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Abstract. In this paper, we present the problem of stability, finite-time stability and
passivity for discrete-time neural networks (DNNs) with variable delays. For the
purposes of stability analysis, an augmented Lyapunov-Krasovskii functional (LKF)
with single and double summation terms and several augmented vectors is proposed by
decomposing the time-delay interval into two non-equidistant subintervals. Then, by
using the Wirtinger-based inequality, reciprocally and extended reciprocally convex
combination lemmas, tight estimations for sum terms in the forward difference of LKF
are given. In order to relax the existing results, several zero equalities are introduced
and stability criteria are proposed in terms of linear matrix inequalities (LMIs). The
main objective for the finite-time stability and passivity analysis is how to effectively
evaluate the finite-time passivity conditions for DNNs. To achieve this, some weighted
summation inequalities are proposed for application to a finite-sum term appearing in
the forward difference of LKF, which helps to ensure that the considered delayed DNN
is passive. The derived passivity criteria are presented in terms of linear matrix
inequalities. Some numerical examples are presented to illustrate the proposed
methodology.
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1. INTRODUCTION

During the past few decades, neural networks (NNs) have received great attention
because of their wide applications in various fields such as image processing, signal
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processing, pattern recognition, associative memory, parallel computation, optimization,
error diagnosis and so on [1, 2]. One of the most important questions in theoretical
analysis of NNs is dynamical behaviours of the NNs, such as their stability [3, 4],
periodic oscillatory, and chaos. It is well known that a time delay is inherent in various
systems, including NNs, owing to the finite speed of signal transmission and conversion
rate of the processors. Delays in a system may cause oscillation and divergence and
further degrade the performance [5-10]. Since most systems use a digital processor to
acquire information from computers at discrete instants of time, it is essential to
formulate discrete-time neural networks (DNNSs) that are an analogue of continuous ones
[11-18]. In order to improve results regarding this problem, various techniques have been
applied to the delay-dependent category, such as augmented Lyapunov-Krasovskii (LK)
functional [13, 19-22], free-weighting matrix method [18, 23], summation inequality
method [16, 24-27], delay-partitioning method [5, 28, 29] and reciprocally convex
approach [20, 30, 31].

The passivity is part of a broader general theory of dissipativeness, which postulates
that the energy dissipated inside a dynamic system is less than the energy supplied from
an external source and is often linked to stability problems. In particular, the main idea
behind the passivity theory (PT) is that the passive property of a system can keep the
system internally stable. PT has been established in various control problems, including
H_, control and strict output (or input)-positive realness, so it provides an effective tool

for analyzing the dynamic behaviours of a nonlinear system, namely, stability [32], chaos
control and synchronization [33], [34], signal processing [35], and complexity [36].
Passivity has been analyzed for various systems, specifically NNs and chaotic, linear, and
switched systems [37-42].

Generally, existing results on the passivity problem for DNNs have been from studies
considering an infinite-time interval. However, the dynamic properties of the system have
been studied over a fixed short time in many practical applications, such as biochemical
reaction systems, communication network systems, and other engineering systems. The
finite-time stability (FTS) approach was introduced by Dorato in [43]. A very few FTS
problems have been studied for discrete-time cases in the literature [44-47]. In addition,
Mathiyalagan et al. [48] examined the robust finite-time passivity (FTP) problem of
DNNs with time delay by using the concept of finite-time boundedness. However, this
approach might have produced conservative results, which has motivated authors in [16]
to improve the FTP criteria of DNNs using new weighted summation inequalities.

After the computational complexity became one of the crucial aspects of a research in
the area of the system stability, the direct bounding method based on summation
inequalities once again becomes the most popular method [17, 19, 49, 50]. Very recently,
various types of the Wirtinger-based summation inequalities, tighter than the Jensen-
based summation inequality, have been proposed for discrete-time linear time-delay
systems [25, 51, 52] and have also been used for the study of the discrete-time DNNs
[39]. As one of useful methods to deal with the stability of delayed systems, the
reciprocally convex approach was developed in [30] and has been extensively used to
study the dynamical behaviours of time-delay systems [32, 53-55].

The goal of this paper is to present the main authors’ results in the stability [56],
finite-time stability and finite-time passivity analysis [16] of discrete-time neural
networks with interval time-varying delay.
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In order to reduce the conservatism of proposed stability criteria, delay-decomposition
method (DDM) is used in [56]. DDM is based on a discrete LKF with a free parameter o
that divides the summation discrete interval [k —hy, k — h4] into two asymmetric discrete
subintervals [k —hy, k — & — 1] and [k — &, k — h1]. In this way, a greater degree of freedom is
enabled in estimating the stability of the DDN, which leads to a smaller conservative
stability criterion. Further, the convenient summations inequalities, extended reciprocally
convex combination lemma and zero equalities (ZEs) have been used for calculation
difference of KLF. As a result of applying the mentioned techniques, some less conservative
results are derived in [56]. As a result of applying the mentioned techniques, it is shown that
the derived results are less conservative then the existing ones [24, 31, 57, 58].

Using the concepts of FTS and FTP, the researchers in [16] are focused on developing
a new method to analyse the FTP of delayed DNNSs. To reach this goal, a new definition
of EP for DNNs is introduced and new finite-sum inequalities with exponential functions
are proposed. A suitable Lyapunov— Krasovskii functional (LKF) with single, double,
and triple sums is proposed. To obtain less conservative results, the proposed weighted
summation inequalities and a reciprocal convex combination approach are used in [16].

Finally, the numerical examples are presented to illustrate the effectiveness of the
proposed results and their improvement over the existing literature.

Section 2 presents the problem formulation and mathematical preliminaries. In
Section 3, we present the stability, finite-time stability and finite-time passivity of DDNs.
Section 4 presents a numerical example to validate the proposed results.

Notations. Throughout the paper, [ * denotes the set of positive integers, R" denotes
the n -dimensional Euclidean space and R™" the set of all nxm real matrices. For the
positive integers a and b (b>a), O[a,b] denotes the set of all positive integers z
satisfying a<z<b. |, and O, , denote the nxn identity matrix and nxm zero matrix,
respectively. X' denotes the matrix transpose of X and * represent the elements below
the main diagonal of a symmetric matrix. diag{a,b,...,z} denotes the block-diagonal
matrix with elements a,b,...,z in the diagonal entries and Sym{X}= X +X". For any
symmetric matrix X e R™" the notation X >0 (X >0) means that X is a positive
definite (positive semi-definite) matrix and X <0 (X <0) means that X is a negative
definite (negative semi-definite) matrix. For the matrices A e®R™™, i=12,--1,
Col{A,A,,---,A} denotes the column block matrix [A" A} --- A'T". Matrices, if their
dimensions are not explicitly stated, are assumed to be compatible for algebraic operations.

2. PRELIMINARIES

Consider the discrete-time neural networks (DNNs) with an interval time-varying
delay of the form [16, 56]:

Xx(k+1)=Cx(k)+Af (x(k))+ A f (x(k - h(k)))+u(t), k>0
y(k) = f (x(k)), 1)
x())=¢()), ie{-h,~h,+1--,~10}
where kel*, x(k)eR" is the state vector, y(k) is the output vector, u(k) is the
exogenous disturbance input vector, C, A, A, € R™" are the known real constant matrices,
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f()=[£,() f,()- f,()]" denotes nonlinear activation functions with f,(0)=0, and h(k) is
the time-varying delay satisfying

0<h <h(k)<h,, (2)

where h; and h; are the known positive constants. In addition, ¢(j) denotes a vector-
valued initial function that satisfies

sup  (¢(i+D)—¢(J)) (s(i+D)—-g(i)) <o ©)

je{~hy —h, +1,-, -1}
where § is a positive constant.
In this paper, we make the following assumption.

