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Abstract. In this paper, we present the notions of lacunary statistically convergent
sequence for fuzzy variables, lacunary statistically Cauchy sequence in credibility space,
and present a kind of lacunary statistical completeness for credibility space. Also, we
present lacunary strong convergence concepts of sequences of fuzzy variables of different
types.
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1. Introduction

Fuzzy theory is well advanced on the mathematics foundations of fuzzy set the-
ory, initiated by Zadeh [50] and established in 1965. Fuzzy theory can be utilized
in a comprehensive variety of real problems. For instance, possibility theory has
been developed by many researchers, such as Dubois and Prade [6], Nahmias [34],
Zadeh [51]. A fuzzy varible is a function from a credibility space (denoted with
the credibility measure) to the set of R. The convergence of fuzzy variables is sig-
nificant component of credibility theory, which can be used into real problems in
engineering and mathematical finance. Fuzzy variable, possibility distribution and
membership function were examined by Kaufmann [14]. Possibility measure, which
is usually determined as supremum preserving set function on the power set of a
nonempty set, is a main concept in possibility theory but it is not self-dual. Since
a self-dual measure is absolutely required in both theory and practice, Liu and
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Liu [19] have introduced a self-duality credibility measure. The credibility mea-
sure plays the role of possibility measure in fuzzy world because it shares some
fundamental features with possibility measure. Specically, since Liu has begun the
survey of credibility theory, and then many specific contents have been examined
(see [15, 16, 17, 20, 21, 22, 45, 52]). Contemplating sequence convergence plays a
key role in credibility theory, Liu [23] presented four kinds of convergence concept
for fuzzy variables: convergence in credibility, convergence almost surely, conver-
gence in mean, convergence in distribution. In addition, based upon credibility
theory, several convergence features of credibility distribution for fuzzy variables
were worked by Jiang [11] and Ma [26].

Wang and Liu [45] thought the relationships among convergence in mean, con-
vergence in credibility, convergence almost uniformly, convergence in distribution,
and convergence almost surely. Besides, numerous researchers emphasized conver-
gence notions in classical measure theory, credibility theory, probability theory, and
examined the connections between them. The concerned readers may examine Chen
et al. [5], Lin [18], Liu and Wang [24], Xia [46] and You [48, 49].

Statistical convergence was first presented by Fast [7] and Steinhaus [38] as a
generalization of ordinary convergence for real sequences. Statistical convergence
turned out to be one of the most active areas of research in the summability theory
after the works of Fridy [9] and Šalát [37]. Statistical convergence has also been
studied in more general abstract spaces such as the fuzzy number space [35]. More
investigations in this direction and more applications of statistical convergence can
be seen in [4, 10, 13, 27, 28, 29, 30, 31, 32, 35, 36, 42, 43, 44]. Also, the readers
should refer to the monographs [2], and [33], and recent papers [39], [40], [41] and
[12] for the background on the sequence spaces.

The first study on lacunary sequence is examined in Freedman et al. [8]. Almost
convergent sequences was defined by Lorentz [25]. For more details on almost
convergence and certain summability methods one may refer to [1, 3, 47].

This paper is devoted to present a new kind of convergence for fuzzy variables
sequences. In Section 2, some preliminary definitions and theorems related to fuzzy
variables sequences, credibility space are presented. In Section 3, in addition, we
plan to work the notion of lacunary statistical convergence of fuzzy variables and to
construct fundamental features of the lacunary statistical convergence in credibility.

2. Preliminaries

A set function Cr is credibility measure if it supplies the subsequent axioms:
Let Θ be a nonempty set, and P (Θ) the power set of Θ (i.e., the largest algebra
over Θ). Each element in P is called an event. For any A ∈ P (Θ), Liu and Liu
[19] presented a crebility measure Cr {A} to express the chance that fuzzy event A
occurs. Li and Liu [16] proved that a set function Cr {.} a crebility measure if and
only if

Axiom i. Cr {Θ} = 1;

Axiom ii. Cr {A} ≤ Cr {B} whenever A ⊂ B;
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Axiom iii. Cr is self-dual, i.e., Cr {A}+ Cr {Ac} = 1, for any A ∈ P (Θ) ;

Axiom iv. Cr {∪iAi} = supi Cr {Ai} for any collection {Ai} in P (Θ) with
supi Cr {Ai} < 0.5.

The triplet (Θ,P (Θ) ,Cr) is named a crebility space. A fuzzy variable was
investigated by Liu and Liu [19] as function from the crebility space to the set of
real numbers.

Example 2.1. Let Θ = {φ1, φ2}. For this case, there are only four events: Ø, {φ1} ,
{φ2} , Θ. Determine Cr {Θ} = 0, Cr {φ1} = 0.7, Cr {φ2} = 0.3, and Cr {Θ} = 1. Then,
the set function Cr is a credibility measure because it supplies the four axioms.

Definition 2.1. ([19]) The expected value of fuzzy variable µ is given by

E [µ] =

∫ +∞

0

Cr {µ ≥ r} dr −
∫ 0

−∞
Cr {µ ≤ r} dr

provided that at least one of the two integrals is finite.

If there is a M > 0 such that

Cr {µ ≤ −M} = 0

and

Cr {µ ≤M} = 1,

then fuzzy variable µ is named as essentially bounded.

Theorem 2.1. (Wang and Liu [45]) When the sequence {µi} convergence in cred-
ibility to µ, then {µi} converges a.s. to µ.

Theorem 2.2. (Liu, [23]) When the sequence {µi} convergence in mean to µ,
then {µi} converges credibility to µ.

A sequence {µk} of fuzzy variables is named as uniformly essentially bounded
(UEB, shortly) provided that there is a M > 0 such that for all k, we get

Cr {µk ≤ −M} = 0

and

Cr {µk ≤M} = 1.

