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ON CUBIC (a, 8)-METRICS IN FINSLER GEOMETRY
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Abstract. In this paper, we study the class of cubic (a, 8)-metrics. We show that every
weakly Landsberg cubic («, §)-metric has vanishing S-curvature. Using it, we prove that
cubic (a, 8)-metric is a weakly Landsberg metric if and only if it is a Berwald metric.
This yields an extension of the Matsumoto’s result for Landsberg cubic Finsler metrics.
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1. Introduction

Let (M, F) be an n-dimensional Finsler manifold, TM its tangent bundle and
(2%, 9%) the coordinates in a local chart on TM. Let F' = F(z,y) be a scalar function
on TM defined by F = %A, where A := a;,_;, (2)y"y™...y" and a;, _,, is
symmetric in all its indices. F' is called an m-th root Finsler metric. The theory of
m-th root metrics has been developed by Shimada [13], and applied to Biology as an
ecological metric by Antonelli [1]. The third root metrics are called the cubic metric
F = {/a;jr(z)y’yIy*. The class of cubic metrics first were considered by Wegener
in 1935 and then by Kropina in 1961 (see [27] and [6]). In [27], Wegener studied
cubic Finsler metrics of dimensions two and three. Wegener’s paper is only an
abstract of his PhD thesis without almost all calculations. In [8], Matsumoto gave
an improved version of Wegener’s paper. Also, Matsumoto studied two-dimensional
cubic metrics and based on the main scalar, he found the necessary and sufficient
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condition under which a Finsler metric be a cubic metric. For more progress on
m-th root Finsler metrics one can see [14]-[21] and [23]-[26].

In order to understand the structure of m-th root metrics, one can study the
non-Riemannian curvatures of these metrics. Let (M, F) be a Finsler manifold.
The second derivatives of F := %Ff at a non-zero vector y € T, My is an inner
product g, on T, M. The third order derivatives of F at y € T, My is a symmetric
trilinear forms C, on T,M. We call g, and C, the fundamental form and the
Cartan torsion, respectively. Taking a trace of Cartan torsion give us mean Cartan
torsion I := trace(C). The horizontal derivative of I along geodesics is called the
mean Landsberg curvature J := 1| #y"*. Finsler metrics with J = 0 are called weakly
Landsberg metrics. The mean Landsberg curvature J, is the rate of change of I,
along geodesics for any y € T,, M. In [2], Bao-Shen proved that on a weakly Lands-
berg manifold, the volume function Vol(z) is a constant. In [11], Shen showed that
for a weakly Landsberg manifold all the slit tangent spaces T, M, are minimal in slit
tangent bundle T'My. Some rigidity problems also lead to weakly Landsberg mani-
folds. For example, Shen proved that every closed Finsler manifold of non-positive
flag curvature and constant S-curvature is weakly Landsbergian [12]. Apparently,
weakly Landsberg manifolds deserve further investigation.

In [27], Wegener proved that two and three-dimensional cubic metrics with van-
ishing Landsberg curvature are Berwald metrics. It seems that his proof is com-
plicated. Then Matsumoto showed that cubic metrics with vanishing Landsberg
curvature are Berwald metrics. Every Landsberg metric is a weakly Landsberg
metric. It is natural to study cubic Finsler metric with vanishing mean Landsberg
curvature. Then we prove the following.

Theorem 1.1. Let F = F(x,y) be a cubic (a, 8)-metric on a manifold M. Then
F is a weakly Landsberg metric if and only if it is a Berwald metric.

Thus Theorem 1.1 can be consider as a generalization of Matsumoto’s result.

By Theorem 1.1, one can obtain the following.

Corollary 1.1. Let F = {/cia?28+ c383 be a cubic metric on a manifold M,
where a = \/a;;(z)y'ys is a Riemannian metric and 3 = b;(x)y" is a 1-form on M.
Then the following are equivalent:

(a) F is a Landsberg metric;

(b) F is a weakly Landsberg metric;

(¢) F is a Berwald metric;

Also, (a)-(c) hold if and only if only if there exist functions f; = fi(x) on M satisfy
following

(1.1) bllj = 3(61 + Csz)bifj + (01 + 302b2)bjfi — bkfk(claij + 362bibj),

where b = b;b*. In this case, f; are given by following

log(b?)
c1 + Czb2

_ 10
_GClaxi

(1.2) i




On Conformally Berwald m-th Root («, 8)-Metrics 441

A Finsler metric FF = F(z,y) on a manifold M is called relatively isotropic
mean Landsberg metric if its mean Landsberg curvature satisfies J = ¢F'1, where
¢ = ¢(x) is a scalar function on M. As a conclusion of Theorem 1.1, one can get
the following.