Assumption 1. [48] For any s,,s, € R, s, #5,, the continuous and bounded activation
functions fi(-) satisfy

M6 g @
S -5,

where k”and k" are known constants. For s, =0 we have f(0)=0 and

k< fiisl)sk;, i=12-,n )
1

forall s, =0.
The following lemmas will be used in the sequel to establish the main results.
Lemma 1. (Jensen’s inequality [59]) For any positive definite symmetric matrix R € R™",

two positive integers a and b > a, the sum term Z:’ja X" (j)Rx(}j) is estimated as
b-1 b-1 b-1
(b—a)X_ X" (HRX(i) = X X" () R X x() )
j=a j=a j=a
Lemma 2. (Wirtinger-based inequality [25])
For a given positive definite symmetric matrix R, two positive integers a and b >a,
any sequence of discrete-time variable x:[ [a, b] — R", the following inequality holds

b1 [6][R 0 67 [6T[R 074
>R P et P b PR
where
n(k) =x(k+1)-x(k), 6 =x(b)-x(a),
2 &,
0, = X(b)+><(a)—b_a+1§><(l) 8
_[b-a+D/(b-a-1),  b-a=l
p(a’b)_{l, b-a=1
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The reciprocally convex combination lemma (RCCL) plays an important role in the
estimation of the forward difference of LKF.
Lemma 3. (Reciprocally convex combination lemma [30, 31, 60]) For a real scalar
6 €(0,1), a symmetric matrix R >0, and any matrix S satisfying

R S
* 2o
the following inequality holds
iR 0 R S
{‘L , H* } (10)
=R R

An extended reciprocally convex combination lemma (ERCCL), which estimate the
sum terms in the forward difference of LKF tightly than RCCL is presented as follows.
Lemma 4. (Extended reciprocally convex combination lemma [31, 57]) For a real scalar
6 €(0,1), a symmetric matrix R >0, and any matrix S , the following inequality holds

1

F*R lo } . {R + (1*— T, S } 1)
=R R+05T,

where T, =R-SR™*S" and T,=R-S'R'S.

Remark 1. In reference [20], the specific reciprocally convex inequality is proposed. For
comparison, we rewrite the result of Theorem 1 in [20] in a block form as

iR 0 g R +@1-8)T, S, +@1-5)S,
* 1 8 - * R2+§T2

1-6

(12)

where T, =R -Y,R,'Y," and T, =R, -Y, R'Y,. If taking R, =R, =R and S, =S, =S,
inequality (12) immediately reduces to (11), which means that ERCCL (Lemmas 4) is a
special case of Theorem 1 in [20].

Lemma 5. ([57]) For a positive definite symmetric matrix R matrices Y and Z, the
following statements are equivalent

(i) E=Y'RY<0
(if) There exists a matrix ¥ with appropriate dimension such that
Z+Sym{YTwl pT
ym{Y" ¥} <0 (13)
* -R
To study the finite-time stability of the DNN (1), we introduce the following definitions.
Definition 1. [61] The DNN (1) with time varying delay is said to be finite-time stable
with respectto («, 5,N),where 0<a < g, if

sup - X (x()<a = X' (Kx(k)<p, Vke{L2-- N} (14)

je{~h, —h,+L--,0}
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Definition 2. [16] With respect to (&, B, N, 1), where 0 < < f, y >1 and pisa positive
scalar, DNN (1) with time-varying delay is said to be finite-time passive if it is
FTS with respect to (¢, S, N), and under the zero initial condition, output y(k) satisfies

zzy*ym)u(j)z—uZuw)u(j), vk e {12+, N} (15)

Remark 2. Since the system output y(j) in (15) is scaled by the exponential function y 3,
then the exponential behaviour of discrete systems is embedded in the inequality (15).
Therefore, we define the condition (15) as exponential passivity (EP) for discrete-time
systems. This EP is analogous to EP for continuous-time systems which are considered in
the existing literature. In the case y =1, the inequality (15) becomes a well-known
condition for the passivity of discrete-time systems

k-1 k-1
22y (i) == u" (i) (16)
j=0 j=0
Based on Definition 2, FTP is expressed as a combination of two properties: the
exponential passivity and the finite-time stability.

Before deriving the main results, we introduce three weighted summation inequalities,
which play a significant role in obtaining new criteria.

Lemma 6. [16] For given integers hy, hz, 0<h <h,, and >0, a vector function aw(k),
k e Z*, and symmetric matrix R > 0, the following inequalities hold:

k1 kh1 T

T ykja)T(j)Ra)(j)Z[_ O)(J)] R(Z w(])] (17)
ot ket b1 k-1 ! -1 k-1

k2, 2, 7a ()Re(j) = [Z > w(j)] [Z w(J)J (18)

K-ty —1k—h -1 k—h—1k—h 1 T (kb -1k-h-1
8>, 2 7o (HRe()) ( > o J F{ > CO(J)J (19)
i=k-h, j=i i=k-h, j=i i=k—h, j=i
where
k—h 1 _ hl ket _ K—h1k—h1 _
YA P S s NI ol S (20)
j=k-h, i=—h, j=k-+i i=k—h, j=i

Rl/2Y R 1/2
Proof. Let X :{ 0 0 } with Y e R", 0<ReR™". Then,

TRU2 12 12 T T
XTX:YF\l’/2 Of|lR™Y R :YRY Y1 >0 1)
R™ 0 0 0 Y R~
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Replacing Y and R in (21) by w(j) and y*IR, respectively and summing from k —h, to
k—h —1 gives

S TRl @' () 22
j=k—h, o(]) 77(k7j)R71 -
Through the Schur complement, we obtain
kb1 _ _ kbl T k-h-1 N keh _
> 7k’wT(J)Rw(J)Z( > CO(J)] [ > 7“”] R( > w(J)J
j=k-h, j=k-h, j=k=h, j=k=h, (23)

K-ty -1 T (k-h-
=7T1( > w(j)} R[ > w(j)]

j=k=h, j=k=h,

K-ty -1 _
where 7= Y »* 7V which is equivalently represented by 7 in (20). We then obtain
jSkh,
(17). Using a similar method, we obtain
> {wT(j)yijw(j) @ () }zo (24)
i, jokri o(]) y ©IR?

which leads to

hl ka1 “h1 k1 T(-h1 K Y (b ke
393 Mmawms[z § wm] [z » w] R[z $ wm}

i=h, j=k+i i=h, j=k+i “Th, j=k+i

AN

=—h, j=k+i

T (25)
—h-1 k-1 —h-1 k-1
=K{ > w(j)} R[ > w(j)]
i=—h, j=k+i i=—h, j=k+i
Rl k1 _
where k=" > y“V . Thus, we obtain (18). A similar proof can be derived for the
i=—h, j=k+i
inequality (19). u

Remark 3. Jensen’s inequities for the single and double summation represent the special
cases (y =1) of inequalities (17)-(19).

