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Abstract. In this paper, we consider an impulsive Sturm—Lioville problem on Sturmian
time scales. We investigate the existence and uniqueness of the solution of this problem.
We study some spectral properties and self-adjointness of the boundary-value problem.
Later, we construct the Green function for this problem. Finally, an eigenfunction
expansion is obtained.
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1. Introduction

Impulsive differential equations have recently been subject to an increasing num-
ber of investigations since they occur in mathematical modeling of various areas of
science, e.g., population dynamics, economics, optimal control, and chemotherapy.
These equations have been studied by several authors (see [3, 9, 16, 17, 18, 21] ).

In the ’80s, Stefan Hilger introduced the theory of time scales. This theory
alms to unify continuous-time and discrete-time equations. Due to its numerous
application in science, many authors have obtained a lot of results about this subject
(see [4, 7,5, 6, 10, 11, 13, 20]).

On the other hand, there are some papers including impulsive dynamic equa-
tions. The results on such problems can be found, for example, in [1, 8, 12, 15].
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Our goal in this paper is to study some spectral properties of the impulsive dynamic
Sturm—Liouville problem on Sturmian time scales defined as

(1.1) —[p(®) 28 (t)}v +q@)z(t)=Xz(t), teJ=]a,c)U(cb],

where T is a Sturmian time scale, J C T, A € C, ¢(.) is a real-valued continuous
function, p (.) is nabla differentiable function on J, p(t) # 0 for all t € J, and pV (.)
is continuous.

Our paper is organized as follows. In the second section, an existence and
uniqueness theorem for Eq. (1.1) with impulsive condition is proved. The minimal
and maximal operators have been introduced, some results are presented and the
self-adjointness of the boundary-value problem have been investigated. In the third
section, Green’s function is constructed. Finally, an eigenfunction expansion is given
in the last section.

First, we recall some necessary fundamental concepts of time scales, and we refer
to [10, 11, 7, 13] for more details.

A time scale T is an arbitrary nonempty closed subset of the real numbers. The
jump operators o, p : T — T are defined by

oc(t)=inf{seT:s>t}, teT
and
p(t)=sup{seT:s<t}, teT.

A point t € T is left scattered if o () # t and left dense if o (t) =¢. A point ¢t € T
is right scattered if p (¢) # t and right dense if p(t) = t. Moreover, o (p(t)) =
plo(t)=t, t €T (see [2]).

2. Impulsive Sturm—Liouville equation on Sturmian time scales

In this section, the existence and uniqueness of solutions of the impulsive dy-
namic Sturm-Liouville equation on Sturmian time scales are proved. Later, minimal
symmetric operators are introduced in the regular cases. Furthermore, some results
are given.

Let us consider the dynamic Sturm—Liouville equation
(2.1) T(z)i=—[p®) 22 ®)] +q) 2 (t) = Az (1), t € J,

with impulsive condition
Z(c+)=CZ (c—),

where T is a Sturmian time scale, J C T, A € C, ¢(.) is a real-valued continuous
function, p(.) is nabla differentiable function on J, p(t) # 0 for all t € J, p¥ (.) is

continuous,
. z o dl 0
(s ) o= )
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and dy, dg are real numbers such that det C = dydy > 0. Note that Z (c+) and Z (¢—)
represent right and left limits with respect to the time scale, and in addition, the
points a,b,c € J are left dense.

It has been denoted by LQV(J ) that the Hilbert space with the inner product

c b
(f.9) = / F () gEVE+6 / F gV,

where f,g € L%(J) and § = dlsz'

Then we obtain the following theorem.

Theorem 2.1. Eq. (2.1) has a unique solution z in L% (J) such that

k1

(2.2) Z@»K(b

). Zen=cze).
where ki, ko are given constants.
Proof. Let z (t) be a solution of Eq. (2.1) and let p (t) 2 (t) = y (t) . Then, we have

) =p )y ().

It follows from (2.1) that

Since

=(a(a () =2 {z(®) + o) 1> ()}

=(qae®)=N{zO)+[o @) =tp~ )y ()}
we get the following first-order system:
Z8 () = AL\ Z (N,

where

and

z (t, N )

Z(t) = ’ .

) ( y (£, 2)

It is clear that the matrix A (¢, \) is regressive, i.e., Is + us (t) A (L, N) (1o (t)
o (t) — t) is invertible. By [[10], Theorem 5.8], we deduce that Eq. (2.1) has
unique solution z (¢, A) with conditions (2.2). O

o |l
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Consider the set
Dmax

z is A-absolutely continuous and pz® is V-absolutely
continuous functions on all subintervals of J,
one-sided limits z (c+) and pz® (c£) exist and finite,
Z(c+)=CZ (c—) and I'(z) € L% (J).