Corollary 1.2. Let F = F(x,y) be a cubic (a, 8)-metric on a manifold M. Then
F is a relatively isotropic mean Landsberg metric if and only if it is a Berwald
metric.

2. Preliminary
Let M be a n-dimensional C* manifold, TM = |J,c,,; ToM the tangent bundle
and TMy := TM — {0} the slit tangent bundle. Suppose that (M, F) is a Finsler
manifold. The following quadratic form g, on 7, M is called fundamental tensor

1 6% 1.,
g, (u,v) == 2 Bs01 F(y + su+ tv)} |S’t:07 u,v € T, M.
Let {0; := 0/0z"'} be a basis for T, M at x € M and {dz'} is its dual. Put
1 9*F?

Then o ‘ ‘
gy(u,v) = gij(y)u'v?, u=u'd;, v=170;.

By homogeneity of F, it follows that F? = g;;y'y’.

Let x € M and F,, := F|p,a. To measure the non-Euclidean feature of F)., one
can define C, : T, M x T, M x T, M — R by

1d
2@ [gertw(u7 v)} o’ w,v,w € TpM.
The family C := {C,}yerm, is called the Cartan torsion. It is well known that
C = 0 if and only if F is Riemannian.

For y € T, My, define I, : T, M — R by

Cy(u,v,w) :=

L,(u) = > g"(y)Cy(u,d;,0;),
=1

where g% := (g;;)7'. The family I := {I,},e7n, is called the mean Cartan torsion.
By definition, I, (y) = 0 and I, = A I, A > 0. Therefore, I, (u) := I;(y)u’, where
I := g% Cyjp..

For a Finsler manifold (M, F'), a global vector field G is induced by F' on TMO,
which in a standard coordinate (¢, y*) for T M is given by G = y* aami —2G(x, y)a%iv
where

N S )
(2.1) G' = 17 [3xk6‘y1y ~ ol ye T, M.
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In this case, G is called the spray associated to (M, F). In local coordinates,
a curve ¢ = c(t) is called a geodesic if and only if its coordinates (ci(t)) satisfy
&+ 2GH(¢) = 0.

For a Finsler metric F' on an n-dimensional manifold M, the Busemann-Hausdorff
volume form dVp = op(x)dz! - - dz™ is defined by

(@) Vol(B"(1))
Op\x) =
VOI{(yz) S Rn ’ F‘(yz 321‘,

$)<1}'

Let G' denote the geodesic coefficients of F in the same local coordinate system.
Then for y = yi% z € Ty M, the S-curvature is defined by

(2.2) S() 1= 5o

(z,y) =y

0
p [ln O’F(ZL')},

where y = yi% « € Tp M. The S-curvature is introduced by Shen for a comparison
theorem on Finsler manifolds [11]. It is proved that S = 0 if F' is a Berwald metric.

For a non-zero vector y € T, M, define B, : T, M x T, M x T, M — T, M by

By (u,v,w) := Bijkl(y)ujvkwl a?gi =, Where
; PG
B = gyiagay
Y oyroy

B is called the Berwald curvature and F' is called a Berwald metric if B = 0.

Define the mean of Berwald curvature by E, : T, M x T, M — R, where

IR
E,(u,0) = 5 Y 6" (0)ey (By(uwv.ee;).
i=1

The family E = {E, },c7an {0} is called the mean Berwald curvature or E-curvature.
In local coordinates, E, (u,v) := E;;(y)u‘v?, where

1 m
Eij = §B

mij*

E is called the mean Berwald curvature. F' is called a weakly Berwald metric if
E = 0. By (2.2), one can get the following

Syiyﬂ' = [Gm] = L;.

yiydym

Thus S = 0 implies that E = 0.