Theorem 2.3. (Bounded Convergence Theorem, [24]) Presume that {µk} is a
sequence of UEB fuzzy variables. If {µk} is convergent in credibility to µ, then

lim
k→∞

E [µk] = E [µ] .
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Theorem 2.4. ([18]) Take f : R→ R as a convex function. Then, there is k > 0
such that

|f (x1)− f (x2)| ≤ k |x1 − x2| ,

for any x1, x2 ∈ R.

Theorem 2.5. Let µ be a fuzzy variable. Then, for any given numbers t > 0 and
p > 0, we have

(2.1) Cr {|µ| ≥ t} ≤ E [|µ|p]
tp

.

3. Main results

In this section, based on existing lacunary statistical convergence, we study the
lacunary statistical convergence in credibility and the lacunary statistical Cauchy
sequence in credibility. In order to better explain our results, we will first present
some significant definitions.

Definition 3.1. The sequence {µi} is said to be lacunary statistical convergent
almost surely (a.s.) to µ if there exists A ∈ P (Θ) with Cr {A} = 1 such that

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ)− µ (φ)| ≥ η}| = 0,

for each η > 0 and every φ ∈ A. In this instance, we write µi
Sθ→ µ, a.s.

Definition 3.2. The sequence {µi} is called to be lacunary statistical convergent
in credibility to µ if there is A ∈ P (Θ) with Cr {A} = 1 such that

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ| ≥ η} ≥ γ}| = 0,

for each η > 0 and γ > 0. In this case, we write Sθ (Cr)− limµi = µ.

Take µ, µ1, µ2, ... as fuzzy variables defined on credibility space (Θ,P,Cr).

(H) The uniqueness of limit: If stθ (Cr)-limµi = µ1 and stθ (Cr)-limµi = µ2,
at that case µ1 = µ2 in credibility.

Theorem 3.1. Lacunary statistical convergence in credibility satisfies the axiom
(H).

Proof. Now, we examine that lacunary statistical convergence in credibility supplies
the axiom (H). Presume that stθ (Cr)-limµi = µ1 and stθ (Cr)-limµi = µ2. Then,
there is A ∈ P (Θ) with Cr {A} = 1 such that

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ1| ≥ η} ≥ γ}| = 0
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and

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ2| ≥ η} ≥ γ}| = 0

for each η > 0, γ > 0. We make the subsequent marks:

B1 = {i ∈ Ir : Cr {|µi − µ1| ≥ η} ≥ γ} ,

and
B2 = {i ∈ Ir : Cr {|µi − µ2| ≥ η} ≥ γ} .

Now let i ∈ B1 ∪B2. Then, we acquire

Cr {|µi − µ1| ≥ η} < γ, Cr {|µi − µ2| ≥ η} < γ.

Therefore
Cr {|µ1 − µ2| ≥ η} = Cr {|µ1 − µi + µi − µ2| ≥ η}

≤ Cr {|µi − µ1| ≥ η/2}+ Cr {|µi − µ2| ≥ η/2} < 2γ.

Since γ > 0 is arbitrary, we acquire

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µ1 − µ2| ≥ η} ≥ γ}| = 0,

which gives µ1 = µ2 in credibility.

Definition 3.3. Take µ, µ1, µ2, ... as fuzzy variables with finite expected values
determined on (Θ,P,Cr). The sequence {µi} is called to be lacunary statistically
convergent in mean to the fuzzy variable µ provided that

lim
r→∞

1

hr
|{i ∈ Ir : E [|µi − µ|] ≥ η}| = 0

for each η > 0.

Theorem 3.2. If the sequence {µi} lacunary statistical convergence in credibility
to µ, then {µi} lacunary statistical converges a.s. to µ.

Theorem 3.3. When the sequence {µi} lacunary statistical converges in mean to
µ, then {µi} lacunary statistical converges in credibility to µ.

Proof. Let the fuzzy variable sequence {µi} be lacunary statistical convergent in
mean to µ. For any taken η, γ > 0 with the aid of Markov inequality, we obtain

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ| ≥ η} ≥ γ}| ≤ lim

r→∞

1

hr

∣∣∣∣{i ∈ Ir :
E [|µi − µ|]

η
≥ γ

}∣∣∣∣ = 0.

Thus, {µi} lacunary statistical converges in credibility to µ.
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Theorem 3.4. Take µ, µ1, µ2, ... as fuzzy variables. Then, {µi} lacunary statisti-
cal converges in credibility to µ if

lim
r→∞

1

hr

∣∣∣∣∣
{
i ∈ Ir :

∑
n∈Ir

Cr {|µn − µ| ≥ η} ≥ γ

}∣∣∣∣∣ = 0,

for any η, γ > 0.

Definition 3.4. The sequence {µi} is said to be lacunary statistical Cauchy se-
quence a.s. if for every η > 0, there is an event A with Cr {A} = 1 and N = N (η)
such that for every φ ∈ A,

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ)− µN (φ)| ≥ η}| = 0.

Example 3.1. Contemplate the crebility space (Θ,P,Cr) to be {φ1, φ2, ...} with Cr {φt} =
1
2

for t = 1, 2, .... The fuzzy variables are given by

µi (φt) =

{
1
t
, if i = t

0, otherwise.

For any η > 0, taking A = Θ and M =
[
1
η

]
+ 1, we get

lim
r→∞

1

hr

∣∣∣∣{i ∈ Ir : |µi (φ)− µN (φ)| ≥ 1

M
> η

}∣∣∣∣ = 0,

for every φ ∈ A. Then, the sequence {µi} is a lacunary statistical Cauchy sequence a.s.

Theorem 3.5. The sequence {µi} lacunary statistical converges a.s. to µ iff {µi}
is a lacunary statistical Cauchy sequence a.s.

