linear connections in differentiable manifold was
introduced by Golab [4] in 1975. A linear connection is said to be a quarter-

symmetric connection if its torsion tensor T is of the for

T(X,Y) = u(Y)pX — u(X)pY

where u is 1-form and ¢ is a tensor of type (1, 1). Agashe and Chafle [1] studied a
semi-symmetric non-metric connection on a Riemannian manifold in 1992. In 2007,
the author [7] defined and studied a quarter-symmetric semi-metric connection on
Sasakian manifold. In 2008, Chaturvedi and Pandey [2] studied Kaehler manifold
equipped with a semi-symmetric non-metric connection.

The method of lift has an important role in modern differential geometry. With
the lift function, it is possible to generalize to differentiable structures on any man-
ifold to its extensions. The complete, vertical and horizontal lifts of tensor fields
and connections on any manifold M to the tangent manifold T'M were obtained
by Yano and Ishihara [13] in 1973. In 1969, Tani [11] developed the theory of
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hypersurfaces prolonged to tangent bundle with respect to complete lift of metric
tensor of Riemannian manifold. In 2005, Das and the author [3] obtained almost
product structure by means of the complete, vertical and horizontal lifts of almost
r-contact structures on the tangent bundle. The author [8] studied the lifts of hy-
persurfaces with quarter-symmetric semi-metric connection to the tangent bundles
and obtained an important result (Theorem3 in [8]). We have used similar method
in section 3 of this paper. Among some other authors who studied the differential
geometry of the tangent bundle are the following [6, 9, 12, 14].

The paper is structured as follows. In Section 2, we will recall an almost Hermi-
tian manifold, Quarter symmetric non-metric connection, Tangent bundle, Induced
metric and connection. We will consider, in Section 3, the tangent bundle endowed
with quarter-symmetric non-metric connection obtained by vertical and complete
lifts of a quarter-symmetric non-metric connection on the base manifold and pro-
pose to study the tangent bundle of an almost Hermitian manifold and an almost
Kaehler manifold. In Section 4, we will obtain some theorems for Nijenhuis tensor
on tangent bundle of an almost Hermitian manifold and an almost Kaehler mani-
fold. In the last Section, we will construct an example of a four dimensional almost
Hermitian manifold on tangent bundle.

2. Preliminaries

2.1. An almost Hermitian manifold

A tensor field F' of type (1,1) on an even dimensional differentiable manifold
M, n = 2m such that o X
(2.1) X +X=0.

If non-singular Hermitian metric of type (0,2) satisfies
(2.2) G(FX,FY) = §(X,Y)
for arbitrary vector fields X , 377 then (M, 13: ,§) is called an almost Hermitian man-

ifold with an almost Hermitian structure (F', ). Let V be the Riemannian connec-
tion on M, then M is said to be a Kaehler manifold [2] if

(2.3) (Vi EF)Y =0.

2.2. Quarter-symmetric non-metric connection
A linear connection V on M is defined as

(2.4) ViV =ViV +0(V)FX,

for arbitrary vector fields X , Y, 1-form & and V denotes Riemannian connection on
M.

The torsion tensor T is given by
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T(X7Y) = WXY +v}>X — [X7)>]

The connection V is symmetric if its torsion tensor vanishes, otherwise, it is non-
symmetric. If there is a metric § in M such that V§ = 0, then the connection V is
a metric connection; otherwise it is non-metric [5].

A linear connection V is said to be a quarter-symmetric linear connection if its
torsion connection T is of the form

(2.5) T(X,Y)=0(Y)FX - o(X)FY
and
(2.6) (Vi) (X, V) = —o(YV)g(FX, Z) — &(2)§(FX,Y).

The connection V satisfying (2.4), (2.5) and(2.6) is called quarter-symmetric
non-metric connection [7].

2.3. Tangent Bundle
Let T,(M) be the tangent space of differentiable manifold M at a point of M,
then the set T(M) = UpemT,p(M) is called the tangent bundle over the manifold
M. For any point p of T(M), the correspondence p — p determines the bundle
projection 7 : T(M) — M. Thus n(p) = p, where w : T(M) — M defines the
bundle projection of T(M) over M. The set 7~ 1(p) is called the fibre over p € M
and M the base space [3, 13].

Vertical lifts: If f is a function in M, we write f" for the function in T'(M)
obtained by forming the composition of 7 : T(M) — M and f : M — M, so that
fV = fom. Thus, if a point p € 7~ 1(U) has induced coordinates (z",y"), then
V() = f¥(x,y) = for(p) = f(p) = f(x) thus the value of " (p) is constant along
each fibre T,(M) and equal to the value f(p). We call fV the vertical lift of the
function f.

Complete lifts: If f is a function in M, we write f¢ for the function in T'(M)
defined by f¢ = i(df) and call f¢ the complete lift of the function f. The complete
lift f¢ of a function f has the local expression f€ = y'0;f = Of with respect to
the induced coordinates in T'(M), where df denotes y'0; f.

_ Suppose that X € Im}(M). We define a vector field X% in T(M) by XC fC =
(X )Y, f being an arbitrary function in M and call X¢ the complete lift of call X
in T(M).

Suppose that w € Im¢ (M). Then a 1-form & in T(M) defined by & (XC) =
(W(X))Y, X being an arbitrary vector field in M. We call & the complete lift of
@. Moreover, these lifts have the following properties [8]:
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where XV, oV, av, TV and Xc, W%, g%, T are vertical and complete lifts of X, w, g, T
respectively.

2.4. Induced metric and connection on 7'(S5)

Let S be a manifold of (n — 1)-dimension immersed in M by the immersion
7:8 — M. Let us denote the differentiable mapping d7 of the immersion 7 of B
is a mapping from T'S into T'M, which is called tangent map of 7 where T'(S) and
T(M) are the tangent bundles of S into M respectively. The tangent map of B is
denoted by B : T(T(S)) — T(T(M)).

Let ¢ be the Riemannian metric in M. The complete lift g of g in T(M). If
we denote by g the induced metric on T(S) from §¢ then we have g(X©, V%) =
§°(BXC,BYO) for X,Y € Im}(S). The complete lift VE of V to T(M) have the
property @%O}}C = (@X}})C ; @?(C?V = (@XY)VAfor X,Y € Im}(M), V being
Riemannian connection of T'(M) with respect to g, V¢ is Riemannian connection
of T(M) with respect to §°[14]. Similarly, the complete lift VC of the induce con-

nection V on (S, g) is also the Riemannian connection in (T'(M), g).
Yano and Ishihara [13] proved the following theorem:

THEOREM 2.1. If T is torsion tensor of VC in (M,§), then T is torsion
tensor of V€ in (T(M), ).
In [11], using (3.10) we have
@V (BXY) = &"(BX)? = h(@" (X)) = h(@(X)" = @(BX)"
@9(BXY) = a%(BX) = W&?(X9)) = h(@(X)) = (@(BX))°
for arbitrary vector fields X,Y in S. Here, we denote the operation of restriction

to ﬂ';i (7(S)) by h and the vertical and complete lift operations on 7/ (7(S)) by V
and C' respectively.

3. Tangent bundle endowed with quarter-symmetric non-metric
connection on an almost Hermitian manifold

Let M be an almost Hermitian manifold and T'(M) be its tangent bundle. The
complete lift of the F' and § are F© and §¢ satisfying

(3.1) (FC2X + X =0.



Tangent bundle endowed with quarter-symmetric non-metric connection 171
(32) §C(FX)C, (FY)Y) = g9(BXY, BY )

An almost Hermitian manifold M is called
a Kaehler manifold if

(3.3) (V&

¢ «BFO)(BY® Bz%) =0

a Nearly Kaehler manifold if

(3.4) (V&

¢ oBF)(BY® Bz = (VS,.BF°)(BZ°,BX°),

an almost Kaehler manifold if
BFC)(BY®,Bz%) + (VS .BF°)(BZ°, BX®)
+(VS,.BFY)(BXY BY®) =0,

(3.5) (V&

BX¢C

a Quasi-Kaehler manifold if

(3.6) (vg(FX)CBFC)(E(FY)C,EZC) + (V. BFC)(BY®,BZ%) =0

for arbitrary vector fields X,Y, Z and where VC is the Riemannian connection of
T(M).

If we define
(3.7) 'FC(BX®,BY°) = 3°(B(FX)®,B(FY)©)

taking the complete lift on the both sides of the equation (2.4) we get,

(VexBY)C = (V5,BY)? + (0(BX)(BFY))®

38V 5y BYC = V5, BYC +0%BY)BFX)V) + oV (BYY)(B(FX)®)
Now,
VixeBYC —Viye BXC - [x9,Y9] = V¢, . BY¢
+ ”C(BYC)(B(FX)V) oV (BYV)(B(FX))

— V§yeBXC -0 BXY)(B(FY)")
(X, Y.

— OY(BXY)(B(FY)?) -
Using the theorem 2.1, we get

3.9) TC(BXC,BY®) = &°(
C
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and

(310)  (Vixe)BYC,BZ%) = (@(BY))°(@(B(FX),BZ))"
+ (cﬁ(%Y))V(ﬁ(%(FX)LEZ))C
+ (@(B2))°(4(B(Y), B(FX)))"
+ (@(B2))Y(9(B(Y), B(FX)))“

The equation (3.8) can be written as

(3.11) VigxeBYC =V, cBYY + H(X,Y),

where

(3.12) H(X,Y)=a%BY®)(B(FX)")+o"(BYY)(B(FX)%).

If we define

(3.13) 'H(X,Y,Z) = ¢ (H(X,Y),BZ°)

then in the view of (3.12),(3.13) becomes

(3.14) 'H(X,Y,Z) = (&(BY))°G(B(FX),Bz))v

+ (@(BY)(9(B(FX),BZ))"

Theorem 3.1. If an almost Hermitian manifold M admits a quarter symmet-

. . . =C . . . . o .
ric non-metric connection V' with respect to the Riemannian connection VC in
(T(M),§%), then the necessary and sufficient condition for an almost Hermitian

manifold to be a Hermitian manifold is that metric connection (@% " CEF )(BY?)
: g : c c\(B c C\(ByC
is hybrid in both slots, i.e. (VB(FX BFC)(B(FY)° (VBchF )(BY“).

Proof. Covariant derivative of (FY)¢ with respect to the connection v gives
¢ BEFC\(BYC ol BYyC)—_v<. B c
(Ve BFO)(BY) + FO(V e BYC) = Ve B(FY)

In consequence of (3.1) and (3.8), the last expression becomes

(3.15) (Vaye BFC)(BYC) = (V BFC)(BYC)+ ¢(BY°)BxV
V)BXC + 4% (B(FY)°)(B(FX)")

B(FY)")(B(FX)).

vC

BX
oY(BY
w" (B

+
+
Replacing X by FX and Y by FY in (3.15) and using (3.1), we get

(316)  (VEpx)e BFO)(BFY)®) = (VS pxye BFO)NB(FY))
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+ + + +

Subtracting (3.15) from (3.16), we have

(3.17)

A necessary and sufficient condition for an almost Hermitian manifold to be a

(V5rx)e BFO)(BFY)C)

Hermitian manifold is

(3.18)

&C
(VE(FX)C

BFC)(B(FY)®) = (V&

— (VeyeBFC)(BYC)
(vC BFC)(E(FY)C)

_ (VC

BXcBFC)(BYC).

¢ oBF)(BY©).

In view of (3.17) and (3.18), we obtain the statement of the theorem.

Theorem 3.2. An almost Hermitian manifold M admits a quarter-symmetric

. .o =0 . . . . &0
non-metric connection V' with respect to the Riemannian connection V< in (T'(M)

173

is an almost Kaehler manifold if and only if 'F€ is closed with respect to the con-

. =C
nection V .

Proof. We have

then

XC(F¢(BY®,BZ%))

(VS xeB'FC)(BYC, BZC)

—'FO (V% e BYC
~ 70 ~ A
—'FC(BY®,VixeBYY = V&

= V%o B'FC(BYC, BZC)
+FC (VS e BYC, BZC)
+FC(BYC V% e BZO)
= V< BFC(BY, B2C)
+FC(VC BYC, BZ°)
+FC(BYC VS, BZC),
=V< .BFC(BY,B2C)

= C nyvC np7C
- V¢, BYY BZ°)

In consequence of (3.1), (3.2),(3.8), the last expression becomes

(3.19) (VayeB'FCO)(BYC,BZC)

C prpCrpyvC p7C
=V¢ B'FO(BYY,BZ°)

BZ©).

~C

g

)
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&% (BY)3°(B(X)V, B(2)°)

+®V( YV)5€(B(X)C, B(2)°)
&% (BZ%)§°(B(FY)°, B(FX)V)
WV (BZV)§C (B(FY)C, B(FX)C)

Taking the cycle sum of (3.19) in X, Y, Z, we get
(320)  (ViyeB'FO)BYC,BZS) +(VayeB'FO)BZC, BXC)
(VS ,e B'FO)(BXC, BY )
_C  BIRC(BYC BpC
= V¢ B FC(BYC, BZC)
5C ppC(R7C BxC
+V¢, B'FC(BZ°, BXC)
5C BEC(ByC ByC
+V¢  B'FC(BXC, BYC).
In consequence of (3.5) and (3.20), we see that 'F¢ is closed with respect to the
connection V. Converse part is obvious from (3.20).

4. Theorems on Nijenhuis Tensor with M admits a quarter symmetric
=C
non-metric connection V
Theorem 4.1. An almost Hermitian manifold M admits a quarter-symmetric
. . =0 . . . . 2. ~
non-metric connection V' with respect to the Riemannian connection V¢ in (T'(M), §¢)
o . o =C o
then the Nijenhuis Tensor of V¢ and V' coincide.

Proof. From (3.15), we have

(41) (VS BFO)(BY®) = (VixeBFO)(BYY)-a%(BY)BXY
— oY(BYY)BX® - o%(B(FY)°)(B(FX)")
- @V (B(FY)V)(B(FX)?).

Replacing X by FX in (4.1) and using (3.1), we find
—C ~ ~
(4.2) (V§ oy BEC)BYC) = (V(px)e BF)(BY)
C(BY®)B(FX)"
— Y(BYV)B(FX)® + 0% (B(FY)°)(BX")
Y(B(FY)V)(BXC).
Interchanging X and Y in (4.2), we get
—C ~ ~
(4.3) (VG pyye BFO)BXY) = (Vi(py)e BFY)(BXC)
— OY%BXYB(FY)
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— &Y(BXY)B(FY) + 0% (B(FX)°)(BY")

+ @Y (BFX))BYC).

Operating F¢ on whole equation of (4.1) and using (3.1), we get

(4.4) FO(VE BFO)(BY®) = FO(V5yeBFO)(B(FY)?)

- o9BYBFX) —oV(BYY)B(FX)°
+ %
+ @Y
Interchanging X and Y in (4.2), we obtain

(4.5) FC (V&

€ eBFO)(BX®) = F°(NVpycBF)(B(FX)°)

_ @C(
+ W%BFX)C)(BYY
+ oY
The Nijenhuis Tensor in an almost Hermitian manifold is given by
(4.6) N(X9 YY) = (Vppx)eBFY)BY® — (Vjpy)eBFC)BX®
— BFC(VayeBFC)BYC + BFC(Vayc BFC)BXC.
In view of (4.2), (4.3), (4.4), (4.5) and (4.6)
(4.7) N(X° Y% = (@%(FX)CBFC)BYC - (@%(Fy)cBFC)BXC
— BF°(V$,.BFY)BY® + BFC(V% .BFY)BX¢

is Nijenhuis tensor of connection V.

N(X°, YY) = N(X°,Y9),

where
\J C C _ =C R CY\ Ry C =C RC\RvC
N(X YY) = (Vo BFO)BYS = (V§ py)o BFY)BX
BFY(V$, .BFY)BY® + BFY(V$, . BF°)BX®.

Corollary 4.2. An almost Hermitian manifold M admits a quarter-symmetric
. . =0 . . . . oo o
non-metric connection V'~ with respect to the Riemannian connection V< in (T'M, ¢

to be a Hermitian manifold if the Nijenhuis tensor of connection V' vanishes, i.e.
N(XC,Y%).
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Corollary 4.3. On a Kaehler manifold, Nijenhuis tensor with respect to the
. . . =C . . &
quarter-symmetric non-metric connection V' vanishes, i.e. N(X¢, V).

Theorem 4.4. On a Kaehler manifold, Nijenhuis tensor with respect to the
. . . =0 . . .
quarter-symmetric non-metric connection V  satisfies the following relations:

—C ~ ~ ~ ~ ~ . —C ~ ~
(a)(Vg(FX)cBFC)(B(FY)C = (VgchFC)(BYC) ie. (VixeBFY)(BYY)
is hybrid in both slots.

(4.8) (1) (Vs xe BFC)(BYC) = 0 & ¢ (BYC) = 0,0 (BYC) = 0.

Proof. In view of (3.3), (3.15) becomes

(4.9) (VS BFO)BYC®) = o°BYC)BXY +&V (BYY)BXC
+ @BFY))BFX)Y)
+ @V(B(FY)")(B(FX))

Substituting FX in place of X and FY in the place of Y in (3.15) and using (3.15),
we can find

(4.10) (V5rxe BFO(B(FY)®) = oC(B(FY
(BY®)(B

)
+ (BX
(B(FY)V) B(FX)©
(BYY)(B

c
+ oY
LoV
in consequence of (4.9) and (4.10), we can find (4.8).
Again, if (v%(Fx)CEFC)(E(FY)C) =0, then (4.9) gives
o (B(FY)Y)B(FX)Y +aV(B(FY)V)B(FX)C +&C°(BYC)(BXV)
+0V(BYV)(BXC) = 0.

If X and FX are linearly independent, hence

&% (BY?) =0,0¢(BYC) =0,

which proves the first part of the statement. The converse part is obvious.
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5. Example

Let V4 be a real vector space with a chosen basis {e1, e, €3, e4}. Let £ denote the
Lie algebra. Let G be a real connected four-dimensional Lie group and constructed
with left-invariant an almost Hermitian structure F€ by

(5.1) Fcel = —€s3, Fceg = —€y4, Fceg, = €1, FC€4 = —e€9,
Define a left invariant non-singular Hermitian metric g in G by

(5.2) §%e1,e1) = 3%(e2,e2) = G (e3,€3) = % (e, €4) = 1,
9% (eivej) =0,i #j,i,j =1,2,3,4.

Thus, in consequence of (3.1), (3.2), (5.1), (5.2),
{G, ¢,&,m", g} is an almost Hermitian manifold on a tangent bundle.
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Abstract. In the present paper, by making use of previous results on analytic functions,
certain geometric properties including starlikeness of order o and convexity of order o of
a normalized hyper-Bessel function have been investigated. In addition, some conditions
of the mentioned function which belongs to the Hardy space have been given. Moreover,
specific examples of the results which refer to special values of the parameters have also
been presented.

Keywords: analytic function, hyper-Bessel function, starlikeness of order «, convexity
of order o, Hardy space.

1. Introduction

Special functions have a great importance in applied sciences. Due to their
remarkable properties, a great number of mathematicians have investigated the ge-
ometric properties of special functions like Bessel, Struve and Lommel functions of
the first kind. Especially, these geometric properties include univalence, starlikeness
and convexity of the above mentioned functions. Actually, the first results on the
univalence of Bessel function can be found in the papers [9] and [13] written by
Brown and, Kreyszig and Todd in 1960, respectively. In recent years, the geometric
properties of some special functions have become very interesting to mathemati-
cians. More precisely, the authors in [3, 4, 5, 6] began to study the geometric
properties of the above mentioned special functions and their generalizations. Also,
the authors in [7, 14] studied Hardy space of generalized Bessel and hypergeometric
functions, respectively. Especially, Bessel function has some extensions like g-Bessel
and hyper-Bessel functions. Some geometric properties of these extensions may be
found in [1, 2, 3] and the references therein.

Now, we would like to remind you about the definitions of the Bessel and hyper-
Bessel functions, respectively. Bessel function is defined by the following infinite
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179



180 I. Aktag

series (see [16]):

(11) JV(Z) = Z nl]_"((_l)n (§>2n+u’z cC

= v+n+1)

where I'(z) denotes the familiar gamma function. Similarly, the hyper-Bessel func-
tion is defined by (see [10]):

n(d+1)+>2E ) v

-V (@)
(1.2) J”d(z)_n%:o W IIL T (v +n+1)

It is clear that, the hyper-Bessel function is reduced to the classical Bessel function
given by (1.1) for d = 1 and 73 = v. Due to this relationship, the earlier studies on
the classical Bessel function can be extended to the hyper-Bessel function. Moti-
vated by some earlier works, our main aim in this study is to obtain new conditions
on the starlikeness and convexity of the hyper-Bessel functions. Also, we will deal
with the Hardy space of the hyper-Bessel function.

2. Starlikeness and convexity of hyper-Bessel function

In the beginning of this section, we are going to mention some basic notions in
geometric function theory. Let D, be the open disk {z € C : |z| < r} with radius
r >0 and D; = D. Let A denote the class of analytic functions f : D, — C,

(2.1) fz)=2z+ Z anz",

n>2

which satisfies the normalization conditions f(0) = f/(0) — 1 = 0. By S we mean
the class of functions belonging to A which are univalent in I,.. Also, for 0 < a < 1,
by §*(«) and C(«) we will denote the subclasses of A consisting of functions which
are starlike and convex of order «, respectively. The analytic characterizations of
these subclasses are

S*(a) = {f:feAand Re (zf’(z)) >af0rz€]D}

f(2)
and ,
Cla) = {f : f € Aand Re <1+ Z}f,(z)> > a for z EID)},
respectively.

