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Abstract. In this paper, we establish some common fixed point theorems and a coinci-
dence point theorem on complete weak partial metric spaces using auxiliary functions.
We also give some examples in support of the results. The results proved in this paper
extend and generalize several results from the existing literature.
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1. Introduction

The famous Banach contraction principle has been generalized in many direc-
tions, whether by generalizing the contractive condition or by extending the domain
of the function. Matthews [22] introduced the concept of partial metric space as a
part of the study of denotational semantics of dataflow networks [21, 22, 31, 33]. It
is widely recognized that partial metric spaces play an important role in construct-
ing models in the theory of computation. In partial metric spaces the distance of
a point in the self may not be zero. Introducing partial metric space, Matthews
extended the Banach contraction principle [7] and proved the fixed point theorem
in this space. The concept of partial Hausdorfl metric was given by Aydi et al.
[5] and they established a fixed point theorem for multivalued mappings in partial
metric spaces. Excluding the idea of small self-distance Heckmann [16] generalized
the partial metric space to weak partial metric space. Recall that Heckmann [16]
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has shown that, if p is a weak partial metric on X, then for all x,y € X, we have
the following weak small self-distance property:

p@,x) +ply,y
p(a,y) > %
Weak small self-distance property reflects that W PM S are not far from small self-
distance axiom. Clearly, every PM S is a W PM S, but not conversely. Some results

have recently been obtained in [3], [6], [13], [14].

The study of common fixed points was initiated by Jungck [19] in 1986, and this
notion has attracted many researchers to establish the existence of common fixed
points by using various contractive conditions.

This direction of research produced a consistent literature on fixed point, com-
mon fixed point and coincidence point theorems in various ambient spaces. For
more details see [1, 2, 8, 9, 11, 15, 17, 20, 23, 24, 25, 26, 27, 30, 32].

In 2017, Imdad et al. [18] established coupled and tripled fixed point results for
(1, @) contractions on complete weak partial metric spaces which generalize certain
corresponding results of Ayadi et al. [4] and some others.

In 2019, Dhawan and Kaur [12] (Mathematics 2019,7,193) introduced the notion
of F-generalized contractive type mappings by using C-class function and estab-
lished some common fixed point theorems for weakly isotone increasing set valued
mappings in the setting of ordered partial metric spaces and give an example in
support of the result.

Recently, Popa and Patriciu [28] have proved a general fixed point theorem for
a mapping satisfying an implicit relation in the framework of weak partial metric
spaces, which is different of the results from [3] and [14].

Quite recently, Popa and Patriciu [29] have proved a general fixed point theorems
for two pairs of absorbing mappings in the setting of weak partial space, using
implicit relation and give an example in support of the result.

The aim of this paper is to investigate some unique common fixed point and
a coincidence point theorems for two self mappings satisfying auxiliary functions
in the framework of complete weak partial metric spaces. The results of findings
extend and generalize several comparable results in the existing literature.

2. Definitions and Lemmas
Now, we give some basic definitions and auxiliary results on partial metric space
(PMS) and weak partial metric space (WPMS).

Definition 2.1. (21, 22]) Let X be a nonempty set and p: X x X — [0,00) be
such that for all x,y, z € X the following postulates are satisfied:

(PM1) x =y < p(z,z) =p(z,y) = p(Y,y),
(PM2) p(z,z) < p(z,y),
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(PM3) p(z,y) = p(y, ),
(PM4) p(z,y)

IN

p(x,2) +p(z,y) — p(2, 2).

Then p is called partial metric on X and the pair (X, p) is called partial metric
space.

Remark 2.1. It is clear that, if p(x,y) = 0, then x = y. But, if = y, p(z, z) may not
be zero.

Each partial metric space on a set X generates a Ty topology 7, on X which has
a base the family of open p-balls {B,(z,¢) : € X,e > 0}, where B,(z,¢) = {y €
X :p(z,y) <p(z,z)+e} forall z € X and € > 0.

Similarly, closed p-ball is defined as Bp[z,¢] :={y € X : p(z,y) < p(z,z) + ¢}

A sequence {z,} in the partial metric space (X, p) converges with respect to 7,
to a point z € X if and only if p(z, z) = lim,, o p(zn, ).

If p is a partial metric on X, then the functions d,d,: X x X — [0,00) given
by

(2.1) dw(z,y) = p(z,y) — min{p(z, x), p(y, y)}
and
(2.2) dp(z,y) = 2p(x,y) — p(x,x) — p(y, y)

are ordinary metrics on X.

Remark 2.2. Let {z,} be asequence in a PMS (X, p) and € X, then limy, o0 dw(Tn,z) =
0 if and only if

p(z,z) = lim p(an,z) = lm p(zn,zm).

Proposition 2.1. ([3]) Let (X, p) be a PMS, then d, and d,, are equivalent metrics
on X.