Proof. If {µi} lacunary statistical converges a.s. to µ, then there is a fuzzy event A
with Cr {A} = 1 such that for any η > 0, we acquire

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : |µi (φ)− µ (φ)| ≥ η

2

}∣∣∣ = 0

and

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : |µN (φ)− µ (φ)| ≥ η

2

}∣∣∣ = 0

for every φ ∈ A. Thus,

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ)− µN (φ)| ≥ η}| < lim

r→∞

1

hr

∣∣∣{i ∈ Ir : |µi (φ)− µ (φ)| ≥ η

2

}∣∣∣
+ lim
r→∞

1

hr

∣∣∣{i ∈ Ir : |µN (φ)− µ (φ)| ≥ η

2

}∣∣∣ = 0.
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So, for every η > 0 we can select an N = N (η) such that

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ)− µN (φ)| ≥ η}| = 0,

i.e. {µi} is a lacunary statistical Cauchy sequence a.s.

On the contrary, if {µi} is a lacunary statistical Cauchy sequence a.s., then for
any η > 0, there exists N1 = N1 (η) such that

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ)− µN1

(φ)| ≥ η}| = 0.

If {µi} does not lacunary statistical converge a.s., then there is φ∗ ∈ A and η0 > 0,
for any N2 ∈ N, we get

lim
r→∞

1

hr
|{i ∈ Ir : |µN3

(φ∗)− µ (φ∗)| ≥ η0}| = 1,

when N3 > N2. Let

M =
µN3 (φ∗) + µN1 (φ∗)

2
.

Considering the inequality µN1
(φ∗) = 2M − µN3

(φ∗), we observe that

|µN3
(φ∗)− µN1

(φ)| = |µN3
(φ∗)− 2M + µN3

(φ∗)|

= 2 |µN3
(φ∗)−M | > 2η0,

when N2 > N1. This means that

lim
r→∞

1

hr
|{n ∈ Ir : |µN3

(φ∗)− µN1
(φ)| ≥ 2η0}| = 1,

i.e. {µi} is not a lacunary statistical Cauchy sequence a.s. A contradiction demon-
strates proof of the theorem. So, {µi} lacunary statistical converges a.s. to µ.

Now, we present the notion of lacunary statistical Cauchy sequence in credibility.

Definition 3.5. Take µ1, µ2, ... as fuzzy variables. We say that the sequence {µi}
is a lacunary statistical Cauchy sequence in credibility, if for any η > 0, γ > 0, there
exists N = N (γ) such that

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ}| = 0.

Example 3.2. Contemplate the crebility space (Θ,P,Cr) to be {φ1, φ2, ...} with Cr {φ1} =
1
2

and Cr {φt} = 1
t
, for t = 2, 3, .... The fuzzy variables are denoted by

µi (φt) =

{
t, if i = t
0, otherwise.

For any γ > 0, taking η ∈ (0, 1) and N =
[
2
γ

]
+ 1, we acquire

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ}| = 0.

Therefore, the sequence {µi} is a lacunary statistical Cauchy sequence in credibility.
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Theorem 3.6. Presume that {µi} is a lacunary statistical Cauchy sequence in
credibility, then the sequence {µi} is lacunary statistical convergent a.s. to µ.

Proof. Let {µi} be a lacunary statistical Cauchy sequence in credibility. Then, for
any η > 0, γ > 0, there exists N such that

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ}| = 0.

If {µi} does not lacunary statistical converge a.s. to µ, then there is an element
φ∗ ∈ Θ with γ < Cr {φ∗} < 1 such that

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ∗)− µ (φ∗)| ≥ η}| = 1.

and

lim
r→∞

1

hr
|{i ∈ Ir : Cr (µi (φ∗) ≥ γ)}| = 1.

Another way of saying, there is η > 0 and subsequences µik (φ∗) and µNk (φ∗) of
µi (φ∗) such that

lim
r→∞

1

hr
|{i ∈ Ir : |µik (φ∗)− µNk (φ∗)| ≥ η}| = 1.

for any k. From Axiom ii that

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µik − µNk | ≥ η} ≥ γ}| ≥ lim

r→∞

1

hr
|{i ∈ Ir : Cr {φ∗i } ≥ γ}|

for any k. As a result, {µn} is not a lacunary statistical Cauchy sequence in credi-
bility. A contradiction finalizes the proof. So, {µi} is lacunary statistical convergent
a.s. to µ.

Theorem 3.7. If {µi} lacunary statistical converges in credibility to µ, then {µi}
is a lacunary statistical Cauchy sequence in credibility.

Proof. When {µi} is lacunary statistical convergent in credibility to µ, then, there
is A ∈ P (Θ) with Cr {A} = 1 so that

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : Cr
{
|µi − µ| ≥

η

2

}
≥ γ

2

}∣∣∣ = 0

for each η > 0 and γ > 0. Let

A =
{
i ∈ Ir : Cr

{
|µi − µ| ≥

η

2

}
≥ γ

2

}
, B = {i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ} .

Thus
Ac =

{
i ∈ Ir : Cr

{
|µi − µ| ≥

η

2

}
<
γ

2

}
.
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Next we prove B ⊂ A. Presume in contrast that A ⊆ B and i ∈ B \A. Then

Cr
{
|µi − µ| ≥

η

2

}
<
γ

2
, Cr {|µi − µN | ≥ η} ≥ γ.

Let N ∈ Ac, we get Cr
{
|µN − µ| ≥ η

2

}
< γ

2 . Hence

γ ≤ Cr {|µi − µN | ≥ η} ≤ Cr
{
|µN − µ| ≥

η

2

}
+ Cr

{
|µi − µ| ≥

η

2

}
<
γ

2
+
γ

2
= γ,

which is a contradiction. Therefore, B ⊂ A. So, we get

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ}| = 0.

Hence, {µi} is lacunary statistical Cauchy sequence in credibility.

Definition 3.6. A credibility space is named as lacunary statistically complete
in credibility if every lacunary statistical Cauchy sequence in credibility lacunary
statistical converges in credibility.

Theorem 3.8. Credibility space (Θ,P (Θ) , Cr) is lacunary statistically complete
in credibility.

