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Abstract. A uniform magnetic field can be achieved with various simple structures of 

circular or square cross-sections. The main purpose of each of these is to create a 

larger volume of uniformly distributed magnetic field. The improvement of the desired 

zone homogeneity can be achieved by varying the design parameters of the coil and 

applying different optimization algorithms. In this paper, the Lee-Whiting circular coil 

system has been investigated considering the cross-section of the real conductor 

instead of the volumeless ideal conductor. The parameters of the coil were optimized to 

achieve a uniformly distributed magnetic field inside a spherical area and the desired 

total deviation rate along the centreline. The numerical calculations and the 

optimization procedure were performed on a simplified 2D axial symmetric model. The 

obtained results show that in the case of real conductors, the coil positions differ from 

the Lee-Whiting arrangement. 
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1. INTRODUCTION 

In many scientific investigations, it is very often necessary to place objects in a 

uniformly distributed magnetic field [1]. The application field is very wide including the 

area of biological medicine [2]-[4], magnetic resonance imaging [5],[6], cell damage 

recovery [7],[8] and many other fields, such as magnetometer calibration [9],[10] magnetic 

navigation [11], probe and sensor calibration [12], low-frequency magnetic field immunity 

testing [13], aerospace [14] wireless charging [15] and power transmission [16],[17]. 
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The homogeneity of the internal field can be achieved by using different coil systems 

of conducting wires together with the current source, which should have the role of a 

high-precision electromagnetic exposure system [4]. The exposure systems are usually 

based on coaxial coil systems to generate a linearly polarized magnetic field of high 

uniformity in specific volume. Very often, the coils are placed in an enclosure made of high 

conductivity or/and high permeability material for shielding the background magnetic field. 

This enclosure significantly affects the uniformity of the primarily generated magnetic field, 

decreasing the ability of the coil to generate a large volume of uniformly distributed 

magnetic field [18],[19]. To achieve a desired zone of homogeneity, attention should be 

paid to many elements of the system construction itself. The most frequently applied 

common schemes for generating these fields are Helmholtz and Merritt coils, but saddle 

coils, solenoid, spherical and elliptical coils are widely used, too [20].  

Many investigations have been made to improve coil systems and produce larger 

volumes of space with uniform magnetic fields [21]. In the classic Helmholtz coil system 

(either square or circular), two identical magnetic coils are placed symmetrically along a 

common axis related to the basic plane of the experimental area. The distance between 

the coils is determined based on the condition that the first and second spatial derivatives 

of the applied field are equal to zero at the centre of the coil system. This condition is 

fulfilled when the distance between the circular coils d and their radii, R, or the half-

length of the square coil side a/2 are equal (d=R or d=a/2). Regardless of the coils’ shape, 

the currents in both coils are the same, with the same direction of current flow [6]. To 

maximize the volume of homogeneity of the magnetic field, several higher derivatives 

can be zeroed. These conditions can be achieved using additional coils thus forming 

systems of three, four or five coils. The Merritt coil system with four square coils gives a 

larger volume of uniform magnetic field than two Helmholtz coils [3]. Sometimes the 

number of coils is even higher and goes up to eight. 

Based on research experiments and theoretical analyses, systems with improved 

coaxial constructions were derived that create a larger volume of uniformly distributed 

magnetic field. Applying the conventional method to generate high field homogeneity in 

the central point of the system does not result in achieving the required homogeneity in 

the desired area. Accordingly, some additional information is needed, in the form of 

parameters such as the length of the coil centreline part or the volume of the zone with a 

certain value of the magnetic field. In general, the square coil systems are easier to 

construct, install and apply in cases when larger volumes of uniform magnetic field 

spaces are needed, whereas in the systems with a smaller required volume, circular coil 

systems are suggested [22]. Four-coil structures appear in different configurations which 

are suitable for optimizing their performance [23]. One of the well-known four circular 

coil systems is the Lee-Whiting one, providing up to 8-order field uniformity [4]. In 

theoretical formulas, the coils are modelled as line sources without a cross-section. In 

practical applications, especially when high-intensity magnetic fields are required, the 

cross-section of the coils cannot be neglected. It is necessary to examine the influence of 

the conductor’s cross-section on the homogeneity of the zone of interest. 

