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Abstract. Irrational and transcendental functions can often be seen in signal processing
or physical phenomena analysis as consequences of fractional-order and distributed-
order models that result in fractional or partial differential equations. In cases when
finding solution in analytical form tends to be difficult or impossible, numerical
calculations such as Haar wavelet operational matrix method can be used. Haar wavelet
establishes a direct procedure for transfer function inversion using the wavelet
operational matrix for orthogonal function set integration. In this paper an inverse
Laplace transform of irrational and transcendental transfer functions using Haar
wavelet operational matrix is proposed. Results for a number inverse Laplace transforms
are numerically solved and compared with the analytical solutions and solutions
provided by commonly used Invlap and NILT algorithms. This approach is useful when
the original cannot be represented by an analytical formula and validity of the obtained
result needs to be crosschecked and error estimated.
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1. INTRODUCTION

Laplace transform is a powerful tool in solving various problems in engineering and
science. It usually simplifies differential equations that come from these areas. The inverse
Laplace transformation is usually done with the use of Laplace transform tables in
combination with simple algebraic manipulations. However, there are numerous cases
when finding solution in analytical form tends to be difficult or impossible [1-6]. Irrational
and transcendental functions can often be seen in signal processing or physical phenomena
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analysis as consequences of fractional-order and distributed-order models that result in
fractional or partial differential equations [7-10].

Over the years, many numerical inverse Laplace transform algorithms are being used
depending on the field of interest. Algorithms like Direct, Invlap, Weeks, Gavsteh, NILT, etc.
differ in parameter choice, effectiveness, computational speed and reliability [11]. Lately,
researchers are often using Haar wavelet operational matrix for finding inverse Laplace
transforms [12-14]. Haar wavelet establishes a direct procedure for transfer function inversion
using the wavelet operational matrix for orthogonal function set integration. This approach is
straightforward and suitable for computer programming using special purpose programming
environments that allow matrix manipulations. However, when irrational and transcendental
functions are in question problems may occur in case of fractional power of the matrix, matrices
that appear as arguments of transcendental functions, etc.

The objective of this paper is to evaluate the application potential of Haar wavelet
operational matrix for finding irrational and transcendental inverse Laplace transforms.
The effectiveness of the method is estimated by comparing obtained results with analytical
ones and results obtained by NILT and Invlap algorithms. Influence of the maximum
resolution level of the operational matrix on the agreement with the analytical solution is
examined. Also, standard and absolute errors are calculated and analyzed as well as the
orders of convergence at points of sharp turns.

2. HAAR WAVELET METHOD
Haar functions are defined in the interval of [0,t) [12-13] by:
) ( L2Uttk-1)<t<27t(k-1/2)
ho(®) =m™2 and  hy(t) =m 2{—1,27t(k —1/2) <t < 27tk @
0, elsewere in [0, T)
where i=0,1,2..., (m-1), m=2% aeZ*, m being denoted as the maximum level of resolution.
Integer decomposition of the index i is designated by j and k (e.g., i=2j+k-1 where k=1,2,...,

2). Scaling function ho(t) is a constant, while the fundamental square wave hy(t) is known as the
mother wavelet. All other wavelets are generated from the fundamental one:

( 2%tk -1 <t <27tk —1/2)
hi(t) =m™z4-20/2 27Ig(k —1/2) < t < 271k (2
0, otherwise in [0, T)
Any function x(t) can be expanded into a Haar series:

x(t) =Xg e hy(®), 0<St<t A3)
with Haar coefficient ci:

¢ =m [ x()h;(t)dt. @)

In the matrix form equation (3) becomes:
xT=c"-H (5)
where x designates the discrete form of the function x(t). c" is the Haar coefficient vector:

cT'=[C €1 . Cm-1] (6)
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Haar function vector is defined as:
H=1lhy hy - hm—l]T (7
Integration of the Haar wavelet function H can be written as:
fOiH(t)dtzQH-H,OSt<T (8)

where Qu is the Haar operational matrix for integration. If we take the H(t)=H-Bn(t) form
of Haar wavelet function where Bn(t) is the block pulse function, then:

JyH(®)dt = [ H - Bu(t)dt = H - Qg * B (1) (©)

The operational matrix for integration of the block pulse function Qm in the interval of
[0,1) is given by:

1 2 - 2
Qm =02 -m™ 0 %) 2 ,0<t<1 (10)
0 e 0 1dum

and in the interval of [0,7):

2 'm'Qm/Z —T'HL/Z

Qm=(2-m™" 0<t<T (11)

T HrT;L/Z 0m/2

Since Bm(t) can be neglected as an identity matrix, the generalized Haar operational matrix
can be obtained from (8) and (9):

Qu=H:Qp-H" (12)

3. NUMERICAL INVERSION OF LAPLACE TRANSFORM USING THE OPERATIONAL MATRIX
In order to determine inverse Laplace transform of the function x(t) using the operational
matrix of integration we should start from the fact that integration in time domain ( fol x(t)dr)

corresponds to the multiplication of 1/s in the s domain (i - X(s)).
The following transfer function:

X(s)=—==—7=%(3) (13)

1+
s

is a solution to the following equation given in a discrete form:
b-[1 1 . l=x+af xde (14)

where the inversion of the Laplace transform column vector x" can be replaced by a product
of coefficient vector c™ and Haar wavelet matrix H:
b-[1 1 .. 1]'Ht'=c"-[I+a-Qy] (15)

In eq. (14) | is the mxm identity matrix and the matrix of integration Qu replaced the integral
sign. Based on the eq. (12) the discrete form of the transfer function X(s) can be expressed as:
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X@Qu) =1[b-Qul-lI +a-Qul™" (16)
From (9) and (14) the coefficient vector becomes:
c"=[2m -2m .. —2mlixm -H" -X(Qy) (17)
Accordingly, the inversion of the Laplace transform X(s) can be given by:
xT=cT-H=[2m -2m .. —2mlixm -H" -X(Qy) - H (18)

4. NUMERICAL INVERSE LAPLACE TRANSFORM ALGORITHMS

Over the years several numerical inverse Laplace transform algorithms based on
different numerical methods have been developed. Weeks algorithm is based on bilinear
transformations and the Laguerre polynomial series expansion [15]. Another algorithm for
inverting the Laplace transform is Direct. Direct is based on the application of the
trapezoidal rule to the Bromwich integral [16]. Invlap method is based on De Hoog’s
algorithm [17]. Gavsteh is a numerical inverse Laplace transform algorithm based on
Gaver-Stehfest method [18]. Fast Fourier transformation is the base of the NILT algorithm.
In combination with the g-algorithm it provides high speed computation and accuracy [19].
There is also NILT based on the Zakian method [20] - method that is based on the Fourier
series method with Padé approximation.

Application of numerical inverse Laplace transform algorithms was previously
evaluated [11, 16, 19] and obtained results showed that a single method cannot provide
optimum results for all purposes. For that reason, effectiveness of the Haar wavelet
operational matrix for finding inverse Laplace transforms will be evaluated by comparison
of results obtained by Haar wavelet method, analytical results and results obtained by NILT
and Invlap algorithms. Invlap and Zakian method based NILT numerical inverse Laplace
transform algorithms were chosen because they are effective and can deal with irrational
and transcendental functions. This approach is especially useful when the analytical
formula is not available and inverse Laplace transform can be found only numerically. In
that case validity of the obtained result can be crosschecked and error can be estimated.

5. NUMERICAL INVERSION OF IRRATIONAL AND TRANSCENDENTAL LAPLACE TRANSFORM

b%—a?