The following results on analytic functions given by Silverman in [15] will be
used in order to prove our main results.
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Lemma 2.1. Let fis of the form (2.1). If

oo

(2.2) Z (n—a)la,| <1—q,

n=2

then f € S*(a).

Lemma 2.2. Let fis of the form (2.1). If

oo

(2.3) Zn(n—a) lan] <1 —a,

n=2

then f € C(a).

Before revealing our main results concerning starlikeness and convexity of the
hyper-Bessel function, we will apply the following natural normalization for the
function z — J,,(z) given by (1.2):

d

1= F '7i+1 1
(2.4) ) = M=, s

(d+\l/;) i=1 Vi

d+1

= Z+Z (=" 2",

—117d
n>2 (=1l o (i + 1),

where p = (d + 1)+ and (B), is the Pochhammer symbol which is defined by
(8o =1and (B), = B(B+1)...(84+n—1) for n > 1. As a consequence, the
function z — F,, € A.

Our first main result regarding starlikeness of order « of the function F,,(z) is
the following:

Theorem 2.1. Let o € [0,1), d=1,2,..., p = (d+ 1)**" and p = Hle (vi +1).

If
4p%1% — 12pp + 3

= Ap*p? —8pp+37

then the normalized hyper-Bessel function F,,(z) is starlike of order o in D.

Proof. 1t is known from Lemma 2.1 that, if the function f € A satisfies the
inequality (2.2), then the function f is starlike of order . Because of this, in order
to prove starlikeness of order « of the function F,,(z), it is enough to show that

S (n—a) () <l-a
n>2 (n— 1)l T, (v + 1),y

for « € [0,1). Now using the well-known inequalities

(2.5) 2"2 < (p—1)!
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and
(2.6) (B)n < (B)"

for n > 2, we can write that

Z(n_a) (_1)71—1
= (n— D I, (v + 1),

_ Z:Q (n—a)

_ d
(=" i, (i + 1), 4

IA

[N
]
AS
5

n>2 n>2
Considering the known series sums
_ t _ t(2—1)
Zt" = and Znt" l=
— )2
= 1—1¢ = (1—-1¢)
for |t| < 1 in the last step, we have
—1)nt dpp(2 — 2(a—1
S0 1y SRR ORGP
n>2 (=D iy (i + 1), (2pp—1)
for ﬁ‘ < 1 and

4p% % — 12pp + 3
T 4pPp® —8pu+3 -
So, the proof is completed. [J

By setting d = 1 and y; = v in the Theorem 2.1, we have the following:

Corollary 2.1. Leta€[0,1). If

o< 6402 + 80v + 19
= 642 4 96v + 35’

then the function z v F,(z) = 2V21 =37 (v + 1)J,(\/2) is starlike of order a.

It is well-known from [8, p.13-14] that the basic trigonometric functions can
be represented by the classical Bessel function J,, for the appropriate values of the

parameter v. Clearly, for v = —%7 v = % and v = %, respectively, we have the
following:
2 2 2 (i
J_1(z) =4/ —cosz,Ji(z) =1/ —sinz and Js(2) =/ — (sz —cosz> .
2 TZ 2 TZ 2 TZ z
Now, taking v = % and v = % in Corollary 2.1 we have the following examples

on the elemantary trigonometric functions.



Certain Geometric Properties of hyper-Bessel Function

Example 2.1.

a. If @ < an =0.75, then the function F (2) =

183

The following assertions are true for z € D:

Vzsiny/z is in §*(a).

b. If o < ap 2 0.88, then the function Fs (2) =3 (% — cos \/E) is in S*().

Our second main result concerning convexity of order « of the function F,,(2)

is the following;:

Theorem 2.2. Let a € [0,1), d=1,2,..., p= (d+ 1)"" andp = Héi:l (v+1). If

3
< Rop—1)" —8p%p

2 4+ 12pp — 2

T (2o — 1)° — 16922 + 12pp — 2

then the normalized hyper-Bessel function F.,,

(2) is convex of order v in D.

Proof. By using the Lemma 2.2, it is possible to show that the function F,,(z)
is convex of order c. For this reason, we need to show that the function F,,(z)
satisfies the inequality (2.3). That is, it is sufficient to prove that

(~1)"

Zn(nfa)

n>2

(n—

1174
Dpn = oy (i +1),

<1l-—a.

By making use of the known inequalities (2.5) and (2.6), we can write that

(1!
(n— D)o T, (i + 1),y

Zn(n—a)

n>2

If we consider the known series sums

e = 1220

(
= (1-1)2

n>2

for |t| < 1 in the above last inequality, we get

(~1)"

and Z nnl =

n(n—a)
(n =" I, (v + 1),y

n(n—a)
(o)

D

n>2

2>

n>2

22112

n>2

IN

(2pp)"

( 1 )nl )
— — 2a
2pp

t(t? — 3t + 4)
(1—1t)®

D

n>2

< 8p2(1 = 20) +2(6pp — 1) — 1)

Zn(n—a)

n>2

1 11d
(n—Dlp" sy (i +1),4

1 3
for ‘2/)#‘ < 1. Since

8p°p* (1 — 2a) +2(6pp — 1)(a — 1)

(2pp —1)3

(2pp —1)3

<1l-«o
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under asumption, the proof is thus completed. []
By setting d = 1 and ; = v in the Theorem 2.2, we have the following:
Corollary 2.2. Leta € [0,1). If

51203 + 121612 + 968y + 261
[0
= 51203 + 108812 + 7T12v + 133’

then the function z v+ F,(z) = 2V21 73T (v + 1)J,(/Z) is convex of order a.

3. Hardy space of hyper-Bessel function

Let H denote the set of all analytic (holomorphic, regular) functions on the open
unit disk D. For any 7 € (0, oc], any function f € H and any r € [0, 1) set

1
27 i n n .
M,(r, f) = (%fo ‘f(ree)| d@) , f0<n<o
max\z|§r |f(2’)| ) if = o0.
By definition, the function f € H is said to belong to the Hardy space H", where
0 < n < oo, if the set {M,(r,f) : r € [0,1)} is bounded. Note that for 1 <
n < oo, H" is a Banach space with the norm defined by Han = lim, ;- M, (r, ).

Furthermore, H>° is the class of bounded analytic functions in . We note that for
0 < p < q<o0,it can be shown that H? is a subset of HP (see[11]).

The following lemma due to Eenigenburg and Keogh [12] will be used in order
derive our last main result.

Lemma 3.1. Let a € [0,1). If the function f € C(a) is not of the form

{f(z):k+lz(1—zei9)2a1, a# }
f(2) =k+llog (1 — ze"?), o=3.

for some k,l € C and 6 € R, then the following statements hold:

=

a. There exist 6 = §(f) > 0 such that ' € ot

b. Ifa € [0,3), then there exist T = 7(f) > 0 such that f € HTH T
c. Ifa> %, then f € H™®.

Our main result concerning the Hardy space of the normalized hyper-Bessel function
F,,(z) is as follows.

Theorem 3.1. Let o € [0,1), d=1,2,..., p = (d+ 1)*"" and p = H?:1 (vi+1).
If

< Con— 1)° — 8p*u® + 12pp — 2

T (2o —1)° — 16922 + 12pp — 2

then the normalized hyper-Bessel function F,(z) has the following properties:




Certain Geometric Properties of hyper-Bessel Function 185
i. Fy,(2) € HT% fora € [0,%),
ii. F,(2) € H™® fora € (3,1).
Proof. Gauss hypergeometric function is defined by
(3.1) 2Fi(a,b,cz) =y

n>0

By using the definetion of the Gauss hypergeometric function given by (3.1), it is
easily shown that

l .
b e = kAL (- 20), 15)

1—-2a),
k+lz( n'a) 6z9n2n+1

n>0

for k,l € C,a # % and 6 € R. On the other hand, it can be easily shown that

E+1llog(1—ze) = k—lzF(1,1,2;z¢")
1.

= k-1 — it
nz>0n+1

As a result, the function F,(z) given by (2.4) is not of the forms k + mmliz

i0)1—2a
for a # % and k + [log (1 — ze®?) for a = %, respectively. Also, it is known from
Theorem 2.2 that, the function F,,(z) is convex of order . Hence, by Lemma 3.1
the proof is completed. [

By setting d = 1 and 3 = v in the Theorem 3.1, we have the following:

Corollary 3.1. Leta€[0,1). If

51203 + 121612 + 968y + 261
(07
= 51203 + 108812 + T12v + 133’

then the function z «— F,, has the following properties:
i. F,(2) € Wz fora € 0,3),

ii. F,(2) € H™ fora e (3,1).
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Abstract. In this study, we attend to the curves whose position vectors are written
as a linear combination of their Serret-Frenet vectors in Minkowski 4-space Ei. We
characterize such curves with regard to their curvatures. Further, we get certain con-
sequences of T-constant and N-constant types of curves in E{.

Keywords: Constant ratio curves, T-constant curves, N-constant curves, Minkowski
space.

1. Introduction

The term rectifying curves is presented by B.Y. Chen in [7]. Afterwards, Chen
and Dillen gave the connection between these curves and centrodes that have a place
in mechanics and kinematics as well as in differential geometry [10]. The rectifying
curves in the Minkowski 3-space E$ were investigated in [12, 16, 17]. For a regular
curve z : I C R — Ef given with the arclength parameter, the hyperplanes spanned
by {T, Ny, N3} and {T, Na, N3} are known as the first osculating hyperplane and the
second osculating hyperplane, respectively. If z lies on its first (second) osculating
hyperplane, then z(s) is called as an osculating curve of first (second) kind. In
[1], the authors considered the rectifying curves in Minkowski 4-space E}. They
characterized the rectifying curves with the equation

z(s) = A(s)T(s) + p(s) Na(s) + v(s)N3(s)

for given differentiable functions A(s), u(s) and v(s). Actually, these curves are
osculating curves of a second kind. The rectifying curves in E] are studied by the
authors in [18, 19].

The notion of constant ratio curves in Minkowski spaces is given by B. Y. Chen
in [9]. In the same paper, the author gave the necessary and sufficient conditions,
a2 = 0 or the ratio ||z7|| : [lz| is constant, for curves to become constant ratio.
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Moreover, in [8], the same author introduces T'-constant and N-constant types of
curves. If the norm of the tangential component (normal component) is constant,
the curve is called as T-constant (N-constant). Also, if this norm is equal to zero,
then the curve is a T-constant (N-constant) curve of first kind, otherwise second
kind [15]. Recently, the authors have studied the mentioned curves in some spaces
in [2, 3, 4, 5, 6, 15, 20, 21, 22, 28, 29, 30, 31].

In this study, we deal with spacelike curves with spacelike principal normal in
E with respect to the their Frenet frame {T, N1, Na, N3}. Since {T, N1, No, N3} is
an orthonormal basis in E{, we write the position vector of the curve as

(1.1) x(s) = mo(s)T(s) + m1(s)N1(s) + ma(s)Na(s) + ms(s)N3(s),

for some differentiable functions m;(s), ¢ = 0,1,2,3. We classify osculating curves
of the first and the second kind with regard to their curvature functions x1(s), k2(s)
and r3(s). We give W-curves in E}. Furthermore, we get certain consequences of
these types curves to become ccr-curves. We consider T-constant and N-constant
curves in Ef.

2. Basic Consepts

Minkowski 4-space is 4-dimensional pseudo-Euclidean space defined by the Lorentzian
inner product

(v,w), = —viw1 + Vaws + v3Wws + VaWy,
where v;, w;, i=1,2,3,4 are the components of the vectors v and w. Any arbitrary
vector v is called timelike, lightlike or spacelike if the Lorentzian inner product

(v,v)y is negative definite, zero or positive definite, respectively. Then, the length
of the vector v € E} is calculated by

[oll = 4/ 1(v; vy |-

The sets
S3(r?) = {v € Ef : (v,v), =7}

and
H3(—7r?) {v € E}: = —7’2}

are called pseudo-Riemannian and pseudo-Hyperbolic spaces in E} for positive
number r, respectively [11].

A curve © = x(s) : I — Ef is timelike (lightlike (null), spacelike) if all tangent
vectors x'(s) are timelike (lightlike (null), spacelike). If ||z'(s)|| = 1, z is a unit
speed curve [25].

The light cone £C of E} is defined as

£C={ve Ei, (v,v), = 0}.
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Let 2 : I C R — Ef be a unit speed spacelike curve with spacelike principal
normal and {T, N1, N, N3} be the Frenet frame of z in ]E‘ll. Then, the Frenet
formulas are

T'(s) = #r1(s)Ni(s),

(2.1) Ni(s) = —ri(s)T(s) + erz(s)Na(s),
Ny(s) = —ka(s)N1(s) —er3(s)N3(s),
Ni(s) = —ens(s)Na(s),

where £1($), k2(s) and k3(s) are the first, the second, and the third curvatures of
the curve x and

£ = (Na(s), Na(s)), = — (N3(s), N3(s)), = +1

[26].
Screw lines or helices, called as W-curves by F. Klein and S. Lie [23], are the
curves with constant curvatures, and they are mentioned in [13, 14]. Moreover, a

regular curve is a ccr-curve, constant curvature ratios, if its curvature’s ratios are
constants [24, 27].

3. Characterization of Spacelike Curves in E{

Now, we shall consider curves given with the equality (1.1) in E}. Let #: I C R —
E{ be a unit speed spacelike curve with spacelike principal normal, and r1(s) # 0,
ko(s) and k3(s) be the curvatures of z. Differentiating (1.1) according to s and
using (2.1), we get

2'(s) = (mg(s) —ri(s)mi(s))T(s)
+(m(s) + w1(s)mo(s) — ka(s)ma(s))Ni(s)
+(mbh(s) + eka(s)my(s) — ers(s)ms(s))Na(s)
+(mj3(s) — erz(s)ma(s))Na,
which follows
my — kimy = 1,
(3.1) my + Kk1mg — kamg = 0,

1

0
mb + koM — EK3M3 0,
my —ekgmg = 0

The following theorem determines the W-curves in Ef.

Theorem 3.1. Let x: I C R — E} be a unit speed spacelike curve with spacelike
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principal normal. If x is a W-curve in E}, then

2K { =1 /TanTous lms}
mo(s) = —————=—1c1e2 - 2
o(s) A +2p U
_L {Cje 2 ms—c46%\/ms}7
2X 4 2u
my(s) = ;1-1-016 Z \/ms_,_@e%\/ms
K1

_’_036%1\/2)\+2p,s +ey 62\/2/\+2p,s

e e B VAT s —Ap+267

1 \/—2)\+2,U,

L/ Tont2ms [ —Atpt2s]

ma(s) = 1 +CQ€2 V=222
2 Ko V22 +2ps (/\+u+2m1 )

V2 +2p

VaaTeus [ Atpt2s]
\/2>\+2

Here, ¢; (1 <i<4) are integral constants and

A

\/Kff + 2K3K3 + 2eKk2K3 + K3 — 2eK2K3 + K3,

2 2 2
o —K] + K3 — €K5

are real constants.

Proof. Assume z : I C R — E} is a unit speed spacelike curve with spacelike
principal normal. From (3.1), we get the differential equation

w 2 2oy o 22 2
mg ) 4 (k] +er3 — K5)mY — Kiksmy — k1kg = 0,

which has a solution
ml(s) = ;1 +crez v/ —2X+2us 1o 62\/—2)\-&-2”5

R1
+03€ 5 \/2A+2u5 + 4 62\/2)\+2u.s

Thus, the theorem is proved. [

3.1. Osculating Curve of First Kind in E{

Definition 3.1. Letz: I C R — E{ be a unit speed spacelike curve with spacelike
principal normal. If z lies in the hyperplane spanned by {T', N1, N3}, then z is called
an osculating curve of first kind in E{.
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In [19], authors consider the osculating curves of first kind in E}. It means that
the differentiable function ms(s) vanishes identically. Thus, from (3.1), the system

!
my—rk1my = 1,
!/
mi; +kimy = 0,
KoM — K3Msz = 0,
I
my = 0
is obtained. Therefore,
—cH),
mo = ;
K1
m; = cHj,
ms = C,
where Hj(s) = 12(s), ¢ € R. Thus, one can write  as in the following

o) = e TEOT(0) + Hale)Ni) + Nt}
In [19], authors give the Lemma 3.1.

Lemma 3.1. [19] Letx : I C R — Ef be a unit speed spacelike curve with spacelike
principal normal. The necessary and sufficient condition for x to correspond an
osculating curve of first kind is

Hj\'
(3.2) (Cn?) +eryHy +1 =0,
1

where Hy(s) = £2(s), c € R.

K2

Corollary 3.1. Let x: I C R — E} be a unit speed spacelike curve with spacelike
principal normal and corresponds to an osculating curve of the first kind in E. If
x is a ccr-curve, then

where ¢ = ms is a real constant.

We give a classification assuming only one of the curvature functions is non-
constant as follows:

Assume k1(s) =constant> 0, ka(s) =constant# 0 and k3(s) is a non-constant
function. From (3.2), we obtain the differential equation

crly (8) + ckikz(s) 4+ kika = 0,
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which has a solution

K .
k3(s) = —;21 + ¢1 cos(k18) + cosin(kys).

Similarly, assume that k1(s) = constant > 0, k3(s) = constant # 0 and k2(s) is a
non-constant function. Then, (3.2) implies the differential equation

12
CK3 1 CR1K3
3.3 — + +1=0,
(33) < (aw)
with solution
CR1K3

ria(s) = —c1k3 cos(K18) + cakzsin(kys) — 1

Summing up these calculations, we give the Theorem 3.2.

Theorem 3.2. Let x: I C R — E} be a unit speed spacelike curve with spacelike
principal normal in EY. Then x corresponds to an osculating curve of first kind if

i) k1(s) =constant> 0, ka(s) =constant# 0 and

K .
k3(s) = —;21 + ¢1 cos(k18) + o sin(k1 ),

i1) k1(s) =constant> 0, k3(s) =constant 0 and
CK1K3

ka(s) =
2(5) —c1k3 cos(K18) + cakzsin(kys) — 17

where ¢,c1 and ¢ € R.

3.2. Osculating Curve of the Second Kind in E{

Definition 3.2. Letz: I C R — E{ be a unit speed spacelike curve with spacelike
principal normal in Ej. If z lies in the hyperplane spanned by {T’, N2, N3}, then x
is an osculating curve of the second kind in E}.

In [1], the authors consider the spacelike osculating curve of the second kind in
E?. Actually, they call them as rectifying curves in E{. In this case, the differentiable
function mq(s) vanishes identically. Thus from (3.1), the equalities

my =

)

(34) K1 — KMo =

m’2 — ER3M3 =

e R

my — ekgmy =
hold. Therefore
myg = S+,
(35) mo = (S + b)Hl,
(s+b)H{ + Hy
ER3 ’
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where b € R and Hi(s) = 1 (s) is the first harmonic curvature of . Hence, z is

N (s+b)H{ + Hy

x(s) = (s +b)T(s) + (s +b)H  Na(s) €3

Ng(s).
By the use of (3.4) and (3.5), we give the following results.

Theorem 3.3. Let x : I C R — E} be a unit speed spacelike curve with a space-
like principal normal in E}. Then the necessary and sufficient condition for x to
correspond an osculating curve of second kind is

(3.6) ((s—i-b)H{ + H;

!/
) —¢er3(s+b)H; =0
ER3

for Hi(s) = i2(s),b € R.

Corollary 3.2. Let x: I C R — E} be a unit speed spacelike curve with spacelike
principal normal and corresponds to an osculating curve of the second kind. If x is
a cecr-curve, then

1

3.7 S L. —
(37) ria(s) Ve 4+ s2 4 2bs

where b, c € R.

Proof. Let x be an osculating curve of second kind. If z is a ccr-curve, then the
functions Hi(s) = 41(s) and H(s) = #2(s) are constants. Thus, by the use of
(3.6), one can get

K5(s) + (s +b)w3(s) =0,
which has a solution (3.7). O

As a consequence of the differential equation (3.6), one can get the following
solutions as in the previous section.

Corollary 3.3. Letx: I CR — E} be a unit speed spacelike curve with spacelike
principal normal in E}. Then,  is corresponds to an osculating curve of the second
kind if

i) K1(s) = constant > 0, ka(s) = constant # 0, and rk3(s) = + 1

Vets242bs’
it) Kka(s) = constant # 0 , k3(s) = constant # 0, and

k1(8) (c1 sinh (k3s) 4 co cosh (k3s)),

T s+b
i11) k1(s) = constant > 0, k3(s) = constant # 0, and

k3(s +b)
¢y sinh(k38) — ¢z cosh(kss)’

Ka(s) =

where ¢y, co,b € R.
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4. T-Constant Curves in E}

Definition 4.1. Let z : I C R — E} be a unit speed spacelike curve with spacelike
principal normal in EP'. If the norm of the tangential component of z, i.e.HxTH, is
constant, then x is a T-constant curve [8]. Moreover, if this norm is equal to zero,
ie. HxTH = 0, then the curve is a T'-constant curve of the first kind, otherwise the
second kind [15].

In view of (3.1), we give the results that determine T-constant curves in Ef.
Theorem 4.1. Let x: I C R — E} be a unit speed spacelike curve with spacelike

principal normal in Y. The necessary and sufficient condition for x to become a
T-constant curve of the first kind is

(%)

HR + |~ -2 | =0

iz + ER3 H2 ’

where Hy(s) = £2(s) and —my(s) = R(s) = ml(s) is the radius of the curvature of

K2
the curve x.