For y € T, M, define J,, : T, M — R by J,(u) := J;(y)u’, where

Ji = i\sys'
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J is called the mean Landsberg curvature or J-curvature [4]. A Finsler metric F’
is called a weakly Landsberg metric if J, = 0. Mean Landsberg curvature can be
defined as following

oI, I oG™ o1,

—Ip——— —2G™ .
axm 8yz aym

m

Jii=y

By definition, we get

d

3,() = % Lo (U®)]

where y € T, M, 0 = o(t) is the geodesic with ¢(0) =z, 6(0) =y and U = U(¢) is
a linearly parallel vector field along the geodesic o with U(0) = w.

3. Proof of Theorem 1.1

In this section, we are going to prove Theorem 1.1. First, we are going to remark
the relation between an m-th root metric and an («, §)-metric. For this aim, we
remark that the (, 8)-metric FF = a™+137™ is called m-Kropina metric. In [9],
Matsumoto-Numata studied the class of cubic metrics and proved the following.

Lemma 3.1. ([9]) Let F = /A be a cubic Finsler metric on an n-dimensional
manifold M, where A = a;jxy'y?y*. Then the following hold:

(1) If dim(M) = 2, then by choosing suitable quadratic form o = \/a;;(z)y’y’ and
one form 3 = b;(x)y’, F is a (f%)—Kropina metric

(3.1) F = 3a?8,
where o may be degenerate.
(2) If dim(M) > 3 and F is a function of a non-degenerate quadratic form « =

V@i (@)y'yl and a one-form B = bi(x)y" which is homogeneous in o and S of
degree one, then it is written in the following form

(3.2) F = 3/c1a?B + 233,
where ¢; and co are real constants.

Lemma 3.1 explains that the complete form of a cubic (¢, 8)-metric is written by
(3.2). In [5], Kim-Park used the strategy of Matsumoto for indication of structure
of m-th root («, 3)-metrics. More precisely, they showed that an m-th root (a, §)-
metric is given by following

m
F = § Cm72ra2rﬁm—2r, s S
r=0

m
9"
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In this paper, we focus on (3.2) which is more complete than (3.1). Also, we suppose
that the associated Riemannian metric « is positive-definite.

Let F = ag¢(s), s = g be an (a, §)-metric, where ¢ = ¢(s) is a C* on (—bg, by)
with certain regularity, a = \/a;;(z)yy7 is a Riemannian metric and 8 = b;(z)y’ is a
1-form on a manifold M. For an («, 3)-metric, let us define b;|; by bi|j9j = dbi—b]ﬂg,
where #° := dx* and 9{ = I‘{kdxk denote the Levi-Civita connection form of a. Let

1 1 , .
rij = E(bﬂj +bjpi),  Sij = §(bi|j —bjji),  Tio =1y, Too =Ty,

R X — j I X - ] o j
ryi= b Tij, Si0 ‘= Sijyj, S5 1= b Sijy ro ‘= ijj, Sp ‘= Sjyj.

In order to prove Theorem 1.1, we need the following.

Proposition 3.1. Let F = F(x,y) be a weakly Landsberg cubic (a, B)-metric on
an n-dimensional manifold M. Then S = 0.

Proof. For an (a, B)-metric F' = a¢(s), s = B/a, the mean Landsberg curvature is
given by

1 202 1@ ’
Ji:_2Aa4{b2f52{A+(n+1)(Q_SQ)}(TO+SO)hi
+O‘72(\1/ +Sg)(r — 2aQs0)h; — a?Q'soh; Zsi — i
b2 g\l A Too — 2 50) z+04{ " Q'soh; + aQ(a”s; — yiso)
(33) + 042A5i0 + o2 (7‘1‘0 — 20&@31) - (TOO - 20(@30)2/1} i}
where
__¢
M
A:=1+sQ+ (52 - Sz)Qla
_ @
U=
O = —(Q — sQ){nA+1+sQ} — (b* — s*)(1 +5Q)Q”,

b2 — 2P
v, = VE— a0
A2
hi i=b; — a " tsy;.

