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Abstract. The main object of this article is to introduce the concepts of Af —lacunary
statistical convergence of order 8 and strong A¥ —lacunary summability of order 3 for
sequences of fuzzy numbers and define some sequence classes related to these concepts.
We give some inclusion relations between those sequence classes.
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1. Introduction

In 1951, Steinhaus [31] and Fast [13] introduced the concept of statistical con-
vergence and later in 1959, Schoenberg [30] reintroduced independently. Connor
[7], Cakalli [8], Cnar et al. [9], Et et al. ([11]), Fridy [15], Igik [19], Salat [29] and
many others investigated some arguments related to this notion.

The order of statistical convergence of a sequence of numbers was given by
Gadjiev and Orhan [17] and after then statistical convergence of order o was studied
by Colak [10]. Later, the concept of statistical convergence of order g for fuzzy
sequences defined by Altinok et al [2].

Aizpuru et al. [1] defined the f—density of the subset A of N by using an
unbounded modulus function. After then, Bhardwaj and Dhawan [5] introduced
f—statistical convergence of order o with respect to a modulus function f for real
sequences and later studied lacunary statistical convergence [4]. Sengiil and Et [32]
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introduced the concepts of f—lacunary statistical convergence of order o and strong
f—lacunary summability of order a of sequences of real number.

The idea of fuzzy numbers was developed and studied by Zadeh [33] as an
extension of the concept of classical (crisp) set. Matloka [23] applied this idea
in the theory of sequence space and summability and proved some fundamental
theorems related to sequences of fuzzy numbers. Nanda [26] used this theory in
topology and vector spaces by helping a fuzzy metric. This idea was applied in
scientific areas such as Linguistic and numerical modeling, computer programming,
fuzzy optimization, summability theory, etc. ([6],[18],[24]). Later, the notion of
statistical convergence for sequences of fuzzy numbers was defined and studied by
Nuray and Savas [27].

Kizmaz [21] introduced the difference spaces o, (A), ¢ (A) and ¢ (A), consist-
ing of all real valued sequences x = (zj) such that Az = Alx = (23 — 2441) in
the sequence spaces (o, ¢ and c¢o. Later, Altinok and Mursaleen [3] generalized
this definition by using a difference operator A, where (X}) is a sequence of fuzzy
numbers and AX = Xy — Xpy1.

The purpose of this paper is to generalize the studies of Bhardwaj and Dhawan
[5] and Sengiil and Et [32] applying to sequences of fuzzy numbers so as to fill up
the existing gaps in the summability theory of fuzzy numbers.

Nakano [25] introduced the concept of modulus function. According to this
definition, a mapping f : [0,00) — [0,00) is said to be a modulus if following
conditions hold: ) f(z) =0iff 2 =0, 4) f(x +y) < f(z)+ f (y) for x,y > 0, ii7)
f is increasing, iv) f is right-continuous at 0.

It follows that f must be continuous everywhere on [0, 00). A modulus may be
unbounded or bounded.

Aizpuru et al. [1] defined f—density of a subset E C N for any unbounded
modulus f by

Fop — p LUHES ke BY)
d! (E) = lim o

and defined f—statistical convergence for any unbounded modulus f by

,if the limit exists

A ({keN: |z, —0>¢e})=0

ie.
1
i _— <n: — /] > =
Jim s F (k<o — 12 €} =0,
and we write it as S/ —limxy, = £ or 2, — ¢ (Sf) . Every f—statistically convergent
sequence is statistically convergent, but a statistically convergent sequence need not
be f—statistically convergent for every unbounded modulus f.

Freedman et al. [14] introduced some Cesaro-type summability spaces using
lacunary sequences and later Fridy and Orhan [16] defined the concepts of lacunary
statistical convergence for real number sequences.
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By a lacunary sequence we mean an increasing integer sequence 6 = (k,.) such
that h, = (k, — kr—1) = 00 as r — co. Throughout this paper the intervals deter—
mined by 6 will be denoted by I, = (ky—1, k]

by ¢,. Lacunary sequence spaces were studied in ([4],[12], [20] [32])

2. Main Results

In this section we will introduce the concepts of Af—lacunary statistically con-
vergent sequences of order B and strongly Af—lacunary summable sequences of
order [ of real numbers, where f is an unbounded modulus, A is a difference oper-
ator and give some inclusion relations between these concepts.

Definition 2.1 Let f be an unbounded modulus, § = (k) be a lacunary se-
quence, X = (Xj) be a sequence of fuzzy numbers, A is a difference operator and
B be a real number such that 0 < 8 < 1. We say that the sequence X = (X}) is
Af —lacunary statistically convergent of order $3, if there is a fuzzy number X, such
that

Tim f(; o 1 € 1 (3K X0) 2 e}) =

where I, = (ky_1,k,] and f (h,)® denotes the Bth power f (h,.)” of f (h,), that
is (f (hr)ﬂ> = (f (hl)B,f(hg)’B,...,f(hT)ﬁ,...). This space will be denoted by
Sg’ﬁ (Af) . In this case, we write Sg’ﬁ (Ap)—lim X = X or Xi — Xo (Sg’ﬁ (AF)> .