=<{zel¥(J):

Then we define the mazimal operator Liyax on Dpax by the equality Lyaxz = I'(2).
The operator L, that is the restriction of the operator L.y to Dpin is called the
minimal operator, where

(2.3) Dinin = {2 € Diax : 2 (a) = p(a) 22 (a) =2z (b) =p(b) 2> (b) = 0}.
For arbitrary two functions z1, zo € Dnax, we have the following Green’s formula

(T(21), 22) = (21, T'(22))

= /5 [F(Zl)(t)@(t) -z (t)F(zg)(t)} Vi

+6 [ {F(zl)(t)@(t) _— (t)r(ZQ)(t)] vt

(2.4) = 0lz1, 22] (b) = 21, 22] (e4) + [21, 22] (=) = [21, 22] (@),

where
(21, 22] (£) i= Wa (21,7) (1) = p (1) {m1 ()28 (8) — 2 ()22(0) }
Theorem 2.2. The operator Ly, is Hermitian.
Proof. From (2.3) and (2.4), we get the desired result. O
Theorem 2.3. Let n € L (J). Then, the equation
(2.5) r(z) =1
has a solution z (t) satisfying the conditions
(2.6) Z(a)=2Z(0)=0, Z(c+)=CZ(c—),

if and only if the function n is orthogonal to all solutions of the equation I' (z) = 0
satisfying the condition Z (c+) = CZ (¢—).
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Proof. Let z (t) be the solution of the equation I' (z) = 7 satisfying the conditions
(2.7 Z(a)=0, Z(ct+)=CZ(c—).

There exists one such solution. Let us denote by y; and ys, a fundamental system
of solutions of the equation I' (y) = 0 satisfying the conditions

(o)
(V)

Y (c+) =CY (¢—),

1(b)
Yi(b) = ( p By (B >

_ y2 (b)
SURI

(n,yi) = (T (2),9)

(2.8)

From (2.4), we obtain

(2.9) = 0[z, 4] (b) = 8[z, il (e+) + [z, 03] (e=) = [z, 4] (@) + (2, T (12)) -

By (2.7), we deduce that [z,y;] (a) = 0 and d[z,y:] (c+) — [2,9:] (c—) = 0. Since
I’ (y;) = 0, we have

_ ZA or i =
(2.10) (m,y:) = 6[z,y:] (b) = { 6p6(:)(b) v ior i = ;f

O

It follows from Theorem 2.3 that
(2.11) Qo F =13(J),

where € is the set of all solutions of the equation T' (z) = 0 satisfying the condition
Z (c+) =CZ (¢c—), and F is the range of the operator Liy.

Theorem 2.4. Let ay,as,a3, ay € C. Then there exists a function z € Dpyax
satisfying the following conditions

70 S )= (o)

Z(b) = ( p(bii@(b) ) = < Zi )

Proof. Let @ = as = 0 and let n be an arbitrary vector in L2(J) satisfying the
conditions

(2.13) (i) = {

(2.12)

—ay fori=1,
Qs for i = 2.
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where y; and yo are a fundamental system of solutions of the equation I' (y) = 0.
There exists such a vector 7. Indeed if we put n = ¢1y1 + cay2, then (2.13) provide a
system of equations in the constants ¢; (¢ = 1,2) whose determinant is the same as
the Gram determinant for the linearly independent functions y1, y2, and does not
vanish.

Let x denote the solution of the equation I' (z) = n satisfying the conditions

(2.14) X (a) = ( p&ﬂg (@ ) = ( 8 ) X (c4) = OX (¢c—),

From (2.4), we conclude that

(n7yi) = (P (LC) ﬂyi) =

(2.15) 0lz,yil (b) = bla, il (c+) + [, 9] (¢=) — [z, wi] (@) + (2, T (1)) -

By virtue of T' (y;) = 0 and (2.14), we see that [z,y;] (a) = 0 and [z, y;] (c+) —
2, 33] (c=) = 0.
It follows now from (2.8) and (2.10) that

[z, yi] (b) = { z (b) for i = 2.

From (2.13) and (2.15), we get
_ a3
X (b) = ( o ) .

Thus, we have constructed a function x € Dy, such that

X(a):(S),X(b):(Zz).