Lemma 7. [30] For given positive integers n and m, a scalar « in the interval (0,1), a
given nxm matrix R >0, and two matrices W, and W, in ®™™", for all vectors & in
R™ let us define the function 8(a,R) given by

1 1
6(a,R) = p ETW,RW,& + a ETW, RW, & (26)
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R X
Then, if there exists a matrix X in R™" such that [ } >0, the following inequality
* R

holds:

min H(a,R)Z{Wlé} {R X}[Wﬂ (27)
ae(0.1) W,E| [ * R|[W,¢

Lemma 8. [53] For symmetric matrices of appropriate dimensions R>0, Q, and a
matrix I, the following two statements are equivalent:

(1) Q-TRI" <0.
(2) There exist a matrix of the appropriate dimensions IT such that
Q+TIT" +1ICT 11
e <0 (28)
IT -R

3. MAIN RESULTS
3.1. Stability of DNNs with time-varying delay

In this section, we present a criterion on the asymptotical stability for the discrete-time
neural networks with interval time-varying delay (1) that was proposed in [56]. The
following notations are introduced for later use:

£0) =X (k) X" (k=h) X" (k=h()) X" (k=h,) X" (k—a) V] (k) v; (k)
v (k) vy (k) fT(x(k)) fT(X(k—h(k)))]T

T

X'(3) |+ m(k)=x(k+2) - x(k)

S00=[XR) S KM S K ()

1
J=k=hy j=k=h, i=

&) =[x ) TN &®) =[x k) 7" (k)]

k—h,—1 k—h -1
K—

o

- 3 XD gl XA

%) jﬂz-"mﬂ V() j:kz—h:mh(k)_hfrl
Y _y X
0= 2 g 9T 2 e

o =(6,-6,)5(k), @, =(e +e,—2¢)S(k)
oy = (ez _es)é:(k): Oy = (ez +€ _zeg)f(k)
& =[O 1 Opugrripn | i =121
b-a+l b-a>1
e, =Ce +Ae, +Ae,, p@b)=ib-a-1' :
1, b-a=1
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h(k)—h,
Oy =——, 2 =h, -
h, h h
Z(h(k), ) =%, + X, (h(k), @) +Z, +Z; + %, - %,,
—Z45(h(k)) + 25, (o) — Zg, (@) — Z

%,, =11 PIL, — T PIT,, 2, (h(k),@) = Sym{(IT, —T1,)" PII(h(k), @)}

€ €
le (hl+1)e6_e2 ’ H2 _ (hl+1)e6_el
—€;—¢, —€, —€;
—€ —€,
0
0
II(h(k), o) =
(h(k) —h, +1)e; +(h, —h(k) +1)e,
(a—h +1)g,

2, = e_I.TQlel +e; (Q-Q)e, +e; Q, -Q,)es _eIQ2e4

a7 o] [e] . fe
ZS_L'N} (e +1)R[elo} Llj RLlj

%, (h(k)) = Tp—2p—2Zg (h(k)) . Zy= (es _el)T (hlzzl + hlzzzz)(es _el)

s —ET Zl 0 E _ € -6
2 =5 * 3p(0,h)Z, v BE e +e, — 26

ET([Z 1-5)T, 0 ]\E
o {24 S0 2]

T,=2,-SZ,'S", 1,=2,-S"Z;'S

e _| &-e e | e
*le,+e,—2e, | ' |e,+e, 26

&mw»=rmm"”+n%'%] amw»={

€, —€

(h, —h(k) +1)e; —e,
ey

207
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E. (h(k . ,
00| 000 | 5@ =) (a2, -2
b) =E] Z 0 E,, 3 =3, -2 (h(k
(@) =E, * 3p(h,a)Z, 40 “e T “el T 62( (k)

K, =diag {k_ .k, -k}, K, =diag {k',k;, - k|
s = Sym{(em - Klel)T Ml(elO - KZel)} + Sym{(en - Klea)T Mz(ell - Kzea)}

+Sym{(elo —-e, —Ki(g _ea)) M, X}
x(e0 — & — K, (6 - &5))

e, —€
T, (W(K)) = Egg (W(K))GyEss (N(K))

[0 H,] . G, X
G =G+| , 1=12, G, =| |
H, G,

r T
e e
Z61:h122 e _le:| G|: ' :|+h1292H1e2_hlzeIHzeA_hlzesT(Hl_Hz)es
s 1

Theorem 1. [56] For given positive integers h, and h, , system (1) with interval time-varying
delay satisfying condition (2) is asymptotically stable, if there exist positive-definite matrices
PeR™" QeR™, i=123, ReR™" Z eR™, =123, positive definite
diagonal matrices M, e R™", i1=1,2,3 and any matrix S R2™2 sych that the following

LMis hold
T
d(h,a) EZNS <0 (29)
TeT
CMhaa) ES g (30)
where
O(h,a) =2 +Z, (N, @) +Z, +Z5+2,, -2, _243(hi)+251(0‘)_252(0‘)_257 =12

Proof. Construct a LKF for the DNN (1) as follows:

V() =2 ViK) (31)
where :

Vy (k) = ¢ (K)PS; (k)

k-1 k—a—1 k—h -1
Vo(k) = D X (DQx(D)+ D xT(DQx(i)+ X X" (1)Qux()

j=k—h, j=k—h, j=k—a

k-1 -h k-1
Vi) = D GURGU)+ D D & (DRSG(3)

j=k-h(k) i=—h, +1 j=k-+i
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-1 k-1 “h-1 k-1
V() =h > > n"(DZm(i)+h, D > 7' (1)Zn())
i=—h, j=k-+i i=—h, j=k+i
“h-1 k-1

Vs(k) = (a=h) X, > " ()Zyn(])

i=—a j=k+i

The forward difference of LKF (31), AV (k) =V (k+1) -V (k), along the trajectories of
the DNN (1) gives
AV, (K) =¢] (k+1)Pg, (k+D) ¢ (k)P (K) (32)
Since
e, (h+Des —ey,
&, (k) =Col § (h(k) —h, +1)e; +(h, —h(k) +De; 1 &(k) = (IT, +I1I(h(k), ))& (k) (33)
—€,—6;, (a—h+1e,—¢,
€, (hl +1)e6 -6,
¢, (k+1)=Col ih(ﬂ‘)_ hhgk;fi;eg Lo g, [(R=(Lsn00.@)500 @9
(a—h +1)e; —eg
it follows
AV (k) = &7 (k) (Zy; + 2y, (h(k), @) £ (K) (35)
The forward differences of V, (k) and V; (k) can be obtained as

sz (k) = QZT (k) {e1TQ1e1 +e; (Q3 _Ql)ez +e§ (Qz _Qa)es _eIQge4}§(k)

(36)
= ET(K)Z,E(K)
k=hy k-1
AV,(K) = > )RS3+ &1 ()RS, ()
j=k+1-h(k+1) j=k—h+1
ORG-S T (DRG()
j=k=h(k)
N Z{Q(J')RCZ(J')MZT(k)RQ(k)—é’zT(kJri)Ré“z(k+i)
+.Z ‘:kk*_'l (37)
TR =2 G (DRG(3)
j=k+i

T e1 ' el T eG " e3
<¢ (k)LJ (nz+1)R[eJ5(k)—f (k)M RMf(k)
= &7 ()20
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AV, ()= Y (7 (0Zn(0) 7" (k+)Zm(k +1))
i=h,

-h -1
, T(K)Z,n(k)=7" (k+1)Z,n(k +i
+fhi§2(f7()f7()n(+)f7(+)) )
=& (k) (e, —&)" (W2, +h3Z, ) (e —e)E(K)

-h Z n' ()Zm(j)-hy, Z 7' ()Zn(j)

j=k-h j=k-h,
Using inequality (7) from Lemma 2 to estimate Z, -dependent summation term yields

h S 7 (G)za(i) > { HZ 0 M } £ (K)Z0E(K) (39)
7 * 3pOh)Z, “

j=k=h
Similarly, by using (7) we estimate Z, -dependent summation term
k—h -1 k—h(k)-1 k—h -1

hy, Z " (NZn()=h, X2 7" (DZm()+h, Y 7" ()Zn()

j=k—h, j=k—h, j=k—h(k)