Proof. Take {µn} as a lacunary statistical Cauchy sequence in credibility. Then,
there is a A with Cr {A} = 1 and N = N (γ) such that

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ}| = 0

for each η > 0 and γ > 0. Assume in contrast that it is not lacunary statistical
convergence in credibility. Then, there is a A with Cr {A} = 1 so that

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : Cr
{
|µi − µ| ≥

η

2

}
≥ γ

2

}∣∣∣ 6= 0

for each η > 0 and γ > 0. Let

B =
{
i ∈ Ir : Cr

{
|µi − µ| ≥

η

2

}
≥ γ

2

}
and

C = {i ∈ Ir : Cr {|µi − µN | ≥ η} ≥ γ} .

Thus
Bc =

{
i ∈ Ir : Cr

{
|µi − µ| ≥

η

2

}
<
γ

2

}
.

Next we prove B ⊆ C. Assume C ⊆ B and i ∈ Bc ∩ C. Then

Cr
{
|µi − µ| ≥

η

2

}
<
γ

2
, Cr {|µi − µN | ≥ η} ≥ γ.



692 Ö. Kişi, M. Gürdal and E. Savaş

Let N ∈ Bc, we obtain

Cr
{
|µN − µ| ≥

η

2

}
<
γ

2
.

Hence, there is a N = N (γ) such that

γ ≤ Cr {|µi − µN | ≥ η} ≤ Cr
{
|µN − µ| ≥

η

2

}
+ Cr

{
|µi − µ| ≥

η

2

}
≤ γ

2
+
γ

2
= γ,

which is impossible. Observe that B ⊆ C. This gives that

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : Cr
{
|µi − µ| ≥

η

2

}
≥ γ

2

}∣∣∣ = 0.

Thus, the sequence {µi} have to be lacunary statistical convergent in credibility.
This means that credibility space is lacunary statistically complete in credibility.

Theorem 3.9. Take µ, µ1, µ2, ... as fuzzy variables. Then, {µi} lacunary statisti-
cal converges a.s. to µ iff for any η, γ > 0, we get

lim
r→∞

1

hr

∣∣∣∣∣∣
i ∈ Ir : Cr

 ⋂
r∈Iri

⋃
i∈Ir

|µi (φ)− µ (φ)| > η

 ≥ γ

∣∣∣∣∣∣ = 0.

Proof. According to the definition of lacunary statistical converges a.s., we have
that there is A ∈ P (Θ) with Cr {A} = 1 so that

lim
r→∞

1

hr
|{i ∈ Ir : |µi (φ)− µ (φ)| ≥ η}| = 0

for each η > 0 and every φ ∈ A. Then, for any η > 0, there exists m such that
|µi (θ)− µ (θ)| < η where i > m and for any A ∈ P (Θ), that is identical to

lim
r→∞

1

hr

∣∣∣∣∣∣
i ∈ Ir : Cr

 ⋃
r∈Iri

⋂
i∈Ir

|µi (φ)− µ (φ)| > η

 ≥ γ

∣∣∣∣∣∣ = 1.

From the duality axiom of crebility measure we obtain

lim
r→∞

1

hr

∣∣∣∣∣∣
i ∈ Ir : Cr

 ⋂
r∈Iri

⋃
i∈Ir

|µi (φ)− µ (φ)| > η

 ≥ γ

∣∣∣∣∣∣ = 0.

So, we acquire the result.

Theorem 3.10. If there is a sequence of numbers {ηi} such that
∞∑
i=1

ηi < +∞ and

lim
r→∞

1

hr

∣∣∣∣∣
{
i ∈ Ir :

∑
i∈Ir

Cr {|µi+1 − µi| ≥ ηi} ≥ γ

}∣∣∣∣∣ = 0.

then {µi} lacunary statistical converges a.s. to µ.
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Proof. Since

lim
r→∞

1

hr

∣∣∣∣∣
{
i ∈ Ir :

∑
i∈Ir

Cr {|µi+1 − µi| ≥ ηi} ≥ γ

}∣∣∣∣∣ = 0,

we have

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi+1 − µi| ≥ ηi} ≥ γ}| = 0.

From

lim
r→∞

1

hr

∣∣∣∣∣∣
i ∈ Ir : Cr

 ⋂
r∈Iri

⋃
i∈Ir

{|µi+1 (φ)− µi (φ)| > ηi}

 ≥ γ

∣∣∣∣∣∣

< lim
r→∞

1

hr

∣∣∣∣∣
{
i ∈ Ir : Cr

(⋃
i∈Ir

{|µi+1 (φ)− µi (φ)| > ηi}

)
≥ γ

}∣∣∣∣∣
< lim
r→∞

1

hr

∣∣∣∣∣
{
i ∈ Ir :

∑
i∈Ir

Cr {|µi+1 (φ)− µi (φ)| > ηi} ≥ γ

}∣∣∣∣∣ .
By taking the limit r →∞ on both side of aforementioned inequality, we acquire

lim
r→∞

1

hr

∣∣∣∣∣∣
n ∈ Ir : Cr

 ⋂
r∈Iri

⋃
i∈Ir

{|µi+1 (φ)− µi (φ)| > ηi}

 ≥ γ

∣∣∣∣∣∣ = 0.

Therefore, we obtain

lim
r→∞

1

hr

∣∣∣∣∣∣
i ∈ Ir : Cr

 ⋂
r∈Iri

⋃
i∈Ir

{|µi+1 (φ)− µi (φ)| ≤ ηi}

 < γ


∣∣∣∣∣∣ = 1.

Let
T =

⋂
r∈Iri

⋃
i∈Ir

{φ ∈ Θ : |µi+1 (φ)− µi (φ)| ≤ ηi} .

Since
∞∑
i=1

ηi < +∞, for any η > 0, there is M0 such that

ηM0 + ηM0+1 + ηM0+2 + ... =

∞∑
i=M0

ηi ≤ η.

If φ ∈ T , there is m0 such that

φ ∈
∞⋂

i=m0

{φ ∈ Θ : |µi+1 (φ)− µi (φ)| ≤ ηi} .
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Getting M ≥ max {m0,M0}, we get

ηM + ηM+1 + ... < η

and

φ ∈
∞⋂
i=M

{φ ∈ Θ : | |µi+1 (φ)− µi (φ)| ≤ ηi} .

