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Abstract. In this article, we introduce the concepts of Wijsman deferred statistical
convergence and Wijsman strong deferred Cesaro summability for double sequences of
sets. Additionally, some properties and based results have been established under a few
restrictions.
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1. Introduction

The idea of statistical convergence was given by Zygmund [34] in the first edi-
tion of his monograph published in Warsaw in 1935. The concept of statistical
convergence was introduced by Steinhaus [31] and Fast [14] and later reintroduced
by Schoenberg [30] independently. Over the years and under different names sta-
tistical convergence has been discussed in the theory of Fourier analysis, Ergodic
theory, Number theory, Measure theory, Trigonometric series, Turnpike theory and
Banach spaces. Later on it was further investigated from the sequence space point
of view and linked with summability theory by Altin et al. [3], Bhardwaj et al.
([5],16],[7]), Cakalli [8], Caserta et al. [9], Connor [10], Dagadur and Sezgek [11],
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Nuray et al. ([23],[24],[25]), Et et al. ([12],[13],[16],[17],[28]), Fridy [15], Isik and
Akbas ([4],[18],[19]), Kii¢iikaslan and Yilmaztiirk [20], Mursaleen et al. ([21, 22]),
Salat [27], Savas [29] and many others.

Agnew [1] introduced the concept of deferred Cesaro mean of real (or complex)
valued sequences « = (zy,) defined by

1 Qn
(Dd(a))n = ——— > @pn=123,..
In = Pnyp

where p = (p,,) and q = (¢, ) are two sequences of non-negative integers satisfying

Pn < qn and lim g, = oco.
n—oo

A sequence x = () is said to be deferred statistically convergent to L provided
that

<qn: —L| >
lim {pn <k < gn: |2k |_€}|:0
n—oo n — Pn
for each € > 0 and it is written by S — lim2), = L [20].

Let (X, p) be a metric space. The distance d(z, A) from a point z to a non-empty
subset A of (X, p) is defined to be

(e, 4) = inf p(a.y)

If sup,, d(z, Ar) < oo (for each x € X), then we say that the sequence {Ay} is
bounded.

A set of sequence { Ay} is said to be Wijsman statistical convergent to A provided
that

1
d(z, A) = le - {k <n:l|d(z,Ag) —d(z,A)| >} =0

if for each € > 0 and for each z € X. It is written by st — limy Ay = A.

By the convergence of a double sequence we mean the convergence in Pring-
sheim’s sense [26]. A double sequence x = (z; )k, jen of real numbers is said to be
convergent to L € R in Pringsheim’s sense if for any € > 0, there exists N. € N such
that |z; — L| < e, whenever k,j > N,. In this case we write P —limy ;00 25 = L
or limg ;o0 Tr; = L.

A double sequence x = (z;) of real numbers is called to be bounded if there
exists a positive real number M such that |z;| < M, for all k,j € N. In other
words [|z]| = supy, ; |z < oo

A double sequence x = (xy;) is said to be statistically convergent to L provided
that

1
lim —
m,n—o00 M

‘{(kv.j) ik < n,j <m: |-'17kj —L| > g}| =0,

Many worthwhile developments of double sequences in summability methods
can be found in ([2],[11],[21],]22],[24],[25],[29],[32],[33]).
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2. Main Results

In this section, Wijsman deferred statistical convergence and Wijsman strongly
deferred Cesaro convergence of double sequences of sets will be defined and the
relationship between them will be scrutinized.

Throughout this paper, we will suppose p = (pn), ¢ = (gn),7 = (rm) and
t = (t,n) are sequences of non-negative integers satisfying the following condition:

(2.1) Pn < Gn, tm <7y and lim ¢, = oo, lim r, = oo
n— oo m— 00

and

(22) ¢n:(}n_pn7 wm:rm—tm,D:(p,q,;r,t)

Definition 2.1. [11] Let (p,), (¢n), (rm) and (¢, ) be sequences of non-negative in-
tegers satisfying the conditions (2.1) and (2.2). The deferred double natural density
of any subset S of N x N is denoted by dp(S) and defined as

(SD(S): lim M,

m,n—00 YW,

provided the limit exists, where Sy, = {(k,j) € S :p, <k < qn and t,, < j <7}

It is obvious that the deferred double natural density of any finte subset of N x N
is zero and dp(S) + Ip(Nx N— S) =1 for any set S C Nx N .

Before proceeding further, we recall a double sequence (Ay;) is Wijsman conver-
gent to A if for each x € X, P—limy, j_, oo d(z, Ag;) = d(z, A) or limy, j_, o0 d(z, Ag;) =
d(x, A), where the convergence is in Pringsheim’s sense.

