FACTA UNIVERSITATIS
Series: Electronics and Energetics Vol. 34, N° 1, March 2021, pp. 141-156
https://doi.org/10.2298/FUEE2101141D

Original scientific paper

HIGH-ACCURACY QUASISTATIC NUMERICAL MODEL
FOR BODIES OF REVOLUTION TAILORED
FOR RF MEASUREMENTS OF DIELECTRIC PARAMETERS

Antonije Djordjevi¢'?, Dragan Oléan', Jovana Petrovié!,

Nina Obradovi¢?, and Suzana Filipovi¢®

tUniversity of Belgrade — School of Electrical Engineering, Belgrade, Serbia
2Serbian Academy of Sciences and Arts, Belgrade, Serbia
3Institute of Technical Sciences of the Serbian Academy of Sciences and Atrts,
Belgrade, Serbia

Abstract. We have developed rotationally symmetrical coaxial chambers for measurements
of dielectric parameters of disk-shaped samples, in the frequency range from 1 MHz to
several hundred MHz. The reflection coefficient of the chamber is measured and the
dielectric parameters are hence extracted utilizing a high-accuracy quasistatic numerical
model of the chamber and the sample. We present this model, which is based on the method-
of-moments solution of a set of integral equations for composite metallic and dielectric
bodies. The equations are tailored to bodies of revolution. The model is efficient and
accurate so that the major contribution of the measurement uncertainty comes from the
measurement hardware.
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1. INTRODUCTION

The key parameter for characterization of a linear, isotropic dielectric material is the
relative complex permittivity and its dependence on frequency. There exist many
methods for measuring the permittivity [1], [2]. It is beyond the scope of this paper to
present and compare these techniques, so that we give only a brief overview.

For measurements at frequencies up to several hundred megahertz, the most commonly
used technique is based on the measurement of the capacitance of a parallel-plate capacitor,
where the sample is inserted between the capacitor electrodes. This method assumes that
the electromagnetic field within the measured sample is quasistatic, which imposes a high-
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frequency limit on the method. At high frequencies, this technique has a drawback due to
the strong electromagnetic coupling with the environment. Hence, shielding is required.
Another potential drawback is that commercially available meters [1] require large-
diameter samples (15 mm or more).

For broadband measurements at microwave frequencies (above around 1 GHz), open
coaxial lines [3] or waveguides [4] can be used. Parameters of sheet materials can be
estimated by measuring the transfer between two antennas [5]. All these techniques
require relatively large samples. In yet another set of techniques, a material sample is
inserted into a coaxial line or a waveguide [6]. The sample is relatively large and has to
be machined according to the shape of the coaxial line, viz. the waveguide. For
measurements of dielectric substrates, other techniques can be used (e.g., [7]), which also
require a special shape of the dielectric or a particular metallization pattern on it.

Narrowband measurements are performed in resonators. They are convenient for low-
loss materials and can be used for measurements of anisotropic dielectric materials [8],
but they provide data only for discrete frequencies.

In our research, we primarily deal with ceramic materials. We utilize disk-shaped
samples, which are relatively small due to the restricted available mass of starting
components used for sintering: the diameter (d) is in the range from 4 mm to 12 mm,
whereas the height (h) is between 1 mm and 4 mm. The samples are too small for the
standard test equipment based on the parallel-plate capacitor. Further, their shape and size
do not fit into the available test equipment for standard measurements at microwave
frequencies. Hence, for measurements in a wide frequency range (1 MHz-5 GHz), we
have developed several coaxial chambers. The first prototype is described in [9], whereas
an improved design of the chamber is shown in Fig. 1. The dielectric sample is pressed
between a plate and a plunger, both made of brass. Using a vector network analyzer (VNA),
we measure the reflection coefficient at the SMA (SubMiniature version A) connector and,
hence, evaluate the input admittance of the chamber. On the other hand, we utilize a
numerical electromagnetic model of the chamber with the sample. In the model, we
optimize the dielectric parameters of the sample in order to match the measured admittance.
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Fig. 1 Cross-section of coaxial chamber
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We have selected a coaxial structure because it is electromagnetically closed, and thus
well shielded from the environment. Note that the chamber, with the inserted sample, is
practically a rotationally symmetrical structure, i.e., a body of revolution (BoR).