1 T T Zz 0
> e (k)Ez[O SZ}Eg’(kn

"Lz, 0
SCH {‘*0 L, }E@(k)

Based on Lemma 4, for any matrix S € R*™" we have

hlzZnU)zznuw(k){ HZ”({ZE“)T ° }{ }5()

3 (k)ET[OZ 32} E£00 (40

i, Z,+8,T (41)

=&T (K24 (h(K)ET (k)
Then, we can get the upper bound of AV, (k) as

AV, (K) < & (K{Zy — 2 — 25 (M(K))} S(K) = &7 (K)Z, (W(K)E (k) (42)
Calculating AV, (k) gives

“h-1

AV5 (k) = (@ =)’ " (K)Zn(K) — (a - hl)Zﬂ (k+D)Zgn(k +i)
i=——a (43)

k—h -1

=&T(K)(e, —&)" (@ =) Zy (e, —&)E(K) — (e — ) Z " (1)Zsn(J)

j=k-a
By inequality (7), the second term of AV, (k) can be written as

kit "1z, 0 o,
(=) Z n' ()Zm(j) = { } {* 3p(hl,a)ZjL)J (44)

j=k-a
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Then, we can get the upper bound of AV, (k) as
Zg ()
AV (k) <¢&T (k){ET |:Z3 0 } £ }f(k) = &N (K) (Zs(@) ~Zgp (@) £(K)
“1* 3p(h,a)Zy | !
(45)
Under the assumption on the activation function (4) and (5), for any positive definite
diagonal matrices M; = diag{mjl,mjz,---,mjn}, j =1,2,3, the following inequality holds

0223 m, [ £,(x () -k X 09 Jx[ £, (k) -k x )]

+2i g [, 06 (k= () =k, %, (k= (k) ][, (6 (k=h(k)) =k (k=h(k)) | (46)

n l: fi (6 (K)) = i (x (k- h(k))):” fi (% (k) = (% (k = h(k)))}
+2 my | A
=7 kT (x () - x(k=h(k))) || k" (x (k) —x(k-h(k)))

Then
02 2[ f(x(k)) — Kyx(K) M, [ f(x(k))— K,x(K)]
+2[ f (x(k —h(k))) - K x(k =h(K))]M, [ f (x(k —h(k))) - K,x(k —h(k))]  (47)
{ f(x(k))— F(x(k- h(k)))} { f(x(k))— F(x(k - h(k)))}
+2 M,
—K, (x(k) = x(k —h(k))) -K, (x(k) - x(k —h(k)))
0= 2§T (k)(em - Klel)T Ml(elo - Kzel)égT (k)
+2&7 (K) (8 — Ky85)" M, (8, —K,,)¢T (K) (48)
+2&" (k) (e —e,; — K (&, _ea))T M (e — € — K, (6 —€5)) & (k)
So, we have
&' (K)Zs&(k) <0 (49)
Therefore, by combining (35)-(37), (42), (45) and (49), the forward difference of V (k) is
obtained as
AV (k) < & (K)Z(h(k), )& (k) (50)
Since the matrix XZ(h(k),«)is affine with respect to the delay h(k), the condition
> (h(k), ) <0 is satisfied if and only if
3(h,a)<0, i=12 (51)
By calculating, we have
2, (hy, @) = Sym {(Hl —I1,)" PII(h,, a)}

(52)
Z12 (hz ) 0() = Sym {(Hl _HZ)T Pn(hz ) 0()}
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seo-[2]([% 5} 2]

Tr~
E,]|Z, S|E s 8
=| || 2 || ?|+EJZ,E,~E;SZ,'S"E, (53)
E3 * Zz E3

=5,5(h) ~E]SZ,'STE,

o[ ([% ST 2]

E,][Z E . N
{ 2} {Z S}[ 2}+E3TZZE3—E3TSTZ;13E3 (54)
E3 * Zz E3
=35,,(h,)—E]S"Z,'SE,
>(h,a) =d(h,a)+E} SZ,'STE, <0 (55)
>(h,,a) = d(h,,a)+E]S"Z,'SE, <0 (56)

Then, by taking Schur complement, it can be seen that (55) and (56) are equivalent to
(29) and (30), respectively. Therefore, when (29) and (30) hold, AV (k) <0, which shows

that system (1) is asymptotically stable. [ ]

Remark 4. In Theorem 1, the Wirtinger-based summation inequality (7) is applied to
-1

summation with the constant lower and upper bound (hlzi;:k—hl 7" (§)Z,n(j) ). However,
in the case of the summation with the time-varying lower or upper bound
k—h(k)- . . k—h, — . .
b T (DZan(i)+ e X oo n” ()Zan() (57)

combination of the Wirtinger-based inequality (7) and the reciprocally convex approach
(11) is applied.

By introducing an augmented LKF and zero equations, a further improved stability
condition of system (1) can be obtained as follows.

Theorem 2. [56] For given positive integers h, and h, , system (1) with interval time-varying
delay satisfying condition (2) is asymptotically stable, if there exist positive-definite matrices
PeR™" Q eR™, =123, ReR*™ Z, eR™, i=123, GeR*™", positive

definite diagonal matrices M; e R™", i=1,2,3, symmetric matrices H, e R"™", i=1,2 and
any matrices S € R*™" and X e R*™?" such that the following LMIs hold
G, X
>0 (58)
* G2

|:q)(hl' a)+ 261 —Zg () EZTNS:| <0 (59)

Z,
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F(hz,awim—zez(hz) E; zST}O (60)
where
O(h,a) =% +Z,(h, @) +Z, +Z;+2,, - X, —243(hi)+251(a)—ZSZ(a)—ZS, i=12.
Proof. Construct the following LKF candidate
V(K) =V (k) +V, (k) (61)
where
-1 k-1
Vs(k)=h, > > &5 (1)G& (1) (62)
i=—h, j=k+i
The forward difference of (62) along the trajectories of DNN (1) gives
k—h(k)-1 k—h,—1
AV (K) =h585 (GE(K) —h, > &I (DG&()-h, D, & (DG&()  (83)
j=k-h, j=k=h(k)
For any symmetric matrices H,, i =1,2 we have
j;z(ﬂ(j+1)Hix(j+1)—xT(j)Hix(j)) -
=XT(k—|1)HiX(k—|1)—XT(k—|2)HiX(k—|2)
Since
- e v | XADTTO HTX]_ [0 HITL
DH, - H. = =&, (k 3
X (J+DHx(j+1)—x" ())H;x(J) L(J)} {* Hln(j)} G ( ){* HJf(J)
(65)
then the following zero equation holds
EQ( L, Hy) = X" (k=) Hx(k —1) = X" (k =1, H,x(k -1,
k=l -1 0 H. 66
-2 é’J(k){* '}@(j):o (©0)
j=k-1, Hi
Now, from (66) we get the following two zero equations
EQ(h;,h(k), Hy) = x (k—h,)Hyx(k —hy) = x" (k =h(k))H,x(k ~h(k))
kit 0 H 67
-3 qw)l -0 )
j=k—h(k) 1