Definition 2.2. ([22]) Let (X,p) be a partial metric space. Then

(1) asequence {z,} is called a Cauchy sequence if limy, 1—s 00 P(Zn, Tny,) exists and
is finite,

(2) (X,p) is said to be complete if every Cauchy sequence {z,,} in X converges
with respect to 7, to a point € X such that p(x, ) = lim, m—co D(Tn, Tm)-

Definition 2.3. ([16]) A weak partial metric space on a nonempty set X is a
function p: X x X — [0, 00) such that for all z,y,z € X, the following is satisfied:

(WPM1): x =y < p(z,z) = p(z,y) = p(Y, ),
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(WPM2): p(z,y) = p(y, x),

(WPM?)) p(x,y) < p(x,z) +p(z,y) —p(Z,Z).

Then p is called weak partial metric on X and the pair (X, p) is called weak partial
metric space (in short WPMS).

If p(z,y) =0, then x = y.

It is obvious that, every partial metric space is a weak partial metric space, but
the converse is not true. For example, if X = [0,00) and p(z,y) = %‘y, then (X, p)
is a weak partial metric space and (X, p) is not a partial metric space. For another
example, for z,y € R the function p(x,y) = # is a non partial metric but weak
partial metric on R.

Remark 2.3. ([3]) If (X, p) be a WPMS, but not a PMS, then the function d, as in (2.2)
may not be an ordinary metric on X. For example, let X = [0,00) and let p: X x X —
[0,00) defined by p(z,y) = %ﬂ Then it is clear that dp(z,y) = 0 for all z,y € X, so dp
is not a metric on X. Note that, in this case dw(z,y) = 1|z — y|.

Proposition 2.2. ([3]) Let a,b,c € [0,0), then we have

min{a, ¢} + min{b, ¢} < min{a, b} + c.

Proposition 2.3. ([3]) Let (X,p) be a WPMS, then dy,: X x X — R defined as
in (2.1) is an ordinary metric on X.

Definition 2.4. A point z in X is called a coincidence point of two self mappings
fand S of X if fr = Sz for each x € X.

Example 2.1. Let f(z) = =® and S(z) = z* for all z € [0, 1]. Then f and S have two

4
coincidence point 0 and Clearly, they commute at 0 but not at i.

1
I

Remark 2.4. In a weak partial metric space, the convergent Cauchy sequence and the
completeness are defined as in partial metric space.

Lemma 2.1. ([3]) Let (X,p) be a weak partial metric space (WPMS).

(a) {xn} is a Cauchy sequence in (X,p) if and only if it is a Cauchy sequence in
(X, dy).

(b) (X,p) is complete if and only if (X,d,,) is complete.
Lemma 2.2. ([28]) Let (X,p) be a weak partial metric space and {x,} is a se-

quence in (X,p). If lim, oo 2 = z and p(z,z) = 0, then lim, o p(zn,y) =
p(x,y), for ally € X.
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Lemma 2.3. ([10]) Let (X,p) be a partial metric space and let {x,} be a sequence
in (X,p) such that lim,, oo p(Tp+1,2n) = 0.

If the sequence {xa,} is not a Cauchy sequence in (X, p), then there exists € > 0
and two subsequences {Tap k) } and {Ta, )} of positive integers with n(k) > m(k) >
k such that the four sequences

p($2'rn(k)a x2n(k)+1)7 p(gj27n(k)7 an(k))a p(me(k)—la x2n(k)+1)7 p(x2m(k)—17 x2n(k:))

tend to € > 0 when k — oo.

Remark 2.5. Remark 2.2 is still true for weak partial metric spaces.

3. Main Results

In this section, we shall prove some unique common fixed point and a coincidence
point theorems via auxiliary functions in the setting of complete weak partial metric
spaces.

The following classes of the auxiliary functions are used in the main results of
this paper.

(1) Let ¥ be the family of continuous and monotone non-decreasing functions
1:[0,00) — [0, 00) such that ¢ (t) = 0 if and only if ¢t = 0.

(2) Let ® be the family of lower semi-continuous functions ¢: [0, c0) — [0, 00) such

that ¢(t) = 0 if and only if ¢t = 0.

Theorem 3.1. Let F and G be two self-maps on a complete weak partial metric
space (X, p) satisfying the condition:

(3.1) ¥(p(Fz,Gy)) <Mz, y)) — ¢(N(z,9)),

for all x,y € X, where

Mz,y) = max {p(a,y), p(z, F2), ply, Gy). 3 ol ) + pla, Gy) + ply, Fo)] .

N (ay) = max {plarv), 11p(e, F2) + ply, Gu)l, § [p(, Go) + ply, )]}

Y €V and ¢ € ©. Then F and G have a unique common fixed point z in X with
p(z,2) =0.