Proof. Let x is a T-constant curve of the first kind. From (3.1), we get

1 omf _mlby + kg
m=—-——me=—-——,MmM3=—"—" .
K1 ) ER3
Further, substituting these values into m4 — exgmg = 0, we yield the expected
result. [

Theorem 4.2. Letz: I CR — E} be a unit speed spacelike curve with a spacelike
principal normal in E$. The necessary and sufficient condition for x to become a
T-constant curve of the second kind is

/

, !
—< ;I: 1m0) — H R + =
— — - 0
ER3 H2 ez ( KlmO) ’

where mg € R, Hi(s) = 71(s), Ha(s) = 12(s) and —mi(s) = R(s) = m% is the
radius of the curvature of the curve x.

Proof. Let x is a T-constant curve of second kind. From (3.1), we get

1 _my + k1Mo _mhy + ko
mp=——,Mmz = ;3 = .
K1 P} ER3

Further, substituting these values into m% — ekgmz = 0, we get the result. O
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Corollary 4.1. Let x : I C R — E} be a unit speed T-constant spacelike curve of
second kind with spacelike principal normal in Y. If x is a W-curve of E$, then
has the parametrization of

£N37

SL’(S) =\T — RN1 + H1>\N2 —
Hy

where R = H%, H, = %7H2 = :—‘;, A € R and c is an integral constant.

Theorem 4.3 gives a simple characterization of T-constant curves of second kind
of Ef.

Theorem 4.3. Let v : I C R — E} be a unit speed T-constant spacelike curve
of second kind with spacelike principal normal in E}. Then the distance function
p = x| satisfies

(4.1) p==EV2As+ec,

for some real constants A = mg and c.

Proof. Differentiating the squared distance function p? = (x(s),x(s)) and using
(1.1), we get pp’ = myg. If z is a T-constant curve of second kind, then by definition,
the differentiable function mg(s) of = is constant. It is easy to show that this
differential equation has a non-trivial solution (4.1). O

5. N-Constant Curves in E}

Definition 5.1. Let z : I C R — E} be a unit speed spacelike curve with spacelike
principal normal in E}. If the norm of the normal component of z, i.e.||xN||, is
constant, then z is a N-constant curve [8]. Moreover, if this norm is equal to zero,
i.e. HxNH = 0, then the curve is a N-constant curve of the first kind, otherwise
second kind [15].

Hence, for a N-constant curve x in E{
2
[ (s)[|” = mi(s) + em3(s) — em3(s)
becomes a constant function. Therefore, by differentiation
(5.1) mam} + emamlb — emgmy = 0.

The following proposition gives a characterization of N-constant curves of the
first kind.
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Proposition 5.1. Letx: 1 C R — E} be a unit speed N-constant spacelike curve
with spacelike principal normal in E}. If x is a N-constant curve of the first kind,
then,

i) x is congruent to a spacelike line which passes through the origin,

it) x is a planar curve,

iii) x is an osculating curve of second kind,

iv) x lies in the hyperplane which is spanned by {T, N1, No}.

Conversely, if v : I C R — E} is a unit speed spacelike curve with spacelike
principal normal in B with k1 > 0, and one of (i), (ii), (i), (iv) holds, then x is
a N-constant curve of the first kind.

Proof. Assume x is a N-constant curve of the first kind in E}. There are two pos-
sibilities; either my = ma = m3 = 0 or m? + em3 = em?. In the first case, z (I) is
congruent to a spacelike line which passes through the origin. Let m? +em3 = em3,
then by the use of the equations (3.1), we get komims = 0. If ko = 0, = is a planar
curve. If m; = 0, x is an osculating curve of second kind. Let mg = 0, then there
are two possibilities; either k3 = 0 or mo = 0. If mo = 0, z is a planar curve. If
k3 = 0, z lies in the hyperplane which is spanned by {T, N1, No}. O

Further, for the N-constant curves of the second kind, we obtain the following
result.

Theorem 5.1. Let 2(s) € E{ be a spacelike curve with a spacelike principal normal
given with the arclength function s and fully lies in E. If x is a N-constant curve
of the second kind, then x has a parametrization of

n H{(S+C)+H1

z(s) = (s + &)T(s) + Hi(s + c)Na(s) .

N3(S)7
where Hy(s) = 11(s),c € R.

Proof. Assume x is a N-constant curve of the second kind in E}. From the equalities
mj(s)
en23 (s)

(3.1) and (5.1), we get m1 = 0, mo(s) = s+c, ma(s) = $L(s)mo and ms(s) =

for some constant ¢ € R. This completes the proof of the theorem. [

Remark 5.1. Every N-constant curve of the second kind is an osculating curve of second
kind in Ef.

Theorem 5.2 gives a simple characterization of N-constant curve of the second
kind in Ef.

Theorem 5.2. Letx: I C R — E} be a N-constant curve of second kind. Then,
the distance function p = ||z|| satisfies

(5.2) p=tvs?+2sc+ 20,

for real constants b and c.
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Example 5.1. Let us consider the W-curve z (s) = (sinh s,cosh s, v/2sin s, —v/2 cos s)
in Ef. The Frenet frame vectors and the curvatures of x are given as

T(s) = (cosh s,sinh s, V2 cos s, V2sin s) ,
1
Ni(s) = — (Sinh s, cosh s, —v/2sin s, V2 cos s) ,
1( ) \/3
Na(s) = (\/icosh s,V/2sinh s, cos s, sin s) ,
1
Ns(s) = — (\/5 sinh s, V2 cosh s, sin s, — cos s)
V3
and
2
K1 =3, 52:_£, Kszﬁ,
3 3
respectively. We find the curvature functions as mo = ma =0, m1 = —? and m3 = QT‘/€7

which shows that the curve x is a T-constant curve of the first kind and N-constant curve
of the second kind.
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Abstract. In this paper, the fuzzy initial value problem with negative coefficient is
solved by using fuzzy Laplace transform and generalized differentiability. The solutions
are found and the comparison results are given.

Keywords: fuzzy initial value problem, generalized differentiability, fuzzy Laplace
transform.

1. Introduction

Fuzzy differential equations have been studied by many researchers. Fuzzy
differential equations can be solved by several types. Hukuhara differentiability
[10, 17, 23], generalized differentiability [7, 8, 9, 12], extension principle [10, 11],
the concept of differential inclusion [16] and the fuzzy problem to be a set of crips
problem [14]. Another types are numeric methods [1, 2, 3, 4, 15] and the fuzzy
Laplace transform [5, 21, 22, 24].

This paper is about the solutions of the fuzzy initial value problem with negative
coefficient by fuzzy Laplace transform. The aim of this study is to investigate
solutions of problem using the properties fuzzy Laplace transform and generalized
differentiability.

The paper is organized as follows: Section 2 delas with preliminaries, Section 3
focuses on findings and the main results, and Section 4 refers to conclusions.

2. Preliminaries

Definition 2.1. [20] A fuzzy number is a mapping v : R — [0, 1] satisfying the
following properties:

u is normal: Jzg € R for which u (x¢) = 1,
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u is convex fuzzy set: u (Az 4+ (1 — A)y) > min{u (z),u(y)} forall z,y e R,\ €
[0,1],
u is upper semi-continuous on R,

c{x € R|u(x)> 0} is compact, where ¢l denotes the closure of a subset.

Let Rp denote the set of all fuzzy numbers.

Definition 2.2. [18] Let u € Rp. The a-level set of u, denoted , [u]*, 0 < a <1,
is[u*={zeR|u(x)>a}.fa=0,[u"=c{zeR|u(x)>0}. The notation,
[u]* = [u,,U,] denotes explicitly the a-level set of u, where u, and %, denote the
left-hand endpoint and the right-hand endpoint of [u]®, respectively.

The following remark shows when [u,,,T,] is a valid a-level set.

Remark 2.1. [13, 18] The sufficient and necessary conditions for [u,, %] to define the
parametric form of a fuzzy number as follows:

u,, is bounded monotonic increasing (nondecreasing) left-continuous function on (0, 1]

and right-continuous for & =0,

U is bounded monotonic decreasing (nonincreasing) left-continuous function on (0, 1]
and right-continuous for oo = 0,

U, <TUo, 0<a < 1.

Definition 2.3. [20] If A is a symmetric triangular fuzzy number with support
[a,a], the a—level set of A is [A]" = [A,,4.] = [Q—&- (E%g) o, a— (Egg) a] )
(Al :Zh Al _Aa = Z(x _Zl)~

Definition 2.4. [15, 18, 23] Let u,v € Rp. If there exists w € Rp such that
u = v+ w, then w is called the Hukuhara difference of fuzzy numbers u and v, and
it is denoted by w = u & v.

Definition 2.5. [6, 15, 18] Let f : [a,b] — Rp and ty € [a,b]. We say that f is
Hukuhara differentiable at g, if there exists an element f (#p) € Rp such that for
all h > 0 sufficiently small, 3f (to + k) © f (t0), f (to) © f (to — h) and the limits
hold

lim f({to+h)O f(to) — Iim
h—0 h—0

= f (to).

fto)e f(to—h)
h

Definition 2.6. [18] Let f : [a,b] — Rp and to € [a,b]. We say that f is (1)-
differentiable at tg, if there exists an element f (t9) € Rp such that for all A > 0
sufficiently small near to 0, exist f (to + h)© f (to), f (to)© f (to — h) and the limits

lim flo+h)o f(to) _ lim [ (to) © f (to — h)
h—0 h h—0 h

= f (to),
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and f is (2)-differentiable if for all A > 0 sufficiently small near to 0, exist
f (to) of (t() + h) , f(to — h) ef (to) and the limits
f(to) © f (to + h) flto—h)O f(to) _

L

Theorem 2.1. [19] Let f : [a,b] — Rp be fuzzy function, where [f (t)]* =
[ia t), fa (t)} , for each o € [0,1] .

i) If f is (1)-differentiable, then ia and f, are differentiable functions and
0| =1, 0. 7. 0]

1) If f is (2)-differentiable, then [, and f, are differentiable functions and
0" =[. .15, 0]

’

L

/

(
(
(
I
Theorem 2.2. [19] Let f : [a,b] — Rp be fuzzy function, where [f (t)]* =
[ia (t), fa (t)} , for each o € [0,1], fis (1)-differentiable or (2)-differentiable.
() If f and [ are (1)-differentiable, then f; and ?;é are differentiable functions
and 17 (0)]" = £ 1), 7. )]
(ii) If fis (1)-differentiable and [ is (2)-differentiable, then i/a and ?:X are

" 1"

0] = 7.4, 0]
(iii) If f is (2)-differentiable and f is (1)-differentiable, then i,a and ?:1 are
differentiable functions and [f” (t)} T {fa (t) ,i“ (t)] ,

{03

differentiable functions and [f

(iv) If f and | are (2)-differentiable, then i/a and ?/a are differentiable functions

"

and [1 )] = [0, Fa ®)].

Definition 2.7. [22, 24] The fuzzy Laplace transform of fuzzy-valued function f
is defined as follows:

F&) =L )= [e i @®de=lim [ )ar
0 0

o
[}
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where,

T

L(f(ta)= /e‘“i (t,a)dt = lim [ e ®f(t,a)dt,
0

T—00
0

T

L(f(t)= /6_8'7 (t,a)dt = lim [ e 5'f (¢, a) dt.
0

T—00
0

Theorem 2.3. [5, 22, 2/] Suppose that [ is continuous fuzzy-valued function on
[0,00) and exponential order o and that f is piecewise continuous fuzzy-valued
function on [0,00), then

L(f ) =sL(F®)of(0),
if fis (1) differentiable,
L(f (1) = (=£ ()6 (~sL(f (1),
if fis (2) differentiable.

Theorem 2.4. [22, 2] Suppose that f cmdf are continuous fuzzy-valued func-
tions on [0,00) and of exponential order o and that f  is piecewise continuous
fuzzy-valued function on [0,00), then

L(f' ) =sLf@)esfOef (),
if fand f are (1) differentiable,
L(f 0) =1 e ()L 1) -5/ 0),
if fis (1) differentiable and f is (2) differentiable,
L(f 1) =-sfOe (=) LFw)es o),
if fis (2) differentiable and f is (1) differentiable,
L(f" (1) =L W) & s (0) - £ (0),

if fand f are (2) differentiable.

"

Theorem 2.5. [5, 22] Let f (z), g (x) be continuous fuzzy-valued functions sup-
pose that c1 and co are constant, then

L(erf (z) + e2g (2)) = (1L (f (x))) + (2L (g (2))) -

Theorem 2.6. [5] Let f(x) be continuous fuzzy-valued function on [0,00) and
A >0, then

L(Af(2) = A(L(f (x)))-
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3. Findings and Main Results

In this section, we consider solutions of the fuzzy initial value problem

(3.1) y'(t) = —Ay(t), t >0,

(3.2) y(0) =[A]", vy (0)=I[B]",

by Laplace transform, where A > 0, A and B are symmetric triangular fuzzy num-

bers with supports [a, @] and [b, b], respectively,

(B]" = [B...Ba] = [b ; (";b) 0 (l’;") a} ,

(i,j) solution means that y is (i) differentiable, 3 is (j) differentiable.
Case 1) If y and y are (1) differentiable, since

s?L(y(t,)) © sy (0,a) ©y (0,0) = =AL(y(t,q)),
we have the equations

s?L (g (t, a)) — 5y (0,) — y/ (0,) = =My (¢, ) ,

2L (G (t, @) — s7(0,0) =7 (0,a) = —Ay (t,).

Using the initial values and taking the necessary operations,

s? 53 s — A
Ly () = a_elat 84_)\24a - 84_)\2’4&_ RS CECLE
_ PE— PR As A
Lyt a)) = mBa Tz )\214& e )\Qéa - mﬁa-
From here,
2 3
R s 1 s
y(ta) = L (84_>\2>Ba+[’ (34_)\2>Aa

As — A _
—1 —1
(2 A () B
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2 3
_ - 1 S — 1 S —
y(t,O[) = L (34—)\2>Ba+L (34—)\2>Aa
AS A
—1 —1
-L (84_Az>Aa—L (84_A2>Ba~

Thus, the lower solution and the upper solution are obtained as

y(t,a) = eft (BO‘\ABO‘ +A, —Aa>
e~ VAL (Ba
4
sin (ﬁt)
2vV/x

Vit /|
— € Ba _Ea *
y(ta) = 4(\/X+A04_Aa>

e— VAt Ea_ga
(%5
sin(ﬁt)
2V

Case 2) If yis (1) differentiable and y is (2) differentiable, since

— B _
a+Aa_Aa>

VA
cos (ﬁt)
2

+ (BO( + EO‘) + (Aa + Aa) ’

+Zoc _Aa>

cos (ﬁt)

(Ba+ Ba) +

+ (4, + Aa) .

_y/ (07 a) © (_82) L (y (ta a)) — 8y (07 a) =—-AL (y (ta Oé)) )
we have the equations

7yl (Ov a) - (752L (y (tv Ot))) - 5? (Ov a) =-AL (? (t, O‘)) )

—g/ (0, ) — (—52L (y(t,@)) —sy(0,a) = =AL (y (t,@)) .

Using the initial values, we get

1 s
L) = GozBet g 34e

1 — s
B, A,.
s2 4+ A +32+)\

L(y(ta)) =

Taking inverse Laplace transforms of the equations, we have

1 S
=L '\ ——)B,+L! A
y(te) (52+/\)a+ (s2+>\>‘“
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1 — s _
7 =L ' —=——)B,+ L} A,.
y(ta) (52+)\) + (52+>\>

From this, the lower and the upper solutions are obtained as

y(t,a) = % sin (\[\25) B, + cos (\[\25) A,
7t o) = % sin (\[\t) B, + cos (\[\25) A,

Case 3) If y is (2) differentiable and y is (1) differentiable, since
—sy(0,0) © (=s*) L(y(t,a)) ©y (0,0) = AL (y (t, )

we have the equations

~57(0,0) = (=s°L( (t,))) =7 (0,0) = =AL (7 (t,a))

=5y (0,0) = (=5’L (y(t,))) —y (0,0) = =AL (y (t,0)).

Using the initial values and taking inverse Laplace transforms of the equations, we
have

y(t,a)= \% sin (\F/\t) B, + cos (\At) A,
y(t,a)= % sin (\[\t) B, + cos (ﬁt) A,.

Case 4) If y is (2) differentiable and y is (2) differentiable, since
L (y (t,0) © sy (0,0) —y (0,0) = =AL(y (t.@))

we have the equations

s$2L (y (t, a)) — sy (0,) — gl (0,c) = =AL (7 (t,))

s"L (G (t, @) = 57 (0,0) =7 (0,a) = =AL (y(t,a))
Using the initial values and taking the necessary operations,
3 2

s S — AS — A
L(y(t,a) = mAaJr g eBe g ede gl
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_ PR — 52 As A
Lta)=g—pdat g—pBa- g —pde~a—p

Ba,.

Taking inverse Laplace transforms of the equations, the lower and the upper solu-
tions are obtained as

Vit /R
€ Ba _Ea X
e—\ﬁkt (Ba _ FQ
4 VA
sin (\/Xt)
TR S—
2v/\

+AQ _Aa>

(B, + Ba) + COS(;&)

(A, + 4a)

eVt Bafﬁa
;e
eVt B, — B,

(5
sin(ﬁt)
T

+Zoz _Aa>

+Zo¢ Aa>

(B, + Ba) + COS(f\t)

(A, +4a) .

Theorem 3.1. (1,1) solution of the initial value problem (8.1)-(5.2) is a valid
a—level set for t > 0 satisfying the inequality

v (-0 -Via-0)\
“\(b-b)+Vr(@-a)

Proof. 1f

oylta) \ omlta)
da da  —

(1,1) solution of the initial value problem (3.1)-(3.2) is valid a—level set. Thus, it

y(t.a) <y(ta)

must be
eﬁt (H—i—a—a) —e‘ﬁt <b_b —a—a> >0
A A
Since
(b—b) +VA(@—a) >0,
we have
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Consequently, (1,1) solution of the initial value problem (3.1)-(3.2) is a valid a—level
set for t > 0 satisfying the inequality

v (- -Via-0)
“\(b-b)+Vr(@-a

O

Theorem 3.2. (1,2) solution of the initial value problem (3.1)-(3.2) is valid a—level
set, fort e (O, zf) satisfying the inequality

-y (A(3))

731n<\ft)( 7b)+COS<\ft) (@—a) >0,

(1,2) solution of the initial value problem (3.1)-(3.2) is valid a—level set. For v/At €
(0,3) = te (0

Proof. If

, we have

_T_
> 2V

tan (VAr) = VA (572) = o2 ot (VA (522)).

This completes the proof. [

Theorem 3.3. (2,1) solution of the initial value problem (8.1)-(5.2) is a valid
a—level set fort € (0, 2f> satisfying the inequality

o (3 (22)

Proof. The proof is similar. [

Theorem 3.4. (2,2) solution of the initial value problem (3.1)-(3.2) is a valid
a—Ilevel set fort > 0 satisfying the inequality

o2Vt S ((bb) ﬁ(““))
(b—b)+VA(@—a)

Proof. The proof is similar. [J

Theorem 3.5. All of the solutions are symmetric triangular fuzzy numbers for
any t > 0.
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Proof. For (1,1) solution, since

sin \ﬁ Ccos \F
y<t71>=2w(b+b+ (2M)<a+a>=y<t71>,
and
y(t 1) —y(ta) = 64M(1—a)<l’_;’+(a—a))
ey (o)
= y(t,a) -y (t1),

(1,1) solution of the initial value problem (3.1)-(3.2) is a symmetric triangular fuzzy
number for any ¢ > 0. For (1,2) solution, since

y(t,1) = %sin (vai) (T) + cos (VAT) (“;“) —5(t,1),

and

so-see = - (o) () () (159)
= yt,a)—y(t1),

(1,2) solution of the initial value problem (3.1)-(3.2) is a symmetric triangular fuzzy
number for any ¢ > 0. For (1,2) and (2,2) solutions, the proof is similar. [

Example 3.1. Consider the solutions of the fuzzy initial value problem

(3.3) y'(t) = —y(t), y0)=[]", y(0)=[2]"

by fuzzy Laplace transform, where [1]% = [o,2 — o], [2]* = [1 + a,3 — o] with supports
[0,2] and [1, 3], respectively.
For (1,1) solution, the lower and the upper solutions are

y(t,a) =e' (@ — 1) + 2sint + cost,

7(t,a) =e' (1 — a) + 2sint + cost.
For (1,2) solution, the lower and the upper solutions are

y(t,a) = (14 a)sin (t) + acos (t),

g(t,a) =(3—a)sin(t)+ (2 — a)cos ().
For (2,1) solution, the lower and the upper solutions are

y(t,a) = (3 — a)sin (t) + acos (¢),
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g(t,a) =(1+a)sin(t) + (2 — o) cos () .
For (2,2) solution, the lower and the upper solutions are

y(t,a) =e " (a— 1)+ 2sint + cost,

7(t,a)=e " (1 —a)+2sint + cost.

(1,1) solution is a valid a—level set since e’ > 0. (1,2) solution is a valid a—level set since
t—tan"" (—1) > 0 for ¢t € (0, %) according to figure 3.1. (2,1) solution is a valid a—level
set since t — tan~' (1) < 0 for ¢ € (0,0.785398] on (0, %) according to figure 3.2. (2,2)
solution is a valid a—level set since e™* > 0. All of the solutions are symmetric triangular
fuzzy numbers. Also, we can see graphics of solutions for o = 0.2 in figure 3.3-figure 3.6.