(s—a?)(Vs+b)
In terms of 1/s transfer function becomes:

5.1. Function X(s) =

o (1 1 b2-a?
X\Z)=—=7—"m 3 (19)
(s) svs (1_T)(1+%)
Each 1/s is then replaced by Haar wavelet operational matrix Qx:
X(Qu) = (0% — a®)Qi°[( — a?Qu) - (I + bQF)] ™ (20)
Then the inversion of Laplace transform can be calculated by:
x"=[2m —2m .. —2mlim-H"-(b?—a®) - Q4° - [ — a®Qu) -

(I +bQEH] ™" - H (21)
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In the code, fractional power of matrix is calculated indirectly using principal matrix
logarithm where the matrix function is built on the principal scalar logarithm. The
analytical inverse Laplace transform of the transfer function given in the heading 5.1 is:

x(t) = eazt[b —aerf(avt)] - beb®t erfc(bvt) (22)

Error function erf(x) and complementary error function erfc(x) are two the most widely
used functions in science. These functions occur extensively in problems relating to heat
conduction, diffusion and probability.

In case of a=0.5 and b=1, for transfer function X(s), analytical result and numerical
results obtained by Haar wavelet method (m=1024), Invlap and NILT algorithms are
shown in Fig. 1(a) for interval [0,1) and in Fig. 1(c) for expanded interval [0,7). Standard
and absolute errors for Haar wavelet method with three different maximum resolution
levels (m=64, 256 and 1024) as well as for Invlap and NILT algorithms are presented in
Fig. 1(b) for interval [0,1) and in Fig. 1(d) for expanded interval [0,7).
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analytically and numerically by Haar wavelet method (m=1024), Invlap and NILT
algorithms for (a) interval [0,1) and (c) expanded interval [0,z). Standard and
absolute errors for Haar wavelet method with three different maximum resolution
levels and Invlap and NILT algorithms for intervals (b) [0,1) and (d) [0,7)

Fig. 1 Transfer function X(s) = inverse Laplace transform obtained
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For the transfer function given in the heading 5.1, in both [0,1) and [0,7) interval, Haar
wavelet method shows a good agreement with analytical solution as well as Invlap and
NILT. When Haar wavelet method is in question, absolute error decreases with time during
the [0,1) interval with minimum of the order of 10 for maximum m value. Standard error
is of the order 10 for all three maximum resolution levels. When expanded interval is in
question, after the [0,1) interval, Haar absolute error values fluctuate and have minimum
values around t=3 when the increase in error with time starts. Standard error reaches the
order of 10*while Invlap and NILT perform slightly better with standard errors of order of
10°. Absolute error of NILT algorithm is almost constant during the whole time and is of
order of 102, Absolute error of Invlap increases with time. It is in 10° — 10! range for
[0,25) interval.

5.2. Function X(s) = m

In terms of 1/s transfer function becomes:

Q)= my 23)
Each 1/s is then replaced by Haar wavelet operational matrix Qu:
X@Qw) =Qu U+Q5° )" (24)
Then, the inversion of Laplace transform can be calculated by:
xT=02m -2m .. —2mlixm - H - Qu-(I+Q%°-a)*-H (25)
The analytical inverse Laplace transform of the transfer function given in the heading 5.2 is:
x(t) = e®t - erfc(avt) (26)

In case of a=1, for transfer function X(s), analytical result and numerical results
obtained by Haar wavelet method (m=1024), Invlap and NILT algorithms are shown in
Fig. 2(a) for interval [0,1) and in Fig. 2(c) for expanded interval [0,7). Standard and absolute
errors for Haar wavelet method with three different maximum resolution levels (m=64,
256 and 1024) as well as for Invlap and NILT algorithms are presented in Fig. 2(b) for
interval [0,1) and in Fig. 2(d) for expanded interval [0,7).

For the transfer function given in the heading 5.2, for both intervals, Haar wavelet method
shows a good agreement with analytical solution as well as Invlap and NILT. When Haar wavelet
method is in question, absolute error decreases with time over the entire time span. It is in 102 —
106 range for maximum m. Standard error is of the order 10 for all three maximum
resolution levels during the whole interval while Invlap and NILT perform better with
standard errors of order of 10-3. Absolute error of NILT and Invlap algorithms are almost
constant during the whole time. Haar wavelet method performs better than NILT whose
absolute error is of the order of 10, Absolute error of Invlap algorithm is of the order of 107,
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Fig. 2 Transfer function X(s) = m inverse Laplace transform obtained analytically

and numerically by Haar wavelet method (m=1024), Invlap and NILT algorithms
for (a) interval [0,1) and (c) expanded interval [0,7). Standard and absolute errors
for Haar wavelet method with three different maximum resolution levels and Invilap
and NILT algorithms for intervals (b) [0,1) and (d) [0,7).