Indicate

S =

∞⋂
i=m

{φ ∈ Θ : |µi+1 (φ)− µi (φ)| ≤ ηi} ,

then T ⊆ S. Hence, Cr {S} = 1. Namely, as long as i ≥M , we get |µi+1 − µi| ≤ ηi,
for any φ ∈ S, then

|µM − µM+i| ≤ |µM − µM+1|+ ...+ |µM+i−1 − µM+i| ≤ ηM + ...+ ηM+i−1 ≤ η.

Thus, {µi} is a lacunary statistical Cauchy sequence a.s. Based on Theorem 3.5,
{µi} lacunary statistical converges a.s. to µ.

Theorem 3.11. Take µ, µ1, µ2, ... as fuzzy variables and take f : R → R as a
convex function. If {µi} is lacunary statistical convergent a.s. to µ, then {f (µi)}
is lacunary statistical convergent a.s. to f (µ).

Proof. Considering f is a convex function, it is obvious from Theorem 2.4 that there
is a constant w such that

|f (x)− f (y)| ≤ w |x− y| ,

for any x, y ∈ R. Replacing x with µi and y with µ, we acquire

|f (µi)− f (µ)| ≤ w |µi − µ| .

Since {µi} lacunary statistical converges a.s. to µ, then for any η > 0, there is an
event A with Cr {A} = 1 such that for every φ ∈ A

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : |µi − µ| <
η

w

}∣∣∣ = 1.

Then
|f (µi)− f (µ)| ≤ w |µi − µ| < w.

η

w
= η.

Therefore

lim
r→∞

1

hr
|{i ∈ Ir : |f (µi)− f (µ)| < η}| = 1.

Hence, there is an event A with Cr {A} = 1 such that

lim
r→∞

1

hr
|{i ∈ Ir : |f (µi)− f (µ)| ≥ η}| = 0

for every η > 0 which gives {f (µi)} lacunary statistical converges a.s. to f (µ).
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Theorem 3.12. If {µn} is lacunary statistical convergent to µ in credibility and
f : R→ R is a convex function, then {f (µn)} is lacunary statistical convergent in
credibility to f (µ) .

Proof. Since {µi} lacunary statistical converges to µ in credibility, we acquire

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : Cr
{
|µi − µ| ≥

η

w

}
≥ γ

}∣∣∣ = 0,

for every η, γ > 0. Thus

lim
r→∞

1

hr

∣∣∣{i ∈ Ir : Cr
{
|µi − µ| <

η

w

}
< γ

}∣∣∣ = 1.

For that reason f is a convex function, we write

|f (µi)− f (µ)| ≤ w |µi − µ| < w.
η

w
= η.

Therefore

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|f (µi)− f (µ)| < η} < γ}| = 1.

Thus

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|f (µi)− f (µ)| ≥ η} ≥ γ}| = 0.

Hence, {f (µi)} lacunary statistical converges to f (µ) in credibility.

Theorem 3.13. Let µ, µ1, µ2, ... be fuzzy variables, and take f : R→ R as a con-
vex function. If {µi} is lacunary statistical convergent in mean to µ, then {f (µi)}
is lacunary statistical convergent in mean to f (µ).

Proof. If {µi} lacunary statistical converges in mean to µ, then for every η > 0, we
get

lim
r→∞

1

hr
|{i ∈ Ir : E [|µi − µ|] ≥ η}| = 0.

Utilizing Theorem 2.2, for any η, γ > 0,

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ| ≥ η} ≥ γ}| = 0.

In view of the fact that f is a convex function, from Theorem 3.12 we can write

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|f (µi)− f (µ)| ≥ η} ≥ γ}| = 0.

Simultaneously, we can deduce that |f (µi)− f (µ)| is bounded. That is |f (µi)− f (µ)|
is uniformly essentially bounded. Therefore we get, we acquire

lim
r→∞

1

hr
|{i ∈ Ir : E [|f (µi)− f (µ)|] ≥ ε}| = 0.

As a consequence, {f (µi)} lacunary statistical converges in mean to f (µ).
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The following results are obtained from Theorems 2.1 and 3.12 and Theorems
2.2 and 3.13, respectively.

Corollary 3.1. Take f : R → R as a convex function. If {µi} is lacunary statis-
tical convergent in credibility to µ, then {f (µi)} is lacunary statistical convergent
a.s. to f (µ).

Corollary 3.2. Take f : R → R as a convex function. If {µi} is lacunary sta-
tistical convergent in mean to µ, then {f (µi)} is lacunary statistical convergent in
credibility to f (µ).

Theorem 3.14. Take f : R → R as a continuous function. If {µi} is lacunary
statistical convergent a.s. to µ, then {f (µi)} is lacunary statistical convergent a.s.
to f (µ).

Proof. Considering f is a continuous function, for every ε > 0, there exists δ1 > 0
such that |µi − µ| < δ1 implies |f (µi)− f (µ)| < ε. Therefore,

{i ∈ N : |f (µi)− f (µ)| ≥ ε} ⊂ {i ∈ N : |µi − µ| ≥ δ1} .

If {µi} lacunary statistical converges a.s. to µ, then for any δ > 0, there is an event
A with Cr {A} = 1 such that for every φ ∈ A,

lim
r→∞

1

hr
|{n ∈ Ir : Cr {|µn − µ| ≥ ε} ≥ δ}| = 0,

thus

lim
r→∞

1

hr
|{n ∈ Ir : Cr {|f (µn)− f (µ)| ≥ ε} ≥ δ}| = 0.

Therefore, for any ε > 0,

lim
r→∞

1

hr
|{n ∈ Ir : |f (µn)− f (µ)| ≥ ε}| = 0.

As a consequence, {f (µn)} lacunary statistical converges a.s. to f (µ).

Theorem 3.15. If {µi} is lacunary statistical convergent to µ in credibility and
f : R→ R is a continuous function, then {f (µi)} is lacunary statistical convergent
to f (µ) in credibility.