In this paper, we have compared the zone of uniformity obtained for the ideal and the 

real Lee-Whiting four-coil systems. Our results show that by optimizing the configuration 

parameters, a constant magnetic field can be achieved in arbitrary parts of the space, 

fulfilling the desired total deviation rate. 
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2. MODEL 

The Lee-Whiting four-coil system consists of two circular pairs of coils with currents 

I1 and I2 of equal radii a1 = a2 = a that are placed symmetrically ±z1 and ±z2 along a 

common axis with respect to the origin 0, as shown in Fig. 1. The geometry of the 

structure suggested the application of cylindrical coordinate system, as it is shown in Fig. 

1. The Lee-Whiting coil system carries direct current in the same direction, with the 

current ratio of I1/I2 = 2.2604, generating a static magnetic field. Outer coils are separated 

by 1.8816 times their radii (2z1 ≈ 1.8816a), while the inner coils are separated by 0.4864 

times their radii (2z2 ≈ 0.4864a) [4].  

 

Fig. 1 Configuration of the Lee-Whiting 4-coil system 

The most important parameters of the analysed Lee-Whiting 4-coil system, such as 

the coils radii and their positions, as well as the coils currents are shown in Table 1.  

Table 1 Key parameters of the Lee-Whiting coil system 

Parameter Value 

Radii of the coils (a) 0.23 m 

Position of outer coils (±z1) ±0.2164 m 

Position of inner coils (±z2) ±0.0559 m 

Current of two outer coils (I1) 1.4 A 

Current of two inner coils (I2) 0.62 A 

3. CALCULATION OF MAGNETIC FLUX DENSITY 

3.1. Analytical calculation 

The magnetic flux density vector, B, for a simple planar, filamentary circular current 

loop in an arbitrary point outside the conductor can be obtained analytically by applying 

the Biot-Savart law [24]. 

The problem of calculating off-axis values of the magnetic flux density vector components 

produced by a circular coil is somewhat more complex, due to derived formulas which are not 
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expressible in terms of analytic functions. It is necessary to apply complete elliptic integrals of 

the first and second kinds [25]. 

Due to the axisymmetric characteristics of circular coil structure, there can be 

variations of the magnetic field distribution in the radial (r) and vertical (z) direction 

only. For the individual current loop of the radius a, located in the z = 0 plane of the 

cylindrical coordinate system, centred at the origin and carrying current I in the positive 

direction, the field components, are 
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where K and E are the complete elliptic integrals of the first and second kinds, respectively, 

which have been illustrated in most textbooks and the literature [26]. In the above 

expressions, the following substitutions are applied for simplicity: α2 = a2 + r2 + z2 - 2ar, 

β2 = a2 + r2 + z2 + 2ar, k2 = 1 - α2/β2 and C = μ0I/π. 

The resulting field of more than one, coaxially placed coil is equal to the vector sum 

of the fields generated by each coil 
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In this paper, eq. (1)-(3) were implemented in the Matlab software package for 

analytical calculation of the magnetic flux density distribution of the Lee-Whiting 4-coil 

system. 

3.2. Numerical calculation 

The finite element method (FEM) as a variational calculus-based numerical procedure 

for solving partial differential equations is suitable for handling complex geometries 

related to practical problems such as the one discussed in this paper. The FEM simulation 

in the present study was performed by applying the COMSOL Multiphysics program 

package. Within it, the AC/DC module’s 2D-axisymmetric submodule and the Magnetic 

Field interface - Stationary simulation option was applied. To optimise the coil 

parameters to achieve a uniform B field in the desired part of space, the Optimisation 

module was added to the simulation process. 

The FEM calculation is based on the governing differential equation for the magnetic 

vector potential, A,  

 o = −A J , (4) 

where J denotes the imposed current density and µ0 is the vacuum permeability [27]. The 

expressions for all three spatial components from the circular loop can be derived by first 

calculating the magnetic vector potential, A. Then, the components of the vector B can be 

determined as 

 AB = . (5) 

To get a full description of the analysed problem, the magnetic insulation and the 

perfect magnetic conductor boundary condition must be additionally specified. 
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3.3 Model of the ideal and real coils 

In this study, the ideal Lee-Whiting coil system is modelled with four volumeless 

circular current loops, while the real coils system is modelled with four circular current 

loops of rectangular cross-section. 