5.3. Function X(s) = arctan (k)

s

When 1/s is replaced by Haar wavelet operational matrix Qu:

X(Qu) = atan(k - Qu) @7)
Then the inversion of Laplace transform can be calculated by:
xT=[02m -2m —2m]yixm - HT atan(k - Qy) - H (28)

Because of the matrix calculus, tangent function in the code was expressed using complex
logarithms. The analytical inverse Laplace transform of the transfer function given in the
heading 5.3 is:

x(t) = 7sin (k- t) (29)
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This example is chosen because sinusoidal functions appear everywhere, and they play
an important role in circuit analysis. Apart from electrical engineering they are seen in
various branches of science and engineering.

In case of k=1, for transfer function X(s), analytical result and numerical results
obtained by Haar wavelet method (m=1024), Invlap and NILT algorithms are shown in
Fig. 3(a) for interval [0,1) and in Fig. 3(c) for expanded interval [0,7). Standard and absolute
errors for Haar wavelet method with three different maximum resolution levels (m=64,
256 and 1024) as well as for Invlap and NILT algorithms are presented in Fig. 3(b) for
interval [0,1) and in Fig. 3(d) for expanded interval [0,7).

For the transfer function given in the heading 5.3, for both intervals, Haar wavelet
method shows a good agreement with analytical solution as well as Invlap algorithm. When
Haar wavelet method is in question, absolute error is approximately of the order of 1077
during the [0,1) interval for maximum m. Haar wavelet method performs better than NILT
whose absolute error is of the order of 10-°. Absolute error of Invlap algorithm is of the
order of 10 for the same interval. During the expanded interval Haar wavelet absolute
error is of the order of 10 Absolute error of Invlap algorithm is of the order of
10°%°, while absolute error of NILT algorithm is of the order of 10-° and increases to 10! at
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Fig. 3 Transfer function X (s) = arctan (S) inverse Laplace transform obtained analytically

and numerically by Haar wavelet method (m=1024), Invlap and NILT algorithms for (a)
interval [0,1) and (c) expanded interval [0,7). Standard and absolute errors for Haar
wavelet method with three different maximum resolution levels and Invlap and NILT
algorithms for intervals (b) [0,1) and (d) [0,7).
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t=11. Haar wavelet method standard error is of the order 102 for interval [0,1) and 10 for
expanded interval [0,7) for all three maximum resolution levels. Standard errors of Invlap
and NILT are of order of 10- over the entire time span.

5.4. Function X(s) = % 1—e7T)
When we replace 1/s by Haar wavelet operational matrix Qw:
R(Qw) = Q- (I —e7TO) (30)

then the inversion of Laplace transform can be calculated by:

xT=[2m —2m .. —2mlym-HT QL5 - (I —e T4 -H (31)
The analytical inverse Laplace transform of the transfer function given in the heading 5.4 is:
x(t) = = Vx-HG) =Vx =T H(x = T) (32)

The Heaviside unit step function is used in the signal processing. It represents signals
that switch on at specified times and stay switched on indefinitely. It is also used in
structural mechanics to describe different structural loads, in engineering where periodic
functions are represented, in physics for sudden changes (when breaks are being applied or
during collisions), etc.

In case of T=0.5 for transfer function X(s), analytical result and numerical results
obtained by Haar wavelet method (m=1024), Invlap and NILT algorithms are shown in
Fig. 4(a) for interval [0,1) and in Fig. 4(c) for expanded interval [0,7). Standard and absolute
errors for Haar wavelet method with three different maximum resolution levels (m=64,
256 and 1024) as well as for Invlap and NILT algorithms are presented in Fig. 4(b) for
interval [0,1) and in Fig. 4(d) for expanded interval [0,7).