Proof. If {µi} lacunary statistical converges to µ in credibility, then for every η > 0
and δ > 0,

(3.1) lim
r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ| ≥ η} ≥ δ}| = 0.
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For the reason that f is a continuous function, for every η > 0, there exists δ1 > 0
such that |µi − µ| < δ1 implies |f (µi)− f (µ)| < η. Therefore, |f (µi)− f (µ)| ≥ η
implies |µi − µ| ≥ δ1. For that reason one can write,

{|f (µi)− f (µ)| ≥ η} ⊂ {|µi − µ| ≥ δ} .

Take credibility from the both sides,

Cr {|f (µi)− f (µ)| ≥ η} ≤ Cr {|µi − µ| ≥ δ1} ,

which implies

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|f (µi)− f (µ)| ≥ η} ≥ δ}| ≤ lim

r→∞

1

hr
|{i ∈ Ir : Cr {|µi − µ| ≥ δ1} ≥ δ}| .

From (3.1), we have

lim
r→∞

1

hr
|{i ∈ Ir : Cr {|f (µi)− f (µ)| ≥ η} ≥ δ}| = 0.

That means, {f (µn)} lacunary statistical converges to f (µ) in credibility.

Theorem 3.16. Take µ, µ1, µ2, ... as fuzzy variables and take f : R → R as a
continuous function. If {µn} is lacunary statistical convergent in mean to µ, then
{f (µn)} is lacunary statistical convergent in mean to f (µ).

Proof. If {µn} lacunary statistical converges in mean to µ, then

lim
r→∞

1

hr
|{n ∈ Ir : E [|µn − µ|] ≥ ε}| = 0.

By utilizing Theorem 2.1, for any ε > 0 and δ > 0,

lim
r→∞

1

hr
|{n ∈ Ir : Cr {|µn − µ| ≥ ε} ≥ δ}| = 0.

For the reason that f is a continuous function, it is obvious from Theorem 3.15 that

lim
r→∞

1

hr
|{n ∈ Ir : Cr {|f (µn)− f (µ)| ≥ ε} ≥ δ}| = 0.

Simultaneously, we can deduce that |f (µn)− f (µ)| is UEB. So, we obtain

lim
r→∞

1

hr
|{n ∈ Ir : E [|f (µn)− f (µ)|] ≥ ε}| = 0.

Consequently, {f (µn)} lacunary statistical converges in mean to f (µ).

Using similar arguments as in Theorems 2.1 and 3.15 and Theorems 2.2 and
3.16, respectively, we get the following results.
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Corollary 3.3. Let µ, µ1, µ2, ... be fuzzy variables, and take f : R → R as a con-
tinuous function. If {µn} is lacunary statistical convergent in credibility to µ, then
{f (µn)} is lacunary statistical convergent a.s. to f (µ).

Corollary 3.4. Let µ, µ1, µ2, ... be fuzzy variables, and take f : R → R as a con-
tinuous function. If {µn} is lacunary statistical convergent in mean to µ, then
{f (µn)} is lacunary statistical convergent in credibility to f (µ).

Now, we investigate the space |σ1| of strongly Cesàro summable and the space
Nθ of strongly lacunary summable fuzzy variable sequences by

|σ1| =

{
µ = (µi (φ)) : there exists µ (φ) such that

1

n

n∑
i=1

‖µi (φ)− µ (φ)‖ → 0, as n→∞

}
,

and

Nθ =

{
µ = (µi (φ)) : there exists µ (φ) such that νr ≡

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ → 0, as r →∞

}
.

Theorem 3.17. |σ1| ⊆ Nθ, it is necessary and sufficient that limr inf qr > 1.

Proof. For the sufficiency we presume limr inf qr > 1, then there exists ξ (φ) ∈
(Θ,P (Θ) ,Cr) and Cr (ξ (φ)) > 0 such that 1 + Cr (ξ (φ)) ≤ qr for each r ≥ 1. Now,

for µ (φ) ∈ |σ1|0 we acquire

νr =
1

hr

kr∑
i=1

‖µi (φ)‖ − 1

hr

kr−1∑
i=1

‖µi (φ)‖

=
kr
hr

(
1

kr

kr∑
i=1

‖µi (φ)‖

)
− kr−1

hr

 1

kr−1

kr−1∑
i=1

‖µi (φ)‖

 .

Since hr = kr − kr−1, we get kr
hr
≤ 1+Cr(ξ(φ))

Cr(ξ(φ)) and kr−1

hr
≤ 1

Cr(ξ(φ)) ; as Cr (ξ (φ)) > 0

and qr = kr
kr−1

.

The terms 1
kr

kr∑
i=1

‖µi (φ)‖ and 1
kr−1

kr−1∑
i=1

‖µi (φ)‖ both converges to 0. Hence, νr

converge to 0, namely, ηi (φ) ∈ N0
θ . Hence, |σ1| ⊆ Nθ.

For the sufficiency we presume, limr inf qr = 1. Since θ is lacunary sequence, we
can select a subsequence krj of θ providing,

krj
krj−1

< 1 +
1

j
and

krj−1

krj−1

> j, where rj ≥ rj−1 + 2.
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Identify µ = (µi (φ)) by

µi (φ) =

{
1, if i ∈ Irj for some j = 1, 2, ...;
0, otherwise.

Then, for any µ (φ),

1

hrj

∑
i∈Irj

‖µi (φ)− µ (φ)‖ = ‖1− µ (φ)‖ ; j = 1, 2, ...

and
1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ = ‖µ (φ)‖ for r 6= rj .

It gives that (µi (φ)) ∈ Nθ.
But, (µi (φ)) is strongly summable, since if we contemplate w is sufficiently large,

there is a unique j for which krj−1 < w ≤ krj+1−1 and we obtain

1

w

w∑
i=1

‖µi (φ)‖ ≤
krj−1 + hrj
krj − 1

≤ 1

j
+

1

j
=

2

j
.