Definition 2.2 Let f be a modulus function, p = (pi) be a sequence of strictly
positive real numbers, 6 = (k,) be a lacunary sequence, X = (X) be a sequence
of fuzzy numbers, A is a difference operator and § be a real number such that
0 < 8 < 1. We say that the sequence X = (X}) is strongly W(f’ﬁ [AF, p] —summable
to fuzzy number X if there is a fuzzy number X such that

wi’ [AF,p}z{X—< )520,73 Axk,xompk:o}.
r keI

In the present case, we denote Waf’B [Ap,p] — lim X, = X,.

Definition 2.3 Let f be an unbounded modulus, p = (px) be a sequence of
strictly positive real numbers, 6 = (k,.) be a lacunary sequence, X = (Xj) be a se-
quence of fuzzy numbers, A is a difference operator and  be a real number such that
0 < 8 < 1. We say that the sequence X = (X}) is strongly ng”B(AF,p)—SUInmable
to fuzzy number X if there is a fuzzy number X such that

W) = {3 = 00 i o S X <o),

kel
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In the present case, we write Wef’B(Ap,p) — lim X = Xg. In case of pp = p for all
k € N we write Wef’ﬁ [Ap,p] instead of ng’ﬁ(AF,p).

Definition 2.4 Let f be an unbounded modulus, p = (px) be a sequence of
strictly positive real numbers, § = (k) be a lacunary sequence, X = (X}) be a se-
quence of fuzzy numbers, A is a difference operator and  be a real number such that
0 < B < 1. We say that the sequence X = (X}) is strongly Wgéf(AF,p)—summable
to fuzzy number X if there is a fuzzy number X such that

Weﬁ,f(AFvP)={X=(Xk) ,,lggof - 3" (d(AXy, Xo) Pk—o}

kel,

In the present case, we write Wéff(AF,p) — lim X, = Xj. In case of p, = p for all
k € N we write ng [AF,p] instead of ng(AF,p).

The proof of each of the following results is fairly straightforward, so we choose to
state these results without proof, where we shall assume that the sequence p = (py)
is bounded and 0 < h = infy p, < pr < sup,pr = H < 00, and A is a difference
operator.

Proposition 2.5 ([28]) Let f be a modulus and 0 < § < 1. Then for each
[ull > 6, we have f ([lul]) < 2f (1) 5~ fJu] .

Theorem 2.6 Let f be an unbounded modulus, X = (X ) be a sequence
of fuzzy numbers, § be a real number such that 0 < B < 1and p > 1. If
lim,,— oo inf fSZL) > 0, then WJB(AF, p) = Wg’f(AF7 D).

Proof. Let p > 1 be a positive real number and X € Wef’*B(AF,p). If

lim inf M >0,
U—00 u

then there exists a number ¢ > 0 such that f (u) > cu for u > 0. Clearly

( ,3 Z AkaXO))] > W'Zkelr[c'd (AkaXO)]p
7" kel,

(h Finy? 2oker, |4 (AXg, Xo)JP

and therefore WJ’B(AF,p) C ng(AF,p).

Now let X € W(ff(AF,p). Then we have

( 7 Z (AXp, Xo)]? — Oasr — oc.
T kel,.

Let 0 < § < 1. We can write
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1 P 1 P
Z d(AXy, Xo) > O Z d (AX}, Xo)
kel " kel,

d(AX), X0)>6

1 f(d(AXk,Xo»r
> T [ 2/ (161
d(AXk Xo0)>6
1
> T 2pf pk%; d(AXy, Xo))]"

by Proposition 2.5. Therefore X € ng’ﬁ(AF,p). So, the equality WJ’B(AF,p) =
W(ff(Af,p) holds and proof completes.

If lim,, o0 inf @ = 0, the equality Wef’B(AF,p) = ng(Af,p) can not be hold
as shown the following example:

Let f (x) = x be a modulus function and define a fuzzy sequence X = (Xj) by

z—+vVhr+1, 2x€[Vhr—1,vVhy
X (1) = —x++vVh.+1, x€ \/hT,\/EjLJ if k =k,
otherwise
0, otherwise

If we calculate the a—level sets of sequences (Xx) and (AX}), then we find the

sets
X" = [a+Vh, —L—a+Vh, +1], ifk=k
Mo [0,0], otherwise

oa—+vh,—1,—a—+vh,+1|, iftk+1=k,
[0,0], otherwise

a+¢m—L—a+VEﬁiy it k =k,

(rﬁg; (V)
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and so Xy, ¢ ng(AF,p).