In practice, the measurement structure does not have a perfect rotational symmetry. This is
not critical for lower frequencies because the chamber input admittance, as a function of the
sample position, has a stationary point when the sample is in the middle of the chamber.
However, at higher frequencies, when resonances of the chamber and the sample occur, the
positioning is critical because modes with asymmetrical field distributions can be excited. In
order to facilitate positioning of the sample, we use three thin screws that protrude through the
chamber wall. After inserting the dielectric sample, the screws hold it in the required position.
The screws are removed once the plunger presses the sample so that they do not influence the
measurements.

At lower frequencies, up to around 500 MHz, which we consider in this paper, the
dimensions of the coaxial structure are relatively small compared to the wavelength. (The
frequency limit depends on the dimensions and the relative permittivity of the sample.) Hence,
the quasistatic approximation can be used for the analysis. Assuming a time-harmonic
electromagnetic field [10], the equations involved in the analysis are formally the same as for
the electrostatic fields. The differences from the electrostatics are: (a) phasors are involved, for
the field sources (charges), electric scalar-potential, and the electric-field vector, and (b) the
complex permittivity is used to characterize dielectrics. Such an approach enables analysis of
lossy dielectrics. Note that losses in the metallic parts of the chamber have a negligible
influence on the overall results of our measurements, which we have verified experimentally
and computationally.

The structure shown in Fig. 1 belongs to the class of structures that consist of metallic
(conductive) regions and piecewise-homogeneous dielectric regions [11]. The
electrostatic (quasistatic) analysis of the chamber cannot be performed analytically, but
only numerically. To that purpose, various methods can be used, like the method of
moments (MoM) [12], the finite-element method (FEM) [13], the method of fictive
charges [14], the method of equivalent electrode [15], etc. Based on the MoM and the
FEM, methods have been developed for the analysis of arbitrary two-dimensional (2-D)
and three-dimensional (3-D) structures. Also, several commercial electrostatic solvers for
arbitrary 2-D and 3-D structures are available, e.g., [16]-[18].

In the implementation of such general 3-D solvers, the analyzed structure is segmented
without taking into account the rotational symmetry. Consequently, the required computer
resources (memory and CPU time) are substantially larger than if a BoR solver were used
(where the rotational symmetry of the sources and fields is utilized), resulting in non-optimal
running time and even jeopardizing the accuracy due to oversized systems of equations.

Unfortunately, there is no commercial simulator for the electrostatic analysis of BoRs.
Also, in the open literature we could not find papers devoted to the electrostatic analysis
of arbitrary BoRs (which consist of metallic and dielectric regions). Only very few older
papers partly deal with this topic, e.g., [19] and [20], but their scope is limited because
they are related to the analysis of slender conductors, viz. oblate dielectric bodies. In both
papers, uniform asymptotic expansions are used.

Tailoring the analysis method to BoRs is important because it can be substantially faster
compared to the conventional analysis of 3-D structures. The speed is important for our
applications, because many analysis cycles are involved in the optimization. The accuracy of
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the method is even more important because we want to achieve negligible influence of
numerical errors on the overall measurement uncertainty.

Hence, we have been motivated to develop a new method for precise and efficient
quasistatic (electrostatic) analysis of arbitrary BoRs, which is described here.

The paper is organized as follows. In Section 2, the numerical method is described. In
Section 3, some benchmark numerical results are presented. Section 4 illustrates the
implementation of the proposed method on actual measurements. The paper is concluded
with Section 5.

2. NUMERICAL METHOD

We consider a BoR structure (Fig. 2) that consists of charged conducting (metallic)
bodies (electrodes) and electrically-neutral dielectric bodies (which collectively constitute a
piecewise-homogeneous, isotropic dielectric medium). The axis of symmetry (revolution) is
z. The generatrix of the BoR is in the right-hand part of the Oxz plane (x > 0). Hence, x is
the distance from the axis of symmetry. The operating frequency is f.

Based on our past experience, as the preferred technique for the numerical analysis,
we have selected the integral-equation approach, along with the MoM. We follow a
similar path as in [16], [18].

Axis of revolution (z)
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Fig. 2 Example of BoR consisting of conductors and dielectrics

2.1. Integral Equations

First, we replace the conducting bodies by free surface charges (whose density is ps)
and the dielectric bodies by bound surface charges (whose density is ps,). All these
charges are assumed to be in a vacuum. The electric scalar-potential and the electric-field
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vector of these charges are the same as in the original (analyzed) system. The reason for
introducing these surface charges is to homogenize the medium, so that the potential and
the electric field can be evaluated using the standard integral relations for a vacuum.

