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INCLUSION THEOREMS DOUBLE DEFERRED CESARO MEANS
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Abstract. R. P. Agnew presents a definition for Deferred Cesaro mean. Using this
definition R. P. Agnew presents inclusion theorems for the deferred and none Deferred
Cesaro means. This paper is the part III of a series of papers that present extensions to
the notion of double Deferred Cesaro means. Similar to the part I [11] and part II [12],
this paper uses these definitions and the notion of regularity for four-dimensional matri-
ces, to present a multidimensional inclusion theorem and a multidimensional equivalent
theorem, which are multidimensional analog of R. P. Agnew’s results in [2].
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1. Introduction

This paper is the part III of a series of papers that characterize the inclusion
between Cesaro means and double Deferred Cesaro means. In the part I [11] and
the part II [12] we presented the notion of double Deferred Cesaro means which is a
multi-dimensional analog of Agnew’s Deferred Cesaro means in [2]. By using these
notions and results in [11] and [12], this paper continue the progression with the
presentation of a multidimensional inclusion theorem and the following equivalent
theorem:

Let a and B be two positive real constant, and let ; and A; be the greatest integers
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< a' and < B7, respectively, and chose R > 1 and S > 1 such that Q11 > Q; + 1
and Ajy1 > Aj + 1 whenever i > R and j > S respectively. If

(@ _ | Qry1, if n<Qr+1;
Py = Q;, if i>R+1and Qi o+1<m<Q;1+1
and '
) = Aspi, f n<As+1
n Aj, if j>S94+1landAj_o+1<m<A;_1+1
then D .. o) () is equivalent to the double Cesaro mean.

2. Definitions, Notations, and Preliminary Results

The definitions, notations, and preliminary results are similar to those in Part I
[11] which are restated here for the purpose of completeness.

Definition 2.1. [Pringsheim, 1900] A double sequence x = {xj;} has a Pring-
sheim limit L (denoted by P-limz = L) provided that, given an & > 0 there exists
an N € N such that |xy; — L| < € whenever k,I > N. Such an {z} is described
more briefly as “P-convergent”.

Definition 2.2. [Patterson, 2000] A double sequence {y} is a double subse-
quence of {z} provided that there exist increasing index sequences {n;} and {k;}
such that, if {z;} = {xn, x,}, then {y} is formed by

Ty T2 T5 T10
Ty X3 Tg —
g Tg I7 -

In [14] Robison presented the following notion of conservative four-dimensional ma-
trix transformation and a Silverman-Toeplitz type characterization of such notion.

Definition 2.3. The four-dimensional matrix A is said to be RH-regular if it
maps every bounded P-convergent sequence into a P-convergent sequence with the
same P-limit.

The assumption of bounded was added because a double sequence which is P-
convergent is not necessarily bounded. Along these same lines, Robison and Hamil-
ton presented a Silverman-Toeplitz type multidimensional characterization of reg-
ularity in [3] and [14].

Theorem 2.1. (Hamilton [3], Robison [14]) The four-dimensional matriz A is
RH-regular if and only if

RHy: P-limg, p Gmp.kr =0 for each k and I;
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RHy: P-limy, o 320770 0 mnkt = 15
RHs: P-limy, ;> pe o |amnki| = 0 for each I;
RHy: P-limy, ;, > 20 [amonk,i| =0 for each k;
RH5: Zﬁ:),o |@m.n. k1| is P-convergent;

RHg: there exist finite positive integers A and T' such that

Z |a'7n,n,k,l| < A.

k,I>T

The main goals of this paper includes the comparison of double Cesaro mean trans-
formation
1 .
— if k<mandl<n
(€L Dmp { 0, if  otherwise

with the double Deferred Cesaro mean

D _ | eimay i Bm <k < am and py <1< g,
m,n.k,l - 0, if otherwise

where [pn] [gn] (o], and [5n] are sequences of nonnegative integers satisfying

(2.1) O, < Bm, and p, < @, for myn=1,2...;
and
(2.2) lim B,,, = +00 and limg,, = +o00.

Using these four dimensional transformations we shall present an equivalent theo-
rem and the following inclusion theorem. In order that double Cesaro transforma-
tion include a Dyy—1 n—1p,,.q. Where {pm} and {g,} are monotonically increasing
sequences and the characteristic sequences satisfy the condition

o <Pi<axlfBa<az<Pg<---

and
1< <y <Ty<y<I's<---

it is necessary and sufficient that {pﬁ} and {%"} be bounded for all m and n.