Figure 3.2. Graphic of the function ¢ — tan™" (1)
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Figure 3.3. Graphic of (1,1) solution for o = 0.2

Figure 3.5. Graphic of (2,1) solution for o = 0.2
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Figure 3.6. Graphic of (2,2) solution for o = 0.2

Red — v, (t), Blue — 7, (t), Green — Y, ) =7, (¥)

4. Conclusions

In this paper, fuzzy initial value problem with negative coefficient is studied by
fuzzy Laplace transform and generalized differentiability. Solutions are found and
comparison results are given. It has been proved that the solutions are valid fuzzy
functions, which has been shown on an example. It has also been found that when
(1,1), (2,1) and (2,2) solutions are valid a— level sets, (1,2) solution is a valid
a— level set for t € (0,0.785398]. However, we can see that (1,1) solution behaves
differently from the crips solution in figure 3.3. It means that (1,1) solution becomes
fuzzier as time goes by.
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Abstract. Considering a finite Borel measure p on R?, a pair of conjugate exponents
p,q, and a compatible semi-inner product on LP(u), we have introduced (p, q)-Bessel
and (p, ¢)-frame measures as a generalization of the concepts of Bessel and frame mea-
sures. In addition, we have defined the notions of g-Bessel sequence and g-frame in the
semi-inner product space LP(u). Every finite Borel measure v is a (p, ¢)-Bessel mea-
sure for a finite measure . We have constructed a large number of examples of finite
measures p which admit infinite (p, ¢)-Bessel measures v. We have showed that if v is
a (p, ¢)-Bessel/frame measure for u, then v is o-finite and it is not unique. In fact, by
using the convolutions of probability measures, one can obtain other (p, ¢)-Bessel/frame
measures for p. We have presented a general way of constructing a (p, ¢)-Bessel/frame
measure for a given measure.

Keywords: Fourier frame, Plancherel theorem, spectral measure, frame measure,
Bessel measure, semi-inner product.

1. Introduction

According to [5], a Borel measure v on R? is called a dual measure for a given
measure g on R? if for every f € L?(p),

(11) [ Fuopave) = | 15 Pduto)
R R
where for a function f € L(u) the Fourier transform is given by
Fautt) = [ @ aute) (e R,

Precisely, the equivalence in equation (1.1) means that there are positive constants
A and B independent of the function f(x) such that

A @R < [ \Fauo P < B [ 1f@)Pdue)
Received
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Therefore, when A = B = 1, by Plancherel’s theorem for Lebesgue measure A on
R?, X is a dual measure to itself. Dual measures are in fact a generalization of
the concept of Fourier frames and they are also called frame measures. According
to [5], if p is not an F-spectral measure (see Definition 2.3), then there cannot
be any general statement about the existence of frame measures v. Nevertheless,
the authors showed that if one frame measure exists, then by using convolutions
of measures, many frame measures can be obtained, especially a frame measure
which is absolutely continuous with respect to Lebesgue measure. Moreover, they
presented a general way of constructing Bessel /frame measures for a given measure.

In this paper, we generalize the notion of Bessel/frame measure from Hilbert
spaces L?(u), L?(v) to Banach spaces LP(u), L(v) (p,q are conjugate exponents)
via a compatible semi-inner product defined on LP(u). Compatible semi-inner prod-
ucts are natural substitutes for inner products on Hilbert spaces. We introduce
(p, q)-Bessel and (p, q)-frame measures, and we define notions of g-Bessel sequence
and g-frame in the semi-inner product space LP(1). Then we investigate the exis-
tence and some general properties of them.

The rest of this paper is organized as follows: In Section 2, basic definitions
and preliminaries are given. In Section 3, we investigate the existence of (p,q)-
Bessel/frame measures. We show that every finite Borel measure v is a (p, ¢)-Bessel
measure for a finite measure p. In addition, we construct a large number of exam-
ples of measures which admit infinite discrete (p, ¢)-Bessel measures, by F-spectral
measures and applying the Riesz-Thorin interpolation theorem. In general, for
every spectral measure (B-spectral measure, or F-spectral measure respectively) p,
there exists a discrete measure v = ), A, 0 which is a Plancherel measure (Bessel
measure or frame measure respectively) for u. Then the Riesz-Thorin interpolation
theorem yields that v is also a (p, ¢)-Bessel measure for p, where 1 < p < 2 and ¢ is
the conjugate exponent to p. Moreover, this shows that if y is a spectral measure
(B-spectral measure, or F-spectral measure), then the set {ex}aea, forms a g-Bessel
sequence for LP(p). It is known [13, 19] that if a measure p is an F-spectral mea-
sure, then it must be of pure type, i.e., u is either discrete, absolutely continuous
or singular continuous. Therefore, we consider such measures in constructing the
examples. The interested reader can refer to [3, 6, 7, 9, 13, 16, 18, 19, 20, 21, 23, 24|
to see examples and properties of spectral measures (B-spectral measures, or F-
spectral measures) and related concepts. Besides discrete (p,q)-Bessel measures
V=3¢ A, 0 associated to spectral measures (B-spectral measures, or F-spectral
measures) i, we prove that there exists an infinite absolutely continuous (p, ¢)-Bessel
measure v for some finite measures p (see Proposition 3.12 and Example 4.1). We
show that if v is a (p1, ¢1)-Bessel/frame measure and (ps, g2)-Bessel/frame measure
for p, where 1 < p1,p2 < oo and ¢, g2 are the conjugate exponents to p1, ps, re-
spectively, then v is a (p, ¢)-Bessel measure for u too, where p; < p < ps and ¢ is
the conjugate exponent to p. Consequently, if v is a Bessel/frame measure for p,
then it is a (p, ¢)-Bessel measure for p too. In Proposition 3.10 we prove that there
exists a measure p which admits tight (p, ¢)-frame measures and (p, q)-Plancherel
measures. Section 4 is devoted to investigating properties of (p, q)-Bessel/frame
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measures based on the results by Dutkay, Han, and Weber from [5].

2. Preliminaries

Definition 2.1. Let t € R%. Denoted by e; the exponential function
er(x) = 2™ (x € RY).

Definition 2.2. Let H be a Hilbert space. A sequence {f;}icr of elements in H
is called a Bessel sequence for H if there exists a positive constant B such that for
all f e H,

D IS £ P < BIFIP.

iel
Here B is called the Bessel bound for the Bessel sequence {f;}icr.

The sequence { f;};cr is called a frame for H, if there exist constants A, B > 0
such that for all f € H,

AFIP < DI £ 12 < BIFIP

el

In this case, A and B are called frame bounds.

Frames are a natural generalization of orthonormal bases. It is easily seen from
the lower bound that a frame is complete in H, so every f can be expressed using
(infinite) linear combination of the elements f; in the frame [2].

Definition 2.3. Let p be a compactly supported probability measure on R? and
A be a countable set in R?, the set E(A) = {ex : A € A} is called a Fourier frame
for L?(p) if for all f € L?(p),

AlfZ20 < D 1 en) 2 P < BllfIZ2(u-
AeA

When E(A) is an orthonormal basis (Bessel sequence, or frame) for L?(u), we say
that p is a spectral measure (B-spectral measure, or F-spectral measure respectively)
and A is called a spectrum (B-spectrum, or F-spectrum respectively) for pu.

We give the following definition from [5], assuming that the given measure p is a
finite Borel measure on R%.

Definition 2.4. [[5]] Let i be a finite Borel measure on R%. A Borel measure v
is called a Bessel measure for p, if there exists a positive constant B such that for
every f € L2(u),

IfdullZzy < Bl flI2 (-
Here B is called a (Bessel) bound for v.
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The measure v is called a frame measure for p if there exist positive constants
A, B such that for every f € L?(p),

AllfN1Z200) < N FduliZzy < Bl FIIZ2(,0-

In this case, A and B are called (frame) bounds for v. The measure v is called a
tight frame measure if A = B and Plancherel measure if A = B =1 (see also [8]).

The set of all Bessel measures for 1 with fixed bound B is denoted by Bg(u) and
the set of all frame measures for p with fixed bounds A, B is denoted by Fa p(u).

Remark 2.1. A compactly supported probability measure p is an F-spectral measure if
and only if there exists a countable set A in R? such that v = 3 aea Ox is a frame measure
for p.

Definition 2.5. A finite set of contraction mappings {7;}_; on a complete metric
space is called an iterated function system (IFS). Hutchinson [15] proved that, for
the metric space R?, there exists a unique compact subset X of R¢, which satisfies
X =i, 7i(X). Moreover, if the IFS is associated with a set of probability weights
{pi}i=; (ie., 0 < p; <1, >, pi = 1), then there exists a unique Borel probability
measure y supported on X such that =" | p;i(po 7-1._1). The corresponding X
and p are called the attractor and the invariant measure of the IFS, respectively. It
is well known that the invariant measure is either absolutely continuous or singular
continuous with respect to Lebesgue measure. In an affine IFS each 7; is affine
and represented by a matrix. If R is a d x d expanding integer matrix (i.e., all
eigenvalues \ satisfy |A| > 1), and A C Z%, with #A =: N > 2, then the following
set (associated with a set of probability weights) is an affine iterated function system.

7o) = R Yz +a) (zeRacA.

Since R is expanding, the maps 7, are contractions (in an appropriate metric equiv-
alent to the Euclidean one). In some cases, the invariant measure p 4 is a fractal
measure (see [3]). For example singular continuous invariant measures supported
on Cantor type sets are fractal measures (see [15, 14]).

Definition 2.6. [[22]](Semi-inner product spaces)
Let X be a vector space over the filed F' of complex (real) numbers. If a function
[,:]: X x X — F satisfies the following properties:

2. Mx,y] = A[z,y], for A € F and z,y € X
3. [z,z] >0, for x # 0;

4. |z, yl1? < [z, 2]y, ],
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then [, -] is called a semi-inner product and the pair(X, [-,-]) is called a semi-inner
product space. It is easy to observe that ||z| = [z,z]2 is a norm on X. So every
semi-inner product space is a normed linear space. On the other hand, one can
generate a semi-inner product in a normed linear space, in infinitely many different
ways.

As a matter of fact, semi-inner products provide the possibility of carrying over
Hilbert space type arguments to Banach spaces.

Every Banach space has a semi-inner product that is compatible. For exam-
ple consider the Banach function space LP(X,u), p > 1, a compatible semi-inner
product on this space is defined by (see [12])

: )P~ Lson(g(z))
£ 8lam0 = - ”W) / £(2)lg(@)P~ sgnlg (@) du(z),

for every f,g € LP(X, n) with [|gl|rr(n) # 0, and [f, g]ze(u) = 0 for [lg||zr sy = 0.

To construct frames in a Hilbert space H the sequence space [? is required.
Similarly, to construct frames in a Banach space X one needs a Banach space
of scaler valued sequences X, (in fact a BK-space Xy, see [1] and the references
therein). According to Zhang and Zhang [26] frames in Banach spaces can be
defined via a compatible semi-inner product in the following way:

Definition 2.7. Let X be a Banach space with a compatible semi-inner product
[,7] and norm || - ||x. Let X4 be an associated BK-space with norm || - | x,. A
sequence of elements {f;}icr C X is called an Xy-frame for X if {[f, fi]}ier € Xa
for all f € X, and there exist constants A, B > 0 such that for every f € X,

Allfllx < KIS filkierllxa < Bllfllx-

See also [25].

Based on Definition 2.7, we present the next definition. We consider the function
space LP(u) and the sequence space {9(I) (where p > 1 and ¢ is the conjugate
exponent to p) as the Banach space and the BK- space, respectively.

Definition 2.8. Suppose that 1 < p,q < oo and 1/p+1/¢ = 1. Let p be a finite
Borel measure on R? and let [-,-] be the compatible semi-inner product on LP(u)
as defined above. We say that a sequence {f;}ics is a g-Bessel sequence for LP(u)
if there exists a constant B > 0 such that for every f € L”(p),

I Fileeal® < B -

iel

We call B a (g-Bessel) bound.
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We say the sequence {f;}icr is a g-frame for LP(u) if there exist constants
A, B > 0 such that for every f € LP(u),

AHfH%p(M) < Z Hf’ fi]LP(u)|q < BHf”qu(Ny

iel
We call A, B (q-frame) bounds. We call the sequence {f;}icr a tight g-frame if
A = B and Parseval q-frame if A= B = 1.

We extend the notions of Bessel and frame measures as follows.

Definition 2.9. Suppose that 1 <p <oo,1 < g<ooand1/p+1/¢=1. Let ube
a finite Borel measure on R?, and let [-,-] be the compatible semi-inner product on
LP(u) as defined above. We say that a Borel measure v is a (p, ¢)-Bessel measure
for p, if there exists a constant B > 0 such that for every f € LP(u),

[l edumolravte) < BIf I, 07 1a# )

and -
[fdpulloe < Bl fllLr(y (p=1,¢=00).
We call B a ((p, q)-Bessel) bound for v.

We say the Borel measure v is a (p, q)-frame measure for p, if there exist con-
stants A, B > 0 such that for every f € LP(u),

Al Vg < [ I ederold0) < By (07 10 #o0)

and -
Al fllery < fdplloe < BllfllLry  (p=1,4=00).
We call A, B ((p,q)-frame) bounds for v. If A = B, we call the measure v a tight
(p, q)-frame measure and if A = B =1, we call it a (p, ¢)-Plancherel measure.
We denote the set of all (p,¢)-Bessel measures for p with fixed bound B by
Be(w)p,q and the set of all (p, ¢)-frame measures for p with fixed bounds A, B by
Fa.B(1)p,g-

Remark 2.2. Since [f,et]rru) = [pa flz)e 2™t qy(x) = fd\,u(t) for any f € LP(p) and
t € R?, we can also write f/d;(t) instead of [f, e¢]rp (). If there exists a (pi])\—Bessel/frame
measure v for u, then the function T, : LP(u) — L9(v) defined by T, f = fdu is linear and
bounded. For p =1, ¢ = oo, every o-finite measure v on R? is a (1, 00)-Bessel measure for
u, since we always have || fdpllec < ||f|lr2(,)- More precisely, v € Bi (1) (1,00)-

Theorem 2.1. [10] (Riesz-Thorin interpolation theorem) Let 1 < pg, p1, qo, @1 <
00, where pg # p1 and qo # q1, and let T be a linear operator. Suppose that for some
measure spaces (Y,v), (X,p), T : LP°(X, u) — L9%(Y,v) is bounded with norm Cj,
and T : LP*(X, ) — L9(Y,v) is bounded with norm Cy. Then for all 6 € (0,1)
and p,q defined by 1/p=(1—6)/po+6/p1; 1/g=(1—0)/q0+ 0/q1, there exists a
constant C such that C' < C’él*e)Cf and T : LP(X, u) — L1(Y,v) is bounded with
norm C.
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3. Existence and Examples

In this section, we will investigate the existence of (p, ¢)-Bessel and (p, ¢)-frame
measures and also the existence of ¢-Bessel sequences and ¢-frames. In addition, we
will construct the examples of measures which admit (p, ¢)-Bessel measures.

Proposition 3.1. Suppose that 1 < p,q < 0o and 1/p+1/q=1. Let p be a finite
Borel measure. Then every finite Borel measure v is a (p, q)-Bessel measure for p.

Proof. Take f € LP(u) and ¢t € R?. Then by applying Holder’s inequality

- edrin] < [ 1£@e " du(o) < (uRD) 10

Thus,
[ eilaoo v (®) < u®u @D £,

Therefore v € B, ray, (ra) (1) (p,q)- For p =1, ¢ = oo, as we mentioned in Remark 2.2
v € Bi(p)(1,00)- O

Proposition 3.2. Suppose that 1 < p,q < oo and 1/p+1/q = 1. Let A C R?,
#A < 00 and let p be a finite Borel measure. Then the finite sequence {ex}aca is
a g-Bessel sequence for LP(u).

Proof. Consider the finite discrete measure v =, dx. Since

ST, exliogl? = / 11+ ed] ool (2),

AeA R

then the assertion follows from Proposition 3.1. O

Remark 3.1. Proposition 3.1 shows that the Bessel bound may change for different
measures v. So if we consider Borel probability measures v, then we have a fixed Bessel
bound ,u(]Rd) for all v. Moreover, this Bessel bound does not depend on p, g, i.e., for every
probability measure v we have v € B“(Rd)(u)(pyq), where 1 < p < oo and ¢ is the conjugate
exponent to p. In addition, we obtain from Proposition 3.1 that for all conjugate exponents
p,q > 1 the set B, ray(it)p,q is infinite, since there are infinitely many probability measures
v (such as every measure v = ﬁxsd)\ where S C R? with the finite Lebesgue measure
A(S), every finite discrete measure v = % Z:l 0o where 6, denotes the Dirac measure
at the point a, every invariant measure obtained from an iterated function system, and
others).

Proposition 3.3. Suppose that 1 < p,q < oo and 1/p+1/q=1. Let v be a finite
Borel measure. Then v is a (p,q)-Bessel measure for every finite Borel measure p.

In addition, v € B, (ra) (1) (p,q) for all probability measures p.

Proof. See the proof of Proposition 3.1. O
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Corollary 3.1. Suppose that 1 < p,q < oo and 1/p+1/q = 1. A finite Borel
measure v is a (p,q)-Bessel measure for a finite Borel measure u, if and only if p
is a (p,q)-Bessel measure for v. In particular, every finite Borel measure p is a
(p, q)-Bessel measure to itself.

Proof. The statements are direct consequences of Propositions 3.1 and 3.3. [

Lemma 3.1. Suppose that 1 < p,q < oo and 1/p+1/q = 1. Let p be a finite
Borel measure. Then the following assertions hold.

(i) If there exists a countable set A in R? such that {ex}xea 45 a q-frame for
LP(p), then v =3 cx 0 is a (p, q)-frame measure for pu.

(ii) If v is purely atomic, i.e., v =), dx0x, and a (p,q)-frame measure for
the probability measure p, then {/dx ex}ren is a g-frame for LP(u).

Proof. (i) Let v =, 6x. Then for all f € LP(u),

S Uferlunol” = [ 1. eiurgo (e

A€EA

(ii) Since for all f € LP(u),

/ I[fs e Lol %dv(t) =D dallf, exlogol? = D IIf, ¥/dres]]

A€EA AEA
|

Example 3.1. Suppose that 1 < p < 2 and ¢ is the conjugate exponent to p. If f €
L7([0,1]%), then from the Hausdorff-Young inequality we have f € 19(Z%) and ||f|, <
| fllp- Therefore, the measure v = 7, ;4 d: is a (p, ¢)-Bessel measure for p = x (o 1)a3dz.
Besides, {et};cza is a g-Bessel sequence for L” (1), since 3, ,a |[f, et]Lry|? < || f]|3, where
1 < p <2 and q is the conjugate exponent to p.

Proposition 3.4. Suppose 1 < p < 2 and q is the conjugate exponent to p. Let
1= X{pjepdz and let 0 < a < ¢(x) < b < oo on [0,1]%. If ¢¢(z) := ¢(x) for all
t € Z4, then {¢e;}icpa is a q-Bessel sequence for LP(p).

Proof. Take f € L?(u). We have

“1(y
JRIC =
R4

el
Hence by Example 3.1,

Z Hfa d)tet]LP(u,) ‘q

tezd teZd

| i@

|I¢|Ip S®P~Lf € LP(u), since

p pe—1p .
le) < gy [ @) Pdu(o) < .

q

||¢|| / 1) [b(@)en(@) P ey (@)dp(z)

q/p

—1 P
&) <2y

ol | )
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Corollary 3.2. Suppose that 1 < p,q < oo and 1/p+1/q = 1. Let p be a
probability measure. Let 0 < a < ¢(x) < b < 0o on supp p and ¢;(x) := ¢(x) for all
i€l If {fi}icr is a q-frame for LP(u), then {¢;f;}icr is also a q-frame for LP(u)
and for every f € LP(u),

Al 170 S IRLF difiler o dier |l < — B\IfIILp(H)

bpq

Remark 3.2. Example 3.1 cannot be extended to the case p > 2, since there exist
continuous functions f such that Y. _, |[f,en]rr(u|* ¢ = oo for all € > 0. Therefore,
V=73, cz0n is not a (p, q)-Bessel measure for p = x[o,1jdz where p > 2 and also {e }nez
. o inlogn inz
is not a g-Bessel sequence for LP(u). As an example take f(z) = > 77, me
(see [17]).

Proposition 3.5. Suppose that 1 < p,q < oo and 1/p+1/q = 1. Let u be a
compactly supported Borel probability measure. Consider two subsets of R?, A =
{A\n :n €N} and Q = {w, :n € N} with the property that there exists a positive
constant C' such that |\, —wy| < C forn € N.

(i) If {ex, }nen is a q-Bessel sequence for LP(u), then {ey, }nen s a q-Bessel
sequence too.

(ii) If {ex, }nen is a q-frame for LP(u), then there exists a & > 0 such that if
C < 9§ then {ew, Inen is a g-frame too (see [3]).

Proof. We need only consider the case, when all w, = ((wn)1,- .., (wn)q) differ from
An = ((An)1, -5 (An)a) just on the first component, then the assertion follows by
induction on the number of components.

Let suppy C [~M, M]¢ for some M > 0. Let f € LP(u) and € R%. The function

fdu is analytic in each variable ¢1,...,ts. Moreover, for every ¢t € R?