Maddox [22] showed that the existence of an unbounded modulus f for which
there is a positive constant ¢ such that f (zy) > cf (z) f (y), for all z > 0, y > 0.

Theorem 2.7 Let f be an unbounded modulus, 6 = (k,.) be a lacunary sequence,
X = (X) be a sequence of fuzzy numbers, 8 be a real number such that 0 < g <1

and pr, = 1 for all k € N. If lim,,_, fsz‘ﬁ)ﬁ > 0, then Wg’ﬁ [Ap,p] C Sg’ﬂ (Ap,p).

Proof. Let z € Wéf’ﬂ [Ap,p] and lim, fg”ﬁ)ﬁ > 0. For € > 0, we have

hiﬂ. > f(d(AXg, Xo)) > 75 f (Cer, d(AX, Xo))

T kel,

IV

hlsf (Z kel, d(AXleo))
d(AX ), Xo)>e

> L f(|{k el : d(AXk,Xo) > E}‘ .E)

ne:
S f({k € I, : d (AXy, Xo) 2 })).f ()

= o L dAX X2el) £ (5, )7 f (c).

Y

Therefore, X € Wef’ﬁ [Ap,p] implies that X € Sg’B (Ap,p), that is ng’ﬁ [Ap,p| —
lim X, = X, implies that SJ*° (Ar, p) — lim X}, = X,.

Theorem 2.8 Let f be an unbounded modulus function, X = (X}) be a se-
quence of fuzzy numbers, (1, 82 be two real numbers such that 0 < g1 < 35 < 1,
and 0 = (k,) be a lacunary sequence, then we have V[/Qf’ﬁ1 (Ap,p) C 55’62 (AF).

Proof. Let X € Wg’ﬁl(AF,p) and € > 0 be given and >, , >, denote the
sums over k € I, d (AXy, Xo) > e and k € I, d(AX}, Xo) < € respectively. Since
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f (hr)ﬁ1 <f (hr)ﬁ2 for each r, we may write

- [ (d (A X, X))
£ (h)P kz e

= ——— D _[F(d(AXp, Xo) "+ _[F(d (AXy, X0))]P]
fh) 5 2

> L IS [AA (X, Xo))P + S (A (A X, Xo)))]

L S > ——f [Z[e]m

T T fe) T
e [ (Emn et

—— - J({k € I : d (AX, Xo) > £}]). min ([s]h : [5]H>

Y

Y]

Sk € I - d(AXy, Xo) = 2})).f (min ([g]’l , [E]H)) :

f(h)”

Hence X € Sg’ﬁz (Ap).

Theorem 2.9 Let f be an unbounded modulus function, X = (X}) be a se-
quence of fuzzy numbers, § = (k) be a lacunary sequence and 3 be a fixed real

number such that 0 < g < 1. If liminf, ¢. > 1 and lim, ., fi“f > 0, then

SI8(AR) C S)P (AR).

Proof. Suppose first that liminf, ¢, > 1; then there exists a A > 0 such that
qr > 1+ X for sufficiently large r, which implies that

(&) = (=)

If $/7 (Ap) —lim X, = X, then for every ¢ > 0 and for sufficiently large r, we
have

kiﬂ F (k< ks d(AXy, Xo) > €}])

r

1
> mfﬂ{k €I, : d(AXy, Xo) > €})

Cfm)’
CF ) ()
(he)” kZ hE f({k € I : d(AXy, Xo) > €})
W ) R f ()’
) K ( A )ﬁ_f({kEIr:d(AXk,Xo)Zf}l)_
W f () NI f(h)”

f({k eI : d(AXg, Xo) > €}])

f
_/
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This proves the sufficiency.

Theorem 2.10 Let f be an unbounded modulus function, X = (Xj) be a
sequence of fuzzy numbers, 6 = (k) be a lacunary sequence and /3 be a fixed real
number such that 0 < 8 < 1. If X3 € S/ (Ap)NS)? (Ar), then S (Ap)—lim X, =
Sg”g (Ap) — lim X}, such that |f () — f (v)| = f(Jx —y|), for > 0, y > 0.

Proof. Suppose S/ (Ar)—lim X}, = Xo, S (Ap)—lim X}, = Xy'and X, # X'
Let 0 <e < @. Then for € > 0 we have

lim fF({k <n:d(AXk, Xo) > €}|)

n—o00 f (n)

and
o S L dAX X) 2 2l)
e f ()

On the other hand we can write

J({k<n:d(Xo,X0)>2¢e})
f(n)

< SU{kSn:d(AXy, Xo)>e}|) + f(H{k<n:d(AXy,X0) >e}])
- f(n) f(n) ’

Taking limit as n — oo , we get

f({k <n:d(AXy, Xo) > e})

1<0+ lim <1,
n—00 f(n)
and so k<n:d(AXy Xo) >
lim f{k <n:d(AXy, Xo) > e}]) L

noe /()

We consider the subsequence

of sequence

T (k< s d(AXe, Xo) 2 e})).