Proof. For each zg € X. Let 29,11 = Fxo, and xop40 = Granq forn =0,1,2,.. ..
We prove that {x, } is a Cauchy sequence in (X, p). It follows from (3.1) for z = x9,
and y = x9,_1 that

¢(p($2n+1,$2n)) = ?/J(p(Fl’QmGl’Qn—l))

(3.2) Y (M(220, Ton-1)) — O(N (T2n, T2n-1)),

IN
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where
M(xon,Tap—1) = max {p(mgn, Ton—1), P(Tan, Fron), p(x2n—1, Gran_1),

%[p(@n, Ton—1) + P(Ton, GTan—1) + p(Ton—1, F$2n)]}
(3.3) = max {p(xgn, Zon—1), P(Tan, Tant1), P(Tan—1, T2n),

1
5 [P@ans 220-1) + P(@20,20) + 0201, 72041)] .

using condition (W PM3), we have

P(Ton—1,Ton+t1) < P(T2n—1,Ton) + P(T2n, Tany1) — P(T2n, Ton),

or
%[p(iﬁzn, Tan—1) + P(T2n, Tan) + P(T2n—1, T2ny1)]
< %[p(ﬂﬁzmxzn—l) + p(T2n-1, T2n)
+p(%2n; T2ni1)]
= %[p($2n7x2n—1) + p(®2n, Tan—1)
+p(2n, T2n41)] (by (WPM2))
(3.4) < max {p(xgn, ZTon—1), P(Tant1, l'gn)},

by equations (3.3), (3.4) and using (WPMZ2), we have

(3.5) M(x2p, Tan—1) < max {p(ﬂ«“zm $2n—1)7p($2n+179€2n)}7
and
1
N(Izn, 172n—1) = max {p(xzn, £E2n—1), Z[P(Izm FCEzn) er(fvzn—l, GIzn—l)],

E[P(xzm Grap-1) + p(r2n-1, F$2n)}}

(3.6) = max {p(xgn, Ton—1), i[p(xgn, Zont1) + p(Tan—1,T2n)],
i[?(%n, Ton) + p(Ton—1, x2n+1)]}7

from condition (W PM3), we have

P(Ton—1, Tant1) < P(Tan—1, Tan) + P(T2n, Tont1) — P(Ton, To2n),

or
1
1 [D(Z2n, Ton) + D(T2n—1, Tant1)]
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1
< Z[p(ﬂan—h Ton) + P(Ton, Tont1)]
(3.7) < max {p(xzn, Ton—1), P(Tan+1, Izn)},

by equations (3.6) and (3.7), we have
(3-8) N (22n, 29,-1) < max {p(i@n» Ton-1), P(T2n+1, fzn)},

From equations (3.2), (3.5) and (3.8), we have

¥(p(r2nt1,w2n)) < lﬂ(max{p(fﬂzmxznfl)vp(xznﬂ’xzn)})
(3.9) —qS(max {p(xgn,xzn,l),p(xgnﬂ,xgn)}).

If p(xont1,Ton) > p(Ton, Tan—1), then from equation (3.9) and using the property
of ¥, ¢, we get

¢(p(z2n+lax2n)) S ¢(p(x2n+1ax2n)) - ¢(p($2n+lax2n))
(3.10) < Y(p(@2n+1,T2n)),

which is a contradiction since p(x2,+1,%2,) > 0. So, we have p(zoni1, o) <
p(Tan, Ton—1), that is, {p(xan+1,22,)} is a non-increasing sequence of positive real
numbers. Thus there exists p > 0 such that

(3.11) P(T2n+1,T2n) = p.

Suppose that p > 0. Taking the lower limit in (3.9) as n — oo and using (3.10) and
the properties of 1, ¢, we have

Y(p) < (p) —liminf ¢(p) < P(p) — ¢(p) < Y(p),

n—oo

which is a contradiction. Therefore,

lim p(22n+1,22,) =0,
n—oo

which implies

(3.12) lim p(zp41,2,) =0.

n—oo

Now, we shall prove that {xs,} is a Cauchy sequence in (X,p). On the contrary,
assume that {x9,} is not a Cauchy sequence in (X, p), then by Lemma 2.3, there
exists € > 0 and two subsequences {Zg,,(x)} and {xa, )} of {z2,} with n(k) >
m(k) > k such that the sequences

P(T2m (k) Tan(k)+1)> P(T2m(k)> Tan(k))s P(T2mk)—1> T2n(k)+1)s P(T2m(k)—15 T2n(k))

tend to € > 0 when k£ — oo.
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Now, using the given contractive condition (3.1) for x = 2,1y and y = Ty k)41,
we have

Y(P(T2mk), Toniy+1)) = Y(PFTam@)—1, GLanw))
< Y (M(@2m)—1, Tan(k)))
(3.13) — (N (Z2m(k)—15 Tan(k)))»
where
M(Zom(k)-1, Tonk) = maX{p(x2m(k)—lax2n(k))7
P(Tomk)—1> FTamk)—1)s P(Tan(k), GToan(k)),
%[p(me(k)fh Ton(k)) + P(T2m(k)—1, GTon(k))
+p(x2n(k),F332m(k)—1)]}
= max {p(me(k)—luxQn(k))7
(3.14) P(T2m(k)— 15 Tam(k))s P(T2n(k)s Tan(k)+1)s