We collectively refer to these surface charges as the total charges, whose (phasor)
surface density is ps. At an interface (boundary) between a conducting body and a
vacuum, the total charges comprise only the free charges, i.e., pst = ps. At an interface
between a conducting body and a dielectric body, we have pst = ps+ psv. At an interface
between a dielectric body and a vacuum, there are only bound charges, so that pst = psb.
Finally, at an interface between two dielectric bodies, there are also only bound charges.
In this case, we write pst = psp and assume that psy is the sum of the densities of the bound
charges of these two dielectrics.

Assuming rotationally-symmetric charge distributions, their (phasor) electric scalar-
potential at a field point defined by the position-vector r = xux + zu, (where ux and u, are
the unit vectors of the Cartesian coordinate system) is given by [21]

1 : N Al
V(r) == [pg(r') ggor(r.r) dl', ()
€p c
where &, ~8.8541878128-107% F is the permittivity of a vacuum and
m

Ogor(F.F) = —— K(m) @)
NG

is BoR Green’s function. Further, r' = X'ux + z'u, defines the location of the source (i.e.,
the element dI'), K(m) is the complete elliptic integral of the first kind, q = (x + x')? +
(z - 2% and m = 4xx'/ q. The BoR generatrix line C' defines boundaries of all conducting
and dielectric bodies and ps is an unknown function of the position along C', i.e., a
function of a local coordinate I'. The reference point for the potential is at infinity. Note
that the kernel of (1) becomes singular when r =r'. The singularity is logarithmic and
integrable.
The corresponding (phasor) electric field is E=—gradV .

We formulate a set of integral equations for ps based on the boundary conditions. The
first part of this set is based on the boundary condition for the potential at the surfaces of
electrodes. Each conducting body is equipotential. We denote the number of the conducting
bodies by N; and assume to know their potentials, V;, i = 1,...,N.. Consequently, when the
field point is on the surface of a conducting body whose potential is Vi, we have an
integral equation of the form V(r) = Vi, i.e.,

1 n X . .
= [pgt (1) —=K(m)dI'=V;, i=L1.., N¢. ©)
€p c TE\/E

The second part of this set of integral equations is based on the boundary condition
for the normal component of the electric field at the dielectric-to-dielectric interfaces

(Fig. 3). We include here interfaces between any two dielectric bodies, as well as between
a dielectric body and the surrounding vacuum. This boundary condition yields
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El.uz{]__i}:ﬂ, (4)
€r2 €0

where E; is the electric field in the first dielectric just at the boundary, uz; is the unit
vector perpendicular to the boundary surface (directed from the second dielectric toward
the first dielectric), pst = psp is the charge density at the interface, and &1 and ¢ are the
relative complex permittivities of the two dielectrics. Note that E; - ux = En is the
normal component of the electric field in the first dielectric, so that E,; = E,; Upy.

E1 Uy
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T Dielectric 1

Dielectric 2\ -
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Fig. 3 Boundary surface between two dielectrics

The Cartesian components of the electric field in Fig. 2 are [21]

1 o 2X K (m) (L—m) — E(m)(2x-m(x + X)) .,
Ex(r) = Cj'pst(r)x ) dr, 5)
_i ' l(y_y')E(m) '
E(N= glpst(r)x—ﬂqm(l_m) dr, (6)

where E(m) is the complete elliptic integral of the second kind. These expressions contain
harder singularities compared to (1), because the kernels in (5) and (6) come from the
derivative of Green’s function. Nevertheless, the technique for the evaluation of integrals
described in Subsection 2.3 handles well even these integrals.

An alternative approach is to compute the electric field by numerical differentiation.
We evaluate V(r) at two points (A and B) on ui, which are close to the boundary surface
(Fig. 3) and calculate the normal component of the electric field as En ~ (Va —Vz) / An.
The distance An has to be carefully chosen in order to maximize the accuracy of
computations. If An is too small, the error of subtracting two similar numbers (Va and Vg)
dominates. If An is too large, the error of replacing the differentiation by differencing
becomes pronounced.

Our primary goal is to numerically evaluate the matrix of electrostatic-induction
coefficients [B] [22]. We consider here a system that consists of two conductors (such as
the one shown in Fig. 2). The conductor free charges (Q: and Q) and potentials (V1 and
Vz) are related as Q1= b1:1V1 + b1V, Q2= b21V1 + b2oVo, where bij, i,j =1, 2, are the
electrostatic-induction coefficients, so that

8] :{bn b12:|.