Similarly, we can construct a function xy € Dy« such that

Xl(a):(3;>,X1(b):<8).

Hence the function z = x + 1 € Dpax satisfies (2.12). O
Theorem 2.5. D, is dense in L% (J).

Proof. Let (L Dy, and let y be any particular solution of the equation I' (y) = ¢
satisfying the condition Y (¢+) = CY (¢—). Therefore, for z € Dyin, we conclude
that

(y, Lminz) = (Lmaxy7 Z) = (F (y) ; Z) = (<7 Z) =0.
From Theorem 2.3 and (2.11), we get y € Qand ( =T (y) =0. O
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Theorem 2.2 and Theorem 2.5 imply that L., is a symmetric operator.
Theorem 2.6. The equality Ly.x = L},;, holds.

Proof. Since Lynax C L ;,, it suffices to show that L, C Lmax. Let ¢ € D}, , where
Dz .., is the domain of the operator LY, . Let L¥ . ¢ = v and £ (z) be any particular

solution of the equation I' (§) = v satisfying the condition Z (¢+) = CZ (¢—) . Then,
for every z € Dpyin, we obtain

(216) (Va Z) = (F (f) ,Z) = (Lmaxf, Z) = (57 Lminz) .
Therefore, we have
(2'17) (V’ Z) = (L;Kning Z) = (C7 Lminz) .

Subtracting (2.17) from (2.16 ), we conclude that (€ — ¢, Lyinz) = 0, i.e., —( € F*.

It follows from (2.11) that £ — ¢ € © C Dpax and £ € Dpax. Then we have
F¢—-¢)=0,ie,I¢)=T(¢)=v=L,,Cand L%, C Lyax. O

Theorem 2.7. The following relation holds

*
Lmax

= Lmin-

Proof. Tt follows from Theorem 2.6 that L’ = L** D L.;,. Hence

max min

(2.18) L

max

- L = Lmaxa

min

due to Lin C Limax- Let £ € D5, .., where D} is the domain of the operator L}, ...

From (2.18), we see that £ € Dpax and L. & = Lyax§. This yields (Lf .6, 2) =
(€, Linax?z), and (Lmax€, 2) = (€, Lmaxz) for all z € Dyax. From (2.4), it may be
concluded that

(2.19) 0[€, 2] (b) = 0[&, 2] (c+) + [€, 2] (¢—) = [€. 2] (a) = 0
for all z € Dyax. Hence Eq. (2.19) is possible only if

£(a) =p(a) €2 (a) = £ (b) =p(b) €2 (b) = O,
i.e., £ € Dyin. Hence and from (2.18) it follows that L¥,. C L. [

By Theorem 2.7, we see that Ly, is a closed symmetric operator.

Consider the impulsive dynamic Sturm—Liouville equation
(2.20) [(z) = Az(t), t € J,
with the boundary conditions

(2.21) a112(a) 4 aiop (a) 2% (a) = 0,
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(2.22) p(ct) A (c+) — dap (¢—) z8 (c=) =0,

(2.23) a12(b) + agap (b) 22 (b) = 0,

where a;j, (i,j =1,2), di and dy are real numbers such that a3, + a?, # 0, a3, +
a3, # 0 and didy > 0.

Theorem 2.8. The impulsive dynamic Sturm—Liouville operator L defined by (2.20)—
(2.23) is self-adjoint on the space L% (J).

Proof. From (2.4), (2.21), (2.23), and (2.22), we can get the desired result. O
From Theorem 2.8, we have the following corollary.

Corollary 2.1. The impulsive dynamic Sturm—Liouville operator L defined by
(2.20)—(2.23) has the following properties.

(i) All eigenvalues are real and simple.
(i) The eigenfunctions f(t, 1) and g(t, ua) corresponding to distinct eigenvalues

w1 and po are orthogonal.

3. Construction of Green’s function

Consider the following boundary value problem

(3.1) —p®A M) Hat) @) =h(t), te

together with the conditions (2.21)-(2.23). Denote by
o1 (6, A), t€la,c)
t,A) =
et ={ % Sl

and
1 (t,A), t€la,c)
w(“):{ b (H,N), e (ch)

two basic solutions of Eq. (2.1) which satisfy the following initial conditions

pi1(a) = —ai2, p(a) SﬁlA(a) = —aii,
Pa(b) = —asa, p(b) %A(b) = —a21,

and both transmission conditions. It is clear that

DA\ = -Wa (¢, ) = =Wia (¢1,91) = —0Wa A (¢2,12) # 0.