1
3 [P(T2m (k)15 T2n(k)) T P(T2m(k) =1, Tan(k)+1)
+p<x2n(k)a x2m(k))} }

Taking the limit as k — oo and using (WPM2) and (3.12) in (3.14), we get

(3.15) M(Zom(k)=1, Tank)) — max{e,0,0,e} = ¢,
and
N (Zom(k)-1; Tonk)) = max {p($2m(k)—17 Ton(k))s
i [P(T2mk)—1> FTamk)—1) + P(Tank), GTanm))]s
i[p(lém(k)fla GTopy) + P(T2n k), Fl’zm(k)q)]}
(3.16) = max {p($2m(k)717 ﬂﬁzn(k)),
1

1 [P(T2m(k)—1> T2m(k)) + P(T2n (k) Tan(k)+1)]5

i{p(lém(k)—la Ton(k)+1) + P(Ton(k), fvzm(k))]}-
Taking the limit as k — oo and using (WPM2) and (3.12) in (3.16), we obtain
(3.17) N (Zom(k)—15 Tan(k)) — max{e,0, %} =e.

Thus, by (3.13) for any k¥ — oo, we have
P(e) < ihe) — ¢(e) < (e,
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which is a contradiction. Hence, we have

(3.18) lim p(zp,2m) =0.

n,M—00

Since limy, ;00 P(Zn, T ) exists and is finite, we conclude that {z,} is a Cauchy
sequence in (X, p).

On the other hand, since

IA

p(Tp, ) — min {p(mn, T )y D(Tims mm)}

< p(Tn, Tm).

dw(xna xm)

Therefore, taking the limit as n, m — oo and using (3.18), we have

(3.19) n}rllrgoo A (T, T) = 0.

This shows that {z,} is also a Cauchy sequence in the metric space (X, d,,). Since
(X, p) is complete, then from Lemma 2.1, the sequence {z, } converges in the metric
space (X, d,,), say to a point z € X and lim,,_, oo dyy (24, 2) = 0. Again from Lemma
2.1, we have

(3.20) p(z,2) = lim p(zp,2) = lim  p(@n, Zm).

n— o0 n,m—o0

Hence from (3.18) and (3.20), we get

(3.21) p(z,2z) = lim p(x,,2z) = lUm p(x,,zm,) =0.

n— oo n,m—0o0

Now, we shall show that z is a common fixed point of F' and G. Notice that due to
(3.21), we have p(z,z) = 0. By (3.1) with = zg, and y = z and using (3.21), we
have

V(p(w2n41,Gz)) = ©(p(Faon,Gz))

(3.22) Y (M(z2n,2)) — ¢(N (220, 2)),

IN

where
M(wzn,2) = max{p(wan, 2), p(@2n, Frzn),p(z, G2),

310(2an, 2) + plwzn, G2) + plz, Faan)] |

= max {p(xzn,Z),p(xzn,$2n+1),p(2’,GZ),
1
g[P(«T%n Z) +p($2m GZ) +p(zax2’n+1)]}v

passing the limit as n — oo and using (3.21) in the above inequality, we obtain

p(z,Gz)

(3.23) M(z2p, z) = max {0, 0,p(z,Gz), 3

} = p(z,Gz),
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and

[p(22n, Fon) + p(z,G2)],

B~ =

N(.Tgn, Z) = max {p(xQ’ru 2)7

*[P(xzn, Gz) + p(2, Faz)]
1
4

i[p(@n, Gz) + p(z, -T2n+l)]}7

= max{p(xgn,z), [P(T2n, T2ny1) + p(2, G2)],

passing the limit as n — oo and using (3.21) in the above inequality, we obtain

p(z,Gz) p(z,Gz)\ _ p(z,Gz)
(3.24) N (zap, z) — max {0, PR } ==
Now, from (3.22), (3.23) and (3.24), we have

p(z,Gz)

T )

passing the limit as n — oo in the above inequality and using the property of ¢, ¢,
we obtain

(325) w(p(902n+17 GZ)) < ¢(P(Za GZ)) - ¢)<

p(z,Gz)

v (p(z,G2)) < ¥(p(z,G2)) — 6(=—

) <¥(p(z,Gz)),

which is a contradiction. Thus Gz = z, that is, z is a fixed point of GG. Similarly,
we can prove that z is also a fixed point of F'. Hence, z is a common fixed point of
F and G. Finally to prove uniqueness, suppose z’ is another common fixed point
of F' and G such that Fz' = 2/ = G2’ with z # 2’. From (3.1) and (3.20), we have

z/J(p(z,z’)) = ¢(P(F27GZ/>)

(3.26) V(M(z,2) = d(N(2,7)),

IN

where

M(z2) = max{p(z2),p(z F2),p(/, G2),

1

§[p(z, 2') +p(z,G2') + p(7, Fz)]}

= max{p(z,z’),p(Z,Z%p(Z/,Z/),
Slp(z2) + p(z ) +p(, )]}

= max{p(z,z’),0,0,p(z,z’)} (by (WPM2))
(3.27) = p(z,2),



Some Common Fixed Point Theorems 961

and
N(z,2') = max {p(z, 2'), i[p(z, Fz)+p(2,GZ")],
1P G2) + (', =)}
= max {p(z, 2", i[p(z, z) +p(2', )],
1 / !
1P +p(2)]
— max {p(z,z/),O,p(ZéZ/) } (by (WPM2))
(3.28) = p(z,2).