When Haar wavelet method is in question, functions with sharp turns are challenging.
For the transfer function given in the heading 5.4, over the [0,1) interval Haar method
performs well at the sharp turn, almost as well as Invlap algorithm. Absolute errors at the
peak for all algorithms are of the order of 10-2. However, because of the same maximum
resolution level value (1024) and a longer period of time, Haar wavelet has poorer
performances at the sharp turn than both Invlap and NILT in the [0,7) interval. Over the
[0,7) interval absolute error of Harr wavelet method varied in the 10>-10“range. For NILT
algorithm, the absolute error has the highest value. It is of the order of 10-2. Apart from the
sharp turn, absolute error of Invlap algorithm is of the order of 10-1°. Haar wavelet method
standard error is of the order 10-* during the [0,1) interval and 10~ during the [0,z) interval
for all three maximum resolution levels. Standard errors of Invlap and NILT are of order
of 102 over the whole time span.

From Figs. 1-4 can be seen that numerical inversion Laplace transform using Haar
wavelet operational matrix performs very well in case of irrational and transcendental
functions. Results obtained by standard and absolute error calculations show that for all
examples Haar wavelet standard error values are mainly in the 10"t — 102 range and that
absolute errors depend on the transfer function in question. Accuracy of the numerical
solution depend on the value of the maximum resolution level of the operational matrix,
especially at sharp turns. Higher values of the parameter m provided better agreement with
the analytical solution.
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Fig. 4 Transfer function X(s) =$(1—e'“) inverse Laplace transform obtained

analytically and numerically by Haar wavelet method (m=21024), Invlap and NILT
algorithms for (a) interval [0,1) and (c) expanded interval [0,z). Standard and
absolute errors for Haar wavelet method with three different maximum resolution
levels and Invlap and NILT algorithms for intervals (b) [0,1) and (d) [0,7).

5.5. Pulse shape functions

In order to investigate the application potential of numerical inversion Laplace
transform using Haar wavelet operational matrix, besides examples 1-4, three common
types of pulse shape functions are also presented along with a number of other inverse
Laplace transforms whose analytic inverse formulas and new derived formulas are
presented in Table 3. Pulse shape functions range from a square pulse that has constant
value during the pulse duration, to an exponential pulse that carries a long relaxation tail,
to a triangular pulse with a peak value at the half of the pulse duration. These pulses are
often used in engineering and physics. Typical application is in heat transfer analysis such
as transmission-line theory based photothermal modeling of composite samples where
layer thermal properties are highly pulse shape function dependent [21].

Laplace transform for the square pulse is:

X(s5) = (e —e7%) (33)
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When we replace 1/s by Haar wavelet operational matrix Qx:
R(Qu) =L+ (70 — e7r20) (34)

then the inversion of Laplace transform can be calculated by:
xT=[2m —2m .. —2mlim-HT -2 (T — TR0 H (35)

The analytical inverse Laplace transform of eq. (33) is:

1
x(t) =2 [H(t — 1) — H(t = 1,)] (36)
3 T T T T T T
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Fig. 5 Comparison of different numerical inversion algorithms for square pulse, equation
(36), for interval [0,1), z=0.5, 71=0.3 and 7,=0.8. For Haar wavelet method,
maximum resolution level is m=1024.

For exponential pulse:
1

T2:(s+771)2

X(s) = (37)

when we replace 1/s by Haar wavelet operational matrix Qu:

R(Q) = 2 (38)

TZ'(1+QH'T_1)2

Then the inversion of Laplace transform can be calculated by:

2
xT=[2m —2m .. —2mlym HT —2 . H (39)

(T2

The analytical inverse Laplace transform of eq. (37) is:

x(t) = T% . e_% (40)
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Fig. 6 Comparison of different numerical inversion algorithms for exponential pulse,
equation (40), for interval [0,1) and z=0.1. For Haar wavelet method, maximum
resolution level is m=1024.

