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Abstract. In this paper, we study the existence, uniqueness and other properties of
solutions of differential equation of fractional order involving the Caputo fractional
derivative. The tool employed in the analysis is based on application of S— iteration
method. The study of qualitative properties in general required differential and integral
inequalities, and here S—iteration method itself has equally important contribution to
study various properties such as dependence on initial data, closeness of solutions and
dependence on parameters and functions involved therein. Finally, we present an ex-
ample in support of all proved results.
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1. Introduction

We consider the following differential equation of fractional order involving the
Caputo fractional derivative of the type:

(1.1) (D2)y(t) = F(tu(®), y(a), y(®) ).
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fortel=1la,b, n—1<a<n (neN), with the given initial conditions
(12) y(j)(a):cj’ j:031527"'5n713

where F : I x X x X x X — X is continuous function and ¢; (5 =0,1,2,...,n—1)
are given elements in X.

Several researchers have introduced many iteration methods for certain classes of
operators in the sense of their convergence, equivalence of convergence and rate of
convergence etc. (see [1, 3, 4, 5, 6, 8, 9, 18, 19, 20, 21, 22, 23, 24, 31, 32]). The
most of iterations devoted for both analytical and numerical approaches. The S—
iteration method, due to simplicity and fastness, has attracted the attention and
hence, it is used in this paper.

The problems of existence, uniqueness and other properties of solutions of special
forms of IVP (1.1)-(1.2) and its variants have been studied by several researchers
under variety of hypotheses by using different techniques, [2, 7, 10, 11, 12, 13, 14,
15, 16, 26, 27, 29, 30] and some of references cited therein. In recently, S. Soltuz
and T. Grosan [33] have studied the special version of equation (1.1) for different
qualitative properties of solutions. Authors are motivated by the work of D. R.
Sahu [31] and influenced by [5, 33].

The main objective of this paper is to use normal S—iteration method to establish
the existence and uniqueness of solution of the initial value problem (1.1)-(1.2) and
other qualitative properties of solutions.

2. Preliminaries

Before proceeding to the statement of our main results, we shall setforth some
preliminaries and hypotheses that will be used in our subsequent discussion.

Let X be a Banach space with norm || - || and I = [a, ] denotes an interval of the
real line R. We define B = C"(I,X) (where r = n for « € Nand r =n — 1 for
a ¢ N.) as a Banach space of all r times continuously differentiable functions from
I into X, endowed with the norm

1yllp = sup{lly(®)l| : v € B}, ¢l

Definition 2.1. [28] The Riemann-Liouville fractional integral (left-sided) of a
function h € C'[a,b] of order a € Ry = (0,00) is defined by

I°h(t) = ﬁ/ (t — 5)°=1h(s) ds,

where I' is the Euler gamma function.
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Definition 2.2. [28] Let n — 1 < e < n, n € N. Then the expression

d'n
D&h(t) = dt—ﬂ[[j}*“h(f)], t € [a,b]
is called the (left-sided) Riemann-Liouville derivative of h of order a whenever the
expression on the right-hand side is defined.

Definition 2.3. [25] Let h € C"[a,b] and n —1 < a@ < n, n € N. Then the
expression

(D2 )A(t) = I3~ R (1), t € [a,0)
is called the (left-sided) Caputo derivative of h of order a.

Lemma 2.1. [17] If the function f = (f1,---, fn) € C'[a,b], then the initial value
problems

(D*az;)y(t):fl(taylvayn)v yz(k)(o)zcikv i:1a2,"'an7 k:172a"'7mi

where m; < a; < m; + 1 as equivalent to Volterra integral equations:

mg k
yl(t): E Clky+l¢?1fi(tayl7"'7yn)7 1<2<n
k=0 :

As a consequence of the above Lemma, it is easy to observe that if y € B and
F € C'a,b], then y(t) satisfies the following integral equation which is equivalent
to (1.1)-(1.2) is

R =3 G 00 + g [ =9 F (s (s)w0). 00 s
i=0 7 o

We need the following pair of known results:

Theorem 2.1. ((/31], p.194)) Let C be a nonempty closed convex subset of a
Banach space X and T : C — C a contraction operator with contractivity factor
m € [0,1) and fized point x*. Let oy and B) be two real sequences in [0,1] such
that o < ap, <1 and B < B, < 1 for all k € N and for some a, 3 > 0. For given
uy = v = wy € C, define sequences ug, vy and wy in C as follows:
{ Upt1 = (1 — ag)Tug + o Ty,

Yk = (1 = Br)ug + BrTup, k € N.
Picard iteration: Vg1 = Lo, k € N.
Mann iteration process: wit+1 = (1 = Br)wg + BrTwg, k € N.
Then we have the following:

S-iteration process:

k
(a) lupsr — 2| < m* [1 —(1- m)aﬁ} llus — 2*|, for all k € N.
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(b) |[ver1 — z*|| < m¥|lvy — 2|, for all k € N.
k
(¢) llwnsr = ol < [1 = (1= m)B] flwr = %], for all k € N.

Moreover, the S-iteration process is faster than the Picard and Mann iteration pro-
cesses.

Definition 2.4. ([31], p.193) In particular, for ay, = 1, kK € NU {0} in the S-
iteration process, then it reduces to as follows:

ug € C,
(2:2) U1 = TYg,
yr = (1 = &)uk + &Tur, ke NU{0}.

This is called normal S—iteration method.
Note: For our convenience, we replaced i in the S-iteration process by k.

Lemma 2.2. (([33], p.4)) Let {Br}>, be a nonnegative sequence for which one
assumes there exists kg € N, such that for all k > ko one has satisfied the inequality

(2.3) Brr1 < (1 — pr) Br + e,

where py € (0,1), for all k € NU{0}, Zuk =00 and v, = 0, Yk € NU{0}. Then
k=0

the following inequality holds

(2.4) 0 < lim sup B < lim sup .

k—o0 k—oo

3. Existence and Uniqueness of Solutions via S—iteration

Now, we are able to state and prove the following main theorem which deals with
the existence of solutions of the equations (1.1)-(1.2).

Theorem 3.1. Assume that there exists a function p € C(I,R;) and constants
A, B, v > 0 such that fort € I,

||]:<t, u1, U2,U3) - ]:(t,’Ul, U2,U3) |
(3.1) < p() [ Mur = w1l + Blluz — v +lus — vs]l].

IfO=1pt)(A+B+7) <1 (t€l), then the iterative sequence {yx}3> gener-
ated by normal S— iteration method (2.2) with the real control sequence {&;}52q in
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o0
[0, 1] satisfying Z &, = 00, converges to a unique point y € B, which is the required
k=0
solution of the equations (1.1)-(1.2) with the following estimate:

k+1

©
(3.2) lYk+1 — yllB < ————Ilo — ¥l|B-
- 6(1_6) >h &

Proof. Let y(t) € B and define the operator

Z t—a

=07
I o
(3.3) +F(oz)/a (t—s) 1F(s,y(s),y(a), y(b))ds, tel.

Let {yx}r2 be iterative sequence generated by normal S—iteration method (2.2)
for the operator given in (3.3) with the real control sequence {{x}5=, in [0,1].
We will show that yr — y as k — oco. From (2.2), (3.3) and assumption, we obtain

lyk+1(t) —y @)
= H(T«Zk)( ) = (Ty) @)
1 ! a—1
= HZ +m/a (t—S) .F(S,Zk(s),zk(a)7zk(b)>d5

% J 1 ' a—1
_JZZ:OF (t—a) _m/a (t—s) f(s,y(s)7y(a)’y(b))d8”

1t o

< m/a (t —s) 1||]"<s, 21(8), zk(a),zk(b)) - }'(s,y(s),y(a)ay(b)) l|ds
1 ! a—1

IR

(34)  x[Mzk(s) =yl + Bllze(a) = y(@)l +1z(6) - y(®)]||ds

Now, we estimate

lax® =yl = |1 = &llun(®) = y(®)l + &NTw) (&) = (Ty)(@)]
< =8l —vOl + s [ =97 0le)
(3.5) % [Alyi(s) = y($)Il + Bllye(@) = y(@) +ly(®) — y(O)] | ds.