Now, from equations (3.26)-(3.28) and using the property of 1, ¢, we obtain

O(p(z,2) < Y(p(z,2) = o(p(2,2") <¥(p(z,2),

which is a contraction. Thus, z = 2’. This shows that the common fixed point of
F and G is unique. This completes the proof. [

If we take F* = G = T in Theorem 3.1, then we have the following result as
corollaries.

Corollary 3.1. LetT be a self-map on a complete weak partial metric space (X, p)
satisfying the condition:

(3.29) U (p(Tz, Ty)) < ¥(M(2,y)) — d(N(2,y)),

for all x,y € X, where

Mz,y) = max {p(e, ), p(e, T2), ly, Ty, 5 (e, ) + P, Ty) + ply, T)] .

N ) = max {p(e, ), 1l T2) + ply, Ty)l, 1 (2, Ty) + ply, T},

Y €W and ¢ € D. Then T has a unique fized point u in X with p(u,u) = 0.

Corollary 3.2. LetT be a self-map on a complete weak partial metric space (X, p)
satisfying the condition:

Y(p(Tz,Ty)) < p(M(z,y)) — ¢(M(z,y)),

forall x,y € X, where M(z,y) as in Corollary 3.1, 1» € ¥ and ¢ € . Then T has
a unique fized point u in X with p(u,u) = 0.
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Corollary 3.3. LetT be a self-map on a complete weak partial metric space (X, p)
satisfying the condition:

for all z,y € X, where N (z,y) as in Corollary 3.1, € ¥ and ¢ € ®. Then T has
a unique fized point u in X with p(u,u) = 0.

Taking v to an identity mapping and ¢(t) = (1—k)t for all t > 0, where k € (0,1)
in Corollary 3.2, then we obtain the following result.

Corollary 3.4. LetT be a self-map on a complete weak partial metric space (X, p)
satisfying the condition:

p(Tz,Ty) < k max {p(w, y),p(z, Tx),p(y, Ty), %[P(ﬂf, y) +p(z,Ty) + p(y, Tv)] }

for all z,y € X, where k € (0,1) is a constant. Then T has a unique fized point u
in X with p(u,u) = 0.

Taking 1 to an identity mapping and ¢(t) = (1—q)t for all ¢ > 0, where ¢ € (0,1)
in Corollary 3.3, then we obtain the following result.

Corollary 3.5. LetT be a self-map on a complete weak partial metric space (X, p)
satisfying the condition:

P(T2,Ty) < g max {p(a,v), 1 [p(e. T2) + by, To)l, { ol To) + ply, o)}

for all x,y € X, where q € (0,1) is a constant. Then T has a unique fixed point u
in X with p(u,u) = 0.

Theorem 3.2. Let G; and Gs be two continuous self-maps on a complete weak
partial metric space (X,p) satisfying the condition:

(3.30) U(p(GT'z, G3y)) < ¥(M(z,y)) — o(N (2,y)),

for all x,y € X, where m and n are some integers,

M,9) = max {ple,g), pl, GI'), 03, ), 3 [p(as) + o, Gly) + (s, G

N(z,y) = max {p(x, ), i[p(% G1'z) + p(y, Gyy)], i [p(z,Gyy) + p(y, G1'v)] }

Y €W and ¢ € . Then G1 and Gs have a unique common fixed point v in X with
p(v,v) = 0.
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Proof. Since GT* and G% satisfy the conditions of the Theorem 3.1. So G7* and G
have a unique common fixed point. Let v be the common fixed point. Then we

have
GT'v = v = G1(GT") = Gyv

= GT(le) = Gyv.

If G1v = vy, then GT"vg = vg. So Gyv is a fixed point of GT*. Similarly, G5 (Gav) =
Gav, that is, Gav is a fixed point of G&.
Now, using equations (3.30) and (3.21), we have

U(p(v,G1v)) = ¥ (p(GT'v,GT'(G1v)))

(3.31) Y (M(v,Grv)) — ¢(N (v, Grv)),

IN

where

M(v,Grv) = max {p(v, G1v), p(v, G'v), p(G1v, GT(G1v),

516(0, G1v) + (0, G (G1)) + p(Grv, o)}

= Inax {p(v,Gl’U),p(’U,v),p(le,le),

é[p(v, G1v) + p(v, G1v) + p(Gyv, U)]}

= max {p(v,GwL0,0,p(v,Gw)} (using (WPM2))
(3.32) = p(v,Gyv),

and

N(v,Giv) = max {P(v, Gv), E[P(Ua GY'v) +p(Grv, GT'(Grv))],
i[?(% G (Grv)) + p(Gro, G;"u)]}

= max {p(v, G1v), i[p(v, v) + p(Ghv, G1v)],

1[?(% G1v) + p(Grv, U)]}

4
= max {p(v, G1v),0, M

(3.33) = p(v,G1v).