If w →∞, it follows that j →∞. Hence, we acquire (µi (φ)) ∈ |σ1|0 .

Theorem 3.18. Nθ ⊆ |σ1|, it is necessary and sufficient that limr sup qr <∞.

Proof. For the sufficiency we contemplate limr sup qr < ∞, there exist H (φ) ∈
(Θ,P (Θ) ,Cr) and Cr (H (φ)) > 0 such that qr < Cr (H (φ)) for all r ≥ 1. Thinking
(µi (φ)) ∈ N0

θ and γ > 0 we can select T > 0 such that νi < m for all i = 1, 2, ...

Then, if s is any integer with kr−1 < s ≤ kr, where r > T , we can write,

1
s

s∑
i=1

‖µi (φ)‖ ≤ 1
kr−1

s∑
i=1

‖µi (φ)‖

= 1
kr−1

(∑
I1

‖µi (φ)‖+ ...+
∑
Ir

‖µi (φ)‖

)
= 1

kr−1
ν1 + k2−k1

kr−1
ν2 + ...+ kT−kT−1

kr−1
νT

+kT+1−kT
kr−1

νT+1 + ...+ kr−kr−1

kr−1
νr

≤
(

sup
i≥1

νi

)
kT
kr−1

+

(
sup
i≥T

νi

)
kr−kT
kr−1

= m. kTkr−1
+ γ.Cr (H (φ)) .

Since kr−1 → ∞, as s → ∞, it follows that 1
s

s∑
i=1

‖µi (φ)‖ → 0 and as a result

η (φ) ∈ |σ1|0.
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For the necessity part we think limr sup qr = ∞ and create a sequence in Nθ
that is not strongly Cesàro Summable.

We select a subsequence
(
krj
)

of θ so that qrj > j and establish η = (η (φ)) by

µi (φ) =

{
1, if krj−1

< i ≤ 2krj−1 for some j = 1, 2, ...;
0, otherwise.

Then

νrj =
krj−1

krj − krj−1

<
1

j − 1

if r = rj , νr = 0. Thus (µi (φ)) ∈ N0
θ .

Any sequence in |σ1| consisting of only 0’s and 1’s has an strong limit η (φ) ∈
(Θ,P (Θ) ,Cr), where Cr (η (φ)) = 1 or Cr (η (φ)) = 0.

For the sequence µ = (µi (φ)) and i = 1, 2, ..., krj .

1
krj

∑
‖µ (φ)− 1‖ ≥ 1

krj

(
krj − 2krj−1

)
= 1− 2krj−1

kr
> 1− 2

j

which convergence to 1 and for i = 1, 2, ..., 2krj − 1

1

2krj − 1

∑
i

‖µi (φ)‖ ≥
krj−1

2krj − 1
=

1

2
.

Thus, (µi (φ)) ∈ |σ1| .

Now, we investigate the strong almost convergence in respect of fuzzy variables
in the credibility space (Θ,P (Θ) ,Cr).

Definition 3.7. The sequence {µi} in the credibility space (Θ,P (Θ) ,Cr) is called
to be strongly almost convergent if there exists a fuzzy variable µ (φ) ∈ (Θ,P (Θ) ,Cr)
for which

1

p

s+p∑
i=s+1

‖µi (φ)− µ (φ)‖ → 0 (p→∞) ,

uniformly in s = 0, 1, 2, ...

Theorem 3.19. |AC| ⊂ Nθ.

Proof. Let (µi (φ)) ∈ |AC| and take γ > 0, then there are P > 0 and µ such that

1

p

s+p∑
i=s+1

‖µi (φ)− µ (φ)‖ < γ
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for p > P , s = 0, 1, 2, ....

As φ is lacunary sequence we can select T > 0 such that r ≥ T means hr > P
and as a result νr < γ. So (µi (φ)) ∈ Nθ. Hence to acquire a sequence in Nθ but
not in |AC| establish µ = (µi (φ)) by

µi (φ) =

{
1, if for some r, kr−1 < i ≤ kr−1 +

√
hr;

0, otherwise.

Hence, µ involves arbitrarily long strings of 0’s and 1’s, from which it argues that
µ is not strongly almost convergent. But

νr =
1

hr

∑
i∈Ir

‖µi‖ =
1

hr

√
hr =

1√
hr

which converges to 0 as r →∞. Hence, (µi (φ)) ∈ Nθ.

Now, we present the lacunary convergence notions of fuzzy variable sequences
in credibility space and acquire the relations between them.

Definition 3.8. The fuzzy variable sequence {µi} is called to be lacunary strongly
almost surely (l.s.a.s.) to the fuzzy variable µ iff there exists A ∈ P (Θ) with
Cr {A} = 1 such that

lim
r→∞

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ = 0,

for every φ ∈ A.

Definition 3.9. The fuzzy variable sequence {µi} is called to be lacunary strongly
convergent in credibility to µ if

lim
r→∞

Cr

({
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
= 0,

for every φ ∈ A, each γ > 0.

Definition 3.10. The fuzzy variable sequence {µi} is called to be lacunary strongly
convergent in mean to µ if

lim
r→∞

E

[
1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖

]
= 0,

for every φ ∈ A.
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Definition 3.11. Assume that Φ,Φ1,Φ2, ... are the credibility distributions of
fuzzy variables µ, µ1, µ2, ... respectively. We say that the fuzzy variable sequence
{µi} lacunary strong convergent in distribution to µ if

lim
r→∞

1

hr

∑
i∈Ir

‖Φi (c)− Φ (c)‖ = 0.

for all c at which Φ (c) is continuous

Definition 3.12. The fuzzy variable sequence {µi} is called to be convergent uni-
formly almost surely (u.a.s.) to µ if there is an sequence of events {Ai}, Cr {Ai} → 0
such that {µi} converges uniformly to µ in P (Θ)−Ai, for any fixed i ∈ N.

Here, we examine the relations among the convergence of fuzzy variable se-
quences.