Definition 2.2. Let (p,), (¢n), (rm) and (¢,,) be sequences of non-negative inte-
gers satisfying the conditions (2.1) and (2.2). A double sequence {Ay;} is said to
be Wijsman deferred statistically convergent to A provided that

1
lim
m,n—00 YW,

[{(k,5) € Som : |d(z, Agy) — d(z, A)| > e}| =0

for each € > 0 and for each x € X and it is written by Ag; — A (WS2) or WS3 —
lim Ay; = A. The set of all Wijsman deferred statistically convergent sequences will
be denoted by WS(%. If ¢, = n,pp, = 0,7, = m and t,, = 0, then we write W52
instead of W S2.

Definition 2.3. Let (p,), (gn), (rm) and (t,,) be sequences of non-negative inte-
gers satisfying the conditions (2.1) and (2.2). A double sequence (Ay;) is said to be
Wijsman strongly deferred convergent to A provided that

Tm

im 3 Y (A Ay — d(, A)) [ =0

man =00 Pt k=pn+1j=tm+1
—rn —tm
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for each € > 0 and for each x € X, and it is written by Ay; — A (WN(%) or
WNZ—lim Ay; = A. The set of all Wijsman strongly deferred convergent sequences
will be denoted by WN;. Ifg, =m0, pn=0,r, =m,t, =0, then we write WN?
instead of WN?Z.

If we take g, = kn, Pn = kn—1, " = Jm, tm = Jm—1, Where 0 = {(kn;jm)}
are double lacunary sequences, then WSg—convergence is the same as Wijsman
lacunary statistical convergence of double sequences of sets and WNf—convergence
coincides with Wijsman lacunary strongly convergent of double sequences of sets
[25].

We first show that a double sequence which is Wijsman strongly deferred Cesaro
summable is Wijsman deferred statistically convergent. However, the converse is
not true, in general.

Theorem 2.1. Let (pn), (qn), (rm) and (t.,) be sequences of non-negative integers
satisfying the conditions (2.1) and (2.2). If WN2 — lim Ay; = A, then WS% —

Proof. We assume that WN37 — lim Aj; = A. Then for an arbitrary ¢ > 0, we have

1 qn,Tm

d(x,Ag;) —d(z, A
G 2l Au) o )
J=tm+1
1
= 75 > + > |d(z, Ay;) — d (z, A) |
o Srn it s=hn it
\d(m,Ai;>lndJ(rm,A)|ze |d(z,A2;>TdJ(rm,A>|<s
1
2 D Z ‘d(x7Akj)_d<x7A)|
nem k=pn+1
\d(m,A}Z;)’T;&,AMzE
- E|{(k,j) € Snm : |d(z, Agj) —d(z, A)| > s}‘

wnwm
By taking limit as n,m — oo, we obtain

i |{(k,j) € Shm : |d(z, Agj) —d(z, A)| > €}| o

m,n— o0 ¢nwm

The converse of Theorem 2.1. is not true, in general. For this; ¢, = kn, pn = kn_1,
Tm = Jm, tm = Jm—1, where 8 = {(ky,jm)} are double lacunary sequences and
define a sequence {Ay;} as follows:

{(k7.7)}7 if k/’nfl <k < k‘nfl + [\/ hn 7jm71 < ] < jmfl + [\/ hm
A = (n,m=1,2,...)
{(0,0)}, otherwise.
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Note that {A;} is not bounded. For every € > 0 and for each € X, we get

i (k) € Lo s (e, Arg) = d(a, {(0,0))) = 2}

(V] [V

= ————= s0asn,m— o
hn hm ) )

that is, Ag; — {(0,0)} (WS3). But

LS (e, A — d(z, {(0,0)})]

finFim (k1) €lnm

_ 1 [ (W] ([VAn] + 1) (V] ([VRm] +1))
Bnbiom 4
1

~q

Therefore, Ay; - {(0,0)} (WN3). O

The following theorem establishes that for bounded double sequences {Ay;}, the
converse of Theorem 2.1. is also true.

Theorem 2.2. Let (pn), (qn), (rm) and (t.,) be sequences of non-negative integers
satisfying the conditions (2.1), (2.2) and let {Ag;} be a bounded double sequence. If
WSL% —lim Ay; = A, then I/VNd2 —lim Ay; = A.