EQ(h(k), hy, Hp) = X" (k —h(k))H,x(k —h(k)) = x" (k —h,)H x(k —h,)
k-h(k)-1 0 H, _ 68
- d(k){* . }z(n=o o

jkh,



214 S. STOJANOVIC, M. STEVANOVIC, D. ANTIC, M. STOJANOVIC
Adding the inequality (67) and (68) to (63) implies
AV, (k) = h &5 (K)G& (K) +hyx' (k—h)Hyx(k —hy)
—h, X" (k=h(k)) (H, —H, ) x(k —h(k)) = h,x" (k —h,)H,x(k —h,) (69)

k—h -1 _ _ k—h(k)-1 ) ]
-h, D G ()G&)-h, Y. & ()G4()
j=k-h(k) j=k=h,
Applying Jensen inequality (6), the AV, (k) is estimated as
Je T e
LT G
AVg(k) <& (k) &8 & —€ &(k) (70)
+h12€;— Hlez - hlzel H2e4 _hlzeaT (Hl - Hz)es
1 kst _ k—h -1 _ k—h(k)-1 ) k—h(k)-1 )
-= 2 GG Y &)- > GG, Y &3)
B =) j—k-h(k) 1-6, j4Th, i2kh,

=& (K)Zg & (K) —%5 (K)Es (h(K))G,E; (h(k)E(K)

1
Y &M (K)Eg (h(K)G,E, (h(k)& (k)
h
Using Lemma 3, for any matrix X € R*™?" we have

G, X
AVg(k) <& (k)[zel - EsTe(h(k))|: N G } Esa(h(k))jf(k)

= & (K) (21 — B, (N(K))Gy, Ess (N(K)) ) £(K) (71)
=& (K)[Ze1 — Zep ((K)) ] E(K) = &7 (K)Z4 (N(K))E(K)
Finally
AV (k) < &7 (K)[2(h(K)), &) + Zg; — Zg, (N(K) ] E(K) (72)

Based on Lemma 5, the equivalent condition of Z(h(k)),a) + ¢, — Eag(n(k))Gy,Ess (h(k)) < 0
is that exists a matrix ¥ such that

(), @) +Zg; |
O(h(k), @) =| +Sym{EZ, (h(k)) ¥}

'
'
'
S

T

<0 (73)

=
Since the matrix ®(h(k),«) is affine with respect to the delay h(k), the condition
O(h(k), ) <0 is satisfied if and only if

O, ,a)<0, i=12 (74)
Based on Lemma 5, (74) is equivalent to

z(h1a)+261_E;6(h)GIZE56(hi)=2(h7a)+261_262(h)<07 =12 (75)
ie.

®(h,a)+E; SZ,"S"E, + X, —Z,(h) <0 (76)

D(hy, @) +E]STZ,'SE; + 2 — 2, () <0 7)
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Then, by taking the Schur complement, it can be seen that (76) and (77) are equivalent to
(59) and (60), respectively. Therefore, when (59) and (60) hold, AV (k) <0, which shows
that system (1) is asymptotically stable. [ |

Remark 5. In order to improve the stability criterion proposed in Theorem 1, in the proof
of Theorem 2 a new double summation term Vg(k) (with free matrix G) is introduced in
LKF and two zero equalities (with symmetric matrices Hi and H) are introduced in
AVg(K). In this way, the conservatism of the Theorem 2 is reduced.

Remark 6. In order to reduce the number of decision variables, Lemma 5 is used twice.
First, by using the lemma, non-affine term

2(h(K)), @) +Z; — Egs (N(K))Gy, Eg (N(K)) < O (78)

with respect to h(k) is transformed into the affine term ®(h(k),«) . On that occasion,
additional matrix ¥ € R*"™2" is introduced in (73) and the number of decision variables
have increased significantly (for 22n?). Second, if we apply Lemma 5 on (74), then the
matrix ¥ € R""™*" can be eliminated from ©(h,, ) . In this way, the significantly reduction
of decision variables was performed.

Remark 7. The proposed stability criteria depend on the lower and upper bounds of time-
delay, h1 and h,. In order to compare proposed results with existing ones, we calculate a
maximum allowable upper bound (MAUB) of the time-delay, hmax =hmax Such that the
concerned system is asymptotically stable for any delay size less than the MAUB. Note that a
criterion that gives a lower value of MAUB is less conservative with respect to other criteria.

3.2. FTS and FTP for DNNs with time-varying delay

In this section, we present FTS and FTP for DNN (1) with time-varying delay using
the weighted summation inequalities (17)-(19) [16].

Theorem 3. [16] Under Assumption 1, DNN (1) is finite time stable with respect to
(a, B N), where 0 < o< g, if there exist a scalar y>1, positive scalars 4, i =1,2,...,9,
positive definite matrices P, Q1, Q2, Qs, R, Z1, Z», and Zs, positive definite diagonal
matrices A1 and Az, matrices U, V and Q = [Q1 Q2], such that the following LMIs hold:

4T Q" QT Q  Q
* ~Z, U |<0, i=12 (79)
I * * _Z2
[z, v} {zz U}
>0, >0, (80)
_* Z1 * Z2
M <P<hl, Q<Al, Q<Al, Q<Ail, o1
R<Al, Z <A4l, Z,<Al, Z;<Al (81)
N{a(ﬂ?+51/13+52/14+(52+53)/15)+(52+53)f A i <0, (©2)
+6 (meyy + Keg Ay + I Ag)
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where
3 e%8nx8n
X =CT|:’C—}/|:’+Ql+Q2 -l-(h2 —|”L1+1)Q3+(C— I)TZm(C— I)—FlAl,
3 =C'PA+(C—1) Z,,A+FA,,
L= c’ PAH +(C- |)T ZlZBAd v 2y = _7th1 -Z,- h22123, Ly = Z _VT’
2y :VT1 Xy = h2123’ Ly = h2123' Ly = _7mQ3 _221 +V+VT - RA,,
Xu=2 -V, Lp=FA,, Z,= _ythz -1,
Yo, = ATPA+(h,—h +)R+A"Z . A-A,,
Lgs = ATPAd +AT2123Ad! Zes =_7h1R+A\IPA\1 + AgzlzaAd —A,,
2= —23, Log = —Z3, Lgg = _Zs
h21|n 0n><5n _In on i On 0n><5n _In On i
Fl = ) FZ = [l
On 0n><5n On _In h21|n 0n><5n On _In
Z,=rh,Z +x1,Z,, Z=2Z,+871,Z,,
ol
A, =diag {4, Ay Ay}, 112
F, = diag {kk;', koks -+ ik ],

f:max{

I<i<n

F, - diag k; +k] ,kz +k, ’m,kn +k,
2 2 2
hy, =h, —h,,
hl g _ K—h—1k—h,—1 _ _
S 3 LU (ELED R 1= (e )
I=h, i=l I=k—h, i=l
1 h, y=1 4 h,, y=1
= ) b = R
& j;ﬁ’ 4 11’ y =1 & j§27 4 1, y#1
7= -1
(h, ~h)(h, +h, —1)
W . 2 2 , }/:1
&y = 7"H = 2
’ i=—h,+1 j=i y =yt —(h,—h)(r -1 y#1
(r-1°
(h, ~h)(h, +hy +1) »
-h-1 1 i 2 ' 7/_
&y = v = + +
A i A Y (e S

(r-1°

(83)

(84)

(85)

(86)

(87)

(88)

(89)

(90)
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11
&= 227" (1)
&6 = 2. 2.7 . (92)
Proof. Define the following LKF for DNN (1):
6
V (k) =>V(k) (93)
i=1

with

V; (k) =X (k)Px(k)