8kfd/1, —2mit-x . k
8t’f /f 27rzx1) du(z) = [(—2mx1) 7 et]Lp(u).
Writing the Taylor expansion at (A,); in the first variable and using Holder’s in-
equality, for all n € N,

= 25 O)

Fau(n) = FauOn)| = |32 (@ = (Aa))*

k=1

oo | 8" Fdn A 1 00 /p
o (An) |(wa)1 = Q) P¥

=1 =1

o [ZHEOW[ (2 o)
otE \\n Ccrk

<X (Zm>

k=1 k=1

3kfdﬂ()\n)q

I
(]
Q
x
=
=
—
3
Q
B
|
—
—
Q
|
—

=
I
—_
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Considering the g-Bessel sequence {ey }nen with a bound B, we obtain

o*Fdn, | . q .
S5O0 = Y |l2mim) e, ]| < Bl-2rie) 11,
neN 1 neN

< B(QT"M)quf”Lp(H)
Then

< B(e< 1) 11 p(u)z S

P q— q
= B (e )" (om0 ) 115 -
Hence by Minkowski’s inequality,

1/q 1/q 1/q
(Z @(wn)w) (Z f@ww) + (Z [ Fduwn) = Fdu(nn) )
neN

neN neN

(Bl/q n (B (0" —1)" (etamor 1))1”) 11220,

and this implies that {e,, }nen is a g-Bessel sequence for LP(u).
To show that {e,, }nen is also a g-frame for LP(u), let A be a lower bound for
{ex, }nen. Take 6 > 0 small enough such that for 0 < C' < 9,

A _ (B (e - 1) (eomn - g)”q 0.

Then, by Minkowski’s inequality,

Z ‘mjl(wn) - .]TdTL()‘n) !
neN

IN

IN

1/q 1/q 1/q
(Z @(wn)w> > (Z @(AW) - (Z [ Fdnwn) = Fdu(nn) )
neN neN neN
q—1 1/q
> <A1/q _ <B (eCp _ 1) (6(27TM)‘1 _ 1)) ) Hf“Lp(N)

Thus the assertion follows. [

Proposition 3.6. Suppose that 1 < pg,p1 < oo and qo, q1 are the conjugate expo-
nents to po,p1 respectively. If v is a (po,qo)-Bessel measure and a (p1,qy)-Bessel
measure for u, then v is also a (p, q)-Bessel measure for p, where pg < p < p1 and
q 18 the conjugate exponent to p.

Proof. Tt v is a (po, qo)-Bessel measure for p with bound C and also a (p1, g1 )-Bessel
measure with bound D, we have

Vf € Lpo (M) ||fd/1'| %O’I(J(y < CHf‘ Lm
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and -
Vfe L’ (u) HfdMHquql(,,) < DHfH%lm(M)-

Now if 1/p=(1—-0)/po+0/p1; 1/¢g=(1—-6)/q0+0/q1, where 0 < 0 < 1 (i.e.,
po <p<pjand 1/p+1/q = 1), then the Riesz-Thorin interpolation theorem yields
Vf € LP () ||fdﬂ||%q(y) < Bq”f”qm(uy

where B < Caw =9 par? (Considering the fact that if pg = 1 and ¢ = oo, then
1 1
Cw changes to C, and if p; =1 and ¢; = oo, then D changes to D). Hence v is

a (p, q)-Bessel measure for u, where py < p < p; and ¢ is the conjugate exponent to
p. O

Corollary 3.3. Ifv is a Bessel/frame measure for u, then v is also a (p, q)-Bessel
measure for p, where 1 < p < 2 and q is the conjugate exponent to p.

Proof. Let pg = 1,q9 = oo,p1 = 2,q1 = 2 in the assumption of Proposition 3.6,
then the conclusion follows. [

Proposition 3.7. If v € Fa p(u), then for any constant o > 0, v is a frame
measure for ap. More precisely v € Foa.ap(ap).

Proof. Since v € Fa p(u) for all f € L?(u),

Al 22 < Ifdullzaey < BIAIL2 0

and we have

2

il = [, | [ @e-adan(o)| dvte) = Faailie
Since af € L*(p),
AlafI22y < [0Fdgl ) < Blaf |3, for all f € ()
Therefore,

A2 (g < IIfdanlZs,) < aBl £l for all f € L*(ap).

(o)

Hence v € Faaap(apn). O

Theorem 3.1. [23] There exists positive constants ¢, C such that for every set S C
R? of finite measure, there is a discrete set A C R? such that E(A) is a frame for
L2(S) with frame bounds c|S| and C|S|, where |S| denotes the measure of S.

Theorem 3.2. Let S be a subset (not necessarily bounded) of RY with finite Lebesque
measure |S|. Then the probability measure p = ﬁxgdx has an infinite discrete

(p, q)-Bessel measure v, where 1 < p < 2 and q 1is the conjugate exponent to p.
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Proof. By Theorem 3.1, there are positive constants ¢, C' such that for every set
S C R? of finite Lebesgue measure |S|, there is a discrete set A C R? such that
E(A) is a frame for L?(S) with frame bounds ¢|S| and C|S|. Then by considering
the upper bound of the frame, we have

Do l{fren) P < CISIIfIa(s) forall f € L*(S).
AEA

Let = ﬁXde, and then by Proposition 3.7,

Do {fen) P < CllfZagy forall fe L?(w).

AEA

In addition, [{[f,ex]: () realloo < [1fllL1(n), for every fin L'(p). Now if 1/p =
1-0/2; 1/g=0/2,for 0 <0 <1 (ie.,, 1 < p <2 and g is the conjugate exponent
to p), then the Riesz-Thorin interpolation theorem yields

Yo fenlogl® < CUFIE,, forall fe LP(u),
AEA

where C < C'2%. Therefore, v = > xea Oa is a (p, g)-Bessel measure for p = ﬁdez,
and we have v € Bea(it)(p,q), Where 1 < p < 2 and ¢ is the conjugate exponent to
p. Moreover, v € Bo(p)(2,2) and v € Bi(pt)(1,00)- On the other hand for every

1 < p < 2 and ¢ (the conjugate exponent to p), {ex}rea is a g-Bessel sequence for
L?(u), with bound C?. O

If S ¢ R? is a compact set with positive Lebesgue measure, then by Theorem 3.1,
we always have the measure p = ﬁde:c is an F-spectral measure, but regardless
of the fact whether it is a spectral measure, it is related to Fuglede’s conjecture [11].
In the following example, we will consider a spectral measure of this type.

Example 3.2. Let i = xqjo,1jufz,33d2. The set of exponential functions {ex : A € A :=
ZUZ—i—%} is an orthogonal basis for L?(p) (see [9]). We will consider the probability measure
1 = 3X{o.1uiz,3ydr. Then for every f in L*(u) , we have >, [(f, ex) L2 () |? =
HfHZLz(H,). In addition, for every f € L'(u), we have |[{[f,ex]pi(urealloe < IF 1L
Now by applying the Riesz-Thorin interpolation theorem » 0, ., |[f, ex]r2¢.)|? < ||f||‘£p<u,)7
for all f € LP('), where 1 < p < 2 and q is the conjugate exponent to p. Hence,
V=73 ,c40x is a (p, q)-Bessel measure for p’, especially v € By (i) (p,q), where 1 < p <2
and ¢ is the conjugate exponent to p. Besides, {ex}reca is a g-Bessel sequence for LP(u’)
with bound 1, where 1 < p < 2 and q is the conjugate exponent to p.

Proposition 3.8. [20] Let u(z) = ¢(z)dx be a compactly supported absolutely con-
tinuous probability measure. Then p is an F-spectral measure if and only if the
density function ¢(x) is bounded above and below almost everywhere on the support

(see also [8]).
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Corollary 3.4. If the density function of a compactly supported absolutely contin-
uous probability measure p is essentially bounded above and below on the support,
then the following assertions hold.

(i) There exists an infinite (p,q)-Bessel measure v = Z)\GAM O for p, where
1 < p <2 and q is the conjugate exponent to p. Moreover, when p is a spectral
measure, we have v € By(u)p.q, where 1 <p <2 and q is the conjugate exponent to
p.

(ii) There exists a q-Bessel sequence {ex}aena, for LP(u), where 1 < p < 2
and q is the conjugate exponent to p. In addition, when p is a spectral measure,
{ex}xen, is a g-Bessel sequence for LP(u) with bound 1, where 1 < p <2 and q is
the conjugate exponent to p.

Proof. The conclusion follows from Proposition 3.8 and the Riesz-Thorin interpo-
lation theorem (see the proof of Theorem 3.2 and also, see Example 3.2). O

By Proposition 3.3, if 1 < p,q < oo and 1/p+ 1/q = 1, then a fixed finite Borel
measure v is a (p, q)-Bessel measure for every finite measure p, especially v €
B, (ray (1) (p,q) for all probability measures p. In the following part, we will give an
example of a discrete spectral measure p such that it has a finite discrete (p, q)-
Bessel measure v with Bessel bound less than v(R?), precisely v € By () (p,q), where
1 <p <2 and q is the conjugate exponent to p.

Example 3.3. Consider the atomic measure 1 := %(60+6%), theset {e; : 1 € L :={0,1}}
is an orthonormal basis for L?(11). Hence 3, | (f, e 2 |2 = ”inz(,u) for all f € L*(p).
Moreover, |[{[f,e]r1(}ierlloo < Iflln1u for every f in L'(u). Now by applying the
Riesz-Thorin interpolation theorem 7, ; |[f,ellre(|® < [fll7s(,. for all f € LP(n),
where 1 < p < 2 and ¢ is the conjugate exponent to p. Therefore, {e;}icr is a finite
g-Bessel sequence for LP(u) with bound 1, and v = }7,., & is a finite discrete (p,q)-
Bessel measure for i, especially v € Bi(u)(p,q), Where 1 < p < 2 and ¢ is the conjugate
exponent to p. When p > 2 and q is the conjugate exponent to p, based on Proposition 3.3
v € Ba(1t)(p,q) and {ei}icr is a finite g-Bessel sequence for LP(u) with bound 2.

Proposition 3.9. [13] Let p =} .- pcde be a discrete probability measure on R?.
1 is an F-spectral measure with an F-spectrum A if and only if #C < oo and
#A < 0.

Corollary 3.5. Let 1 < p,q < o0 and 1/p+ 1/q = 1. If u is any probability
measure, then the following assertions hold.

(i) A finite discrete measure v = ) ) 0x is a (p,q)-Bessel measure for p,
precisely v € Byway(1) (p,q)- If 1 = D ocec Pede and if p is an F-spectral measure
with the F-spectrum A, then for every 1 < p < 2 there exists a positive constant C
such that we have v € Be(p)(p.q) (q is the conjugate exponent to p). In addition,
If w = 3 .copcde is a spectral measure with the spectrum A, then we have v €
Bi(14) (p,q), where 1 < p <2 and q is the conjugate exponent to p.
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(ii) A finite sequence {ex}aen 15 a q-Bessel sequence for LP(p) with bound v(RY)
(V=2 aea0r) If p =3 copcde and if p is an F-spectral measure with the F-
spectrum A, then for every 1 < p < 2 there exists a constant C such that {ex}rea
is a g-Bessel sequence for LP(u) with bound C (q is the conjugate exponent to p).
In addition, If p = ) copede is a spectral measure with the spectrum A, then
{ex}ren is a q-Bessel sequence for LP(u) with bound 1, where 1 < p < 2 and q is
the conjugate exponent to p.

Proof. The conclusion follows from Propositions 3.3, 3.9, 3.2, and the Riesz-Thorin
interpolation theorem. In fact, the corollary says that if a probability measure y is
also a discrete F-spectral measure, then beside the bound v(R?), we can find other
bounds by applying Riesz-Thorin interpolation theorem (where 1 < p < 2 and ¢
is the conjugate exponent to p). As we can see in Example 3.3, for all p > 1 and
q (the conjugate exponent to p), we have v € Ba(u)(p,q) and since p is a spectral
measure with the spectrum L, we also have v € By (u) where 1 < p <2 and ¢
is the conjugate exponent to p. [

(p,q)>

Theorem 3.3. [4] Let R be a d x d expansive integer matrir, 0 € A C Z?. Let uy
be an invariant measure associated to the iterated function system

() =R Yz +a) (ze€R%ac A

and the probabilities (pa)aca- Then p has an infinite B-spectrum of positive Beurl-
ing dimension (Beurling dimension is used as a method of investigating existence
of Bessel spectra for singular measures).

Theorem 3.4. Any fractal measure u obtained from an affine iterated function
system has an infinite discrete (p,q)-Bessel measure v, where 1 < p < 2 and q is
the conjugate exponent to p.

Proof. Suppose that R is a d x d expansive integer matrix, 0 € A C Z%. If j4 is an
invariant measure associated to the iterated function system

7o) =R Yz +a) (zcR%ac A

and the probabilities (p,)qc4, then according to Theorem 3.3 there exists an infinite
subset A of R? and a constant B > 0 such that

Do Hfen) iz [P < BllflZ2gu,y  forall f e L (ua).
AEA

We also have |[{[f,ex]rr (i) trealloo < IfllL1(ua)s for every f € L'(ua). Now if
1/p=1-0/2; 1/g=0/2,for 0 < § <1 (i.e.,, 1 < p < 2 and ¢ is the conjugate
exponent to p), then the Riesz-Thorin interpolation theorem yields

ST erlnuol? < B %,y for all f € LP(us),
AEA
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where B’ < B3zY. Thus, v = ZAE/\ 0x is a (p,q)-Bessel measure for p4, and
v € Bpru (,uA)(p’q), where 1 < p < 2 and ¢ is the conjugate exponent to p. Moreover,
we have v € Bp(ua)(2,2) and v € Bi(pa),00)- On the other hand, for every
1 < p < 2 and ¢ (the conjugate exponent to p), {ex}reca is a ¢-Bessel sequence for
L?(u4) with bound B'?. O

If a measure p is an F-spectral measure, then it must be of pure type, i.e., p is either
discrete, singular continuous or absolutely continuous [19, 13]. The case when the
measure y is singular continuous, is not precisely known. The first known example
of a singular continuous spectral measure supported on a non-integer dimension set
(a fractal measure), was given by Jorgensen and Pedersen [16]. They showed that
the measure py (the Cantor measures supported on Cantor set of 1/4 contraction),

is spectral. A spectrum of pg is A = {Zk 4™d,, :d, €{0,1},k € N}. They

m=0
also showed that ps (the Cantor measures with even contraction ratio) is spectral,
but pogt1 (the Cantor measures with odd contraction ratio) is not.

Remark 3.3. Since Cantor type measures are fractal measures, by applying Theorem 3.4
one can obtain that every Cantor type measure p admits a (p,q)-Bessel measure v =
er/\u dx, where 1 < p < 2 and q is the conjugate exponent to p. Moreover, for every
spectral Cantor type measure sk, we have v € Bi(u2k)p,q, where 1 < p < 2 and q is the
conjugate exponent to p.

In [21] the author presents a method for constructing many examples of continuous
measures 4 (including fractal ones) which have components of different dimensions,
but nevertheless they are F-spectral measures. In the following part, we will provide
some results by [21]. By applying the Riesz-Thorin interpolation theorem, one can
obtain infinite discrete (p, ¢)-Bessel measures v = ZAGA” 0y (where 1 < p <2 and

q is the conjugate exponent to p), for such F-spectral measures p.

Definition 3.1. [[21]] Let p and y' be positive and finite measures on R™ and
R™ respectively. A mized type measure p is a measure which is constructed on
R™t™ = R™ x R™ and defined by

p = xd+d <,

where §y denotes the Dirac measure at the origin. Equivalently, the measure p may
be defined by the requirement that

/ fdp(ey) = | Fe0du() + [ F0,5)d (),
Rn xR™ R

Rm™

for every continuous, compactly supported function f on R™ x R™.

Theorem 3.5. [21] Let p and ' be continuous F-spectral measures. Then the
mized type measure p = p X dg + 6o X p’ is also an F-spectral measure.
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Theorem 3.6. [21] If pu is the sum of the k-dimensional area measure on [0,1]% x
{0Y4=* and the j-dimensional area measure on {0}4=7 x [0,1]7 where 1 < j, k <
d—1, then u is an F-spectral measure.

The following theorem provides many examples of single dimensional measures
which are F-spectral measures:

Theorem 3.7. [21] Let ¢ : R¥ — RI* be a smooth function (1 <k <d—1). If u
is the k-dimensional area measure on a compact subset of the graph {(x, ¢(z)) : x €
R*} of ¢, then u is an F-spectral measure.

The next proposition shows that if 1 < p,q < oo and 1/p+1/¢q = 1, then considering
any countable subset (finite or infinite) A of R¢, one can obtain tight (p, ¢)-frame
measures and (p, g)-Plancherel measures vy for dp. In addition, there exists tight
and Parseval g-frames for LP(dg).

Proposition 3.10. Suppose that 1 < p,q < oo and 1/p+ 1/q = 1. Then there
exists a measure p which admits tight (p,q)-frame measures and (p,q)-Plancherel
measures. Moreover, there exists tight and Parseval g-frames for LP(u).

Proof. Let u = 8. For a countable subset A of R?, Let vy = ZAGA c)\0) where
cy > 0.

If > 2ycncx = m # 1, then for all f e LP(u),

[ eiduo e t) = 3l O = ml L,

AEA

If >7ycacx =1, then for all f € LP(u),

[ eluroltan®) = 3 ol 7O = 1142

AEA

On the other hand, for all f € LP(u) we have

/Rd I[fsedd Lol ®dv(t) =D allfs el = > I Vexealro ol

AEA AEA

Hence, If 7\ .y cx = m # 1, then {{/caex}rea is a tight g-frame for LP(u), and If
0<ecx<1,)  cncr =1, then {{creatrca is a Parseval g-frame for LP(u). O

Proposition 3.11. Let p be a finite Borel measure and let B be a positive con-
stant. Then there exists a (p,q)-Bessel measure v for p for all 1 < p,q < 0o and
1/p+1/q =1, such that v € Bp(it)p,q- In addition, for every 1 < p,q < 0o and
1/p+1/q =1, there exists a q-Bessel sequence with bound B for LP(u).
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Proof. Let v =3, ; ¢;0, for some \; € R¢ such that Yier€i < ﬁ. Let p>1
and f € LP(u). If g is the conjugate exponent to p, then by applying Holder’s
inequality we have

B0 [ el ) < e 1 Iy nRY < B LS I

icl

Hence v € Bp(it)p,q-

Since
SO Veen )l = aillf,ex] el = /Rd |[fs ee] e |?dv(t),
el i€l

the second statement follows from (3.1). [

All infinite (p, ¢)-Bessel measures v we observed were discrete. Now the question
is whether we can find a finite measure p which admits a continuous infinite (p, q)-
Bessel measure v. In the following we show that the answer is affirmative (see also
Example 4.1).

Proposition 3.12. Ifv = )\ (the Lebesque measure on R?) and p = A0,17¢, then
A is a (p,q)-Bessel measure for u where 1 < p < 2 and q is the conjugate exponent
to p.

Proof. According to Plancherel’s theorem the following equation is satisfied:
/ F(0)2dA() = / f(2)[2dA\(x) for all f € L2().
R4 R4

If f is supported on [0,1]%, then
[ FauPart) = [ 1f@)Pduta) for all § € L),
R4 R4

Moreover, we have H@Hw < |[fll g1y for all fin L*(p). Now by applying the
Riesz-Thorin interpolation theorem

|[Fdpld(t) < || £1|%,,, forall fe LP(u),
Rd LP ()

where 1 < p <2 and ¢ is the conjugate exponent to p. Hence A € B1(1)p,q-.

(likewise, for every p = Mg, where S is a subset of RY with finite Lebesgue
measure we have A\ € Bi(u)p,q, where 1 < p < 2 and ¢ is the conjugate exponent to
p) O

Corollary 3.6. The measure p = M|jg .1« has infinite continuous and discrete
(p, q)-Bessel measures, where 1 < p < 2 and ¢ is the conjugate exponent to p.
More precisely, if vy = 7, ;4 6; and vo = X, then vy, v € Bi(ft)p.q-
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Proof. The conclusion follows from Example 3.1 and Proposition 3.12. O

Corollary 3.7. Every . = Mg, where S is a subset of R? with finite Lebesgue
measure, has infinite continuous and discrete (p, q)-Bessel measures, where 1 < p <
2 and q is the conjugate exponent to p.

Proof. The approach is similar to Proposition 3.12 and Theorem 3.2. [

4. Properties and Structural Results

In this section our assertions are based on the results by Dutkay, Han, and Weber
from [5]. We generalize the results and we give some of the proofs for completeness.

Proposition 4.1. Let u be a Borel probability measure. Let 1 < p,q < oo and
1/p+1/g=1. If vis a (p, q)-Bessel measure for p, then there exists a constant C
such that v(K) < Cdiam(K)? for any compact subset K of R%. Accordingly, v is
o-finite.

Proof. 1t is easy to check that d/\u : R¢ — C is uniformly continuous and c/l;:(O) =
w(R%) = 1. So for every n > 0 there exists ¢ > 0 such that for = € B(0, €) we have

|dp(0)] — |du(z)] < |du(0) — du(x)| < n, and then [dp(z)| =1 —n. If 6 := (1 —n)?,
then |du(z)|? > § for x € B(0,¢). Thus, for any t € R,

B=Blell, = [ lenelftave) = [ [lLe i
R4 R4

= [ it~ lravte) = [ fdate - Dlrav(a)

B(t,e)
> u(B(t€))5.