Proof. Suppose that {A;} is bounded and WS? — lim Ag; = A. In this case, there
exists a real number M > 0 such that

|d($,Ak]’) - d(xaA)| < M

for all k,j € N. For an arbitrary € > 0, we have

1 qn,Tm
" D ldlw, Ay) — d(z, A)l
M f=pp 1
j=tm+1
1
= T S e Ay) - d (@A)

k=pn+1
J=tm+1
ld(z,Ap;)—d(z,A)|>e

1
+¢ E |d(z, Akj) —d(z,A)]
nWm k=ppn+1
J=tm+1
ld(z, Ajj)—d(z, A)|<e

[{(k,J) € Spm : |d(z, Agj) — d(z, A)| > €} e

VnWm

IN

M
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Since
k,7) € Spm : d(z, Ay;) — d(x, A)| >
lim [{(k.9) Az, Aj) — dlx )|*€H:Oasn,m—>oo
m,n—00 VW
we get
li - d(xz, A d(z,A)| =0 as
m,}LIEOO’l/)nwm |d(z, Ag;) — d(xz,A)| =0 as n,m — oco.
k=pn+1
G=tm 1
|

Theorem 2.3. Let (pn), (gn), (Tm) and (t,,) be sequences of non-negative integers
satisfying the conditions (2.1) and (2.2). A Wijsman convergent double sequence
(Agj) is Wijsman deferred statistically convergent, but converse need not be true.

Proof. The proof follows in view of the fact that the deferred double natural density
of any finite set is zero. However, the converse is not true, in general. Example in
Theorem 2.1. provides a double sequence (Ay;) of sets which is Wijsman deferred
statistically convergent but fails to be Wijsman convergent. [

We next show that the under certain condition Wijsman statistically convergent
double sequences are Wijsman deferred statistically convergent.

Theorem 2.4. Let (pn), (qn), (rm) and (t,) be sequences of non-negative integers
satisfying the conditions (2.1), (2.2) and limy, ;-0 o =a>0.If wWSs? —
limy Ay = A, then WS2% —lim Ay; = A.

Proof. If WS% — limy Ay; = A, then we have

1
lim —|{(k,j) : k <n,j <m:l|d(x, Ag;) — d(z, A)| > e}| = 0.

n,m—o0 NM

Since
{(k,5) € Spm: d(z, Agy) — d(z, A)| > e}
C {(k,j):k<n, j<m, |d(z,Ay;) —d(z,A)| > e}
we have
[{(k,7) € Snm: |d(z, Axj) — d(x, A)| > e}|
S |{(k7]) k§n7 ]Sma |d(‘r7AkJ)7d(xaA)| 25}'
and so

[{(k, ) € Spm: |d(z, Aj) — d(z, A)| > €}|

YnWm
nm |{(k,j):k<n, j<m:l|d(z, Ay;) —d(z, A)| > e}

YVnWm nm
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Hence -
lim H(k,j) € Spm: |d(z, Agj) —d(z, A)| > s}| _

n,M—00 wnwm

that is WS3 —lim Ay; = A. [

In the next theorem, we arrive at the same result as established in Theorem 4,
but under a different condition.

Theorem 2.5. Let (py), (qn), (rm) and (tm) be sequences of non-negative inte-
gers satisfying the conditions (2.1), (2.2) and {Ax;} be double sequence of sets. If
lim inf,, Z“ > 1 and liminf,, 7= > 1, then WS? — limy Ap; = A implies WS(% —
lim Ay; = A.

AV

Proof. Assume that liminf,, q" > 1 and lim inf,, T= > then there exist o, 3 > 0
such that q" - >1+aand rm > 1+ B for sufficiently large n, m which implies that

Qn_pn> «

— > l4+a= >
Pn qn 1+«
T'm Tm — tm B
— > 1 = >
tm +5 m 1+
(q’ﬂ - pn) (Tm - tm) > O‘ﬁ
dn T'm o (1+O‘) (1+5)

Gn Tm — (14+a)(1+0)

If W82 —limy Ay; = A, then for every € > 0 and for sufficiently larger n, m we get

{(k. 7)1k < g, J <1 |d(z, Agj) — d(z, A)| = e}

(In m
> o S : |d(z, Agy) — d(x, A)| > 5}‘
- (1+ao;?1+6) <¢n]‘;}m ’{(kjj) ngmﬁ |d(x7Ak])_d(x7A)| >5}|>

for each x € X. Hence, WS3 —lim Ay; = A. [
Following the same technique , as that of Lemma 1,1 of Salat [27], we have

Theorem 2.6. Let (pn), (qn), (rm) and (t,) be sequences of non-negative integers
satisfying the conditions (2.1) and (2.2). A double sequence {Ay;} of sets is Wijs-
man deferred statistically convergent to A if and only if there exists a set K C NxN
such that dp(K) =1 and lim «,j0c Ag; = A.