IRy
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(Due to reciprocity, bjj = b;ji.) A generalization to a system with an arbitrary number of
conductors is straightforward.

In order to compute the elements of the matrix [B], we assume that one conductor is
at a certain non-zero potential (e.g., 1 V) and all other conductors are at a zero potential.
We numerically evaluate the free charges of the conductors. Hence, the elements of one
column of [B] are easily calculated. This procedure is repeated for all conductors.

For our measurements, we also need the matrix of partial capacitances [C] of the
analyzed system. For a two-conductor system, the matrix [C] is defined in terms of the
elements of the matrix [B] as

[C]{Cll 012}={b11+b12 —byy }

Co1 C22 —bpy oy +byg

2.2. Method-of-Moments Solution

The complete set of integral equations is solved numerically using the MoM. As the basis
(expansion) functions, we implement one of the simplest approximations for the distribution
of the total surface charges: the piecewise-constant (staircase, pulse) approximation. To that
purpose, we divide the contour C' into a number of straight-line segments. (In the general
case, each segment corresponds to a right conical frustum, which may degenerate into a right
cylindrical frustum or a flat circular ring.) We assume that ps is constant along a segment,
though yet unknown.

In order to provide a high accuracy and at the same time minimize the number of
unknowns, we take the segments to be denser in regions where we expect faster variations
of ps, €.9., near edges of conductor and dielectric bodies. The distribution of the segments
is defined in a way similar to [16].

For testing, we implement the Galerkin procedure: we integrate the left-hand side and
the right-hand side of each integral equation over the surface of one-by-one frustum.

As the result, the elements of the part of the MoM matrix that corresponds to the
boundary condition (3) have the form

X.
Zij=| 1 [ —F=Km)dij |2mg dlj, i=1., Ngg, j=L..,Ns, @

Ci gcj /g

where the index i corresponds to the field segment (i.e., the segment where the boundary
condition is implemented) and j corresponds to the source segment. Further, C; denotes
the field segment and C; denotes the source segment. Ny is the total number of segments
for conductors and Ns = Ns + Ngg is the total number of segments (unknowns) for the
whole structure, where Ngy is the total number of segments for dielectric-to-dielectric
interfaces. Finally, in (7), q = (xi + X))? + (z — z)? and m = 4xix; / . The elements of the
remaining part of the MoM matrix, which corresponds to the boundary condition (4), i.e.,
Zij, i=Ns+1,...,Ns, j=1,.., Ns have a similar form, except that, in their derivation, the
integrals in (5) and (6) are used instead of the integral in (3).

We have found that high-contrast dielectrics (e.g., if the relative permittivity of one
dielectric is 1000 and the other dielectric is a vacuum) tend to destabilize the system. In
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order to solve this problem, we add an equation that requires that the total bound charge
of the system is zero [23].

We solve the resulting system of linear equations by the LU decomposition and back
substitution. Thus we obtain the total charge densities on the segments.

All BoR conductors are assumed to have finite thicknesses. Hence, we evaluate the
free-charge density of a segment simply as ps = eipsi, Where ¢ is the relative complex
permittivity of the adjacent dielectric. Knowing the free-charge densities, we evaluate the
free charges of the conductors and, hence, calculate the matrices [B] and [C].

2.3. Evaluation of Integrals

We have devoted particular care to the evaluation of integrals, in order to soften the
influence of singularities, yet obtain a good accuracy and high computational speed. We
use double precision arithmetic. We evaluate the elliptic integrals using library functions
[24].

The inner integration in (7), along the source segment C;, is performed numerically in
the following way. Let us consider the source segment shown in Fig. 4. In the coordinate
system Oxz, the endpoints of the segment are P1(x1,21) and P2(x2,22). A local coordinate
system is attached to the segment, so that its origin (Oy) is in the middle of the segment,
the u-axis is along the segment, and the v-axis is perpendicular to it. Let us assume that
the global coordinates of the field point are P(x,z). The local (u, v) coordinates of the
field point are evaluated and the point P is projected onto the u-axis to obtain P'. The
minimal distance between P and the segment is calculated. Two distinct cases are considered:
first, when P' lies on the segment, and second, when it is out of the segment (either
towards negative u-coordinates or towards positive u-coordinates). In the first case, the
distance is equal to pp' and the segment is divided into two integration intervals,
bounded by P'. The integration is further carried on these two parts separately. In the
second case, the minimal distance is the distance between P and the closer end of the
segment (P1 or P), and the integration is carried out on the whole segment as one
integration interval.