In the case of the ideal coil system, in the analytical calculation, the total magnetic 

flux density is obtained by (3), as the sum of four individual filamentary circular current 

loops (n = 4). In the case of the real coil system, each of the four circular coils is 

portioned in N current loops passing through the nodes of a uniform rectangular grid, 

resulting in the total magnetic flux density as the sum of 4N individual filamentary 

circular current loops. The value of the parameter N presents a compromise between the 

complexity and accuracy of the model. In the analysed model, each filamentary circular 

current loop carries the same part of the coil current, I1/N for the outer and I2/N for the 

inner pair of the Lee-Whiting coils.  

In finite element analysis (FEM), periodic conditions can greatly reduce the analysed 

model size. Due to axial symmetry of the Lee-Whiting coil system, as well as the 

knowledge about the invariant magnetic field distribution around the axis of symmetry, 

its 3D geometry model can be reduced and the whole calculation can be carried out 

solving a 2D problem in rz plane. This characteristic of the system allowed the circular 

current loop to be modelled with its cross-sectional geometry in the positive rz plane, 

only. Additionally, the analysed model is geometrically identical on either side of the 

plane z = 0, which represents the mirror symmetry plane for the coil currents, too.  

Applying the plane (mirror) symmetry, the number of coils could be halved.  

The aforementioned advantages of the system can be effectively exploited by 

incorporating them into the computational process and applying appropriate boundary 

conditions [28]. 

Reducing the original geometry significantly decreased the computational complexity 

of the model. The simplified 2D, axisymmetric and plane symmetric models of the ideal 

and the real Lee-Whiting coil models for FEM calculations are presented in Fig. 2a and 

Fig. 2b, respectively.  

The currents I1 and I2 in the ideal coils are modelled as point sources flowing out of rz 

plane in the analysed 2D axisymmetric and plane symmetric models. The real coils are 

presented as homogenized multi-turn conductors with N turns of copper wires inside a 

rectangle of dimensions w  h. The homogenized multi-turn option implements a 

homogenized model of a coil consisting of numerous tightly wound conducting wires, 

separated by an electrical insulator, without the need to model each wire individually. 

The homogenized multi-turn feature in the COMSOL program package uses an 

             

a) b) 

Fig. 2 The simplified a) ideal and b) real coil 2D model for FEM calculations 
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appropriate equivalent geometry to model the coils. The position of the point source 

modelling the ideal coil coincides with the intersection of the rectangle's diagonals 

modelling the real coil, as it is shown in Figure 2b. 

3.4. The uniformity 

At an arbitrary point within the system of the loops, the magnetic field uniformity, 

u(r, z), is defined as a deviation of the magnetic flux density at an arbitrary point, Bz, 

from the magnetic flux density at the centre of the system, B0,  
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In the applied coordinate system B0 = Bz(0,0). The uniformity is expressed in percentage 

per million (ppm) to find the area of high uniformity as in [28], where the deviation is 

less than 100 ppm. 

4. OPTIMISATION ALGORITHM 

In electromagnetic coil design, a desired B-field distribution can be achieved by 

changing one or more coil parameters. In the general case, the magnetic flux density 

distribution along a part of the centreline (on the axis of system symmetry) is not 

constant. The magnetic field within a desired area can be adjusted by applying certain 

optimization techniques, i.e., by changing the driving currents of the coil, the vertical 

position of the turns, their radii, or the combination of these parameters. 

The optimization problem can be formally stated by applying the appropriate 

objective function. To achieve the desired magnetic field distribution, in this paper the 

objective function is expressed as 
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which minimizes the relative deviation between the z-component of the magnetic flux 

density vector, Bz, and the value of B0 = Bz(0,0), averaged over the coil’s centreline 

between the points placed at z = 0 and z = zopt. The defined optimisation zone z{0, zopt}, 

ensures the highest uniformity on the symmetry axes, with a slight degradation in the 

radial direction. The objective is normalized with respect to zopt, and B0 [29]-[31].  

The optimisation procedure is performed in the COMSOL Multiphysics software 

package, where several different optimisation algorithms are implemented. Since the 

underlying problem is stationary, the objective function (7) is analytically differentiable 

with respect to the control variables. Accordingly, the SNOPT (Sparse Nonlinear 

OPTimizer) procedure is chosen from the offered gradient based optimization methods. 

This optimisation procedure is a non-stochastic optimisation algorithm, which takes 

advantage of the analytically computed gradients of both the objective function and all 

the constraints. In the optimization process, the optimality tolerance is set to 10-6. 