Now, by taking supremum in the inequalities (3.4) and (3.5), we obtain

1 t
s =l < gy [ =97 00 (A 8+ 7) e~ s



6 H. L. Tidke, G. S. Patil and R. T. More

< L (A+B8+7) 2yl
(3.) = Olla -yl

I —yls < [1-&(1- 10 (A +5+7))] Iy —vlln

(3.7) = [1-a(1-0)]il —yls,
respectively.

Therefore, using (3.7) in (3.6), we have

(3.8) lsr—yls < O[1—&(1-0)]llm —lls.

Thus, by induction, we get
k
(3.9) Iy —wls < O T [1=&(1-6)]lwo - vls.
j=0

Since & € [0, 1] for all k € NU {0}, the definition of © and & < 1 yields,
= &0 <&

(3.10) :gk(1—@) <1,V keNu{o}.

From the classical analysis, we know that

2 1.3

S R AT
l—z<e®=1 x+2! 3!—1— , x €10,1].

Hence by utilizing this fact with (3.10) in (3.9), we obtain

_ _ k .
e — s < O e (7€) Tha& gl

®k+1
3.11 S Tr—r
(3.11) g
Thus, we have proved (3.2). Since ng = 00,
k=0
(3.12) 67(17@) Ciw0& 50 as k— oo

Hence using this, the inequality (3.11) implies klim lyk+1 — yllz = 0 and therefore,
— 00

we get yp >y as k — oo. [

Remark: It is an interesting to note that the inequality (3.11) gives the bounds

in terms of known functions, which majorizes the iterations for solutions of the
equations (1.1)-(1.2) for t € I.
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4. Continuous dependence via S—iteration

In this section, we shall deal with continuous dependence of solution of the problem
(1.1) on the initial data, functions involved therein and also on parameters.

4.1. Dependence on initial data

Suppose y(t) and g(t) are solutions of (1.1) with initial data

(4.1) yD(a)=c¢j, 7=0,1,2,---,n—1,
and
(42) y(])(a) :d]’ .]:071’25’”_ 1a

respectively, where c;,d; are elements of the space X.

Then looking at the steps as in the proof of Theorem 3.1, we define the operator
for the equations (1.1)- (4.2)

T0 - X% -ay
j=0 7
(4.3) +ﬁ/ (t = 5)* " F(5.5(5), 5(a), 50) ) ds, t € 1.

We shall deal with the continuous dependence of solutions of equation (1.1) on
initial data.

Theorem 4.1. Suppose the function F in equation (1.1) satisfies the condition
(3.1). Consider the sequences {yr} iy and {T 17> generated normal S— iterative
method associated with operators T in (3.8) and T in (4.3), respectively with the
real sequence {&,}72 in [0,1] satisfying 1 < & for all k € NU{0}. If the sequence
{Tr ooy converges to g, then we have

3M

=)

(4.4) ly—=3llz <

where

& ley — ) -
M = ZO % (b—a).

Proof. Suppose the sequences {yx.};~ and {7 };2, generated normal S— iterative
method associated with operators T in (3.3) and T in (4.3), respectively with the
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real control sequence {&;}72 in [0, 1] satisfying 3 < &, for all k € NU {0}. From
iteration (2.2) and equations (3.3); (4.3) and assumptions, we obtain

lyk+1(t) = Grqa ()]

= [[(Tz)(t) = (Tz) D)

n—1 ¢ ; 1 ‘ o
= ||]2::0F (t—a) +@/a (t—s) F(‘S?Zk(s)vzk(al),Zk(b))ds
S dj J 1 ' a—1 — —
_ ; T (t —a)’ - (@) /a (t—s) ]-'(s,zk(s),zk(a),zk(b)>ds||
n—1
Z llcs ;!dJ” (b—a)’
j=0
1 ! a—1 _ B B
+@ /a (t—s) ||-7:(57 21(8), 2k (a), Zk(b)) — f(s, Zk(s),Zk(a), Zk(b)) || ds
<M s -9