VK= 3 ARG Y AN ()Qx()

jskh, i<k,
k-1 ) Mook i
V()= D AT+ D D X (1)Qux())
j=k—h(k) i=—h,+1 jok+i
k-1 ) “h k1 )
VoK)= D0 AT XOG)REG)+ D D AT (XG)RE(X()))
j=k—h(k) i=—h,+1 j=k+i
—h-1 k-1 ) hla ok :
Vo) =z > /T (DNZn()+x Y. D D ¥ ()Zm())
i=—h, jk+i I=h, il j—k+i

k—h-1k-h-1k-1 ) . ]
Vs()=9 2> > D70 (DZa(i)
I=k-h, i=l j=i
where 7(k) =x(k+1)—x(k), and 7, x and 9 are defined in (20). Calculating the
difference of LKF (31), AV (k) =V (k+1)-V (k), along the trajectories of DNN (1) gives
AV, (K) = (¥ =)V, + X (k) (CT PC - yP) x(k) + 2x" (k)C" PAFf (x(k))
+2x" (K)CTPA, f (x(k —h(k)))

94
+ 17 (x(K))ATPAF (x(k)) + 2T (x(k) A" PA, f (x(k —h(k))) 4

+ 17 (x(k —h(K)) A} PA, T (x(k —h(k)))
AV, (K) = (7 =DV, (k) + X" (k)(Q +Q,)x(K) — "X (k ~h)Qx(k — ;) (95)

_7h2 X' (k—h,)Qx(k —h,)
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Kk

AR = Y ATINMXD - Y FI ()Qx()

j=k+1-h(k+1) j=k=h(k)
—h k . b k-l
+ 2 2 YN - X 2 /TR
i=—h, +1 j=k+1+i i=—h,+1 j=k+i
< (7 =DV3(K) + (h, = by + D)X (K)Qux(K) — X (k ~h(k))Qyx(k —h(k))
AV, (K)< (7 =DV, (k) + (, =y +2) £ (x(KDRF (x(k))
=™ 7 (x(k=h(K)RF (x(k —h(k)))

k—hy—1
AVs(k)=(7’—1)V5(|<)+77T(k)lefl(k)—ﬁ__Z YT (DZn(3)
“h-1 k-1 )
x> 2 7 (DZan(i)
k-h-1k-h-1
AVs (K) = (7 =DV, () + 9r,7" () Zan(K) =4 D > 7" (©)Zan()
I=k—h, i=l

where 7, 7, and Z,, are defined in (84) and (87).

Based on Lemma 1, we have

(96)

97)

(98)

(99)

k—h -1 . k-h(k)-1 . k—h,—1 k
z Y YT zZa( == Y, ¥ Int(Dzn)+# "t (DZn(i)
j=k—h, j=k—h, = k—h(k)
k—h(k)-1 k—h(k)-1 k—h -1 T k—h -1
n(i)| Z n(j) [+ [ 77(])] z ( U(J)J
”1(k) [ thz j ' j=k—h, (k) l;;(k) ' j:lg(k)
T
(100)
where
(-1 - h,—h(k), »=1
z(k) = y i —h(k) __-h, ,
' j=k—h, —}/l 7=l
y—1
k—h, -1 h(k)_hl’ 7:1
7,(K) = y & =0 o , (101)
i j:gr;(k) L - y=1
y-1
ACIEACEN
T T

Z, VvV . .
For >0, using Lemma 2 we obtain
* Zl
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T

k-h(-1 k—h(k)-1
ot ;h n(j) Sy ;h n(j)
Yy YNz 2 o
> (i) 203 )
j=k=h(k) j=k—h(k) (102)
xk=h) Tz, -z+vT VT x(k-h)
=[x(k=hK) | | * 2Z,-V-VT -z, +V" || x(k—h(k))
x(k—h,) | | * * Z, x(k —h,)
Similarly, by applying Lemmas 1 and 2, we can find
—h-1 k-1 ) —h(k)-1 k-1 ) -h-1 k-1 )
KZ Z YT (DZn(i) =« z Y I ()Zn(j) +x Z Z}/k"nT(J)Zzn(J')
i=—h, j=k+i i=—h, j=ke+i i=—h(k) j=k+i
x(k) T’ T x(k)
{qﬁ(k)} {ZEEEEB: _O'” _0,” } Fﬁ ;HZE:EEB: _0'” _0,” }ﬂzﬁ(k)l (103)
(D(k) n n n 2 n n n (D(k)
T T Z, U
=& (Kr (h(k)){* 7 }F(h(k))é(k)
2
where
a(h(k))=h, —h(k), b(h(k))=h(k)-h,
_ a(h(k))ln On><5n _In On ZZ u
F(h(k»{b(h(k))ln Open Oy —IJ‘ { Zj>o
k—h(k)-1 k—h,—1 (104)
p(k) = Z x(j), k)= Z x(j),
j=k—h, j=k—h(k)

&(k) = [XT (k) X™ (k —hy) X" (k =h(k)) X" (k —hy) T (x(k)) " (x(k=h(k))) ¢" (k)" (k)]T
Furthermore, we can obtain
k—h-lk-h-1 K-ty —1k—hy -1 u K-ty —1k—h -1
g D (i)an(i)Z{ > 2 n(i)J 23( > > n(i)]
k=h, =l k—h, i=l k—h, =l

I=k-h, i I=k—h, i I=k-h, i

=~

K—hy -1 u
= [(hz —-h)x(k—=h)- > X(')J Z, [(hz —h)x(k—h) -

1=k—h,

_zhl‘:l x(I)J (105)

= (hyX(k 1) = (k) — 9(K))" Zs (hyyx(k =) = 6(K) — (k)

Taking the assumption regarding the activation functions (4) into account, we can obtain

) T[RA -RAT XK (106)
P [-RA A LT
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{ x(k —h(k)) H RA, —FZAZ}[ x(k—h(k)) }SO (107)

fx(k=h()) ] [-RA, A, JLg(x(k-h(k)))
where A, and F, i=1,2 are defined by (86).
By combining the previous inequalities (32)-(99), (102), (103), and (105)-(107) we have

zZ, U
AV (K)=(r =)V (k) <& (k)[Z—F(h(k))[ N . }FT(h(k))jf(k) (108)
where X is given in (83). If
Z, U|
Z—F(h(k)){ . 7 }F (h(k)) <0, Vvh(k)e[h,h,] (109)
then
AV(K)-(y-DV (k) <0 (110)

From (109), based on Lemma 3, there exist a matrix Q such that

T+T(hk)Q +Qr" (h(k)) Q Q,
®(h(k)) = * -Z, -U |<0, Vh(k)e[h,h,] (111)

* * _Zz
Since ®(h(k)) is affine with respect to h(k), it is necessary and sufficient to ensure that
inequality (111) holds at the vertices of the interval [h,h,], ie. ®(h)<0 and

®(h,) <0, where T'(h) =T, and I'(h,)=T,. Thus, the inequality (111) holds if and
only if (79) holds as well.

From (110), it follows
VK) < V(K- <yV(k=-2)<---<yV(0), k=123 (112)
From (31) and (112), we obtain

V(0)<ad,,, ( P) +aE Ay, (Q1 ) + &, A (Q, ) + &y Ao (Q ) + Q& (Q3 )
+ 26, Ame (R)+ T 265 A0 (R) + 7008, A (Z) + K5 A (2, ) + IS A (Z3)

where g, i=12,---,6 and f2 are defined in Theorem 3. On the other hand, we havfellS)
V(K) 2 Ay (P)X (K)x(K) (114)

From (112), (113) and (114), for y >1, we can obtain

Ao (P)XT (K)X(K) < 7™ [ @ (P) + 6 A (Q1) + A (Qp ) + (5 + ) A (Qs) (115)

+2(8 + 3) e (R) 700 4 Ao (21) + K085 A (Z3) + 966 20man (Z3) |



Stability, Finite-Time Stability and Passivity Criteria for Discrete-Time Delayed Neural Networks 221

N

ﬂm: (P) [aﬂmax (P)J'_aglﬂmax (Q1)+a82ﬂ'max (Q2)+ a(gz +53)ﬂma>< (Q3)

+12(8, + ) Ao (R) #7208, Ao (Z,) + KO85 Ay (25 ) + IS8 A (25 )< B

then we obtain x"(K)x(k) < B, Vk €{1, 2,...,N}, and the system (1) is finite-time
stable with respect to («, 8, N).