} (using (WPM2))

From equations (3.31)-(3.33) and using the property of ¥, ¢, we obtain
’(/}(p(vale)) < '(/J(p(U,le)) - (b(p(UaGlU))
< ¢(P(%G1U))a

which is a contradiction. Hence v = Gyv for all v € X. Similarly, we can show
that v = Gov. This shows that v is a common fixed point of G; and G5. For the
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uniqueness of v, let v’ # v be another common fixed point of G; and G5. Then
clearly v’ is also a common fixed point of G* and G% which implies v = v’. Thus
G1 and G2 have a unique common fixed point in X. This completes the proof. [

Theorem 3.3. Let {F,} be a family of continuous self-maps on a complete weak
partial metric space (X,p) satisfying the condition:

(3.34) Y(p(Faz, Fpy)) < (M(z,y)) — ¢(N(z,y)),

for all x,y € X, where
1
M(a,y) = max {p(z,y), p(z, Fa), p(y, F3y): 5lp(w,y) + p(a, Fay) + ply, Fux)]},

N(z,y) = max {p(fm Y), i[p(wa Fox) + p(y, Fpy)l, i[P(:C, Fpy) + p(y, Fox)] }

Y eV, ¢ €danda,f € F witha # 5, where F denote the family of all continuous
functions a: [0,00) — [0,00). Then there exists a unique pn € X satisfying Fo (1) = p
for all « € F with p(p, u) = 0.

Proof. Follows from Theorem 3.1 and by definition of continuity. [

Theorem 3.4. Let T and f be two self-maps on a complete weak partial metric
space (X, p) satisfying the condition:

(3.35) V(p(Tz, Ty)) < Yv(Mi(z,y) — ¢(Ma(z,y)),

for all x,y € X, where

M (z,y) = max {p(fx, fv),p(fz, Tx),p(fy, Ty), é[p(fx, fy) +p(fr, Ty)

+p(fy, Tw)]},
Mo, y) = mas {p(F. f9). §[p(7w To) + p(Fy, Ty, 1o, T)

+p(fy, o))},

Y €V and ¢ € ®. If the range of f contains the range of T and f(X) is a complete
subspace of X, then T and f have a coincidence point v € X, that is, fv = Tv with
p(fv, fv) =0.

Proof. Let zp € X and choose a point 1 in X such that Tzg = fx1,..., Tz, =

fxns1. Then from (3.35) for © = z,,—1 and y = xz,, we have successively
w(p(fxmfxrwl)) w(p(Txn—lvTxn))

'(/)(Ml(xn—laxn)) - ¢(M2($n_1,$n)),

(3.36)

IN
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where
Mi(wnoriwn) = max{p(fon-i. foa),p(fn-1, Ton 1), p(Fn, Taa),
SP(Fn s ) + pU a1, Ton) + p(f, Tan )]}
(3.37) = max {p(fon-1, F20), DS, S0), D fn, fni),
SP(Fn o ) + pUfan 1, f2us) + plfan, fra)l )
using condition (WPM3), we have

p(fxn*hfw’rﬂrl) < p(fxnfhfxn) —HD(f:Bn, fanrl) _p(fmnyfxn)7

or

S (s, Fa) + DU, Fnsn) + plf2, )]

< 2P Ta ) + p(Fn o, F20) + D, F2ni)]
(3.38) < max{p(feu-1, fau).p(Fen, frnin)},

by equations (3.37) and (3.38), we have

(3.39) My (Tp-1,2,) = max {p(fxn_l, fxn),p(fxn,fxn+1)}.

Similarly, we can show that

(840)  Mo(@n-1,00) = max {p(fzn-1, f2n),p(f2n, f2ni1) }.

From equations (3.36), (3.39) and (3.40), we have

G(p(fan frnsn) < 6 (max {p(p(fan-1, f0a) p(f20, frni1) })
(3.41) ¢ (max {p(p(f2amr. f).p(Fon, fni1)) }).

I p(fen, fene1) > p(fon—1, f2,), then from equation (3.41) and using the property
of ¥, ¢, we get

¢(p(f$n,f33n+1)) < w(p(fxnafxn-i-l)) _(b(p(fxnafxn-l-l))
(3.42) < Y(p(frn, frnir)),
which is a contradiction since p(fz,, fon+1) > 0. So, we have p(fz,, frni1) <

p(fxn—1, fxn), that is, p(fa,, fr,+1) is a non-increasing sequence of positive real
numbers. Thus there exists L > 0 such that

(3.43) lim p(fan, fens1) = L.

n— oo
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Suppose that L > 0. Taking the lower in (3.41) as n — oo and using (3.43) and the
properties of ¥, ¢, we have

(L) < (L) —liminf (L) < (L) — ¢(L) < (L),

n—00

which is a contradiction. Therefore,
(3.44) ILm p(fTn, frns1) = 0.