Now Let K C R? be compact and r = diam(K). Then there exists a point z =

(z1,...,74) in R? such that K C H?Zl[xi —r,x; +r]. We may assume that e < 2r
d
and 2r/e € N. Let M = 2r/e. We have T[], [x; — r,z; +r] = U, C, where Cis

are d-dimensional cubes of side length e. For any a € {1,..., M%}, let t, be the
center point of C,. Then C, C B(tq,€). Now if C := (2/€)?B/§, then

Me Me d d
2r\" B 2\° B
<v||] <§ <(=) ==r(2) = =00
v(K)<v U B(ta,€) | < 2 V(B(ta,e€)) < ( ; ) 5 r <e) 5 Cr

Hence the assertion follows. [J

Theorem 4.1. Let 1 <p,g<ooand 1/p+1/¢g=1. Let B> A > 0. Then the
set Fa,B(1)pq is empty for some finite compactly supported Borel measures (.
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Proof. Let u = xo1)dx + 02. Suppose v € Fap(it)pq Let f := x{23. Then
I flleeuy = 1 and |[f,ed]rr(| = 1 for all £ € R. In addition, the upper bound
implies that v(R) < B < co. Then from the inner regularity of Borel measures we
obtain that for any € > 0 there exists a compact set K C R and a positive constant
R such that v(R) — e < K <v(B(0, R)). Therefore, v(R\ B(0,R)) < ¢

Choose some T large, arbitrary and let g(x) := 6727TiTIX[071]. Then

q
/ e—27ri(T+t):vdx _
(0,1]

The substitution z := —27x gives the last equality. Consequently, for all ¢ € R,
19, et]Lr(]? < 1 and if we take T' > 2R, then for all t € (=R, R) we have

sin(m(T +1))|*

(T +1t) (tER).

|[g; el Lo |? =

1
g, el r(w|? < ———-
w4(T — R)4

Hence from the lower bound we obtain

A:AHquLp(u) < /RHg,et]Lp(quv(t)

[ et + [ gl
B(0,R) R\B(0,R)

ﬁ -v(R) + €.

Now if T'— oo and € — 0, then A = 0. This is a contradiction. [

The next proposition shows that if there exists a (p, ¢)-Bessel/frame measure, then
many others can be constructed.

Proposition 4.2. Let u be a finite Borel measure and A, B be positive constants.
Let 1 < p,qg < oo and 1/p+1/qg = 1. Then both sets Bg(u)p,q and Fa g(u)p,q are
convex and closed under convolution with Borel probability measures.

Proof. Let v1,v5 € Bp(it)p,q and 0 < A < 1. For all f € LP(u),

/ Fdpl7dOun + (1 — Ava) = )\/ \f/qudz/l—i—(l—)\)/ \Fedp|?dvs
Rd Rd Rd
BHfH%p(M)

IN

Then Avq + (1 — AN)ve € Bp(i)p,q- Similarly, if v1,v5 € Fa,g(1t)pq, then we have
vy + (1 — /\)1/2 S .FA,B(/L)%Q
Let s € R% Then for all f € LP(u),

lexFWipgy = [ @ f@Pdnte) = [ | 1F@Pdnte) = 1172
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In addition, let v € Bg(u)p,q and let p be a Borel probability measure on RY. Then
for any t € R? and f € LP(u),

[e—sfrediogy = / e @ @) dp(a) = | fla)e T T dp(a)
= [faes+t]LP(u)~

Therefore,

/Rd ILf,etl Lo [Tdy * p(t) = /Rd /Rd [, €rs) Loy 9dv(t) dp(s)
/ lle—sf,ed]prquy|tdr(t) dp(s)
Rd Rd

q _ q
L Blec o) = B [ 1515 ,yo()
BIfIL, -

For v € F4 B(1t)p,q one can obtain the lower bound analogously. [J

IA

Corollary 4.1. Let 1 < p,q < o0 and 1/p+ 1/q = 1. If there exists a (p,q)-
Bessel/frame measure for u, then there exists one which is absolutely continuous
with respect to the Lebesque measure and whose Radon-Nikodym derivative is C*°.

Proof. Let v be a (p,q)-Bessel/frame measure for p. Convoluting v with the
Lebesgue measure on [0, 1] we have

vexondNE) = | [ e+ pdanon @)

/ / X (E)x0.(t — 2)du(@)dA(t — 2)

RJR

/XE(t)u([t—l,t])d)\(t):/ V([ — 1,4])dA(),
R

E

where F is any Borel subset of R. Thus, we obtained a (p, ¢)-Bessel/frame measure
for u which is absolutely continuous with respect to the Lebesgue measure.

Now consider the following two propositions from [10].
(1) If dv = fdX and dp = gd\, then d(v * p) = (f * g)dA.
(ii) If f € L (or f is locally integrable on R%), g € C*, and 9“g is bounded for
la| <k, then fx g € CF and 9%(f * g) = f x (0%g) for |a| < k.

Let g > 0 be a compactly supported C*-function with [ g(¢)dA(t) = 1. Let
dvg = v * x[o,1)d\ and dug = gdA. Then we have d(vo * o) = (v([- — 1,]) * g)dA
and v([- —1,]])xge C>®. O

Definition 4.1. [[5]] A sequence of Borel probability measures {\,} is called an
approximate identity if

sup{|| t ||: t € suppA,} -0 as n — oco.
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Lemma 4.1. [5] Let {\,} be an approxzimate identity. If f is a continuous function
on RY, then for any x € R, we have [ f(z +1t) d\,(t) = f(z) as n — oco.

By Proposition 4.2, if v is a (p, ¢)-Bessel/frame measure for p, then v x p is also
a (p, q)-Bessel/frame measure for p with the same bound(s), where p is any Borel
probability measure. An obvious question is under what conditions the converse is
true. The next theorem gives an answer.

Theorem 4.2. Let 1 < p,g<ooand1l/p+1/q=1. Let {\,} be an approximate
identity. Suppose v is a o-finite Borel measure, and suppose all measures v x A, are
(p, q)-Bessel/frame measures for x with uniform bounds, independent of n. Then v
is a (p, ¢)-Bessel/frame measure for p.

Proof. Take f € LP(u). Since [[f,e.]rr(u)|? (or |ﬁ171|q) is continuous on R? by
Lemma 4.1 and Fatou’s lemma we have

/|[f,ez]Lp(u)|Qd1/(x) liminf/ / [, extel Lo (| 7dAn (t) dv(z)
R4 n R4 JRA

= liminf /R f. ey ol M) w)
q
Bl A7)

Hence v is a (p, ¢)-Bessel measure with the same bound B as v * A,.

IA

IN

Now showing that

/ s ea ol d(v % An) — / 11, €)oo v,
R4 Rd

gives the lower bound (see [5]). O

We need the following two propositions from [5] to present a general way of con-
structing (p, ¢)-Bessel/frame measures for a given measure.

Proposition 4.3. [5] Let x and p/ be Borel probability measures. For f € L(u),
the measure (fdu) = ' is absolutely continuous w.r.t. p* u’ and if the Radon-
Nikodym derivative is denoted by P f, then

(fdu) =1’
d(p*p')

Proposition 4.4. [5] Let u, 1’ be two Borel probability measures and 1 < p < co.
if f € LP(u), then the function Pf is in LP(p * p') and

”PfHLp(u*u’) < ||f||LP(u)~

Pf=

Now we will show that if a convolution of two measures admits a (p, ¢)-Bessel/frame
measure, then one can obtain a (p, ¢)-Bessel /frame measure for one of the measures
in the convolution by using the Fourier transform of the other measure in the
convolution.
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Proposition 4.5. Let u, ¢/ be two Borel probability measures. Let 1 <p,g <0
and 1/p+1/q = 1. If v is a (p,q)-Bessel measure for ux p', then |p/|%dv is a
(p, q)-Bessel measure for u with the same bound.

If in addition v is a (p, q)-frame measure for (u* pu') with bounds A and B, and
for all f € LP(u), c||fHLp(u) S NPT (uuprys then ||y is a (p, q)-frame measure
for p with bounds cA and B.

Proof. If p,v € M(R?), then i+ v = ji - ¥ (see[10]). Take f € LP(u). Then
— R —— q —
[ i@ ey = [y eu'an = [ g
Rd R4 R4

Thus, we have

q
CA”f”Lp(“)

IN

APy < [ | 1P )l
< BIPHI o < BIf IS0

A

O

Now by Proposition 4.5, we will show that there exists a singular continuous
measure which admits continuous and discrete (p, ¢)-Bessel measures.

Example 4.1. Let A be the Lebesgue measure on R and p = Aljg,1]. If p14 is the invariant
measure for the affine IFS with R = 4 and A = {0, 2}, and if p} is the invariant measure
for the affine IFS with R = 4 and A" = {0, 1}, then convolution of measures p4 and uj is
the Lebesgue measure on [0, 1] (see Corollary 4.7 from [5]). By Corollary 3.6, v1 = >, 6
and v2 = A are in Bi(u)p,q, where 1 < p < 2 and ¢ is the conjugate exponent to p. Hence
by Proposition 4.5, v1 = ¥,., \ﬁi(t)|25t and vy = |;/A\ﬁl(ac)\2d)\(x) are in B1(p4)p,q, where
1 <p <2 and q is the conjugate exponent to p.

In the next theorem, we have some stability results. In fact, this theorem is a
generalization of Proposition 3.5.

Theorem 4.3. Let u be a compactly supported Borel probability measure. Let

1<pg<ooandl/p+1/q=1. Ifv is a (p,q)-Bessel measure for y, then for any
r > 0 there exists a constant D > 0 such that

/R Sup |1, a1l 1d0(@) < D%, for all f € LP ().

¢ Jyl<r

If v is a (p, q)-frame measure for p, then there exist constants 6 > 0 and C > 0
such that

q .
ClANLe < /]Rd Iélngfé [fs eatyl Lo |7dv (), for all f € LP(p).

Proof. The approach is completely similar to the proof of Theorem 2.10 from [5]. O
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We show that by using this stability of (p, ¢)-frame measures, one can obtain
atomic (p, ¢)-frame measures from a general (p, ¢)-frame measure.

Definition 4.2. Let Q = [0,1)% and r > 0. If v is a Borel measure on R? and
if (21)peze is a set of points such that for all k € Z? we have z; € 7(k + Q) and
v(r(k+ Q)) < oo, then a discretization of the measure v is defined by

V=Y u(r(k + Q))da,.

keza

Theorem 4.4. Let 1 < p,q < oo and 1/p+ 1/q = 1. If a compactly supported
Borel probability measure p has a (p,q)-Bessel/frame measure v, then it also has
an atomic one. More precisely, if v is a (p,q)-Bessel measure for p and if V' is a
discretization of the measure v, then v’ is a (p, q)-Bessel measure for p.

If v is a (p,q)-frame measure for p and v > 0 is small enough, then v’ is a
(p, q)-frame measure for p.

Proof. Let Q = [0,1)%. Let (x1),ecz¢ be a set of points such that z € 7(k + Q) for
all k € Z?. For every x € r(k 4+ Q) define e(z) := x), — . Thus, |e(z)] < rVd =: 7'
and for any f € LP(p),

L coollar@ = 30 [ i endigo v

kezd

Y vtk + QI exdirgol”.

kezd

Since we have

IN

L nt - exsalaoo "dv(o)

a ly|<r’

/ [fs eate@)]rl?dv(z)
Rd

IN

/R sup |[f, exs) oo |7dv (),

4 ly|<r

the upper and lower bounds follow from Theorem 4.3. []

By Lemma 3.1, if there exists a purely atomic (p, ¢)-frame measure v for a prob-
ability measure p, then there exists a ¢g-frame for LP(u). Now we conclude that if
there exists a (p, ¢)-frame measure v (not necessarily purely atomic) for a compactly
supported probability measure p, then there exists a g-frame for LP(u).

Corollary 4.2. Let p be a compactly supported Borel probability measure. Let
1<pg<ooandl/p+1/g=1. If v is a (p,q)-frame measure for p with bounds
A, B and r > 0 is sufficiently small, then there exist positive constants C, D such
that {creq, : k € Z2} is a q-frame for LP (i) with bounds C, D, where zy, € 7(k+Q)

and ¢, = Yv(r(k+Q)).
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Let v € FaB(it)pq Then by Theorems 4.4 and 4.3, v/ = 3, ,a ¢l0a,

is a (p, ¢)-frame measure for p. More precisely, v/ € Feo p(it)p,q. Hence for all

feLP(u),

CliflLog < Ad|[f’et]Lp<u)|qu'(t)=ZCZI[ﬂem]m(mV’

kezd

S lF ke ool < DI -
kezd
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Abstract. The motivation of this study is to determine the analytic solution of initial
boundary value problem including time fractional differential equation with Neumann
boundary conditions in one dimension. By making use of seperation of variables, the
solution is constructed in the form of a Fourier series with respect to the eigenfunctions
of a corresponding Sturm-Liouville eigenvalue problem.

Keywords: Caputo fractional derivative, space-fractional diffusion equation, Mittag-
Leffler function, initial-boundary-value problems, spectral method.

1. Introduction

As PDEs of fractional order play an important role in modelling numerous pro-
cesses and systems in various scientific research areas such as applied mathematics,
physics chemistry etc., the interest in this topic has become enourmous. Since the
fractional derivative is non-local, the model with fractional derivative for physical
problems turns out to be the best choice to analyze the behaviour of the complex
non linear processes. That is why this has attracted an increasing number of re-
searchers. The derivatives in the sense of Caputo is one of the most common since
modelling of physical processes with fractional differential equations including Ca-
puto derivative is much better than other models. In literature, increasing number
of studies can be found supporting this conclusion [1], [2], [3], [4], [5], [6], [7], [8], [9],
[10], [11], [12], [14], [15], [16], [17]. Especially there are various studies on fractional
diffusion equations: Exact analytical solutions of heat equations are obtained by
using operational method [18]. The existence, uniqueness and regularity of solution
of impulsive sub-diffusion equation are established by means of eigenfunction ex-
pansion [19]. The anomalous diffusion models with non-singular power-law kernel
have been investigated and constructed [20]. Moreover, the Caputo derivative of
constant is zero which is not hold by many fractional derivatives. The solutions of
fractional PDEs and ODEs are determined in terms of Mittag-Lefller function.

Received September 12, 2019; accepted February 20, 2020
2010 Mathematics Subject Classification. Primary 26A33; Secondary 65M70
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2. Preliminary Results
In this section, we recall fundamental definition and well known results about

fractional derivative in Caputo sense.

Definition 2.1. The ¢'* order fractional derivative of u(t) in Caputo sense is
defined as

1 ¢ n—qg—1
(2.1) Dy (t) = —— / (t — )" ™ (s)ds, t € [to, to + T)
F (n - q) to
where u(™ (t) = %, n—1 < g < n. Note that Caputo fractional derivative is equal

to integer order derivative when the order of the derivative is integer.

Definition 2.2. The ¢! order Caputo fractional derivative for 0 < ¢ < 1 is defined
as

(2.2) Dy (t) = ! ) /t (t—s) "/ (s)ds,t € [to, to + T

I'l—gq

The two-parameter Mittag—Leffler function which is taken into account in eigen-
value problem, is given by

(At =)
(2.3) Eop (At —to)" Z% T L, 3> 0
including constant A. Especially, for tg = 0, « = 8 = q we have

< (A9)”
(2.4) Eaop (A9 :ZF ,q>0
k=0

Mittag—Leffler function coincides with exponential function i.e., Fy 1 (\t) = e

for ¢ = 1. For details see [13, 21].

We determined the solution of following time fractional differential equation with
Neumann boundary and initial conditions in this study:

(2.5) Diu(z,t; ) = Ugy (z, ;) — yu (2,65 @)
(26) Uy (07 t) = Uy (l7 t) =
(2.7) u(z,0) = f(z)

where 0<a <1, 02, 0<t<T,yeR.
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3. Main Results

By means of separation of variables method, the solution to the problem (2.5)-
(2.7) is constructed in analytical form. Thus, a solution to the problem (2.5)-(2.7)
has the following form:

(3.1) u(z, t;a) = X(z) Tt a)
where 0 <z <[, 0 <t <T.
Plugging (3.1) into (2.5) and arranging it, we have

The equation (3.2) produces a fractional differential equation with respect to
time and an ordinary differential equation with respect to space. The first ordinary

differential equation is obtained by taking the equation on the right hand side of
Eq. (3.2). Hence, with boundary conditions (2.6), we have the following problem:

(3.3) X" (z) 4+ NX (2) =0

(3.4) X' (0)=X'(I)=0

The solution of eigenvalue problem (3.3)-(3.4) is accomplished by making use of
the exponantial function of the following form:

(3.5) X (z)=e™
Hence, the characteristic equation is computed in the following form:
(3.6) 2+ A2 =0

Case 1. If A = 0, the Eq.(3.6) has two coincident roots r; = 3, leading to the
general solution of the eigenvalue problem (3.3)-(3.4) having the following form:

(37) X (ZC) =kiz+ ko
(3.8) X' (z) = ks
The first boundary condition yields

(39) X/(O):k’l =0=k =0

This result leads to
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(3.10) X (z) = ko

Similarly, the second boundary condition leads to

(3.11) X' () =k =0=k =0

Hence, we obtain the solution as follows:

(3.12) Xo (.L“) = /{12

Case 2. If A < 0, the Eq.(3.6) has distinct real roots r1, r5 leading to the general
solution of the eigenvalue problem (3.3)-(3.4) and having the following form:

(3.13) X () = c1€™ 4 cpe™™®

(3.14) X' (x) = ric1e™® 4 rocoe™®
The first boundary condition yields

(3.15) X'(0)=ric; +12c0 =0=¢; = —:—icz
This result leads to

(3.16) X (z) = —:—3026“3c + coe”?®
Similarly, the last boundary condition leads to

(3.17) X () = —%CQe”l Ferem =020y =0

which implies that ¢; = 0. Therefore, X () = 0 which means that we don’t
have any solution for A < 0.

Case 3. If A\ > 0, the Eq.(3.6) has two complex conjugate roots lead to the
general solution of the eigenvalue problem (3.3)-(3.4) and have the following form:
(3.18) X (z) = cicos (Ax) + cosin(Ax)

(3.19) X' (z) = —c1Asin (Ax) + c2Acos(Ax)

The first boundary condition yields

(320) X’ (O) =0=cA=>c=0
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This result leads to
(3.21) X (z) = cicos (Ax)
Similarly, the last boundary condition leads to
(3.22) X'(I) = —c1Asin (M) =0
which implies that

(3.23) sin(Al) =0

Let nm = A\,l. Hence, the eigenvalues can be determined as follows:

(3.24) )\n:nl—ﬂ,/\1</\2<)\3<...

The representation of the solution is obtained as follows:

(3.25) X, () = cos (@

z ),n:1,2,3,...

The second equation in (3.2) for every eigenvalue A, is determined as follows:

D (T (t;a))

(3.26) T Go)

=—(N+7)

which yields the following solution

(3.27) T, (t;0) = Eo (— ((mlm;>2 + 7) t“) n=1,2,3,...

The solution for every eigenvalue )\, is constructed as follows:

2
up (z,t;0) = X, () Ty ((;) = B (— ((T) + 7) t“) cos (@) ,n=0,1,2,3,...
(3.28)

Hence the general solution becomes

(329)  w(z t:a)=do —|—ni_o:1dncos (”lﬂ) o (— ((”71”7)2 —I-’y) ta>

Note that boundary conditions and fractional differential equation are satisfied
by this solution. The coefficients in (3.29) are obtained by making use of initial
condition (2.7):
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(3.30) w(z,0) = f (z) = do + g dpcos (?)
<f<x), cos (’“l”“) > _ <d0, cos ("“l”““) > T nij:ldn<cos (), cos ("”l”““) >
(3.31)

We obtain the coefficients d,, for n =0,1,2,3, ... as follows:

l
(3.32) do = %/0 f(z)dx

! nwx
(3.33) dn, = %/0 cos (T) f(x)dx

4. TIllustrative Example

In this part, we first take the following partial differential equation with Neu-
mann boundary and initial conditions:

up (x,1) = Ugg (2,8) —u(z,1),0< 2 <1,0<t < T

Uy (0,8) =0, u, (1,8) =0,0<t < T
(4.1) u(z,0) =cos(mz) 0 < x < 1
which has the solution in the following form:

(4.2) u(x,t) = cos(mz) e (771t

Secondly, we take the following time fractional differential equation with Neu-
mann boundary and initial conditions:

(4.3)  Dffu(z,t) = ugy (z,t) —ulz,t), 0<a<1,0<2<1, 0<t<T
(4.4) U (0,8) = up (1,1) = 0,0 <t < T

(4.5) u(z,0) = cos(mx),0 <z < 1

The application of seperation of variables method yields the following equation:
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Dy (T'(t;a))
Ttha) 1 X

CX'@)

(4.6)

The equation (4.6) produces a fractional differential equation with respect to
time and a differential equation with respect to space. The first fractional differential
equation is obtained by taking the equation on the right hand side of Eq. (4.6).
Hence, with boundary conditions (4.4), we have the following problem:

(4.7) X" (z) 4+ NX (2) =0

(4.8) X'(0)=0, X'(1)=0

Hence the eigenvalue problem (4.7)-(4.8) yields the following solution:

(4.9) X, () =cos (nwz) ,n=1,2,3,...

By using the similar calculations as in (3.27), T), (t; ) for n = 1,2,3,... is
determined in the following form:

(4.10) T, (t;0) = By (— ((m)2 + 1) t"‘) n=1,2,3,...