A?
v P u
Z P
pr

OUV

Py
71
(0] X1 ‘ X2 XV

Fig. 4 Local coordinate system for evaluation of integrals

Based on our experience, if the minimal distance is greater than one half of the length
of the integration path ( B,P, ), the integration is performed on the whole path as a unique
integration interval, using a Gauss-Legendre integration formula. Otherwise, the integration
interval is divided into nonuniform subintervals (at most 30), whose lengths progressively
increase away from P'. Each increase is by the factor of 2. The same integration formula
is used for all subintervals, both for the potential and for the field components.
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The outer integration in (7), along the field segment C;, is also performed numerically
using Gauss-Legendre integration.

If the electric field is evaluated using differentiation, numerical experiments have
shown that the optimal choice for the evaluation of the electric field is to take An=3AB
(Fig. 3), where 5 = 1075,

As the result, all the integrals (and their derivatives) are calculated to at least 5
significant digits.

3. BENCHMARK RESULTS

The analysis method was tested on various examples where analytical solutions exist
(Fig. 5).

3.1. Conducting Sphere

Shown in Fig. 5a is a conducting sphere located in a vacuum. The radius of the sphere
is a = 10 mm. The theoretical capacitance of the sphere is Ci = 4mgoa = 1.112650 pF.

The cross section of the sphere is a circle, which is approximated in our computations
by a regular polygon with n, sides. Hence, the generatrix of the sphere is a semi-circle,
which is approximated by a polygonal line with ns = n, / 2 uniform segments.

In the numerical model, the actual sphere is approximated by a set of right conical
frustums. In order to reduce the error of the geometrical modeling, we use the same
strategy as in [25]: the radius of the given sphere (@) is the mean value of the radius of the
circle inscribed into the polygon (ri,) and the radius of the circle circumscribed around the
polygon (rou). Hence, row = 2a/ (1 + cos (r/np)) and the generatrix is easily constructed.

TN
UV
4
sl
3 30 & T 30
o R
§ L 32
@ (b) © (d) (e)

Fig. 5 Longitudinal cross sections of benchmark structures: (a) conducting sphere,
(b) dielectric-covered conducting sphere, (c) conducting prolate ellipsoid, (d) spherical
capacitor, and (e) coaxial-line section; all dimensions are in millimeters
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This strategy is in accordance with the theorem, due to Maxwell, that the capacitance
of a conducting body is larger than the capacitance of an inscribed body and smaller than
the capacitance of a circumscribed body [26].

The numerical result for the capacitance obtained with 20 pulses is Cnym = 1.112098 pF,
which corresponds to a relative error with respect to Cy, of around 0.0005. The relative error
is reduced below 10-6 when the number of pulses is increased to 150.

3.2. Dielectric-Covered Conducting Sphere

Fig. 5b shows a conducting sphere, whose radius is a =10 mm, covered by a
concentric dielectric layer. The outer radius of the dielectric is b = 30 mm and the relative
permittivity is - = 10*%. The remaining space is a vacuum. The theoretical capacitance of
the sphere is Ciw=4neo/ ((b—a)/eab + 1/b) =3.336459 pF. The computed value,
obtained with 20 segments per spherical surface, is Cnm = 3.336185 pF, so that the
relative error is around 0.0005. The same low relative error is obtained for any other &,
ranging from 1.000000 to 10%. Similar results are obtained for a sphere with several
concentric dielectric layers.

3.3. Conducting Prolate Ellipsoid

Fig. 5¢c shows a conducting prolate ellipsoid, located in a vacuum. The longer
semi-axis of the spheroid (which is the axis of rotational symmetry) is a = 10 mm and the
shorter semi-axis is b =2 mm. The theoretical capacitance is Ci = 8neoc / In((a+c¢) / (a — ¢))
=0.4755518 pF, where ¢c=+/a*—b? . In order to keep the relative error below 0.001, at
least 30 segments are needed.