(4.5) x [)\IIZk(S) = Zr(8)[| + Bllzr(a) — Zr(a) ]l + vllzk(b) — Zk(b) II] ds.
Recalling the equations (3.6) and (3.7), the above inequality becomes
(4.6) lYe+1 = Feyalle < M+ Ollze — 2|5,

and similarly, it is seen that

(@.7) low —2ells < &M+ [1—&(1- )]y —Tuln:

Therefore, using (4.7) in (4.6) and using hypothesis © < 1, and £ < &, for all
k € NU {0}, the resulting inequality becomes

lYk+1 = Tppalle < M+ ||z — ZllB

< MA&M+ [1-6(1-0)] Iy - 7ils
< 26M+ &M+ [1-&(1-0)]lye — 7uls
(1) < ﬁ—&@—@h%—%h+&@—®(fid
We denote
Br = vk =kllz 20,
mo= &(1-0)e(1),

3M

= 0.
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< & for all k € NU {0} implies Z{k = 0o. Now, it can be
k=0
easily seen that (4.8) satisfies all the conditions of Lemma 2.2 and hence we have

The assumption %

0 < lim sup Bx < lim sup i
k—o0 k—o0

. _ . 3M
=0 < lim sup ||yx — Ul < lim sup —
k—o0 k— o0 (1 — (-—))
. _ 3M
(49) S0 < limsup e~ Tulls <
k—o0 (1 — @)

Using the assumptions lim y; =y, lim 7, =7, we get from (4.9) that
k—o0 k— o0

which shows that the dependency of solutions of IVPs (1.1)-(1.2) and (1.1)-(4.2) on
given initial data. O

(4.10) ly-7ls <

4.2. Closeness of solution via S—iteration

Consider the problem (1.1)-(1.2) and the corresponding problem

(4.11) (D2,)7(t) = F (. 5(6),5(a), 50) ).
forte€I=1a,b], n—1<a<n (neN), with the given initial conditions
(412) y(j)(a): K j:071325"'an717

where F is defined as F and d; (j=0,1,2,...,n—1) are given elements in X.

Then looking at the steps as in the proof of Theorem 3.1, we define the operator
for the equation (4.11)- (4.12)

0 = X% -ay
i=0 7’
(4.13) +ﬁ/ (t—s)a—lf(s,y(s),y(a),y(b))ds, tel.

The next theorem deals with the closeness of solutions of the problems (1.1)-(1.2)
and (4.11)-(4.12).
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Theorem 4.2. Consider the sequences {yy ;2o and {Y, }r—o generated normal S—
iterative method associated with operators T in (3.8) and T in (4.13), respectively
with the real sequence {&,}32 in [0,1] satisfying 3 < & for allk € NU{0}. Assume
that

(i) all conditions of Theorem 3.1 hold, and y(t) and G(t) are solutions of (1.1)-
(1.2) and (4.11)-(4.12) respectively.

(ii) there exists non negative constant e such that

(414) ||.F<t,U1,UQ,U3) —7(t,u1,u2,u3> || < €, Vtel.

If the sequence {y, }7>, converges to y, then we have

e(b—a)®

=y

Proof. Suppose the sequences {y }7>, and {7, } 7o, generated normal S— iterative
method associated with operators T in (3.3) and T in (4.13), respectively with the
real control sequence {&}72, in [0,1] satisfying 1 < & for all k € NU{0}. From
iteration (2.2) and equations (3.3); (4.13) and hypotheses, we obtain