For each eigenvalue \,,, we obtain the following solution:

U (z,t;0) = X, () Ty, (t;0) = Eg 1 <— <(n7r)2 + 1) ta) cos (nmx) n=0,1,2,3,...
(4.11)

Hence, the general solution is established as follows:

(4.12) u(z, t;a) =doy + i dycos (nmz) Eqy 1 <7 ((mr)Q + 1) t”‘)

Note that the general solution (4.12) satisfies both boundary conditions (4.4)
and the fractional equation (4.3). We determine the coefficients d,, in such a way
that the general solution (4.12) satisfes the initial condition (4.5). Plugging¢ = 0
in to the general solution (4.12) and making equal to the initial condition (4.5), we
have

(4.13) u(z,0) =do+ Z dpcos (nmz)

n=1
Via the inner product we obtain the coefficients d,, forn = 0,1,2,3,... as follows:

=1

(4.14) dp = }/1 f(z)dx = /1 cos(mz) dx = lsin(mr;) =0
0 0 m

z=0
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and

(4.15) dy, = 2/01 Cos (@) fl@)dx = 2/01 cos (nmx) cos (mx) dx

Thus d,, =0 for n # 1.

For n =1 we get

1 1 =1
(4.16) dy = 2/ cos? (mz) dr =2 [m + —sin (27x) } =1
0 2 47T =0
Thus
(4.17) u(z,t;0) = cos(mz) Eoq (— (7 4+ 1) t%)

It is important to note that plugging o = 1 in to the solution (4.17) gives the

solution (4.2) which confirm the accuracy of the method we apply.

5. Conclusion

In this research, the analytic solution of initial boundary value problem with
Neumann boundary conditions in one dimension has been constructed. By using
the separation of variables, the solution is formed in the form of a Fourier series
with respect to the eigenfunctions of a corresponding Sturm-Liouville eigenvalue

problem.
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Abstract. Topology studies the properties of spaces that are invariant under any con-
tinuous deformation. Topology is needed to examine the properties of the space. Funda-
mentally, the most basic structure required to do math in the space is topology. There
exists little information on the expression of the basis and topology on dual space. The
main point of the research is to explain how to define the basis and topology on dual
space D". Then, we will study the geometric constructions corresponding to the open
balls in D and D2, respectively.

Keywords: dual space; dual numbers; topological structure.

1. Introduction

Topology, as a well-determined mathematical field, emerged at the beginning
of the 20th century although some isolated conclusions are traced back to a few
centuries ago. The term topology belongs to a special mathematical opinion central
to the field of mathematics named topology. Topology tells us how components
of a group concern spatially with one another. Fundamentally, in the modern
version of geometry, the study of all different kinds of spaces can be regarded as
topology. The thing that distinguishes different sorts of geometry from each other is
in the kinds of transformations that are allowed before you really consider something
changed. Topology investigates the properties of spaces that are invariant under any
continuous deformation. This is almost the most basic form of geometry available.
It is used in nearly all branches of mathematics in one form or another. Besides,
topology is applied in biology, computer science, physics, robotics, geography and
landscape ecology, fiber art, games, and puzzles. For more details, we refer the
readers to ([1], [3]—[10], [18]—[20]).

Dual numbers were defined by W. K. Clifford (1845—1879) as a tool for his geo-
metrical studies, and their first applications were given by Kotelnikov [15]. Eduard
Study [21] used dual numbers and dual vectors in his research on line geometry and
kinematics. He proved that there exists a one-to-one correspondence between the
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points of the dual unit sphere in D3 and the directed lines of Euclidean 3-space.
In 1994, by using dual numbers, Cheng [5] introduced the C* programming lan-
guage. These numbers play an important role in field theory as well [12]. The most
interesting use of dual numbers in field theory can be shown in a series of articles
by Wald et al. [22]. Furthermore, Gromov, in a series of articles, applied the dual
numbers in several ways: in contractions and analytical continuations of classical
groups [13], and then in quantum group formalism [14]. Dual numbers have their
application in various fields such as computer modelling of rigid body, mechanism
design, kinematics, modelling human body, dynamics, etc. ([11] and [16]). For ex-
ample, in kinematics, using dual numbers, it is possible to explain the screw theory
[17].

The basis and topology concepts of dual space have not been investigated in
detail, although dual numbers and dual space are used in many articles about
mathematics, kinematics, and physics. In order to study the mathematical structure
of dual space, we need its topological structure. Furthermore, there is no order
relation on the dual numbers system. In this case, how does the dual absolute value
and norm provide triangular inequality? The answer to this question is given by
this study.

The main aim of this article is to give the basis and topology concepts on dual
space D™. The order relation on dual numbers is defined to achieve this aim. By
using this order relation, the concepts of dual inner product, norm, and metric are
examined again in detail. This study will provide an insight into the structure of
dual space.

2. Basic Concepts
Let the set of the pair (z,z*) be
D=RxR=A{z = (z,2%) | z,2" € R}.
Two inner operations and an equality on D are described as follows:
(1) ®:DxD — D forT=(x,2*) and § = (y,y*) defined as
Toy=(r+yr" +y)
is called the addition in D.
(i) ®: Dx D — D for T = (z,2*) and § = (y,y") defined as
TOY = (vy,zy" +2"y)

is called the multiplication in D.

(t4i) For T = (z,2*) and § = (y,vy*), if z = y, 2* = y*, T and 7 are equal, and
it is indicated as T = 7.

If the two operators and the equality on D with a set of real numbers R are
defined as above, the set D is called the dual numbers system and the element
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T = (x,2*) is called a dual number. For T = (z,2*) € D, the real number z is
called the real part of Z, and the real number x* is called the dual part of Z. The
dual numbers (1,0) = 1 and (0,1) = ¢ are called the unit element of multiplication
operation in D, and the dual unit which satisfies the condition that

e#0,e2=0, el=1le =¢,

respectively. If we use the multiplication property and ¢ = (0,1), we have the
expression T = x + ex*. The set of all dual numbers is written as follows:

D={T=xz+ex*|z,2" €R, 2 =0}.
The set D forms a commutative ring according to the operations
(x+ex")+(y+ey’)=(@+y +e(@ +y")

and
(x +ex™) (y+ey”) =ay+e(zy” +2"y).

For the dual numbers T = z + ex* and § = y + ey*, if y # 0, then the division — is

< | &

defined as follows:

x ¥y — zy*

S

Y Yy

The absolute value of the dual number T = x 4+ ex* can be given as

< |8

*

— rxr
Z|p = || T (x #0).
Clearly, |z|, =0 if 7 = 0 [24].
The set of
D? = {7 = (%1,%2,73) | T € D, 1 <i <3}

gives all triples of dual numbers. The elements of D? are called dual vectors and a
dual vector can be represented by

T=z+ex* = (z,z%),

where z and z* are the vectors of R3. Let us take T = x + ez*, § = y + ey* € D3,
and A = A +e)\* € D. Then, the addition and multiplication operations on D3 are
as below:

T+y = zt+yte(™+y),
X»—v

T = Xxt+eA™+Nx).

According to these operations, the set D? is a module over the ring D entitled by
a D—module or dual space D3 [11].

The set of dual vectors on D™ is represented by

D" = {% = (517527...7571) ‘ T; € D, = 17...771} .
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These vectors can be given in the form T = x + ex* = (z,2*), where x and z* are
the vectors of R”.

Let # = 2 + ex* and § = y + ey* be dual vectors of D™, and let A\ = X\ +e\* be
a dual number. Then we define the following operations that make D™ a module
called dual space D™. These axioms are as follows:

T+y = zt+yt+e(@+y),
AT = Ar+e(Ar*+ \x).

Formally, a vector space V over the field F' together with a function
(,): VXV F

is called an inner product space satisfying the following three axioms for z,y,z € V
and A\, pu € F:

i) Symmetric Property:
(x,y) = (y,x) .

i1) Linearity:

Az + py, z) = Mz, 2) + py, 2)

and

(2, Ay + pz) = Mz, y) +plz, 2).

i1i) Positive Definite Property:
(z,2) >0

and
(x,2) =02z =0.

A vector space V is normed vector space if there is a norm function that trans-
forms V' to non-negative real numbers, symbolized as ||z||, for all vectors z,y € V
and all scalars A € F', and satisfies the following conditions:

i) ||z|| > 0 and ||z|| = 0 if and only if z =0,

i) Azl = Al |,

iii) ||z + y|| < ||z|| + |ly|| (Triangle inequality).

In 1906, M. Frechet showed that given any non-empty set W, a distance function
d: W x W — R may be described. The pair (W, d) is named a metric space, where

W is a non-empty set and d is a real valued function on W x W called a metric
that satisfies the following axioms for z,y,z € W:

d.1) d(z,y) >0,
d.2) d(z,y) = 0 if and only if z = y,
d.3) d(z,y)
d.4) d(z,z)

T,z

= d(y,z) (Symmetry property),
< d(z,y) + d(y, z) (Triangle inequality).
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Let (W, d) be a metric space. In parallel to R™, the set
Bi(a,r) ={x e W |d(a,x) <r}
with 7 > 0 is named an open ball with centre a and radius r. Similarly, the set
Sa(a,r) ={x e W |d(a,z) <r}
with r > 0 is entitled as a closed ball with centre a and radius r. In the metric space

(W,d), a subset A C W is called an open set if and only if for all points a € A,
there is an r > 0, such that the open ball Bg4(a,r) is a subset of A.

Lemma 2.1. An open ball By(a,r) in a metric space (W, d) is open.

Definition 2.1. If W is a set, a collection 5 of subsets of W is a basis for a
topology on W, such that

(1) U B=w
Beg
(2) B, NB; = U B for VB17B2 S B, where B; N By 7§ .
Bep

Let 8 ={By(a,r) | a € W,r € R*}. A collection 3 on W is a topological basis.
Assume that the topology obtained from this basis 3 is symbolized as 7. This
topology 7 is defined as the metric topology reduced from the metric d on the set
W ([2], [18] and [23]).

Assume that A and B are any two sets. An ordering for the Cartesian product
A x B is determined as follows:

If not only (a1, b1) but also (ag, by) are the elements of Ax B, we can write (a1, b1) <
(ag,b9) if and only if either

1) a1 <4 a9
or

2) if a; = as, b1 <p bs,
where < and <p are order relations on any two sets A and B, respectively. Specif-
ically, let two partially ordered sets A and B be given. The lexicographical order
on the Cartesian product A x B is described as follows:
(a1,b01) < (a2,bs) if and only if a1 <4 as or (if a; = aq, by <p ba).
If A= B =R is taken into consideration,

6 = {(a1 X bl,ag X bg) | a1 < as or (lf a1 = as, bl < bg)}

is a basis of R x R with reference to order relation.
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3. Inner Product, Norm and Metric on Dual Space

Theorem 3.1. Let T =z +cx* and § = y + ey* be dual numbers. In this case,
the relation <p defined as

I<pyer<yorifr=y, ¥ <y”

18 an order relation on D, where < is the order relation on R.

Proof. Let ustake T =x 4 ex*, =y +ey*,Z=2+¢e2* € D and
(3.1) I<pyozrz<yorifz=y, z*¥<y”

In this case, by taking account of dual inequality (3.1), it is possible to write the
below expressions:

i) if T # 7, then either T <p J or ¥ <p T,

1) if T <p 7, then T # 7,

1) if T <pyand § <p Z, then T <p Z.
Thus, the proof is completed. [

Furthermore, for T = x + ex*, y = y + ey* and Z = z 4+ ez* € D, the relation

<p defined as
T<pyer<yorifr=y, x* <y*

provides the following expressions:

i) T <pT,

i) ifZ <pyand y <p T, then T =7,

111) if T <p yand y <p Z, then T <p Z,
where < is the partial order relation on R. This relation is called the partial order
relation on D.

In this section, using the above defined order relations on D, we will reconsider
the concepts of dual norm and metric on D™ obtained from the dual inner product.

A dual inner product on dual space D™ is a function

(,)p : D"xD"—D,
(3.2) @y)p = (wy)+elay)+E"y),
where 7 = x +ex*, y = y + ey* € D", and the notation (,) is an inner product

on R™, such that for the dual vectors Z, i, z € D™ and the dual numbers A\ =
A+ eX = p+eu* € D, the following conditions exist:

i) (Z,Z)p, >p 0 and (Z,Z), =0if 2 =0.

i1) This inner product (), satisfies symmetry property, i.e.,

<i’y D — <ga'%>D
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i44) This inner product (, ), provides bilinear property, i.e.,
<X5+ﬁg7g>D :X<572>D +ﬁ<gaE>D7
and B B
<§§a)‘g+ﬁz>l) = )‘<%7y D +ﬁ<§§?z>D :
A dual norm on dual space D™ is defined as follows:

I.l, : D"—=D,

~ 0 ,x=0
Izllp, = ||xH+E<JICIfH> ,x#0,

where T = ¢ 4+ ex* € D" and z, * € R™. The dual norm has the following three
properties:
i) For & € D™,
12l =p 0.
ii) For ¥ € D" and A € D,

2]l = Al - 121 -

i71) We can write the following dual inequalities:
If these conditions © =0, y # 0 (or z # 0, y = 0) and (z*,y) > 0 (or (z,y*) > 0)
are satisfied, there exists the below dual inequality

1Z+¥llp zp 12l + 191l -
In all other cases, it is possible to write the following expression
1Z+9llp <o IZllp +119llp -

Here, the third property is called the dual triangle inequality, and these properties
are proved by using the definition of dual norm.

A dual distance on dual space D™ is a function

d : D"xD"— D,

- ~~ 0 , =Y
d(z,y) = Hm_yHD: ||m_y||+€(w—y,w*—y*) T4y

Tz —yll
that satisfies the following conditions for z, ¥, zZ € D™:
i) d(z,9) >p 0, and d (z,7) = 0 if v = y.

ii) If the function d is taken into consideration, the below symmetry property is
satisfied:
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ii1) It is possible to say that the dual inequalities exist:
If these conditions x—y = 0, y—z # 0 (or z—y # 0, y—z = 0) and (z* — y*,y — 2) >
0 (or (x —y,y* — z*) > 0) are satisfied, it is clear that

In all other cases, the following dual inequality is written

4. Basis and Topology on Dual Space

The aim in this section is to present how to introduce the concepts of basis and
topology on dual space D™. Then, the geometric modellings for the open balls of
D and D? are shown in detail.

Let (D”,E) be a dual metric space. Given a dual point @ = a 4+ ea* € D™ and
a dual constant 7 = r 4 er*, where r > 0, the sets

By@,7) = {F=z+ex*eD"|d(Fa)<pT, T=r+er"}
T=z+ex*eD"|||lz—a||<rorif |[x—a|]=r
= (z—a,x*—a”

S }u{am}

b lz—all

S:(a,7) = {F=z+ex*e€D"|d(T,a)<pT, F=r+er}

T=x+ex* €D |||z —al| <rorif |z—a|] =7 .
= (x—a,x*—a™) < p* U{a—i—sx }

P fle—all
are called a dual open ball and dual closed ball with radius 7 and center a, respec-
tively.

Each dual distance function d on dual space D™ generates a topology 77 on D™,
which has a basis on the family of dual open balls

3= {ég(a,?) |Ge D" and?=r+€r*}.

Now, we will demonstrate that B is a basis on D":
i) Duetoa € Eg (@,7), it is possible to write {a} C EE (a,T), and thus we obtain
the following equality:

D"= U {a}c U B;(@@7) c D",
aeDm™ Beg

ie.,
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i1) For all open balls Bl, = 31 (ay,71) and EQ, = EQ (az,T2) except for
31 N BQ, = ¢, we must show the existence of the following equahty

Elg(’dl,?l) ﬂgg (LQ,?“Q U B (L 7"
BEﬁ

Assume that y € Elgﬂg%. Since y € D™ is the element of not only Elz but also
Bs_, we can write d(y,a1) <p 71 and d (y,d2) <p T with respect to the definition
of dual open ball, respectively. Thus, dual inequalities are obtained as follows:

E(ga al) = { O(y—al,y*—a*) v <pTri =711+ 57”;
ly —aill + e v Fm
and
G~ ~ 0 Y = a2 _ «
d(yaa’Q) = { ly — as| + ¢ (y Ha;’yazﬂap Yy # a <p Ty =Ty +Er,y.

Situation 1. Consider that y = a; = as. This gives the below dual inequalities
E(ﬂ,?il) =0<pmnr -‘rETT
and _
d(y,a2) =0<p 1y +ers.
Taking a1 = as = a and dualmin {7;,72} =7 in the above dual inequalities, we find
d(y,a) <p T, that is, § € By (a,T).
Situation 2. Let y = a; and y # as. We can write
d(y,a1) =0<pT
and
<y — a2, y* B a’§>

<rs.
|y — az|| 2

d(7,a2) <p To & ||y — as|| < 72 orif ||y — as|| = ro,

When y = a1 = a is taken into consideration, we get d(y,a) <p 71, that is,
y € B3 (a,71). Now, let us think y # as = a. In this case, we have

- y—a,y* —a*
1G.a) = ly—af +e2=0Y -0
ly — al
— Hy—a2||—|—£<yia2’y*7a*>
ly — az||

By taking account of the inequality ||y — as| < 7o, it is seen that d (y,a@) <p T,
that is, y € B (a,T2). Assume that ||y — az|| = r2. Thus, the following inequality
is obtained

<y70’27y*7a*> * <yfa2,a§—a*> o

(4.1) <ry+
|y — az|| 2 lly — az||



262 Bugra Aktag, Olgun Durmaz and Halit Giindogan

If we use the inequality (4.1), the below expression can be obtained

(4.2) d(y,a) <p re +ery =T3.
Therefore, the dual inequality (4.2) implies y € EE (a,73).
Situation 3. The proof for this situation is as in the situation 2.
Situation 4. Suppose that y # a; and y # as. Using the order relation on D,

it is allowed to write

<y7a17y* — CLT>

lv—aillp <p T1 e |ly—ai| <r orif ||y —a] =r1, <ry
Ty — arl
and
_ _ -~ . _a *_a*
1Tl <b 2 lly— aall < 72 or if Iy — agl) = ra, 28 ) o

ly — az||

In order to analyze this situation, four cases exist. These cases are as follows:

Situation 4.1. By considering ||y — a1|| < 1 and ||y — az|| < r2, the following
inequalities can be written

(4.3) ly —all < |ly —arll + lar — af| <71+ [lar —all = rix
and
(4.4) ly —all < [ly —az|| + llaz — all <72+ [lar —al| = rao.

From the inequalities (4.3) and (4.4), we deduce ||y — a|| < r, where min {ryy,ro2} = 7.
Thus, we can express the dual inequality

o (y—a,y* —a") -
ly—allp=ly—al+e———=——" <pr+e’ =T,
b ly —all
which implies that § € ég (a,7).
Situation 4.2. Let ||y —a1|| < 71 and if ||y — as|| = re, W <rj. In

this case, we have
ly —all < lly —aill + llar —all <71+ [lar —al| = ri

and
ly —all < lly — a2l + [laz — al| = r2 + |laz — af| = ra2.
If we consider the above inequalities, it is easy to see that |y — all < r, where
min {711,722} = r. This immediately implies d (y,a) <p 7, that is, y € B; (a,T).
Situation 4.3. The proof for this case is as in the situation 4.2.
Situation 4.4. Consider that

<y — a’lvy* - G‘T>

<rf
ly — a1l '

if ly —ar] =,
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and
<y - QQay* - CL;>

ly — az||
Similarly, we can write the following inequalities:

*

if ||y — az| = ra, <ry.

ly —all < lly = arll + lar — al = r1 + flar = all = ria

and
ly —all <y — azl| + llaz — al| = r2 + [laz — al| = ra2.

It is seen from the above inequalities that ||y — a|| < r, where min {ry1,r22} = 7.
Therefore, we have the expressions below:

ly —all <ror[ly—all=r.

By considering ||y — a|| < r, it is certain that § € ég (a,7). Now, let us assume that
lly — al]| = r. The following inequalities can be written

(y—ay" —a") mritly—anef—a)+{m—ay —a)

ly — al ly — al —
and
(y—a,y*—a*) rori+(y—as,a5 —ap) +{as —a,y* —a*)
ly — al ly — al s

If we choose r* = min {rj,, r3,}, the below inequality can be written:

(4.5) Y-ay —al) .
ly —all

From the inequality (4.5) and ||y — a|| = r, we obtain y € ég (a,7).
Consequently, considering four situations together, it is clear that
je U B;@ar).
Bep
On the contrary, assume that y € ~U~§E (a,7). Thus, there exist 7o =r¢+erg € D
Bep

and ap = ag + €al; € D™, such that it is possible to write y € Eg (ag,T0), where
ro > 0. In this case, we have the expression

@6 A X U <proter
) ,ag) = a0yt —ar <p rg+ery.
Y, ao ly — ao| +€<y HyO}aOH o) Ly # ao DTo 0

Therefore, we need to study the following cases:

Case A: Let us consider that y # ag. By using the order relation on D, we can
write . .
(y — a0, y* — a5)

<rg.
|y — ao| 0

ly — aol| < 7o orif ||y —aol = ro,
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Case A.1. Assume that ||y — ao|| < ro. We have the following inequalities:
ly — arl| < [ly — aoll + llao — arl| < 7o+ llao —as][ =1
and
ly = azl| < [ly — aoll + a0 — azll < 7o + |lag — azf| = r2.
If y = a1 and y = a9 are taken, then it is obvious that
y € B3N Byg.
If y # a1 and y # a9 are considered, due to
ly —a1]| <m
and
ly — as|l <72,
it is clear that _ _
y € B3N Byj.
We can express y € Elﬁ N éz& by means of similar calculations for the situations
y=az y#a and y =ai, y # as.
Case A.2. Suppose that if ||y — ag|| = ro, % < r5. Due to
ly — axll < lly — aoll + llao — as]l = ro + [lao — ax || = 1
and
ly — azl| < [ly — aoll + [lao — az|l = ro + [lag — az|| = r2,
the following inequalities are obtained
ly — a1l <
and
ly — az| < ra.