Laplace transform for the triangular pulse:

X(s)=5-(1-2-e7) (41)
When we replace 1/s by Haar wavelet operational matrix Qx:
£(Qu) =204% - (1—2-e770") (42)
then the inversion of Laplace transform can be calculated by:
xT=[2m —2m .. —2mlym- HT -20,%- (1 -2 e-f'Qﬁl) ‘H  (43)
The analytical inverse Laplace transform of eq. (41) is:
x(t)=2-t—4-t-Ht—1)+2-H({t—1) (44)

1
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— — —Inviap
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06
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0 0.2 0.4 0.6 0.8 1

Fig. 7 Comparison of different numerical inversion algorithms for triangular pulse,
equation (43), for interval [0,1) and 7=0.5. For Haar wavelet method, maximum
resolution level is m=1024.
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From Figs. 5-7 can be seen that numerical inversion Laplace transform using Haar
wavelet operational matrix performs very well in case of all presented pulse shapes. It is in
a good agreement with analytical solutions at peaks of exponential and triangular pulses.
The greatest divergence from the analytical solution was seen at level changes of the square
pulse where both Invlap and NILT diverged from the analytical solution as well.

If we take into account all presented examples it can be seen that the Haar wavelet
method and the Invlap algorithm performed better than the NILT algorithm. In order to
further examine the effectiveness of Haar wavelet and Invlap numerical solutions the order
of convergence was examined. For that purpose, two transfer functions were chosen, the one
given in the heading 5.4 and the one for the triangular pulse given by equation 43, both of them
having sharp turns at t=0.5 s. The order of convergence (OC) was calculated as [22]:

Xi_q—x .
log i-1"*analytic

_ Xi—Xanalytic
ocC = gz (45)

where x; and X;.1 are values computed numerically in i and (i-1)'" step, respectively.

In Table 1 comparison between the orders of convergence (OC) for the transfer function
X(s) = % (1 — e7T5) inverse Laplace transform obtained analytically and numerically by

the Haar wavelet method and the Invlap algorithm is given. Sharp turn at t=0.5 s (Fig. 4a)
was examined. From the last column of Table 1 can be seen that for the mash values of 64
and 128 the absolute error of the Haar wavelet method is greater than that of the Invlap
algorithm. Higher mash values of 256 and 512 result in error ratios close to 1. Haar wavelet
method has smaller absolute error than Invlap method for m=1024. However, all order of
convergence values for Invlap algorithm were negative designating the reduction of
accuracy. It can be concluded that, for the example in question, the Haar wavelet method
performed better than Invlap, especially for higher mash values.

Table 1 Comparison between the orders of convergence (OC) for the transfer function
X(s) = %(1 — e T%) inverse Laplace transform (Fig. 4) obtained analytically
and numerically by the Haar wavelet method and Invlap algorithm for t=0.5 s

Haar wavelet method Invlap algorithm Error

m x(t) Abs. error oC X(t) Abs. error oC ratio
64 0.7328 0.0284  0.0789 0.7021 0.0016 -5.1404  17.75
128 0.7478 0.0173  0.0547 0.7386 0.0084 -4.5483 2.06
256 0.7592 0.0097  0.0370 0.7582 0.0087 -2.0231 1.16
512 0.7680  0.0046  0.0245 0.7673 0.0039 -0.9840  1.16
1024 0.7747 0.0013  0.0160 0.7715  0.0019 -0.4885  0.68

Analytical solution: 0.7979

In Table 2 comparison between the orders of convergence (OC) for the triangular pulse
inverse Laplace transform obtained analytically and numerically by the Haar wavelet
method and the Invlap algorithm is given. Sharp turn at t=0.5 s (Fig. 7) was examined.
From the last column of Table 2 can be seen that for the mash values of 64, 128 and 256
the absolute error of the Haar wavelet method is multiple times greater than that of the
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Invlap algorithm. Mash values of 256 resulted in error ratio of 40. With higher mash values
error ratio decreased. Orders of convergence for these methods were relatively low, Invlap
algorithm having one order of magnitude lower OC values than Haar. For this example,
Invlap algorithm performed better than Haar wavelet method.