Theorem 3.20. Take {µi} as a sequence of fuzzy variables. If the sequence {µi}
lacunary strongly convergent in mean to a fuzzy variable µ, then {µi} lacunary
strongly converges in credibility to µ.

Proof. Let the fuzzy variable sequence {µi} be lacunary strongly convergent in mean
to µ. For any taken γ > 0, with the aid of Markov inequality, we obtain

lim
r→∞

Cr

({
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
≤ lim
r→∞

E

[
1
hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖

]
γ

= 0.

As a result, {µi} lacunary strongly converges in credibility to µ.

But the converse of the above theorem need not be true in general i.e. lacunary
strongly convergence in credibility does not imply lacunary strongly convergence in
mean. This can be denoted by the following example.

Example 3.3. Contemplate the crebility space (Θ,P,Cr) to be {φ1, φ2, ...} with power
set and

Cr {A} =


sup
φi∈A

1
i
, if sup

φi∈A

1
i
< 0.5;

1− sup
φi∈Ac

1
i
, if sup

φi∈Ac
1
i
< 0.5;

0.5, otherwise

and the fuzzy variables are identified by

µi (φj) =

{
i, if j = i;
0, otherwise
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for i ∈ Ir and µ ≡ 0. For γ > 0, we acquire

lim
r→∞

Cr

({
φ ∈ A : 1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})

= lim
r→∞

Cr

({
φ ∈ A : 1

hr

∑
i∈Ir

‖µi (φ)‖ > γ

})
= lim
r→∞

Cr ({φi}) = lim
r→∞

1
i

= 0 (as i ∈ Ir).

The sequence {µi} lacunary strongly convergent in credibility to µ. But for each i ∈ Ir,
we obtain the distribution of fuzzy variable ‖µi − µ‖ = ‖µi‖ is

Φi (c) =


0, if c < 0;
1− 1

i
, if 0 ≤ c < i;

1, otherwise.

E

[
1
hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖

]
=

+∞∫
0

Cr {φ ≥ c} dc

−
0∫

−∞

Cr {φ ≤ c} dc =

i∫
0

1−
(
1− 1

i

)
dc = 1.

That is, the {µi} does not lacunary strongly converge in mean to µ.

Lacunary strongly convergent in distribution does not mean lacunary strongly
convergence in credibility. Subsequent example denotes this.

Example 3.4. Contemplate the crebility space (Θ,P,Cr) to be {φ1, φ2, ...} with Cr {φ1} =
Cr {φ2} = 1

2
. We think the fuzzy variable as

µ (φ) =

{
1, if φ = φ1;
−1, if φ = φ2.

We also take {µi} = −µ for i ∈ Ir. Then, {µi} and µ have the same distribution and so
{µi} converges in distribution to µ. But, However, for any given γ > 0, we obtain

lim
r→∞

Cr

({
φ ∈ A : 1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})

= lim
r→∞

Cr

({
φ ∈ A : 1

hr

∑
i∈Ir

‖2µi (φ)‖ > γ

})
6= 0.

Therefore, the sequence {µi} does not lacunary strongly converge in credibility to µ.

Now, we present the relation between statistical convergence uniformly a.s. and
statistical convergence a.s. of fuzzy variable sequence {µi} in credibility space.

Theorem 3.21. Take µ, µ1, µ2, ... as fuzzy variables. Then, {µi} is lacunary
strongly a.s. to µ iff for any γ > 0, we have

Cr

 ⋂
r∈Iri

⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

} = 0.



704 Ö. Kişi, M. Gürdal and E. Savaş

Proof. As stated in the definition of lacunary strongly a.s., we get that there is an
A ∈ P (Θ) with Cr {A} = 1 such that

lim
r→∞

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ = 0

for every φ ∈ A. Then, for any γ > 0 there exists t such that 1
hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ <

γ, where i > t and for any φ ∈ A, that is identical to

Cr

 ⋃
r∈Iri

⋂
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

} = 1.

From the duality axiom of crebility measure we obtain

Cr

 ⋂
r∈Iri

⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

} = 0.

Hence, the theorem is finalized.

Theorem 3.22. Take µ, µ1, µ2, ... as fuzzy variables. Then, {µi} lacunary strongly
convergent u.a.s. to the fuzzy variable µ iff for any γ > 0, we have

lim
r→∞

Cr

(⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
= 0.

Proof. If {µi} is lacunary strongly convergent uniformly a.s. to µ then for any δ > 0
there is a A such that Cr {A} < δ and {µi} converges uniformly to µ on P (Θ)−A.

For this reason, for any γ > 0, there exists t > 0 such that 1
hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ <

γ where i > t and φ ∈ P (Θ)−A. That is,

⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

}
⊂ A.

From the subadditivity axiom that

Cr

(⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
≤ Cr (A) < δ.

Thus

lim
r→∞

Cr

(⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
= 0.
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Conversely if,

lim
r→∞

Cr

(⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
= 0

for any γ > 0, then for given δ > 0 and i ≥ 1, there is mi such that

Cr

(⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ ≥ 1

i

})
<

δ

2i
.

Let

A =
⋃
i∈Ir

⋂
mi∈Iri

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ ≥ 1

i

}
.

Then Cr (A) < δ.

Additionally,we acquire

sup
φ∈P(Θ)−A

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ ≥ 1

i

for any i = 1, 2, ... and i > mi. Hence the result is proved.

Theorem 3.23. If {µi} is lacunary strongly convergent u.a.s. to µ, then {µi} is
lacunary strongly convergent in credibility to µ.

Proof. If {µi} is lacunary strongly convergent uniformly a.s. to µ, then

lim
r→∞

Cr

(⋃
i∈Ir

{
φ ∈ A :

1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
= 0

from the above theorem. But we have

Cr

({
φ ∈ A : 1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})

≤ Cr

(⋃
i∈Ir

{
φ ∈ A : 1

hr

∑
i∈Ir

‖µi (φ)− µ (φ)‖ > γ

})
.

As a result, {µi} is lacunary strongly convergent in credibility to µ.
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