Impulsive Sturm—Liouville Problems on Time Scales 659

Then we obtain the general solution of Eq. (2.1) in the form

Z(tA) =4 M1¥ (t,A) + B (LA, tE[a,c)
’ B Q22 (tv >‘) + 521/}2 (ta A) , te (C, bL

where a1, as, 81 and Py are arbitrary constants. Applying the method of variation
of constants, we search the general solution of the non-homogenous Eq. (3.1) in the
form

where the functions aq (¢, \), ag (£, A), B1(t,A) and B3 (¢, \) satisfy the following
equations: for ¢ € [a, ¢),

aft (4, A) 1 (6, A) + B2 (8, A) 91 (1, A) = 0,
(32) aft (1) [p(p (1) ¢ (p(8), V)]

BT () [P (0 () ¥ (p (1) . N)] = h (1),
and

ag (1, A) 2 (8, A) + 88 (8, A) 12 (1, A) = 0,
(33) ag' (t, ) [p(p (1) ¢ (p (), V)]

+65* () [p(p (1) ¥ (p (1), N)] = h (1),

for t € (¢, b)].
On the other hand,

‘ P02 (p(1).N) plo®) ¥ (p(t).N) ’:Wm (o1, 91) (P (t) # 0,

p(p(1) e (0(8). ) plp(®) V2 (0(8),N) ’:W“ (p2,2) (P (8)) 7 0.

If we use the formula

() =z(p)+(Et—p(t) 2 (p(t),
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=p(p®)) [p1 (p (1), M) UP (p (1), ) =1 (p (1), A) 2 (p (1), V)]

=Wia (p1,91) (p (1))
From (3.2) and (3.3), we conclude that
aft (tA) =af (0(),A) = —ppyh (D) v (t,2),

BlA (t’)‘) zﬂlv (U (t)’)‘) = ﬁh(t) ¥1 (t,)\),
for t € [a,c), and
a2A <t7 )‘) = aZV (U (t) ) )‘) = _ﬁah (t) P2 (t’ )‘> )

By (A =65 (0 (t),A) = pixg0h () ¢z (8,2,
for ¢ € (c,b]. Hence
Qaq (U(t)vA) :ﬁﬁch(x)wl (J?,)\)Vl'—FOél, te[a‘7c)7

Bi(o(t),N) =gl Jah(@)er (@,3) Va+ B, t€ a,0),
a3 (0 (8),N) = 530 J} b (@) w2 (2, ) Va + as, t€ (c,b],

Ba(o(t),N) = 5ty [o h(@)pa (2, 0) Va+ Ba, t € (c,b],
and

aq (t7>\) :%fpc(t)h’(x)wl (z7)\)vz+ala te [CL’C),

Bt N = ot [ h(@) 1 (@, 0) Vo + B, t € [a,0),

as (t,A) = pix0 [ B (@) s (2, 0) Va + as, t € (c,8],

B () = 550 [ h(x) g2 (2, 0) Ve + Ba, t € (c,0].
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Thus, the general solution of the non-homogenous Eq. (3.1) is given by the formula

wb((t/\/\) fp(t) x) Y1 (2, \) Vo + arpq (K, N) 0.0)
t€la,c),
G 12D (@) 1 (2, 0) Va + Biby (1, A)
(34) z(t,\) =
<P2(t )\)51’ '(/)2 (J; )\)VZ'—FOQ(PQ (t /\) te (C b]
+G500 J2 b () 0 (2, 0) Vi + Batia (£, 1),
From (34)7 we obtain
(3.5)
A
LN [© B () by (2, A) Ve + angf () —
€ |a,c),
Lo D (2O () 1 (2, ) Va + Brf (),
22 (t,\) =
A
szEtx;‘)gf ) 2 (2, A) V& + asps (£, A) t e (c,bl.
RTACE W5 (79 b () 03 (2, X) Vi + Bavd (1, A)

From (2.21), we get

(3.6) b1 =0.

By the condition (2.23), we obtain

(3.7) as = 0.