Table 2 Comparison between the orders of convergence (OC) for the triangular pulse,

equation 43, inverse Laplace transform obtained analytically and numerically by
Haar wavelet method and Invlap algorithm for t=0.5 s

Haar wavelet method Invlap algorithm Error

m x(t) Abs.error  OC X(t) Abs.error  OC ratio
64 09703 0.0140 0.4129 0.9847  0.0006  0.0144 23.33
128 09812  0.0109  0.3423 0.9933  0.0012  0.0732  9.08
256 0.9881  0.0080 0.2792 0.9958  0.0002  0.0745 40.00
512 0.9924 0.0056  0.2255 0.9965 0.0016  0.0468  3.50
1024 0.9952  0.0039  0.1809 0.9966  0.0024  0.0249  1.63

Analytical solution: 1.00

Table 3 Numerical inversion of Laplace transform using operational matrix Qn where:

xT=[2m -2m 2m -2m —2m], .. H"-X(Qy)-H
X(s) x(t) X@Qn)
arctang %sin(k 1) atan(k - Qy)
1 . : -
s\/;e zj;-e 4t—k-erfc(2—ﬁ> Qi° e
eTho” e - e@t . erfe(avt + L) (I +a/Qp) - ek
m 2\/? QH ( a QH) e
1 &
R =sinh (2 VK1) Q5 - eken
1 k —05
< e ks erfc <2_\/f> Qy- e kQu
1 -
—— erf(Vt) Qi (Qu +QF) °*
1 , i}
Vs(vs +a) e®t - erfc(avt) Qu(l +05°-a)”
1k 1 i
1;'9 ’ 5 Nrori (2Vkt) Q° e
= (1—_eTs 2 x- x_T- _ 15, (] — o-TQH
s\/§(1 e Ts) 7 Vx-H(@)—vVx—T-H(x—T) Q- (I—e %)
b?% — a? e® - [b—a-erfc(avt)] - (b? —a?)- Q-

(s —a?)-(Vs+b)

—b - eP*t - erfc(byt)

(U —a®-Qy) - (1+b- Q)™
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6. CONCLUSION

In this study investigation of the Haar wavelet operational matrix application in the
inverse Laplace transform numerical calculations for the case of irrational and
transcendental transfer functions was presented. Results for a number of analytically solved
inverse Laplace transforms of periodic and non-periodic functions are presented and
obtained results are compared with the analytical solutions and results obtained by Invlap
and NILT - algorithms that are known to be effective when irrational and transcendental
functions are in question. Agreement of the numerical and analytical solutions is
quantitatively evaluated using standard and absolute error calculations. For all presented
examples Haar wavelet method standard error values are in the 10" — 10 range and
absolute errors depend on the transfer function in question. Accuracy of the numerical
solution depends on the value of the operational matrix maximum resolution level. Higher
values of the operational matrix maximum resolution level improve the agreement between
the numerical and analytical solutions especially at sharp turns when longer intervals
require higher resolution levels. When compared to Invlap and NILT algorithms, all the
algorithms used have given acceptable results. Haar wavelet method and Invlap algorithm
performed better that NILT for all presented examples. In order to further examine the
effectiveness of Haar wavelet and Invlap numerical solutions the order of convergence was
examined in case of functions with sharp turns. Overall results showed that, although Invlap
algorithm performed better than the Haar wavelet method in most cases, results obtained by
Haar were in good agreement with analytical solutions for all presented examples. This
approach is especially useful when the original cannot be represented by an analytical formula
and numerical method must be used. In that case validity of the obtained result can be
crosschecked and error can be estimated. The application potential of numerical inversion
Laplace transform using Haar wavelet operational matrix is additionally confirmed on three
commonly used types of pulse shape functions and a number of inverse Laplace transforms
whose analytic inverse formulas and new derived formulas are presented showing that the
presented method is efficient and can be easily coded.
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