3. Main Results

The following is the first of our main results.
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Theorem 3.1. In order that double Cesaro transformation include a D1, n—1.p,..qn
where {pm} and {q,} are monotonically increasing sequences and the characteristic
sequences satisfy the condition

o <hi<a<fr<ag<fPz3<---

and
YN <y <Ty<yy<Iz<---

it is necessary and sufficient that {%} and {%"} be bounded for all m and n.

Proof. For each order pair (m,n) choose i = i, and j = j, such that
a1 <m <y
and

V-1 < n <

Then for any double sequences {si;} we can rewrite the corresponding double
Cesaro mean using the following sums which are denoted by Al A% A3 AL
A", respectively

S1,1 + 81,2 + + S1,8,
S2,1 + 82,2 + + $2,8
s31  +  s32 + + 83,8
)
: + . + + .
sry1 t+ 0 sry2 +  sry,8y
S1,81+1 + + $1,89
52,81 +1 + + 52,85
: + + .
sry.p+1 Tt +  sripy
Sry+1,1  + Srj41,2  + + sry41,8, +  SPy41,8;41  + +  Sry+41,8;
: + . + + . . . + + .
Sra,1 + STg,2 + + ST2,81 + ST, B1+1 + + ST2,B2
81,841 + + 51,83
52,89+1 + + 52,83
: + + :
Srp,p+1 +  sry.B8y s
Sry+1,1  +  Sro+1,2  + +  STy41,8, T+ STo41,8541 T +  srp41,83
. + . + + : . . + + .
Srg,1 + STg,2 + + ST'3, B9 + ST'3,Bp41 + + ST'3,B3
S1,83+1 + + S1,84
52,8541 + + 52,8,
: + + .
SP'3,B1+1 + + Sr's,B3
Srg+1,1 + Srg4+1,2 + +  Srg41,8p, T Sr341,83+41 + +  Srp+41,83
: + . + + . ) . + + :
Sry,1 + STy,2 + + Sry,B3 + Sry,B3+1 + + STy4,B4
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we continue in a similar manner and obtain the following A*~! and A’

S1,8;_1+1 + + 51,8;
82,8;,_1+1 + + 82,8;
. + +
STy,B1+1 + + ST;_1,8;
ST;_1+1,1 + ST _1+1,2 + + STy _1+1.8;-1 + ST _1+1,8;_1+1 + + ST _1+1,8;
+ + + . . . + -+ :
ST 1 + ST;,2 + + ST .81 + ST .8, 1+1 + -+ ST;.8;
S1,8;+1 + + S1,8n
52,8;+1 + + $2,8n
. + +
ST;,B1+1 + +  Sr;_q1.6n -
sST;41,1 t ST 41,2+ o+ sTy41,e t 0 STy41841 F T+ ST 41,8,
: + : + -+ : : : + -+ :
STm,t  t+  Srp2 o+ STyt STpg+1 T 0+ STy B
Thus )
A1+A2+-~-+Al
My =

mn

which a sure us that the double Cesaro mean can be rewritten in terms of the double
Deferred Cesaro mean as follows:

I'r—I" — Ta—T oy —
%Dl@ + %Drﬁrlﬁﬁrl + WDFTHﬁTH
My, = : + : " :
I—T;_ i —Bi_ T, —Bi
+ + (=T ;2;5 B 1)DFj,1+1,ﬁi71+1 + WDF]‘JH,Z?H»I

The above rewriting of the double Deferred Cesaro mean in terms of double Cesaro
mean grants us the following RH,, RH3, RH,, RH5, and RHg, and condition

00,00

P — lim Z ammpa] =1

" 1=0,0
holds only if {pﬁ} and {%”} be bounded for all m and n. Thus the transformation
is RH-regular when and only if {pﬁ} and {%”} be bounded for all m and n.
The final part of this theorem is establish by showing that each D’s satisfy the

hypotheses of this theorem and has an inverse. To establish that the D’s has inverse
it is sufficient to show that the system of equations