3.4. Spherical Capacitor

A spherical capacitor, which consists of two concentric conducting spherical shells, is
shown in Fig. 5d. The radius of the inner conductor is a = 10 mm, the inner radius of the
outer conductor is b = 30 mm, and the outer radius of the outer conductor is ¢ = 32 mm.
The medium is a vacuum.

The theoretical matrix of electrostatic induction coefficients for this system is

4T[£Oab B 4TE€Oab
_| b-a b-a
[Bth] - Ane Oab Ame oab
- +4Tl'80C
b-a b-a

and the corresponding capacitance matrix is

0 4TESOab
b_a 0 1.668975
[Cinl = = F
4me ab 1668975  3.560480
b-a
Using 20 segments per spherical surface (i.e., a total of 60 unknowns), the computed
capacitance matrix is

Ame oC
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_2.048.10° 1668181 |
[Chum] = pF.
i 1668181 3558716 |

If 50 segments are used, then

2684100 1668842 |
[Chum]l = pF.
| 1668842 3.560192 |
Theoretically, ci1 =0 because the inner conductor is completely shielded by the outer
conductor. The numerical result for ci; is very small, indicating a high accuracy of
computations.

3.5. Coaxial Line

The last example considered here, for which an analytical solution exists, is a section
of a coaxial line (Fig. 5e), whose dielectric is Teflon, of relative permittivity & = 2.1. The
radius of the inner conductor is a =2 mm, the inner radius of the outer conductor is
b =7 mm, and the outer radius of the outer conductor is ¢ =8 mm. The coaxial line is
open-circuited at both ends and the width of both gaps between the conductors is 5 mm.
The length of the inner conductor is l. = 50 mm, the inner length of the outer conductor is
I, = 60 mm, and the outer length of the outer conductor is Ic = 62 mm.

The structure shown in Fig. 5e has significant fringing capacitances at both ends. In
order to compute the per-unit-length capacitance of the coaxial line (C'), we have to
remove the effect of the fringing capacitances. In the middle zone of the structure, which
is sufficiently far away from the ends, the structure of the electric field is practically the
same as in an infinitely long line. If we increase the length of the structure for Al (i.e., if
we increase l,, Ip, and Ic for Al), without changing the gap widths, the fringing capacitances
will remain the same. Hence, the corresponding increase in the mutual capacitance between
the inner and the outer conductor can be attributed only to the increased capacitance of the
middle zone. Following this reasoning, we compute the mutual capacitance for the original
dimensions of the structure (01(12)) and for the increased length (c(2)). From these two
results, C'=(c?’ —c%)/ Al . Using 35 segments for the inner conductor and 93 for the

’

outer conductor, for Al =2 mm, the computed per-unit-length capacitance is C/,, =

93.24421 pF/m. The theoretical per-unit-length capacitance is Cj, = 2z¢,g,/In(b/a) =
93.25647 pF/m. The relative error between Cp,m and Ciy is 0.00013.

3.6. Run Time

The run time of the program is primarily influenced by the number of unknowns. The
program is not parallelized, i.e., it uses only one core. With 100 unknowns, the run time
is less than 1 s on a desktop computer with Intel Core i7-3770 @ 3.4 GHz, 32 GB RAM,
and 64-bit Windows operating system.

4, MEASUREMENTS USING COAXIAL CHAMBER

In this section we implement the technique for the BoR analysis, described in Section
2, to the coaxial chamber shown in Fig. 1. We describe the model of the chamber and the
calibration procedure, and present some measurement results.
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4.1. BoR Model of Measurement Setup

The segmented model of the chamber looks as in Fig. 6a. The plot shows the generatrix.
The numbers of segments were chosen by an educated guess and numerical experiments
(i.e., convergence tests) so to provide a good accuracy at a reasonable run time.

Obviously, there are several differences between the model and the actual structure
shown in Fig. 1: the generatrix in Fig. 6a does not completely follow the contours of the
actual device.

When analyzing antennas and various microwave circuits, the structure must have
ports and it is excited at those ports [11]. This is the same situation as in actual measurements.
However, in our electrostatic model, the excitation is “virtual”: the conductors are assumed to
be at a certain potential with respect to the reference point. No interconnections are provided
between the conductors and the surroundings.

In Fig. 1, which shows the actual device, the inner conductor of the chamber extends all
the way to the VNA reference plane at the bottom of the SMA connector. In measurements,
the inner and the outer conductors of the SMA connector further extend into the VNA
connector.