(k,j)eK
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Proof. For r € N, let K" = {(k,j) € Nx N: |d(z, A;) — d(z, A)| < 1}. As K" =
N x N = {(k,j) e Nx N:|d(z, Ay;) — d(z,A)| > 1} and WS? — lim Ay; = A so
(SD(KT):].. As

{(k,j) € NxN:|d(z, Ay;) — d(z, A)| < ril}

C {(k,j) € Nx N: |d(z, Ay;) — d(z, A)] < i}

soK'D>K?>K3--- > K" > KUt ...and 6p(K") = 1. Let us choose (ny,m;) €
K!. Then there exists (n2,ma) > (n1,m1), (n2,ma) € K2 such that for all
(n,m) > (n2, ma) we have

1

1 1
o ‘{(k,j)eNxN:pn <k <gnand tym < j<ry |dz,Ar;) —d(z, A)| < 5}. > 5

Choose (n3,m3) > (n2,mz),(n3,m3) € K3 such that for all (n,m) > (n3,m3) we
have

1 1 2
=g H(k7j)€NXN5pn <k<gnand tm <j<rm |dz,Ar;) —d(z, A)] < g}' >3-

We continue this process and construct by induction a sequence (n1,m;) < (n2,mz) <
(n3,ms3)---(n;,m;) < --- such that (n;,m;) € K7 with

1 1 j— 1
=g H(kz,j)eNXN:pn<k§qn and tm < j < 7T |d(w,Akj)_d($,A)‘<3}’>]T

for all (n,m) > (n;,m;).

Let us consider K = ([1,n1) X [1,m1)> U; <<[ nj,Mjy1) X [mj,mj+1)> ﬂKj>.

Now for each (n,m) such that (n;,m;) < (n,m) < (njy1,Mj+1), we get

1
ww H(kd)EKpn<k§qnandtm<3§rm}|

L 1
" H(k,j)ENXN:pn<k§qn and t,, <j <1y, |d(x7Akj)_d(x’A)|<jH
nwvm
j—1

>

for each j € N.

From this, we have dp(K) = 1. Let € > 0. Choose j such that % < €. Now for all
(n,m) > (nj,m;) and (n,m) € K, choose p > j such that

(np,myp) < (n,m) < (Npt1,Mpt1), we get (n,m) € KP which in turn yields
1 1
‘d(l’,Akj) — d(l’,A)| <-<-=<e
p

Conversely, suppose there exists a set K C N x N such that ép(K) = 1 and
lim r,j-00 Agj = A. For € > 0, there exists (ng, mg) € N x N such that

(k,j)EK
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|d(z, Ag;) — d(x, A)| < € for all (k,j) > (ng,mo) and (k,j) € K.
Taking K. = {(k,j) € Nx N: |d(z, A;) — d(z, A)| > €}, the result follows in view
of the facts that K. ¢ (Nx N) - K. O

Before proceeding further first we introduce the following notation:

If A= (Ag;j) is a double sequence of sets such that (Ay;) satisfies property P for
all (k,7), except a set of deferred double natural density zero, then we say A = (Ag;)
satisfies P for “almost all (k,j) deferred double with respect to D = (p,q : r,t)”
and we abbreviate this by “a.a. (k,j) deferred double w.r.t.D” where p = (p),
q=(qn),r = (rm) and t = (t,,,) be sequences of non-negative integers satisfying the
conditions (2.1) and (2.2).

Finally we establish that the terms of a Wijsman deferred statistically convergent
double sequence (Ay;) are coincident with those of a Wijsman convergent sequence
for a. a. (k,j) deferred double w.r.t. D.

Theorem 2.7. A double sequence (Ayj) of sets is Wijsman deferred statistically
convergent if and only if there exists a Wijsman convergent double sequence (Bj;)
of sets such that By; = Akj a. a. (k,j) deferred double w.r.t. D.

Proof. Let (Ag;) is Wijsman deferred statistically convergent to A. So for each
€ > 0 we have dp(K) = 0 where K = {(k,j) € Nx N: |d(z, Ay;) — d(z, A)| > €}.

Consider
b [ A (k) €N xN) - K
ki = A, otherwise

Then (By;) is a Wijsman convergent double sequence of sets converging to A such
that By; = Axj a. a. (k,j) deferred double w.r.t. D.

Conversely, let (By;) is a Wijsman convergent double sequence of sets converging
to A such that By; = Ag; a. a. (k,j) deferred double w.r.t. D. Then for ¢ > 0
there exists ko,jo € N such that |d(z, By;) — d(x, A)| < € for all (k,j) > (ko, jo)-
Let K = {(k,j) € Nx N: By; # Ai;}. Now {(k,j) : |d(z, Ap;) — d(z,A)| > €} C
K U[1,kg) x [1, 7o), ylelds the result. O
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