(116)

Let
2’1' < ﬂ’max(P) < ﬂlz* ﬂ’max (Ql) < ﬂﬁ' j'max (QZ) < 14’ ﬂ’max (QS) < A‘S'
Anax (R) <Ay Anex (Z0) <Ay A (Z5) < Ay A (Z) < A

Then, the conditions (81) and (82) follow from (116) and (117). [ |

Now, we focus on the finite-time passivity of DNN (1) with time-varying delay.

(117)

Theorem 4. [16] Under Assumption 1, DNN (1) is finite time passive with respect to
(e, B, N, p), where 0 < a< S, u is a given positive scalar if there exist a scalar y> 1,
positive scalars 4;, i =1,2,...,9, positive definite matrices P, Q1, Q2, Qs, R, Z1, Z2, and Z3,
positive definite diagonal matrices A; and Az, matrices U, V and Q = [Q1 Q2] such that
the LMIs (79)-(82) hold and:

S+0Q+Q0T Q  Q,

* -Z, -U|<0, i=12 (118)
* * _Z2
where
04n><n
< Z Y 8nxn
3= . Y=| -l |eR (119)
YT —ul "
M,
O3nxn
R r, . r,
r, = , I, = (120)
0n><2n 0nx2n

inwhich ¥, T', and T, are defined as in (83) and (84).

Proof. To show the passivity, we chose LKF (31). Then, from the proof of Theorem 3,
we can write

AV ()1 (6) 25" (k) - " (k)
<& (k)[z—rm(k»{zj ;jFT(h(k))jé(k)—ZfT(X(k))U(k)—ﬂuT (u(k)
=£T(k){i—f(h(k»{z,f lzjﬁ(h(k»}é(k)
(121)
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where

A T A T'(h(k

HOBFCTROTRYS) { é ( ”} (122)
and 3 is defined by (119). If

ﬁ—f‘(h(k)){z*z ; }fT (h(k)) <0, Vh(k)e[h,h,] (123)
then

AV (K) = (7 =)V (k) - 2y" (K)u(k) — " (K)u(k) <0 (124)
Based on Lemma 3, then from (123) we obtain

S+T(hK)Q" +QI" (h(k) Q Q,
d(h(k)) = * -Z, -U |<0, vh(k)e[h,h,] (125)

* * 4
2

Since d(h(k)) is affine with respect to h(k), it is necessary and sufficient to ensure that
inequality (125) holds at the vertices of the interval [hy,hy], i.e. d(h) <0 and d(h,) <0,
where T'(h) =T, and I'(h,) =T, . Thus, the inequality (125) holds if and only if (118) holds
as well.

From (124), we get

k-1 ) k=1 )
0<V(K) <7V (0)+2)_ ¥ Iy () + )y T (ju(j) (126)
j=0 j=0
Under the zero initial condition, for k {L 2,--, N} one has
k-1 i ] ] k-1 L . .
2> 7Y () + T (ju(j) 20 (127)
i=0 j=0
i.e.
k—l_T_ ] k—l_T. . k—l_l__ .
2> Iy (i) = =y uT (Du(j) = - u" (Ju(j) (128)
j=0 j=0 i=0
Thus, the system (1) is finite-time passive. u

Remark 8. In [16], the properties of exponential passivity (Definition 2) and finite-time
passivity (Theorem 4) for DNNs with time-varying delay are introduced for the first time, in
which FTP is based on the concept of FTS (Theorem 3). Since FTS in one part uses the
property of exponential stability (see inequality (110)), then in the proof of Theorem 4, the
condition (15) has appeared as expected. Unlike the concept of FTP, a well-known concept
for the passivity based on Lyapunov asymptotic stability has already been reported in the
literature. Note that a sufficient condition for the passivity of DNNs can be obtained when
y =1 in Theorem 4.

Remark 9. Using Lemma 3, inequalities (79) and (118) can be transformed in the following
equivalent forms
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h22122 On><5n _h21zz _h21U
Z, U * 0 0 0
2<1—-l|: i i|1—~1' — 5nx5n 5nxn 5nxn :E‘l (129)
u' z, * * zZ, U
* * * 7
2

_h21U ! _h21zz

O5n><n 05n><n — Ez (130)
zZ, U
* 22

(131)

(132)

The above inequalities will be used in numerical calculations.

Remark 10. The proposed stability criteria depend on the parameters y, «, 8, N as well
as time delay h, and h, . Consider the following cases.

= S isthe minimum allowable lower bound (MALB) of S such that the concerned

DNN is FTS (FTP) forany B2 B, .
» N =N is the maximum allowable upper bound (MAUB) of the variable delay
h(k) such that the concerned DNN is FTS (FTP) for any value when the delay < hmax..
Note that a criterion that gives a lower MALB value or a higher MAUB value is less
conservative with respect to the other criteria.
Remark 11. In [16], the criteria of FTS are defined with respect to the adjustable
parameter » and the new LKF V (w) with power function »*~1™ is proposed. From the
difference of LKF given in (52), AV (y)<(y =1V (y), it follows that the parameter »
provides an exponential convergence information about an upper bound of LKF given in
(54), V(v) <"V (0), w=123,---.0n the other hand, parameterized condition (6) with
power function y 1 is obtained while analyzing the FTP criterion. This condition can be
understood as a condition of exponential passivity with adjustable parameter y. In the
case of y=1, the condition (6) reduces to the ordinary passivity defined in the existing
literature. The parameter y represent an optimization parameter in the FTP criterion. By
solving the corresponding LMIs for FTP, a specific value for y is obtained and the
exponential passivity condition (6) is satisfied.

Remark 12. The results proposed in [16] are delay-dependent, but do not depend on the
shape of the time delay. Therefore, the delay may be a random variable. In the case of
switching systems, the considered FTP problem can also be solved. In this case, it is necessary
to modify the Lyapunov functional in accordance with the given switching systems.
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4, DEMONSTRATIVE EXAMPLES

In the section, three numerical examples [16, 56] are provided to illustrate the
effectiveness of the proposed stability criteria.

Example 1. Consider the DNN (1) with the following parameters [56]
{0.8 0 } {0.001 0 } [—0.1 0.01}
C= , A= , A= (133)
0 09 0 0.005 -0.2 -01
which was used to check the feasible region of stability criteria in [24, 31, 56, 57, 58].
The activation function is in the form of f (x(k)) = [tanh(x, (k)) tanh(xz(k))]T and satisfy
Assumption 1 with k; =k, =0 and k" =k, =1. By using Theorem 1, the MAUBs of
h.me are computed with different lover bounds h, and the obtained results are given in
Tab. 1. The number of decision variables (NDVSs) is also given to show computation
complexity. From this table, we can see that proposed results are less conservative and/or
have less decision variables than [24, 31, 57, 58].
The time-varying delay and the state trajectories of the DNN (1) with parameters (133) for
initial value ¢ (j) = [3 11", j € {-22, -21, ..., -1, 0} are shown in Fig. 1 and Fig. 2, which
shows that the DNN (1) is asymptotically stable for 10 <h(k) <22.