Compared to other optimization procedures included in COMSOL, the SNOPT requires 

relatively few evaluations of the problem functions [32]. 
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The optimization procedure is performed for the real coils with rectangular cross 

section for several different dimensions, preserving the same current ratio and radii as 

those listed in Table 1. The radii given in Table 1 correspond to the position of the point 

source, modelling the ideal coil which is located at the middle point of the real rectangular 

coil model, as is shown in Fig. 2b and mentioned in Section 3.3. The target goal is to find 

the vertical positions of each coil (the distance between inner/outer coils) that ensure the 

same or nearly the same uniformity as the one theoretically obtained in [33]. 

5. RESULTS 

The distribution of the magnetic flux density vector for the ideal Lee-Whiting 4-coil 

system and the determined uniformity zones of 100 ppm and 1000 ppm are presented in 

Fig. 3. The calculations are performed both analytically applying the MATLAB platform, 

and numerically in the COMSOL program package as is described in Section 3.  

         

a) b) 

Fig. 3 a) Magnetic flux density distribution and b) the uniformity of the ideal Lee-

Whiting 4-coil system 

Both calculation types give the same results of the magnetic flux density vector 

distribution and the area of 100 ppm uniformity as in [34], proving that both models are 

well designed for the further analysis of the real coils. 

The magnetic flux density vector distribution uniformity, u(r, z), for the ideal and the real 

Lee-Whiting four-coil system, calculated in the COMSOL program package and the 

MATLAB package are presented in Fig. 4 and Fig. 5, respectively. In the first analysed case, 

in the real system, all coils have the same cross-section of 10  20 mm2, with h = 20 mm, 

while in the second case, the cross-section is set to be 20  40 mm2, with h = 40 mm. The 

shapes of uniformity presented in Fig. 4 and Fig. 5 indicate high agreement of the results 

obtained applying these two methods, yet the analytical calculations are much faster and with 

less memory consumption than the numerical, FEM based calculations. 
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a) b) 

Fig. 4 FEM based uniformity calculations for the ideal Lee-Whiting 4-coil system and 

real coils at the same positions with cross-section: a) 10  20 mm2, b) 20  40 mm2 

         
a) b) 

Fig. 5 Analytically based uniformity calculations for the ideal Lee-Whiting 4-coil system 

and the real coils at the same positions with cross-section: a) 10  20 mm2, 

b) 20  40 mm2 

To examine the influence of the cross-section area of a real conductor on the magnetic 

flux density distribution, compared to the ideal case, the entire calculation was repeated 

for a rectangular cross-section of doubled dimensions, 20  40 mm2. The uniformity zone 

of 100 ppm is slightly lower in the case of a real coil of doubled cross-section area than 

for the idealized coil system, as is shown in Fig. 4b. The obtained results indicated the 

need to find the new positions for the real coils with a cross section of 20  40 mm2 to 

increase the zone of defined uniformity. The calculations also show that using the initial 

positions of the Lee-Whiting coils given in Table 1, the zone of uniformity decreases as the 

coil cross-section increases.  
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Starting from the initial positions of the ideal coils, listed in Table 1, the new positions 

of the real rectangular coil model were determined applying the optimization algorithm 

described in Section 4. The values z1 and z2 in Table 2 represent the optimized positions 

of the real coil’s centre-points. The variable ro represents the radius of the spherical area 

within the desired uniformity value has been reached. 

Table 2 The optimized z-positions of the real coil’s centre-points 

Cross-section 

w (mm)  h (mm) 

z1  

(mm) 

z2  

(mm) 

ro(mm) 100 

ppm 

ro (mm)  

200 ppm 

11 219.49 56.263 93.5 >100 

22 219.51 56.277 94.9 >100 

24 219.87 56.287 94.5 >100 

48 219.96 56.301 95.6 >100 

816 217.96 56.125 84.4 92.6 

1020 217.56 56.025 78.0 88.2 

The trial-and-error method starts by setting the lowest convergence error to the 

obtained optimized positions in the acceptable time frame. The number of iterations, for 

the first three cross sections listed in Table 2 are 15, 27 and 25, respectively, with the 

convergence error of 1e-5. The calculation time was 154 s, 181 s and 220 s, respectively. 

It can be concluded that increasing the size of the cross-section, also increases the number 

and the time of iterations. If a calculation fails, the convergence error is increased.  