On the other hand, since

dw(fTnt1, fon) < p(fxn+17fxn)_min{p(fifnafxn)vp(fxn+17fmn+l)}
S p(fanrlvfmn)'

Therefore, taking the limit as n — oo and using (3.44), we have
(3.45) ILm dy(fTnt1, fan) = 0.
Therefore we have for m > n

dw(fxma fxn) < dw(fxmafxm—l) + .+ dw(fxn+lafxn)'

Passing to the limit as n,m — oo and using (3.45), we obtain

(3.46) lm dy(fxn, fom) =0.

n,m—oo

This shows that {z,} is a Cauchy sequence in the metric space (X, d,,). Since (X, p)
is complete then from Lemma 2.1, the sequence {z,,} converges in the metric space
(X,dy), say &, = v = fx, = fv as n — 0o, since f(X) is a complete subspace of
X, that is, limy, 00 dy (f2y, fv) = 0. Again from Lemma 2.1, we have

(3.47) p(fo, fo) = T p(frn, fv) = Tim p(fea, fom).

n,m—oo

Moreover, since {z,} is a Cauchy sequence in the metric space (X,d,,), we have
limy, 1 —y00 dw (fTm, fzn) = 0. On the other hand since

(3.48) p(frn, fzn) + p(fTnit, frni1) < 20(f2n, fTni1),

from (3.44), we obtain
(3.49) lim p(f,. fr,) = 0.
Therefore, by the definition of d,, we obtain

p(fxn; fxm) = dw(fxnafxm) + min {p(fxn7fxn)vp(fxmafxm)}a
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and so

(3.50) lim p(fzn, fem)=0.
n,m—00
Thus from (3.47), we obtain
(3.51) p(fv, fv) = lim p(fz,, fv)= lim p(fa,, fz,)=0.
n— oo n,1Mm— 00

Now, we shall show that v is a coincidence point of 7 and f. Notice that due to
(3.51), we have p(fv, fv) = 0. By (3.35), we have

Y(p(Tv, Tay)) < O(Mi(v,2,)) — p(Ma(v,22)),

or

(3.52) Y(p(Tv, frai)) <Y(Mi(v,20)) — d(Ma(v,20)),

where

Mi(v,n) = max{p(fo. faa), p(f0, T0), p(fn, Twn),
S0, foa) + p(fo, Tan) + p(Fn, To)]
(3.53) = max {p(fv, f2,),p(f0, T0).p(fn: Fns1):
S0, foa) 4 (o, Faui) + plFen, To) )
passing to the limit as n — oo and using p(fv, fv) = 0 in (3.53), we obtain

(3.54) Mj(v,x,) — max {O,p(fv,Tv), 0, ép(fv,Tv)} = p(fv, Tv),

and
Mo(v,z) = max {p(fo, fra), 1p(F0, To) + p(fan, T,
1
Z[P(fo, Twn) 4+ p(fan, To)]}
= wmax {p(f0, fa), G100, T0) + P, fis)
(3.55) LU0 Frasa) + oo To)l

passing to the limit as n — oo and using p(fv, fv) = 0 in (3.55), we obtain
1 1 1

(3:56) Ma(v, ) — max {0, 2p(fv, Tv), 7p(fv, T)} = 2p(fv, Tv).

From equations (3.52), (3.54) and (3.56), we have

(3.57) U(p(Tv, frni1)) < v(p(fv, Tv)) — gb(%p(fv,Tv)).
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Passing to the limit as n — oo in (3.57) and using the property of ¥, ¢, we obtain

PE(fe.Te)) < B(p(fe,Te) = o(p(fo, To)). by (WPM2))
< Y(p(fv, Tv)),

which is a contradiction. Hence, Tv = fv. This shows that v is a coincidence point
of 7 and f. This completes the proof. [

Remark 3.1. If we take g = I, the identity map, Mi(z,y) = M(z,y) and Ma(z,y) =
N (z,y) in Theorem 3.4, then we obtain Corollary 3.1 of this paper.

Now, we give some examples in support of our result.

Example 3.1. Let X = [0,1] and p(z,y) = “£¥, then duw(z,y) = 5|z — y|. Therefore,
since (X, dw) is complete, then by Lemma 2.1, (X,p) is a complete weak partial metric
space (WPMS). Consider the mapping 7: X — X, defined by

_fx—=1, if z#0,
ﬂ@*{ 0, if z = 0.

and 1, ¢: [0, 00) — [0, 00) defined by t(t) = ¢ and ¢(t) = 2 for all ¢ > 0.

We claim that condition (3.29) of Corollary 3.1 is satisfied. For this, we consider the
following cases.

Case 1. If z =y =0, then

P(T(@), T(y)) = 0 and ¢ (p(T(@), T(y))) =0,

and
M(z,y) =0, N(z,y) = 0 = ¥ (M(z,p)) =0 = 6(N(z,1)).

Hence

(p(T@), TW))) =0 < (M) - 6(N(,p))-

Case 2. If z =y > 0, then

p(T(@), T(y)) = p(z — 1o = 1) =2 — Land & (p(T(), T())) == — 1.