Table 1 MAUBs of h for a given h, in Example 1.

2max

Method h NDVs
2 4 6 8 10 15 20

Th.2[57] 19 19 20 21 22 24 27 17.5n*+8.5n
Th.1[577 20 20 21 21 22 24 27  53.5n?+8.5n
Th. 1[31] - 20 20 21 22 24 - 135n*+11.5n
Th.3.1[24] 19 19 20 20 21 24 27 11n? +6n
Cor.2[58] 19 20 20 21 21 24 27 154n? +6n
Theorem1 19 20 20 21 22 24 27 17n% +9n
Theorem2 20 20 21 21 22 24 27 23n% +11n

22 3
H i x, ()
20 ) X0
18
(( 1
< 16 <
< 0
14
-
12
10 250 0 50 100 150
0 50 100 150

K k

Fig. 1 The time-varying delay Fig. 2 State trajectories of the DNN
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Example 2. Consider DNN (1) with the following parameters [31], [56]

01 0 002 0 —0.01 0.01
C= . A= A= (134)
0 03 0 0.004 ~0.02 -0.01

and activation functions that satisfy Assumption 1 with k7 =k, =0 and k" =k, =1. In
this example, the MAUBs of h, .. are computed by using Theorem 1 and 2 for different
lover bounds h, and results are shown in Tab. 2. From this table, it can be seen that the
proposed stability criteria in Theorems 1 and 2, provide a significantly larger MAUB than
the previous result [31], while the numbers of decision variables are slightly higher.

Table 2 MAUBSs of h for a given h in Example 2.

2 max

hy
Method > 1 5 8 10 20 NDVs

Th.1[31] 99 101 103 105 107 117 13502 +11.5n
Theorem1 2028 2030 2032 2034 2036 2046 17n2 +-9n
Theorem2 3140 3142 3144 3146 3148 3158 23n? +11n

Example 3. Consider DNN (1) with the following parameters [16], [48]

[0.6 0 } {—0.1 0.8} {—0.2 —0.9}
C= , A= , A= (135)
0 04 09 04 0.1 02

The activation functions are described by f(x(k)) = [tanh(0.2x1(k)) tanh(=0.14x2(k))]".
Therefore, it is easy to see that F1 = diag{0, 0} and F, = diag{0.1, —0.07}.

First, the FTS of DNN (1) is investigated. Let hy = 1 and h, = 3, then by solving LMIs in
Theorem 3 for «=1, =2, N=30, 6=2.5 and y=1.01 we obtain the feasible solutions.
Thus, the system (1) with parameters (133) is finite-time stable with respect to (1, 2, 30). For
time-varying delay h(k) = 2 + sin(kr/ 2) and the initial condition [-0.5 0.5]" Fig. 3 shows the
state response x(k) of DNN (1) with the parameters (133) and Fig. 4 depicts the norm
xT(K) x(K) of the state vector of the system (1).

Furthermore, by using Theorem 3, MALBs of Snin are calculated for =1, N = 30,
6=25h;1=1, y=1.0001 and h; € {3, 4, 5, 8, 10}, and results are listed in Tab. 3.

Table 3 MALBs of Smin for a given h, when ¢ =1, §=2.5, h; =1, N =30 and y=1.0001

in Example 3
hz 3 4 5 8 10 20
Theorem 3 1.19 1.32 1.49 2.23 2.96 10.40

Based on Fig. 4, we can see that the norm x"(k) x(k) does not exceed MALB fnin in Tab. 3,
which means that the above system is FTS with respect to (3, Bmin, N), N € (5, 10, 20, 40).

For different values of N € (50, 100, 150, 200) MAUBSs of hma are computed for o =1,
B=1000, 5=2.5 and results are shown in Tab. 4. These results are mutually equal because
the considered system is asymptotic stable (y— 1 = yN — 1), so the inequality (82)
becomes insensitive to the parameter N.
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Table 4 MAUBs of hmax for a given N when h; =5, ¢=1, =10 and y=1.0001 in
Example 3

N 50 100 150 200 500
Theorem 3 20 20 20 20 20

Second, we consider FTP of DNN (1) with parameters (133). By applying Theorem 4,
we can obtain MALBSs of Snin for ¢ =1, §=2.5, N=30, h; =1 and x for given hy, which
guarantees DNN (1) with parameters (133) is FTP in the sense of Definition 2. In
addition, FTP of DNN (1) with parameters (133) is analyzed by using the same method in
[48]. The obtained results are addressed in Tab. 5, which demonstrates that this approach
provides less conservative results than the approach in [48].

0.5

0.5

04r 0.45

03 0.4 1

02F 0.35

0.1F 0.3

(k)

x(k)

ok Zo2s

>(T

011 02

02F 0.15

0.1

0.05 L

Fig. 3 The state response x(k) of the system Fig. 4 The norm x"(k)x(k) of the system (1)

031

041

-0.5 *
-2 0

(1) for k >0 and the initial conditions for k>0 and the norm of the initial
#(K) for k <0. conditions ¢"(k)#(k) for k < 0.
Table 5 MALBs of Snin for a given h, when a=1, §=25 N=30 and y=1.02 in
Example 3.
h, 3 4 5 8 10
[48] 4.09 4.67 5.34 7.18 9.95
Theorem 4 2.15/ 2.38/ 2.67/ 4.02/ 5.38/
LBrwin | 14 8.90 2.82 14.22 72.30 36.19

In order to check the conditions of passivity, the following scalar is defined
yt i . - gt . .
CP=2> 7y (Ju(j)+uQ u" (Ju(j), Yye{l2- N} (136)
j=0 j=0

Based on (15), the system will be passive if CP>0. By using results of Theorem 4, the
values of CP are computed from (136) for «=1, 6=2.5, N =30, y=1.02 and given h;
and listed in Tab. 6. Since the values of CP are positive, it can be concluded that the
passivity condition (15) is satisfied.
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Table 6 Checking the passivity condition (15) by using the scalar CP defined in (136)
for =1, 6=2.5 N=30, »=1.02 and given h, in Example 3.

ha 3 4 5 8 10
CP 69.25 23.11 109.55 549.79 276.06

Remark 13. To reduce the number decision variables, the well-known reciprocally convex
combination approach is used in [16]. It is noted that, the addition of slack variables U1,
U2, U3 and U4 in [48] will increase the number of decision variables. The number of
decision variables in [48] is 15n° / 2+11n/2+10, while the number of decision variable of
Theorem 4 is slightly smaller and amounts to 6n? +6n+10 .

Remark 14. From Example 3 and Remark 13 it can be concluded that the results in [16] are
less conservative then results proposed in [48]. According to the author's knowledge, no other
references, except [48], deal with the problem of FTP for delayed DNNs. Other references in
the literature of [16] consider different stability concepts from that used in [16].

5. CONCLUSION

This paper deals with the stability, finite-time stability and passivity problems of delayed
DNNs [16, 56]. First, the Lyapunov-Krasovskii functional with single and double summation
terms and several augmented vectors is constructed by decomposing the time-delay interval
into two non-equidistant subintervals. Using the Wirtinger-based inequality, extended
reciprocally convex approach and several zero equalities, stability conditions are developed in
the form of linear matrix inequalities. Second, a delay-dependent criterion has been
established to ensure that the considered DNN is passive. By constructing the proper LKF
and using LMI techniques, sufficient passivity conditions are obtained. Moreover, some
weighted summation inequalities are proposed to obtain less conservative results. Finally,
several numerical examples are presented to show the effectiveness of the proposed methods.
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