The number of iterations, for the next two cross sections listed in Table 2 are 9 and 

10, respectively, with the convergence error of 2e-5. The calculation time was 150 s and 

167 s, respectively. The biggest cross-section that the applied algorithm could solve was 

10  20 mm2, with the convergence error of 5e-5, 10 iterations in 320 seconds. All 

calculations are performed on 64-bit operating system with Intel® Core™ i5-4670 CPU 

at 3.6 GHz with 32 GB of installed RAM. In our study, adaptive meshing was applied, 

refining the mesh selectively near the z axis and around the conductors, to improve the 

overall quality of the mesh. Depending on the cross section the resulting mesh has 

between 4500 and 5000 domain elements. 

Fig. 6 shows the uniformity u(0, z), for the coils with parameters listed in Table 2. For 

all analysed coils, a zone could be found bounded with ro where the uniformity is below 

100 ppm. The uniformity of 200 ppm is obtained slightly above 100 mm for all coil sizes 

except the last two where it is achieved slightly below 100 mm. In Fig. 7 the uniformity 

of the same coils, listed in Table 2 is shown but without the optimization algorithm. 

Instead, the original Lee-Whiting positions of the coils are applied. It could be noticed 

that the uniformity is nearly the same for all six coil systems, and it resembles the 

optimized 10  20 mm2 coil cross-section. The overall conclusion is that in the case of a 

real coil some new positions of the coils could be found to achieve higher uniformity. 
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Fig. 6 Uniformity of coil cross-sections listed in Table 2 on the axis of symmetry 

optimized to achieve target uniformity up to zopt = 10cm 

 

Fig. 7 Uniformity of coils with cross-sections listed in Table 2 on the axis of symmetry 

using the Lee-Whiting coil positions 

To evaluate the effective uniform area space size, the maximum normalised space 

radius, Rmax is usually applied as a parameter. It is calculated as the ratio of the maximum 

radius with defined uniformity, r, and the inner coil radius a, for the given coil. For 

example, the uniformity of 100 ppm of the ideal Lee-Whiting coil is inside a spherical 

zone with the maximum radius r = 0.066 m, so Rmax = r/a = 0.287. Increasing the target 

uniformity results in the increase of the radius of the spherical zone [23].  

Fig. 8a shows the zones with uniformity of 100 ppm and 1000 ppm obtained for the 

ideal Lee-Whiting 4-coil system and the real coil system with cross section 10  20 mm2 

for which a new vertical position is obtained according to the optimisation algorithm.  
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a) b) 

Fig. 8 a) Uniformity and b) maximum normalised space radius for the Lee-Whiting 4-coil 

system with cross-section 10  20 mm2 using z1 and z2 listed in Table 1 and Table 2 

Comparing the uniformity for the ideal and real coil’s system it could be seen that 

applying the optimisation algorithm the uniformity of the real coil system is improved. In 

Fig. 8b the maximum normalised space radius for these two coils systems is compared. 

Comparing the radius Rmax = 0.287 for the original Lee-Whiting coil, for u = 100 ppm, and 

the radius Rmax = 0.337 for the real coil after optimization, an improvement of about 16% is 

achieved. Increasing the observed value of uniformity, the improvement decreases. In 

particular, for u = 1000 ppm an improvement about 4% is reached. 

6. CONCLUSION 

Uniformly distributed magnetic fields are widely used in many different applications. 

Circular coils provide homogeneity in a smaller area than the square ones but are easier to 

produce. In this paper, we tried to answer the question to what extent the real cross-section 

of the coil affects the magnetic field distribution, compared to the field distribution 

generated by the current flowing in the ideal conductor.  

It is shown that both the developed analytical procedure in MATLAB and the 

generated numerical model in COMSOL give very similar results for the magnetic flux 

density vector distribution and its uniformity. Calculating the magnetic flux density 

vector distribution uniformity for the real and the ideal Lee-Whiting four-coil system 

considering two different cross-sections of the real conductor, it can be concluded that the 

bigger cross section slightly degraded the uniformity zone.  

The results of the study demonstrated that in the coil parameters optimisation process, 

to reach the desired zone of uniformity, the influence of the real coil cross-section cannot 

be neglected. In the case of a real coil, some new positions of the coils were found to 

achieve higher uniformity. According to the optimisation results, the uniformity of the 

real coil’s system is improved. 
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