(4.15) ly=vlls <

[9r41() = Gpea D
= [(T2)(t) = (Tz0) (1)
n—1 ¢ ; 1 t o
_ H;oﬁ (t —a) +F(a)/a (t = 5)"F (5, 24(5), 24(0), 21(0) ) ds

n—1 dj i 1 t o= B - -
_;ﬁ (t—a) _F(Oé)/a (t—s) f(s,Zk(s),zk(a),zk(b))dsn

o« lle = dj Lo
< J Y% A\ _ el
<L 0mw [=s

X F (5. 21(5), 24(a), 24(0) ) = F (5. 24(s), Zk(a), Z4(0) ) | ds

<M+ ﬁ at(t —5)o!
< (52005, (@), 20 (8)) = F (5205, 2n(a), 20(0) ) 1 ds
JrL /t(t )
L(a) Ja
><||]-"<s,2k(s),2k(a),2k(b)> —?(s,zk(s)ﬁk(a),zk(b))IIds
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I a1 I ot
\M—i-@/a(t—s) eds—&—m/a(t—s) p(s)
x[Mlzi(s) = 24 ()| + Bllzi(a) — 2x(@) | + 7l120(b) = 26(0)]||ds
1

S M+ ;‘(za_—:l)l) I'(«) / (t— S)a_lp(s)

x| Alz(s) = 2k()ll + Bllzi (@) = Zx(@)l] + 1 20(6) — 2 ()| ds
1

SM+ ;‘(E)a_—i-a)l) I'a) / (t=5)"""p(s)

(4.16) x| Alz(s) = 26()ll + Bllzi(a) = Zx(@)l] + 1 2(6) = 2 ()| ds

Recalling the derivations obtained in equations (3.6) and (3.7), the above inequality
becomes

_ e(b—a)® _
41 - < M4+ 0" Y —%ls,
(4.17) lYk+1 — TryillB + Tla+ 1) +0llzr — ZkllB

and similarly, it is seen that

b—a)e
(418) |lzx —Zkllp < & |M + ;((af)l)} + [1 —&c(l - @)} vk — Tyl

Therefore, using (4.18) in (4.17) and using hypothesis © < 1, and % < & for all
k € NU {0}, the resulting inequality becomes

lyrs1 — ?k+1||B

< [ Dﬂ +ll2e — ZkllB
<o+ a+;y%4 )+ -6 (1= )l -l
<o[v+ Fo ] v+ )

+[1-&(1-0)]lun ~7ls

e(b-a)°
3{M + F(ail)}

(4.19) <[1—&(1—@)}wk—mm3+&(1—e)(1@>

We denote

Bk
M

Iy =Tl > 0
&(1-0) e O),

e(b—a)”
3[M+ r((a+1)] .-

T (1-9)
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The assumption % < & for all k € NU {0} implies Z{k = 0o. Now, it can be
k=0
easily seen that (4.19) satisfies all the conditions of Lemma 2.2 and hence we have

0 < lim sup Bk < lim sup v

k—o0 k—o0

b—a)®
' ) ' 3[M+ }((aﬂ)]
=0 < limsup |lyx —illp <lim sup ——<—
k—o0 k

(4.20) =0 < limsup lyx —Fplls < —F—~—
k— o0 (1 — @)

Using the assumptions lim y; =y, lim 7, =7, we get from (4.20) that
k—o0 k—o0

e(b—a)®

which shows that the dependency of solutions of IVP (1.1)-(1.2) on the function
involved on the right hand side of the given equation. [

(4.21) ly—3lls <

Remark: The inequality (4.21) relates the solutions of the problems (1.1)-(1.2)
and (4.11)-(4.12) in the sense that, if F and F are close as € — 0, then not only the
solutions of the problems (1.1)-(1.2) and (4.11)-(4.12) are close to each other (i.e.
lly—7lls — 0), but also depends continuously on the functions involved therein and
initial data.

4.3. Dependence on Parameters

We next consider the following problems

(4:22) (D2.)y(t) = F(t.y(0), y(a). y(b). 1 ).

fortelI=1la,b, n—1<a<n (neN), with the given initial conditions

(423) y(j)(a):cj’ j:031a2,"'an713
and
(4:24) (D2,)7(0) = F (1,70, 5(a), 70 2.

forteI=1Ja,b], n—1<a<n (neN), with the given initial conditions

(4.25) 7)) =d;, j=0,1,2,---,n—1,
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where 7 : I x X x X x X x R — X is continuous function, ¢;, d; (j =
0,1,2,...,n—1) are given elements in X and constants p1, o are real parameters.