However, in the electrostatic model, the conductors must be floating. Hence, in Fig. 6a, the
inner conductor of the coaxial line is left open-circuited inside the SMA connector. The outer
conductor of the chamber in Fig. 1 has an opening at the mouth of the SMA connector (where
it extends to the mating SMA connector of the VNA), whereas in Fig. 6a there is no such
opening.

The structure shown in Fig. 6a is completely shielded so that there is no electric field
outside. Hence, the shape of the outer surface of the outer conductor is irrelevant. For
simplicity, we have taken a spherical shape.

Plunger
Dielectric 0.006
0.005 sample
Plate 0.004

(- 0002 1

-0.005 Shifted reference Shifted reference

et plane 0 ~ plane
-0.01 Teflon

-0.002 +

SMA
-0.015 + connector 1 _0.004
-0.02 1 —0.006
0 O.('.;OS 0.61 0.015 0.62 0.(;25 0.63 0 0.002 0.004 O.OIOG 0.008 0.I01 0.[;12 0.0ll4
(a) (b)

Fig. 6 Segmented model of (a) chamber shown in Fig. 1 and (b) coaxial-line section and
its positive image; red segments are for inner conductor, blue segments are for
outer conductor, and green segments are for dielectric-to-dielectric interfaces;
coordinates are in meters
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In Subsection 4.2 we present numerical results of the electrostatic BoR analysis. In
Subsection 4.3 we describe a theoretically rigorous calibration procedure that relates the
actual setup with the electrostatic model. The aim of the calibration is to obtain a unique
and measurable result for the chamber capacitance as seen looking upwards from the
shifted reference plane in Fig. 6a.

4.2. Numerical Results for Empty Chamber

We consider an empty chamber, without a sample, but with a gap of h=2mm
between the brass plate and the plunger. (Equivalently, the relative permittivity of the
sample is 1.) The electrostatic analysis of the structure shown in Fig. 6a yields the
following matrix of the electrostatic induction coefficients:

8] = 3.83418356 8551  —3.83418329 1384
| -3.83418344 3997  5.68819590 8149

Note that the numerically obtained matrix [B] is almost perfectly symmetrical (up to 8
significant digits). The matrix of the partial capacitances is

[C]= 0.00000012 455 3.83418329 1384
383418344 3997 1.85401261 6765

The outer surface of the chamber in Fig. 6a is a sphere, which we approximate in the same
way as described in Subsection 3.1. The theoretical capacitance, Cspnere = 1.8543089243 pF,
agrees with the computed ¢z within the first four digits.

4.3. Calibration

Referring to the previous subsection, the mutual capacitance Cmodel = C21 = 3.8342 pF
is the capacitance between the inner conductor of the chamber and the outer conductor.
The modeled structure (Fig. 6a) includes the inner conductor of a section of the coaxial
line (within the zone of the SMA connector) whose length is 3 mm. This conductor is left
open-circuited, but it contributes to Cmoder. Hence, its influence must be calibrated-out.

There exists a strong fringing effect at the open end of the coaxial line. This is a
similar situation as described in Subsection 3.5. There also exists a discontinuity at the
transition between the coaxial line and the chamber. Hence, we cannot assume that the
field structure along the whole line is the same as in an infinitely long line. (Note that the
field in an infinitely long line corresponds to the electric field of the guided TEM wave.)

We consider this coaxial-line section and its positive image in the shifted reference
plane (Fig. 6b). This structure has two identical fringing zones. The computed capacitance
between the inner conductor and the outer conductor is Ceoax_dounte = 0.7016 pF. One half of
it can be ascribed to the coaxial line in Fig. 6a, assuming that the TEM field exists all the
way up to the shifted reference plane (although this is not true). Hence, the apparent
capacitance of the chamber, looking from the shifted reference plane upwards, is
Cchamber = Cmodel - Ccoax_double /2.

Note that, theoretically, we cannot uniquely define Cchamner beCaUSE it depends on the
presence of the inner coaxial-line conductor, which affects the fringing field in the
vicinity of the shifted reference plane. However, the described procedure of evaluating
the apparent capacitance is essentially the same as used in actual measurements, where
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we measure the input admittance at the VNA calibration plane, then shift the reference
plane, and calculate the new admittance. In this procedure, it is assumed that a pure TEM
wave exists in the coaxial line all the way up to the shifted reference plane.