Then
sy f (k< ko s d (DX, Xo) > €})
= Fiy o (k€ Uiy d(AXp, Xo) 2 €}]) oo 1)
= 7o (7 [k € I d(AXy, Xo) > e}
< %-ZTZJ(Hk €l :d(AXg, Xo) > €}|)

= ity s f () sk f (k€ 12 d (AX, Xo) 2 €}])
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S rh) = F(h)? + f ()’ + o+ f (hon)’ . (2)

= f (ki — ko)ﬁ + f (k2 — kl)ﬁ + ot [k — km—l)ﬁ
= F (k1= ko))’ + £ (k2 = ki)’ + oo+ £ ([ — kma])?
= |f (k1) — f (ko) +1f (k2) — f (k1)I® + oo + 1 f (ki) — f (km1)]?
<|f (k) = f (ko) | + 1f (k2) = F (Bu)| + oo+ 1 f (k) = f (K1)
= f (k1) — f (ko) + f (k2) — £ (k1) + o + f (ki) — f (Kin—1)
:f(km)-

Using (2) in (1), we have

s ({k < ko d(AX, Xo) > }))

< Xty f(he)?

< Bl i S ({k € I 5 d(AX, Xo) 2 e} )

SO
1
——f({k < kp : d(AXy, Xo) > €}|) = 0,
f (km)
but this is a contradiction to

o L S0 dAXL X) 2 2})

n—oo f (n)
As a result, Xy = X¢"

From Theorem 2.10 we have the following result:

Corollary 2.11 Let 0§ = (k) and 0" = (s,) be two lacunary sequences and
0<B <1 I Xy €87 (Ap)N(S)P (Ap)NS)? (AF)), then SF (Ap) —lim X, =
Sg"ﬁ (AF) — lim X§.

Theorem 2.12 Let f be an unbounded modulus function, § = (k,) be a lacu-
nary sequence and [ be a fixed real number such that 0 < 8 < 1. If limpx > 0,
then Wef’ﬁ (Ap,p) —lim X = X uniquely.

Proof. Let limpy = s > 0. Assume that Wef’ﬁ (Ap,p) — lim X, = X/ and
Wi (Ap,p) —lim X}, = X{/. Then

1
. d(AXy, X)) =0
IAG k;lr[f(( ks Xo))]

lim
T

and

1
lim ———. d(AXy, XI))]P* = 0.
B LV (A X))
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By definition to f, we have

Z XOaX(I)/ )]

f( Ve
< ; = 5 (Z[f(d(AXk,Xé))]pk + Z[f(d(AXk,Xé’))}pk>
(hr) kel kel,
i X AKX+ f(hD)"‘ S (d (A X, XY,
kel, " kel,

where sup, pr = H and D = max (1 2H’1) . Hence

lim BZ d (X, X)) = 0.
f(he)” et

Since limg_ 00 p = s we have d (X{, X{') = 0. Thus the limit is unique.

Theorem 2.13 Let f be an unbounded modulus function, X = (Xj) be a
sequence of fuzzy numbers, § = (k) and 6’ = (s,.) be two lacunary sequences such
that I, C J, for all » € N and let 51, 82 two real numbers such that 0 < §; < 8 < 1.
If

B1
(3) Jlim inf "; ((’;:))52 >0

where I, = (ky—1,k:], hy = kr — kp—q and J. = (8p-1, 8], & = S84 — Sp—1, then
WH% (Ap,p) € WP (Ap,p) .

Proof. Let X € Wof,’ﬂ2 (AFr,p). We can write
it Lk, L (d (AX, Xo))J*
= b ke, -1, [F A (DX, Xo)IP* + 555 Ter, [F(d (AX, Xo))]P*
2 Wfika,[f(d (AXy, X))
> M S e L (d (A X, Xo) P

Thus if X € Wef,"g2 (Ap,p), then X € T/Vef’B1 (Ap,p).
From Theorem 2.13 we have the following result:

Corollary 2.14 Let f be an unbounded modulus function, X = (Xj) be a
sequence of fuzzy numbers, § = (k) and 6’ = (s,.) be two lacunary sequences such
that I, C J, for all » € N and let 81, 82 two real numbers such that 0 < §; < 8 < 1.
If (3) holds then

(7’) WOf’,B (AF7p) - Wef’ﬂ (AF7p) ) if 61 = ﬁ? = 67
(“) Wef/ (Ava) C Wef’ﬁl (Ava) ) if ﬁ? = ]-7
(it) Wy, (Ap,p) C W] (Ap,p), if f1 = B2 = L.

)
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