Let y(t), y(t) € B and following steps from the proof of Theorem 3.1, define the
operators for the equations (4.22) and (4.24), respectively

T = SS9 —ay
=0

J!
(4.26) —&—ﬁ/a (t— (9)“_1.7-'(57y(s)7y(a),y(b)ﬁn)ds7 tel.
and
_ n—l d. ]
Ty = Y f, (t —a)
=0
(4.27) +1"(1a)/ (tfs)aflf(s,y(s),y(a),y(b),uz)ds, tel.

The following theorem proves the continuous dependency of solutions on parame-
ters.

Theorem 4.3. Consider the sequences {yy. }y—o and {y, }r—y generated normal S—
iterative method associated with operators T in (4.26) and T in (4.27), respectively
with the real sequence {&k 172 in [0,1] satisfying § < & for allk € NU{0}. Assume
that

(i) y(t) and y(t) are solutions of (4.22)-(4.23) and (4.24)-(4.25) respectively.

(ii) there exists constants X\, B, 7 > 0 such that the function F satisfy the condi-
tions:

||}"<t, Uy, Uz, U3, m) - F(t, vy, V2, Vs, ul) |
<) [Nur = w1l + Blluz = vall + Tlus = vs] -
and
||]~'(t,u1,u2, U3,,u1) — f(t,ul, uz,u?,,,uQ) I < r(t)’ul - ug',
where p, r € C(I,R4).
If the sequence {y, }7>, converges to y, then we have

3[M + 1 — ol L (1)

(o)

(4.28) ly—79ls <

where © = I,°p(t)(A+B+7) <1 (tel).
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Proof. Suppose the sequences {yi }req and {7} e generated normal S— iterative
method associated with operators 7' in (4.26) and T in (4.27), respectively with the
real control sequence {&;}7 in [0, 1] satisfying § < & for all k € NU {0}. From
iteration (2.2) and equations (4.26); (4.27) and hypotheses, we obtain

1Yr+1(8) = Tpesa (D)

= H(Tzk)( ) = (Tz) ()]
1t o
= Z Iy m/a (t—s) 1F<5,zk(s),zk(a)7zk(b),ul)ds

d; ;1 o N
Z;j!<t“>r«wyl(ts) L (s 20(9).Z0(@). Ze(0) 22 ) s

Z HCJ d H a)jJrF(la)/at(ts)al
Mvezk @), 21(b), 1) = F (5, 20(5), 20 @), 20(6), 12 )| s

<ttt s [ = palds + s [ 9756)
x[Xllzi(s) = 2 (5)]| + Bllzla) = 2x(@) |+ Fl20(0) — 26 (0)]l|ds
<M + |y — po| L7 (t) + ﬁ /at(t —5)*7'p(s)
x[Xlzi(s) = 2 ()| + Bllz(a) = 2x(@) |+ Fl20(0) = 26(0)]]|ds
<M+ | — pal L (t) + ﬁ /at(t — )7 B(s)

(429) % |Nllzk(s) = Zu(3)l| + Bllzu(a) — Zu(@)]l + 7z (6) = Zu(0)] ] ds

Recalling the derivations obtained in equations (3.6) and (3.7), the above inequality
becomes

(4.30) lykr1 = Uralle < M+ — polLa®r(t) + Oz — Zi| B,



Existence and Uniqueness of Solution of Fractional Equation via S-Iteration 15

and similarly, it is seen that
(A3Me — 2l < & [M+ = pollr(®)] + [1 = & (1) [l — Tl

Therefore, using (4.31) in (4.30) and using hypothesis © < 1, and % < &, for all
k € NU {0}, the resulting inequality becomes

1Yk+1 = YryallB

< [M+ 1 = el Lr@)] + 2 — 2l

< Ml = 2l 1P| + & [ M+ 2 = ol 1O (0)|
+[1-&(1-0) Iy~ 7ilz

<260 [ M+ i = pal Lr(8)] + € [M + s = pal L"7(0)]
+[1-&(1-0) Iy ~ 7z

M+ a1 = o L7 (1)

(9

(432) <[1—£k(1—@)}||yk—ykB+sk(1—@)3[

We denote

B lyx — Yillz = 0,
mo = &(1-8) e (1),

3[M + i — o 17 (1)]

L (1-9)

oo

The assumption & < & for all K € NU {0} implies ka = oo. Now, it can be
k=0

easily seen that (4.32) satisfies all the conditions of Lemma 2.2 and hence we have

= 0.