On the other hand, from manufacturer’s data, we know the geometrical dimensions of
the SMA connector and that its dielectric is Teflon. Hence, the actual length of the
coaxial line, from the VNA calibration plane in Fig. 1 up to the shifted reference plane, is
lcoax = 11.75 mm. As in Subsection 3.5, the per-unit-length capacitance of the coaxial line
is calculated to be C'=96.045 pF/m, so that the capacitance of this section (assuming
that the electric field has the same structure as in an infinitely long line) is Ceoax =
lcoax C'= 1.1285 pF. The apparent capacitance transformed back from the shifted
reference plane to the VNA calibration plane is thus Catvna reference plane = Cchamber + Ceoax =
Cmodelt + 0.7777 pF = 4.6064 pF. This is physically the same result as evaluated by
measurements at the VNA calibration plane, looking towards the chamber. This
capacitance, measured at f=30MHz, is Creasured = (4.60 £ 0.01) pF and it agrees with
Cat VNA reference plane Within the measurement uncertainty.

4.4. Examples of Measurement of Dielectric Parameters

In this subsection, we implement the complete measurement setup (VNA, coaxial
chamber, and software) to evaluate parameters of various dielectric samples.

The general procedure is to measure the reflection coefficient of the chamber and the
dielectric sample (at the VNA reference plane) and, hence, calculate the corresponding
complex admittance. From the admittance, we evaluate the complex capacitance of the
chamber. Thereafter, we use the quasistatic model of the chamber with the sample. In that
model, we vary (optimize) the relative complex permittivity of the sample so to obtain
the same complex capacitance as measured. The procedure can be simplified because, in
a reasonably wide range of permittivities, the capacitance is practically a linear function
of the permittivity (i.e., Cat vNA reference plane = a&r + B, where o and [ are constants). Hence,
it is sufficient to implement a linear fit in the complex domain between two capacitances
computed for two assumed permittivities, which are selected, e.g., based on an educated
guess.

If the sample is small (i.e., d and h are sufficiently smaller than the diameter of the
plate shown in Fig. 1), the electric field in the whole dielectric sample is practically
homogeneous. In that case, the measurement procedure is simple. First, the sample is
inserted, fixed by the plunger, and the complex capacitance C is measured. Second, the
sample is removed, the plunger is positioned at the same elevation h as when the sample
was present, and the capacitance Co of the empty chamber is measured. This is an
elementary situation in electrostatics, for which C — Co = ((er — 1) ond? / 4h). Hence, &
can easily be calculated.

In order to illustrate the applications of the coaxial chamber shown in Fig. 1, we
present here results for three measured samples.

Two samples are printed-circuit board (PCB) substrates, measured at f =100 MHz.
The first substrate is Taconic 602-250. The measured relative permittivity was g = 2.55,
which agrees well with the manufacturer’s data (¢ =2.50). The measured loss tangent
was tan 3 < 0.001 (below the resolution of our measurement system). For the second
substrate, FR-4, we obtained &, = 4.49 and tan & = 0.025, which agrees well with the data
from [7].
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The third example is a ceramic material — alumina (Al.Os) doped with nickel oxide
(NiO), mechanically activated by ball-milling for 60 minutes and sintered at 1400 °C
[27]. Fig. 7 shows the relative permittivity and loss tangent of the material in the
frequency range from 1 MHz to 500 MHz. The material is lossy and, hence, the relative
permittivity significantly decreases with frequency. Mathematically, this decay follows
from the causality conditions [7]. The measurement uncertainty at the lowest frequencies
(around 1 MHz) is large because the input admittance of the chamber is very small (i.e.,
the chamber behaves almost like an open circuit). Hence, very small measurement errors
of the reflection coefficient cause huge errors of the input admittance. The accuracy at
frequencies in the range from 10 MHz to 100 MHz is much better. The accuracy at higher
frequencies decreases because the field in the chamber cannot be considered to be
quasistatic anymore. For these frequencies, the estimation of the relative permittivity
requires a full-wave model of the chamber.
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Fig. 7 Measured relative permittivity and loss tangent of alumina doped with nickel oxide

5. CONCLUSION

A high-precision and efficient quasistatic numerical method for the analysis of arbitrary
metallo-dielectric bodies of revolution was presented. The method has been developed for
measurements of dielectric parameters of small disk-shaped samples, for frequencies up to
several hundred MHz. For higher frequencies, up to around 10 GHz, a full-wave (dynamic)
solver is under development.
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