Sm,n + Sm,n-‘rl + + Smﬂn +
E 5m+1,n + 5m+1,n+11 + + 5m+1,qn +
m,n — . .
- - - -
Spm,n + Spm7n+1 + + 8p7n7Qn
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where m,n = 1,2,3,... has corresponding to each double sequence {E,, ,,} of con-
stant has a unique solution whose elements are {s,  }. For each ordered pair (m, n)
with the corresponding elements m # «aq, s, as,... and n # v1,72,73, . .. chosen
such that ¢ = i,, and j = j, with

Qi1 <m < oy

and
Yi—1 <N <7j.
Now with the properties of {p,.}, {¢.}, and the following definition of E,,, and
Em—i—l,n-i—l
Sman  t+  Smmt+1  t +  Smp, T
Sm+l,m  +  Smtlntl T + Sm+1,8, T
Em,n = .
+ + T
Sai,n + Sa;,n+1 + T S8,
and
Sm+1,n+1 + Sm+1,n+2 + + 3m+1,5j +
Sm42,n+l T+ Smy2nt2 + Sm428; T
Em+17n+1 = .
+ + + +
Say,n+1 + Sa;,n+2 + + Sa;,B;

we are granted
Sm,n + Sm,n+1 + -+ Sm,ﬁj + Sm+1,n + Sm+2,n +-- Sain = Em,n - Em+1,n+1

where m # ai1,a9,a3,... and n # Y1,72,73,... Therefore for each ordered pair
(r,s) we obtain the following:

50‘7*7”/3 + Sa'm')’s"l‘l + + Sa,«,l—‘s +
Sa,+1,y, T Sap+lys+1 T + Sa.+1,1, T
EOCT,'YS = . .
+ + + +
860y T S+l T + 88T,

and since (3, < a,41 and I', < 7,41 except for the terms in the first column and
first row. Also note that

Sapye T Sap e+l T F San Dy T Sapt1y. T+ 88,0, = Eay vy — Payt1,y.41-

Now since the sq, ~, + Sa, yo+1 +* + 5a,,0, + Sa,+1,4, + -+ 58, 4, are uniquely
determine in terms of the elements of {Ey, »} an inverse exists. Thus the existence
of a inverse of D is proven. [

We will now establish equivalency between double Cesaro mean and special double
Deferred Cesaro means.
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Theorem 3.2. Let a and B be two positive real constant, and let Q; and A; be the
greatest integers < o' and < B9, respectively, and chose R > 1 and S > 1 such that
Qi1 > Qi+ 1 and Aj4q1 > Ay + 1 whenever ¢ > R and j > S respectively. If

(@ _ ) Qry1, i n<Qr+1
Pm” = Qi, ’Lf i>R4+1and Q_o+1<m<Q_1+1

and
q(ﬂ) _ As+17 if n<Ag+1; '
n Aj, ’Lf j>S+1andAj,2+1<m§Aj,1+l
then Dmﬂ,nﬂ,pfﬁ%qﬁ{” is equivalent to the double Cesaro mean.

Proof. Tt is clear that psff) and qﬁlﬁ ) monotonically increasing sequence and the
sequences {pgﬁ)} and {q,(f)} are given by a; = Qry;1 +1, Bi = Qry; and v; =
Asij—1+ 1, I'; = Agyj, respectively. Thus using the notation from Theorem 3.1

we are granted the following
a; <P <ar<fr<az <Pz

and

Y1 ST <y <Te<y3 T3 <---.

It is also clear that {’%)} and {q%ﬁ} are bounded for all m and n. Thus the

double Deferred Cesaro means are contain in the double Cesaro means. Now let us

consider the final part. It is also clear that {”17_1 and n—l are bounded
Pm—m+1 qn—n+1

double sequences. Thus Theorem 3.1 of [11] insure that double Cesaro means are
contain in the double Deferred Cesaro means. Therefore double Cesaro means and
the double Deferred Cesaro means are equivalent. [J

If @ and 8 are two positive integers then the above equivalent theorem can be stated
as follows:

Theorem 3.3. If a and 8 be two positive integers and

A i m<a+l;
Pm = o, if i>2andai_o+l<m<a;_1+1

and
_ [ B i n<B+1
=9 pi, if J>2and Bjo+1<n<Bjq1+1

then Dyy—1 n—1,p,,.q, 5 equivalent to the double Cesaro mean.
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