0 < lim sup Br < lim sup g

k—o0 k—o0

8[M -+ 11 — pal17(8)|
=0 < lim sup [lyx —7,llp <lim sup —
k— o0 k—o0 (1 — (-—))

3[M + | — gl 127(1)]

(9

(4.33) =0 < limsup |lyx — 7l <
k—o0
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Using the assumptions lim y; =y, lim g, =7, we get from (4.33) that
k— o0 k—oco

3[M + i — pal Lo (1)
(1-e)

which shows the dependence of solutions of the problem (1.1)-(1.2) on parameters
p1 and pp. O

(4.34) ly—vlls <

Remark: The result deals with the property of a solution called “dependence of
solutions on parameters”. Here the parameters are scalars and also note that the
initial conditions do not involve parameters. The dependence on parameters are an
important aspect in various physical problems.

5. Example

We consider the following problem:

_ ﬁ[t —sin(y(t)) | y(0) +y(1)
5

(51) (D)) ; ],

fort € [0,1], n—1<a<n (n€N), with the given initial conditions
(5.2) y 9 (0)=¢j, j=0,1,2,--,n—1,

Comparing this equation with the equation (1.1), we get F € C(I x R3,R), with

Now, we have

[F (). 5(0),y(1) = F(7(2). 5(0). 7(1)
< lﬁ‘ Ht— sin(y(t)) ¢ —sin(y(?)) ‘ n ‘y(O) +y(@)  7(0)+7(@1) H

5 2 2 3 3
(63 <3 [3]sinw) - sin@)| + 3[u0) - 5O)| + 5 ]s0) - 50|
Taking sup norm, we obtain
N —/my — gts,1 1 1 _
(5.4)  F(ty(t),y(0),9(1)) - F(t,5(1),5(0), 51 < + (5 tgt g) ly =7l

3t 1 1 1
where p(t) = = A= 3 b=z, v= 3 and hence the condition (3.1) holds.
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5.1. Existence and Uniqueness

Therefore, we the estimate

© = L pt)A+B+7)
— Iaaﬁ(l+l+l>

5\2 3 3
3,1 1 1
= (=4 =4+ =T
5(2+3+3)( )(®)
7
= —(I,)(t
(1))
7 ta+1
T 10T(a+2)
7
5.5 < —, (<)
(5.5) 10 (e + 2) ( )
Therefore, the condition © < 1 is satisfied only if # <1
’ Y M (a+2) =
We define the operator T': B — B by
n—1 s
_ G4
(Ty)(t) = Zﬁ t
=0
e 3s s —sin(y(s) | y(0) +y(1)
5.6 — | =512 ds, tel.
(5.6) +F(a)/0( )T 2 L Js, 1

Since all conditions of Theorem 3.1 are satisfied and so by its conclusion, the se-
quence {y;} associated with the normal S—iterative method (2.2) for the operator
T in (5.6) converges to a unique solution y € B.

5.2. Error Estimate

Further, we also have for any yy € B

|| s € —2 =l
Yk+1 — Y|IB —— ~ . IlY% —Y|B
* h 6(17@) Z?:o Et
k+1
|:10F(0¢+2):| Hyo _ y”
6[1_WL+2)] Zf:o &
( . )k+1
T0T (a12)

(5.7) < lyo — 9l
e(lfm) o %ﬂ
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where we have chosen ¢§; = 1%_1 € [0,1]. The estimate obtained in (5.7) is called a
bound for the error (due to truncation of computation at the k—th iteration).

5.3. Continuous dependence

One can check easily the continuous dependence of solutions of equations (1.1) on
initial data. Indeed, we have

ly-7ls < —M_
(1-9)

3272—01 llej —d;l (b— a)j

7!