From (3.6), (3.7), and (2.22), we get the following system:
Bap2 (c+,A) — diapr (c—, A)

- wg&f § [P B (x) o (2, \) Var

—dy P O h (@) ¢ (2, M) Va,

Bap () 5 (e, A) = andap (c=) Y7 (e, A)

= 2R AN 5 [ (1) hy (2, N) Vi

_d2p7(c )2/; )\()c_ A) f h(z) 1 (x,A) V.
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Since
‘ P2 (c+, ) —d191 (c—, ) ’
plet) 08 (c+,2)  —dap (c=) PP (c—, )
_ ‘ Y2 (C+, A) _w2 (C+7 )‘) ‘
p (C+) (pZA (C+a A) —p (C+) ¢2A (C+7 A)
= Waa (2,9h2) = —3D (N),
we obtain
— 5 / ) o (2, \) Vi,
and ) .
Ba = D()\)/a h(x) 1 (z,\) V.
Hence
z (t,N) = (G(t,x,)\),%) , ted,
where
Lw(t,)\)gp(x,)\)7 a<z<t<b t#c x#c
(38)  Gharn={ PP
W@(t,/\)w(az,)\), a<t<zxz<b t#c, v#c

4. Eigenfunction expansion

In this section, we shall give an eigenfunction expansion. In this context, we
need the following definition and theorem.

Definition 4.1. Let M (¢, ) be a function in C? where a < t and = < b. If

bopb
//\M(t7x)|2Vth<+oo,

then M (t, z) is called the V-Hilbert—Schmidt kernel.

Theorem 4.1. [19] Let A be an operator defined as

(4.1) Az} =1y},
where
(42) Yi :Zaikmkv l;kEN: {172a377?}

k=1
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If
(4.3) laix|* < +oo,
ik=1

then A is the compact operator in 12, where [2 is the standard sequence space.
There is no loss of generality in assuming that A = 0 is not an eigenvalue. Thus

we have

G(t,z) .= G(t,z,0)

(4.4) - _W¢(t)@(x), a<z<t<b t#c xv#c
WWW% a<t<wz<b t#c r#ec

Theorem 4.2. G(t,x) defined by the formula (4.4) is a V-Hilbert—Schmidt kernel.

Proof. 1t follows from (4.4) that

b t
/ Vat/ |G(t,z)|*Va < +o0,
and
b b
/ Vat/ |G(t,z)]*Va < +o0,
a i

since the inner integral exists and the product 1(t)¢(z) belongs to L% (J) x L& (J).
Then, we see that

bopb
(4.5) //|G(t,:r)|2Vth<+oo.
O

Theorem 4.3. Let L be an operator defined as
(Lh)(®) = (Gt 2), (@)
Then the operator L is self-adjoint and compact.
Proof. Let f,g € L%(J). Since G(t,z) = G(z,t) we obtain
(£f.9) = (L) gHVE
= fab [fab G(Lx)f(m)vgc} g(t)Vt

= [} $@) [} Gl g0Vt Y = (£, £9),
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Let

o ¢ 0, telmo
¢l_¢”()_{ O, te(y N

be a complete, orthonormal basis of L% (.J). From Theorem 4.2, we can define

zi = (f60) = [T FD®) D ()t +6 [1 1O (1) 6P (1)t

v = (0,0 = [gD (&)l ()VE+6 [0 g (1) 6 (1) VL,
Qik = fac f; G (z,t) ¢51) (x)qb,(j) (t)VzVi

+02 [V [2G (2,8) ¢ (2)0) (1) V2Vt (i, k € N).

It is clear that LQV(J) is mapped isometrically the space 2. Consequently, our
integral operator transforms into the operator defined by the formula (4.1) in the
space [? by this mapping, and the condition (4.5) is translated into the condition
(4.3). Hence this operator and with it, the original operator is compact. [

Theorem 4.4. The eigenvalues of the operator L form an infinite sequence {\; };-,
of real numbers which can be ordered so that

|>\1| < |)\2‘ <. < |)‘z| < ..., |)\1| — 00 as t — 0.

The set of all normalized eigenfunctions of L forms an orthonormal basis for LQV(J)
and for z € L%(J), Lz = h, Lh = z, Lo; = \i¢; (i € N) the eigenfunction expansion

formula
Lh =Y Xi(h
i=1
is valid.

Proof. From Theorem 4.3 and the Hilbert—Schmidt theorem (see [14]), we see that
L has an infinite sequence of non-zero real eigenvalues {n; };-, with 7, — 0 (i — o0).
Then, we obtain

1
A = — 00 as i — oo.
|7]z|

Furthermore, let {qzﬁi};’il denote an orthonormal set of eigenfunctions corresponding
to {n;};=, - Hence, we get

z =Lh=3%7"1(20¢i) ¢i =Y 101 (Lh,¢;) b;

= Zfil (h7L¢i) ¢; = Z;)il g (27 ¢z) ®i.
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