By taking account of the above inequalities, we have four cases:

Case A.2.1. Let us think that ||y —ai|| < 71 and ||y —az| < r. Then we
obtain _ B
y € BjzN Byg.

Case A.2.2. Let us consider that ||y — a1]| = 1 and ||y — az|| < re. From the
second expression, we attain

(4.7) J € Byy.
On the other hand, the inequality

(4.8) (y —a1,y* —ai) < rorg + (ao — a1, y* —ai) + (y — ag,ay — aj) e
ly — aill ly — a1l !
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can be written. Because of ||y — a1]| = r1 and the inequality (4.8), it is possible to
write
(4.9) y € B3

Thus, it is easy to see that _ _
y € B3N Byg.
Case A.2.3. The proof for this case is as in the case A.2.2.

Case A.2.4. Assume that ||y — aq|| = 1 and ||y — az|| = r2. In this case, the
following inequalities are calculated

(y—ary —ai) _rori+ (o0~ a1y —ai) +y—a0,05—aj) _
|y — a1l ly — a1l !
and
<y_a23y*_a;> T0T8+<a0_a27y* _a§>+<y_a0?aa_a;> — pk
ly — az| ly — az|| ?

If we take account of the above inequalities, these imply that
y € BygN Byg.

Case B: Let us assume that y = ag. By revisiting the dual inequality (4.6), we
have

E(g,&o) =0<pre+ 67’3.
Case B.1. If a; = as = ag is considered, we obtain the following dual inequal-
ities: _
d(gaal) =0<pT
and

d(y,az) =0 <p Ta.
Thus, we have _ _
y € B3N By,
Case B.2. We can make similar computations for the situations a1 = ag, as #
ao and ag = ag, a1 # agp.
Case B.3. Consider that ag # a1 and ag # as. Because of y = ag, the following

equalities can be written:
ly — ax|l = llao — aa|

and
ly — az| = [lao — az|| -

Case B.3.1. For 0 < 41,92 < 1, if we choose

r1 = |lao — a1 + &
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and
ro = |lag — asl| + d2,

it is seen that
ly — ai]l <

and
ly — a2l < 2.

Thereby, the below expression is attained

y € B3N Byj.
Case B.3.2. Let us take ry = |jag — a1]| + 1 and r9 = |jag — az||. In this case,
we have the following expressions:
ly —aill <71
and
ly — az| = r2.

The first inequality implies that y € Ela. On the other hand, we can write

<y B a’27y* _ a§>

PR I s

where the angle ¢ is between the vectors y — a2 and y* —a%. Since —1 < cosyp <1,
we can find 73 € R, such that

(y — az,y* — ab)

4.10
(4.10) Ty —aal

*
<7Ty.

From the inequality (4.10) and ||y — as|| = r2, we deduce § € B,3. Thus, considering
the above statements, it is obvious that

y € B3N By

Case B.3.3. The proof for this case is as in the Case B.3.2.

Case B.3.4. Assume that r; = |jag — a1|| and r2 = ||ag — az||. Therefore, there
are the following inequalities:

(y —a1,y* —a}) <
lly — a1l !

and . .
(y —ag,y* — ab) <
lly — a2

where 77, r5 € R. Hence, y € 513 N Eﬁ.
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Consequently, since

and

we can write

Bz (a1,71) N Byg (a2,72) = U _By(a,7).
Bep

In this case, from (¢) and (4) , it is seen that B is a basis on D". Consider that the
topology obtained from this basis 8 is indicated by 7. The topology 7 is called
the dual metric topology reduced from the dual distance function d on the set D™.

Now, the geometric modellings that correspond to the dual open balls on D and
D? will be investigated. Firstly, on D, we study the geometric modelling for the
dual open ball B(0,7) with center origin and dual radius 7 = r + er*, where r > 0:

B(0,7) = {Z€D|d(z0) <pT}
= {T=as+ex"eD||z|, <pT}

*

- {Em+€x*€Dm|<rorif |xr,m|'x|<7"*}u{0+€x*}.
X

The geometric modelling of the dual open ball B (0,7) is as follows:
i) Let us consider that |z| < r. In this case, we have —r <z < r.

i7) Let us take |z| = 7. In this situation, we get
r=r=z"<r*

and

rT=-r=a" > —r".

Thus, if we take the situations (7) and (i¢) together, the geometric modellings of
the dual open balls are indicated by Fig.1. according to the situations of r*.
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-r

=i T e Bl e

_——— = ————

=0

Fig.1. The geometric modellings in R X R, for the dual open balls of D.

Then, on D?, we demonstrate the geometric structure corresponding to the dual
open ball B(0,7) with center origin and dual radius 7 = r 4 er*, where r > 0:

B(0,7) = {ze€D?|d®,0) <pT}
= {T=a+ex” eD?||Z|p <pT}
(,2%)

]

i) Let us take ||z|| < r. This inequality states the interior of the circle with
radius r. z* takes any value in R2.

i7) Assume that ||z|| = r. Thus, ||2*| - cos@ < r* is obtained, where 6 is the
angle between the vectors z and z*. To see the modellings of D? in R3, let us take
x* = (271,0). In this case, we can write

= {izx—ksx* € D? | ||z|| < rorif ||z| =, <r*}U{0+5x*}.

(4.11) |z]| - cosO < r*.
Because —1 < cosf < 1, we have the following equality:

-2 ,—1<cosf <0
cosf = A2 0<cosf<1
0 ,cos =0,
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where 0 < A < 1. According to the situations of r* and cosf, we will investigate
the geometric modellings of B(0,7):

Case 1. Let us consider r* > 0. For 0 # p € R, 7* = p? can be written. From
the inequality (4.11), it is obvious that

|z5] - cos O < p?.

If cos @ = A? is taken into consideration, the following inequality is written:

2

o B

|371| < F

In this situation, the geometric modelling of B(0,7) is shown by Fig.2. If cos =
—\? is taken, it is possible to attain the below inequality:

12

For Va7 € R, the above situation is provided. Geometric modelling of this situation
is described by Fig.3. Also, if cos@ = 0 is taken into consideration, the following
inequality is obtained

23] -0 < .
For Vz7 € R, the above inequality can be written. The geometric modelling for this
situation is as in Fig.3.

Nl @ r _ X3
: -
X1
. For the situation (i) and case 1. . For the situation (i) and case 1.
Fig. 2. { 2 Fig.3. { 2
(cos® = A?) (cos@ = —2A% or cosf = 0)

Case 2. Suppose that 7* < 0. We can write r* = —pu?, for 0 # p € R. If we
use the inequality (4.11), we have

|z} - cosf < —pu?.
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This is only valid in the event of cosd = —A2. In that case, the following inequality
2
1
751 > 45

is obtained. Thus, the geometric modelling of this situation is represented by Fig.4.

Case 3. Finally, let us take 7* = 0. From the inequality (4.11), we have
|z7| - cos@ < 0.
Similarly, this is only possible in case of cos§ = —\2. So,
|z1[ >0

is obtained and the geometric modelling of this situation is showed in Fig.5.

rp h I x
paall % 2
X1 /
X1
<l i
\_
Fig.4. For the situation (i) and case 2. Fig.5. For the situation (i) and case 3.

Conclusion 4.1. Throughout this paper, the order relations on D 1is introduced
with reference to the lexicographical order relation on the Cartesian product. Ac-
cording to this order relation on D, the concepts of dual inner product, norm, and
metric have been investigated. After that, by using the order relation, the notation
of dual basis has been studied in detail and the geometric modelings for the open
balls of D and D? have been given in the last section, respectively.
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Abstract. We have studied curvature symmetries in (¢)-Kenmotsu manifolds. Next,
we have proved the non-existence of a non-zero parallel 2-form in an (¢)-Kenmotsu man-
ifold. Moreover, we have characterised ¢-Ricci symmetric (¢)-Kenmotsu manifolds and
finally, we have proved that under certain restriction on the scalar curvature div R=0
and divC=0 are equivalent, where ‘div’ denotes divergence.

Keywords: (€)-Kenmotsu manifold, curvature symmetries, ¢-Ricci symmetric mani-
fold, Weyl curvature tensor.

1. Introduction

The basic difference between Riemannian and semi-Riemannian geometry is the
existence of a null vector. In a Riemannian manifold (M, g), the signature of the
metric tensor is positive definite, whereas the signature of a semi-Riemannian man-
ifold is indefinite. With the help of indefinite metric Bejancu and Duggal [1] in-
troduced (e)-Sasakian manifolds. Then Xufeng and Xiaoli [16] proved that every
(¢)-Sasakian manifold must be a real hyperface of some indefinite K&hler manifolds.
Since Sasakian manifolds with indefinite metric have applications in Physics [4], we
are interested to study various contact manifolds with indefinite metric. Geometry
of Kenmotsu manifolds originated from Kenmotsu [10]. In [3] De and Sarkar intro-
duced the notion of (€)-Kenmotsu manifolds with indefinite metric. On the other
hand, in [6] Eisenhart proved that if a Riemannian manifold admits a second order
parallel syemmetric covariant tensor other than a constant multiple of the metric
tensor, then it is reducible. Later on, several authors investigated the Eisenhart
problem on various spaces and obtained some fruitful results. Recently, Haseeb
and De [7] have studied n-Ricci solitons in (e)-Kenmotsu manifolds. (e)-Kenmotsu
manifolds have also been studied by several authors such as ([2],[8],[9],[13],[15]) and
many others. So far, our knowledge about curvature symmetries have not been
studied in semi-Riemannian manifolds. In this paper, we are going tol study cur-
vature symmetries in (€)-Kenmotsu manifolds. For curvature symmetries we refer
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the book of Duggal and Sharma [5].

In [7] Haseeb and De proved the following;:

Theorem 1. Let M be an n-dimensional (e€)-Kenmotsu manifold. If the mani-
fold has a symmetric parallel second order covariant tensor «, then « is a constant
multiple of the metric tensor g.

Using the above theorem, we obtained the following statements.
Proposition 1.1. If a vector field X is an affine Killing in an (e)-Kenmotsu mani-
fold, then the vector field X is homothetic.
Proposition 1.2. An affine conformal vector field in an (¢)-Kenmotsu manifold is
reduced to a conformal vector field.

Sharma[12] characterised a class of contact manifold admitting a vector field keep-
ing the curvature tensor invariant.

In this paper, wel have considered the same problem in (¢)-Kenmotsu manifolds
and proved the following:

Theorem 2.In an (e)-Kenmotsu manifold a curvature collineation is Killing.

The nature of a parallel 2-form has been considered by several authors in con-
tact manifolds. In the present paper we consider a parallel 2-form in the context of
(¢)-Kenmotsu manifolds and prove the following:

Theorem 3. There is no non-zero parallel 2-form in an (e)-Kenmotsu manifold.
As for example dn is a 2-form in an (e)-Kenmotsu manifold which is zero.
Next we prove:

Theorem 4. An (¢)-Kenmotsu manifold is ¢-Ricci symmetric if and only if it
is an Einstein manifold.

In a Riemannian or semi-Riemannian manifold of dimension n, divR is obtained
from the Bianchi identity and given by

(divR)(U, V)W = (VuS)(V, W) — (Vv S)(U, W),

where R denotes the curvature tensor, S is the Ricci tensor, V is the Riemannian
connection and ’div’ denotes the divergence.

Also it is known that

(divC) (U, V)W = 2=2[{(Vu S)(V, W) = (Vy S)(U, W)} + 5gs {dr(U)g (V. W)~

dr(V)g(U, W)},

where C' is the Weyl curvature tensor of type (1,3), r is the scalar curvature.
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From the above definitions, it follows that divR = 0 implies divC' = 0. How-
ever the converse, is not necessarily true. We address

Theorem 5. In an (¢)-Kenmotsu manifold divR = 0 and divC = 0 are equiv-

alent provided the scalar curvature r is invariant under the characteristic vector
field &.

2. (¢)-KENMOTSU MANIFOLDS

Duggal [4] introduced a larger class of contact metric manifolds.

Let M?"*! be a (2n+1)-dimensional differentiable manifold of class C*°. Then
a quadruple (¢, &,n, g) defined on M?"*+1 satisfying

(2.1) P*(U)=-U+nU)E,  n() =1,
(2.2) 9(§, &) =€ nU) =€ g(U,¢),
(2.3) 9(oU, ¢V) = g(U, V) — en(U)n(V),

where ¢ is a tensor field of type (1,1) , 1 a tensor field of type (0,1), the Reeb vector
field £ and € is 1 or -1 according as £ is space like or time like vector field, is called
an (e)-almost contact metric manifold. If dn(U,V) = g(U, ¢V), for every U,V €
x(M), then we say that M is an (€)-contact metric manifold. It can be easily seen
that ¢& = 0 , ¢ = 0.

Moreover, if the manifold satisfies

(2.4) (Vuo)V = —g(U,¢V) — en(V)¢U,

where V denotes the Riemannian connection of g , then we shall call the manifold
an (€)-Kenmotsu manifold.

In an (¢)-Kenmotsu manifold the following relations hold([3],[7]) :

(2.5) Vg =e(U —nU)E),

(2.6) (VumV = g(U, V) —en(U)n(V),
(2.7) R(U,V)§ =n(U)V —n(V)U,
(2.8) (U,§) = =2nn(U).

Example. Let us consider M° = {(u1,uz, uz, us,w) : ui, ug, us, us,w belongs
to R and w # 0 } and take the basis vector field {ey, es, e3, e4, €5}, where
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e1 :Waiul,eg:W%763:W%,64:W%765:—6W% =¢&.
Let us define g as follows :
glei,ej) =0,i# 4,4, =1,2,3,4,5

and

gler,er) = glez,e2) = gles, e3) = glea,ea) = 1, g(es,€5) = €.
Then we obtain

le1,e2] = [e1,e3] = [e1,e4] = [ea,e3] = [ea,e4] = [e3,e4] = 0,
[e1,e5] = eeq, [ea,e5] = €ea, [e3,e5] = €es,[eq,e5] = €ey.

By Koszul’s formula we have

Ve,e1 = —e5, Ve,ea =0, Ve e3 =0, Ve eq =0, Ve, e5 = €€,

Ve,e1 =0, Ve,ea = —e5, Ve,e3 =0, Ve,eq =0, Ve, e5 = €eg,

Vese1 =0, Ve,ea =0, Vegez = —es, Ve,eq =0, Ve,e5 = ees,

Ve,e1=0,Ve,e0 =0,V e3=0,V,es=—es5, Ve, e5 = €ey,

Vesel = 0, v65€2 = 07 v65€3 = O7 v6564 = O7 v6565 =0.

We can easily verify that (M5, ¢,&,n,g) satisfies all the properties of (e)-
Kenmotsu manifolds.

Definition 2.1. A vector field X is said to be an affine Killing vector field if
it satisfies

LxV =0,

where Lx denotes the Lie differentiation along the vector field X.

Definition 2.2. A vector field X that leaves the Riemann curvature tensor in-
variant, that is,

(LxR)U VYW =0
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is called curvature collineation.

Definition 2.3. A conformal vector field X in a Riemannian or semi-Riemannian
manifold (M, g) is defined by

(2.9) Lxg=2pg,

for a smooth function p on M. If p = constant, then the vector field X is called
homothetic. If p vanishes identically, then X is Killing vector field.

Equation (2.9) yields
(2.10) (LxV)(U,V) = (Up)V + (Vp)U = g(U,V)Dp,

where V(U, V) = VyV for any vector field U, V on M and Dp is the gradient vector
field of p.

Thus (2.9) implies (2.10), but not conversly.

The vector field X satisfying (2.10) is called conformal collineation and X is
then called an affine conformal vector field.

Definition 2.4 An (¢)-Kenmotsu manifold is said to be ¢-Ricci symmetric if

P*((VuQ)W) =0,

where @ is the Ricci operator defined by g(QU, V) = S(U, V).
¢-Ricci symmetric manifold is weaker than Ricci symmetric (V.S = 0) manifold.

If U, W are orthogonal to the characteristic vector field £, then ¢-Ricci symmetric
manifold is called locally ¢-Ricci symmetric. The notion of locally ¢-symmetric for
Sasakian manifolds was introduced by Takahashi[14].

3. PROOFS OF THE RESULTS
Proof of Proposition 1.1. If X is a affine Killing vector field, then

LxV =0,
which implies that
Lx(Vg) =0.
That is,

Vﬁxg =0.
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Thus Lxg is symmetric second order parallel tensor. Thus, from Theorem 1 we
infer that

EXg = )\97
where X is constant. This implies X is homothetic.

Proof of Proposition 1.2. In [11] Sharma and Duggal prove that a vector field
X on a manifold (M, g) is an affine conformal vector field if and only if

Lxg=2pg + K,
where K is a second order covariant constant (VK = 0) symmetric tensor field.
Hence from Theorem 1, we obtain K = Ag, A is constant.
Therefore,

Lxg=2pg + Ag.
This implies

Lxg =209,

where 20 = 2p + A, a smooth function. This completes the proof.
Proof of Theorem 2.By definition of curvature collineation, we get
(3.1) LxR)(U, V)W =0,
which implies
(3-2) (Lxg)(R(Z,U)V, W) + (Lxg)(R(Z,U)W,V) = 0.
Putting Z =V =W = ¢ in (3.2), we get

(Lxg)(R(&V)E,€) + (Lxg)(R(E,U)E,€) =0,
which implies
(Lxg)(R(EU)E,€) = 0.
Now, using (2.7) in the foregoing equation, we get
(3.3) (Lxg)(U, &) =n(U)(Lxg) (&)
Again putting Z = V = ¢ in (3.2) it follows

(Lxg)(R(EU)E,W) + (Lxg)(R(E, U)W, E) = 0.
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Using (2.7) in the above equation we infer that

(Lxg)(U,W) =nU)(Lxg)(&W) +n(W)(Lxg)(U,E)
(3.4) —€e(Lx9)(§,£)g(U,W) = 0.

From (3.3) and (3.4) we get
(Lxg)(UW) = e(Lxg)(&,)g(U,W).

This implies

(3.5) (Lxg)(UW) = e[Lxg(&.€) —29(&, LxE)]g(U,W).
Since (Lx R)(U, V)W = 0 implies (LxS)(V, W) = 0. Therefore,
(LxS)(&,€) =0,
which implies
S(€, Lx§) = 0.
That is,
9(Q¢, Lx§) = 0.

Now using (2.8) in the above equation, we obtain

(3.6) 9(&, Lx§) =0.
Using (3.6) in (3.5) we conclude that
(Lxg)(U,W) =0,
that is, X is Killing vector field. Therefore, the Theorem is proved.
Proof of Theorem 3. Let o be a parallel 2-form in an (¢)-Kenmotsu mani-

fold. This means « is skew-symmetric and Va = 0.
Therefore

(3.7) a(U,V) = —a(V,U).
Putting U =V = ¢ in (3.7) we get

(3.8) al£,€) = 0.
Differentiating (3.8) along U, we get
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a(Vyg, &) = 0.

Using (2.5) in the above gives

ECY(U, g) - 677(U)04(57§) =0

Finally, using (3.8), we obtain

(3.9) a(U,€) = 0.

Again, differentiating along V' in the foregoing equation we get

(3.10) (Vv U, €) +a(U,Vy€) = 0.

Replacing U by ViU in (3.9) we get

(3.11) a(VyU, &) =0.

Using (3.11), (2.5) in (3.10) and after some calculation we obtain
a(U, V) =0,

that is, @ = 0. This completes the proof.

Proof of Theorem 4. Let M be an (2n+1)-dimensional ¢-Ricci symmetric (e)-
Kenmotsu manifold. Then

P*((VuQ)V) =0,

for arbitary vector fields U, V', which implies

(3.12) ~(VuQ)V + n((VuQ)V)E = 0.
Putting V = £ in (3.12) and using (2.8), we get
(3.13) 2nVué + Q(Viyé) + n(—2nVyé — Q(Vpé))€ = 0.

Now using (2.5) in (3.13) and after some calculations, we obtain

S(U,V) = —-2ng(U, V),
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which implies that the manifold is an Einstein manifold.
Conversely, if the manifold is an Einstein manifold, then obviously it becomes ¢-
Ricci symmetric manifold. This completes the proof.

Proof of Theorem 5. Let us assume that divC = 0. Hence
(VuS)(V,W) = (Vv S)(U,W)

(3.14) - ﬁ[dr(U)g(V, W) — dr(V)g(U, W),

We know
S(U, &) = —2nn(U).
Then
(VuS)(V,§) = VuS(V,§) = S(VuV,§) = S(V, V).
Using (2.5) and (2.8) in the above equation, we get
(VuS)(V,€) = (Vv S)(U.§) = —dndn(U,V).

But in an (e)-Kenmotsu manifold dn = 0,therefore, the above equation implies that

(3.15) (VuS)(V,§) = (VvS)(U,§) = 0.
Substituting W = £ in (3.14) and using (3.15), we have

dr(U)n(V) —dr(V)n(U) = 0.
Replacing V' by £ in the above equation, it follows
(3.16) dr(U) = dr(&)n((U).

Suppose the scalar curvature is invariant under the characteristic vector field & |
that is,

ﬁg’l‘ = 0,
which implies
dr(¢) = 0.

Hence (3.16) gives r = constant.
Therefore from (3.14) we get

(VuS)(V,W) = (VyS)(U, W) =0,
which implies
(divR)(U, V)W = 0.
This completes the proof.
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