=y

3 Zﬁ—l llej=djll

7=0 7!

S - .
(1 o 10F(a+2))

<

(5.8)

5.4. Closeness of Solutions

Next, we consider the perturbed equation:

_ ﬁ[t— sin(y(t) g0 +y1) 1
5 )

(5.9) “Dg(t) . : -

fort € [0,1], n—1<a<n (ne€N), with the given initial conditions
(510) Q(J)(O):dj,j:O,l,Q,,n—l,

Similarly, comparing it with the equation (4.11), we have

Fo,500). 70, 71)) = 2[R0 O 1)

One can easily define the mapping T : B — B by

T - S G
i=0 7’
(5.11) b [ B[S TOLT) 1,

for t € I. In perturbed equation, all conditions of Theorem 3.1 are also satisfied
and so by its conclusion, the sequence {7, } associated with the normal S—iterative
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method (2.2) for the operator T in (5.11) converges to a unique solution § € B.
Now, we have the following estimate:

_ |§ {t —sin(y(?))) n y(0) +y(1)]
5 2 3
3ttt —sin(y(t))  y(0)+y(1) 1
S, 0
3t 1
=|g|\t—§\
1
<t +§
<1+% t<1)
(5.12) :%:e.

Consider the sequences {yi}7>, with yr — y as k — oo and {y, }7e, with 5, — 7
as k — oo generated normal S— iterative method associated with operators T in
(5.6) and T in (5.11), respectively with the real sequence {&;}7°, in [0, 1] satisfying
1 <& for all k € NU{0}. Then we have from Theorem 4.1 that

e(b—a)”
S[M + Ig(oc-‘r)Z)}

(o)

n—1 |lc;—d;|| 8
320 T 3 x5

7
(1 o 10F(a+2))

n—1 |lc;—d;ll | 24
(5.13) DY = R N

7
(1 T 10T (a+2) )

This shows that the closeness of solutions and dependency of solutions on functions
involved therein.

N

ly —ls

5.5. Dependence on Parameters

Finally, we shall prove the dependency of solutions on real parameters.
We consider the following integral equations involving real parameters pq, po:

(5.14) cDoy(t) = %V - Sir;(y(t)) L Y0 ; y() | m]
and
(5.15) cDog(t) = %[t—sir;@(t)) +y(O);*( ) ],
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fort € [0,1], n—1 < a <n (n € N). Based on the above discussion, one can

observe that p(t) = p(t) = r(t) = 2 and therefore, we have © = ©. Hence by

making similar arguments and from Theorem 4.3, one can has

_ 3[M + i1 — pal L1 (1)
ly=79lls < — [°)
-9)
3IM + |py — ﬂ2|Iaar(t)}
<
7
(1 - m)
3| M + | — MI@@(%)]
< L
7
(1 - m)
- 3 ta+1
_ 3| M + |y~ uzlgm}
X 7
(1 - m)
3_277;& w + §|/L1 - N2|+]
- . | 2 51 5 I'(a+2)

7
(1 - 10F(a+2))

In particular, we choose o = 3, then we have n = [a] +1=[53]+1=2+1=3and

7 7
100 (o + 2) 100(2 +2)
7
100(3)
7
10 x 5. /7
7 x 16
10 x 105 x /7
112
1050 x /7
562
525 x /T
0.0602
< 1

1R

This proves that the T is a contraction with contractivity factor ﬁ. Using this

factor and putting particular values of ¢;, d;, j = 0,1,2, the estimates in (5.7),
(5.8), (5.13) and (5.16) can be simplified further.
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6. Conclusions

Using the S-iterative approach, we discussed the first main result, which deals with
the existence and uniqueness of the solution to the IVP (1.1)-(1.2). Next, we dis-
cussed various properties of solutions like continuous dependence on the initial data,
closeness of solutions, and dependence on parameters and functions involve therein.
Finally, we provided an appropriate example to support all of the findings.

Acknowledgement: The authors are very grateful to the referees for their com-
ments and remarks.
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