Now N ) ) , :
ple.y) = =52 p(a, T(@) = =5, ply, TW) = 5=,
+ty-1 +az—1
p(x, T(y)) = % p(y, T(z)) = %
and N .
_xty _rty
M(w,y) = 2 = o(My) = 2,

Nzy) = 22 = 6(N(,9) = TH2
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Hence from condition (3.29), we have

W(pT@),Tw)) = a-1<TEY 2V _TLY

¥(M,y)) = 6(N(@,9)

Thus, we have
¥(p(T(@). T)) < ¥(M@,y) - (N(@p)).

Case 3. If x > y =0, then

PT (@), T() = ple = 1,0) = T and v (p(T(@), 7)) = =5

Now n 9z — 1
P T(W) = 5 9, T(@) = T,

and 2 — 1 2 — 1

Ma,y) = == = v(M(,y)) = =5,

2z — 2z —1

Ne,y) = 2ot = 6 (M) = 2

Hence from condition (3.29), we have
-1 5 1 1
o(pT@) TW)) = TS < SEr-D)=52e—1)- Sr-1)

¥ (M) = o(N@.p)-
Thus, we have

b (p(T(@), Tw)) < v (M,y)) = 6(N(@,p)).

This shows that all the conditions of Corollary 3.1 are satisfied and so T has a unique
fixed point in X, that is, 0 is the unique fixed point of T'.

Example 3.2. Let X = {0,1,2,...,10} and p(z,y) = %, then dw(z,y) = %\x -yl
Therefore, since (X, dy,) is complete, then by Lemma 2.1, (X, p) is a complete weak partial
metric space (WPMS). Consider the mapping T: X — X, defined by

_f x—-1, if x#0,
T(‘L’)_{ 0, if £ =0.

(1) We claim that the inequality of Corollary 3.4 is satisfied with k € [0,1). For this,
we consider the following cases.

Case 1. If z = y =0, then

and
s {p(a. )., ). 0 T, 3 9(o) + 0o To) + (0 T)] | =01
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Hence, we conclude that
p(T(x), T(y))

< k max {p(w, y), p(z, Tx), p(y, Ty), %[p(rv, y) +p(z, Ty) + p(y, Tz)] }

where k € [0,1).
Case 2. If z =y > 0, then

p(T(2),T(y) =plz - Lz —-1) =z -1,

and
1 z+y
max | p(z,y), p(z, Tx), p(y, Ty), 5lp(z,y) + p(e, Ty) + ply, T2)] ¢ = ——-
Hence, we have
p(T(z), T(y) =z — 1< kx=kp(z,y),
where k € [0,1).
Case 3. If x > y =0, then
x—1
P(T (). T(y)) = pla —1.0) = “ 1,
and
1 2¢ — 1
max {p(w‘, y),p(z, Tx),p(y, Ty), 5lp(z,y) +p(z, Ty) + p(y, Tw)]} =
Hence, we have
r—1 x
p(T(2), T(y)) = —5— < k5 =kp(z.y),
where k € [0,1).
Case 4. If x > y > 0, then
r+y—2
P(T(@), () = ple — Ly — 1) = 2=,
and
1 T+y
max | (z,y), p(z, Tx), p(y, Ty), 5[p(2,y) + p(e, Ty) +ply, T2)] f = =5

Hence, we have

where k € [0,1).

This shows that all conditions of Corollary 3.4 are satisfied for k € [0,1) and so T has
a unique fixed point in X. Indeed, 0 € X is the unique fixed point in this case.

(2) Now, we claim that the inequality of Corollary 3.5 is satisfied. For this, we consider
the following cases.
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Case 1. If z = y = 0, then

and
wax {p(z.9), 1, Ta) 4 000 Tw)] {0 To) + 9l T | =0

Hence, we conclude that
p(T(x), T(y))

< g max { oo, ), {0, To) + (0. T ot T) + 000 T .

where ¢ € [0,1).
Case 2. If x = y > 0, then
p(T(z), T(y) =plx - L,z —1)=z—1,

and

max {p(e. 1), 1, Ta) 4 0l Tl o T0) + 000 T} = 250

Hence, we have

p(T(x),T(y)) == —1<qz=qp(z,y),
where ¢ € [0,1).
Case 3. If z > y =0, then

P(T(@), T(w)) = ple —1,0) = T,

and
wax {ple. 1), (e, Ta) 4 000 T o To) + 000 T} = 250

Hence, we have

z—1 T
p(T(x), T(y) = —5— < a5 = ap(z,y),
where ¢ € [0,1).
Case 4. If x > y > 0, then
r+y—2
P(T(2), T(y) = pla = Ly —1) = 2—,

and

waox {ple. 1), (e, Ta) 4 0l T o To) + 000 T} = 250

Hence, we have

P(T@), T() =TI =2 < 200 =

5 ap(z,y),

where ¢ € [0,1).
This shows that all conditions of Corollary 3.5 are satisfied for ¢ € [0,1) and so T has
a unique fixed point in X. Indeed, 0 € X is the unique fixed point.
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4. Conclusion

In this paper, we establish some unique common fixed point and a coincidence

point theorems using auxiliary functions in the setting of complete weak partial
metric spaces and give some consequences of the main results. We also give some
examples to support our results. The results presented in this article extend and
generalize several results from the existing literature.
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