For more details, one can see [7]. It is easy to see that the function of cubic (a, §)-
metric F' = {/c1Ba? + ¢33 is given by ¢ = v/c15 + co83. Let us put

. 1

T 20183(b? — 52)(—3cab?s2 — 4cp52)3’
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By putting ¢ = v/¢15 + c2s% in (3.3), one can get the mean Landsberg curvature of
F as follows

(3.4) J; = )\(Abi + By; + Cryo+ Ds; — ESio)OZQ7
where
A = na®b8eitsg — 12nat b8 8% ¢ 3 casg + 54na’b®Brer2ea? sy — 108na b8 8% ¢ a5

+81na’b® Bcatsy — 3aPb8e1tsg + 2401108 B2 13 casy — 548 Brei % s sg
+81a°b888¢catsy — 15nat e B2 tsy + 144na’b8 B i3 casy — 38na b8 85¢1 % ¢y s
—|—170¢11b66201430 + 96049176,64(:13027“0 — 192a9b6640130280 + 2nagb6,83c14r00

—144a758%¢12¢5%rg — 522a7b6ﬁ601202230 — 30na7b5B%¢13carn — 60785 B3 1t
+216a°b° 3¢9 so +90na’b® 87 c12¢0r00 + 810385 810t s + 96na’b? et sy
754n043b66 0102 7‘00 + 16204766B501 62r00 — 516na7b45601 c2So + 256 ﬂscl 70
—1—180451)667(:1 c22roo + 288na5b46801 c22sg — 54043176590102 700 + 256 Bscl S0
+324nab B10¢1 0350 + 1440 ey rg — 108ab* B et sy — 4800764 3% ¢13earg
—648a"b*B%¢13casg — 36nab? B2 trog + 144a°b* B8 ¢i 2 eo’rg — 128na359014r00
—288na®b?8%¢1 3 cargo — 1920°62 87 1t 100 + 192na° B3 c1* s — 960262 5%¢1 2 caron

—216a3b*8%¢12¢2% 100 + 1807 b* 8214 rop — 25na’b?B%¢1%sg + 192na3 10 3 a5
+432na3b2 101 %259 — 384072501 trg — 144072 6%¢1 %50 + 3840”2 B3¢ 3oy
—156a°b* 87 ¢13carg 4 336na’b? B8 ¢r3casg — 144a3b* B2¢1%¢0? roo
—|—828a5b4,3861262250 + 228na5b45701302r00 + 216043b4,@106162350
+9600°b2 B8 ¢13¢asg + 144nab? B et rog + 1440362 80¢;12¢0% s
+21na”b8 Bc1e93s0 + 81nab8 50yt sy — 160108 5%¢1 4rg

B := —nab®Beitsg + 1200’08 5313 casg — 54na b B0 ¢1% e so + 108na’b® 87 i e so
—24a9b8630130250 — 6na8b8,6’3c136280 + 54047b8,8561262280 + 54na4b8,87c1(:2350
+6a8b% 8313 a5 — 2nalb8B2e1 gy — 144n047b6650130230 + 360503 8%¢1%¢92 50
+18naSb®Bre13carog + 378na” b8 B 1% ea? 5o — 54atb® BT 1o sy — 81a2b% B ¢rt s
+18a6b65501 CcoSo + 26na6b6[34014roo — 162a5b65601302r00 + 516na5b45701 C280
—21604()46110102380 + 216n0¢b4610612022r00 — 54b6ﬁ10c10237‘00 + 32nb46116102330
+5402b% B8 ¢1¢03 00 — 378na2b88%¢1 0350 — 81ab® B eyt sg + 5dnab® B10¢; ea3r o0
+480a°b* 8713 corg + 64870 7 c1 3 casg + 36na°b? B citron + 126065 85 ¢13cargo
—120no¢4b4ﬂ6014r00 + 16a3b4ﬂ801 CoToo — 36a3b2ﬂ901 280 + 72a2b4B901 62250
+32na2b* B3¢13cargo + 14ab® 801 2¢0%r00 — 432na b2 M e12¢0%s9 — 12n8¢1 4o
+216b* B ¢ 0350 — 216nb 1012 ¢0% 0 + 3840°b B 1 g + 1440”6287 ¢t s
+1440*b* 8814 rgp — 112na* b2 871t sg — 384030 3% ¢13carg — 960a°b%5%¢13¢as0
—14na3b26801 00 — 12na2b2,890130250 — 14ab251lc1262250 + 280[()2,61001 CaTg0

—144b*810¢12¢5%rg0 + 432nb% B e1 20250 + 482 B 1t sy + 192036288 ¢ o0



446 A. Tayebi, M. Amini and B. Najafi

7192na3ﬂgcl450 + 19204262690130250 + 224n042b258014r00 + 960?50 ¢13earoo
—192na M e13easg + 144628 129250 — 288nb?810¢1 3 cargy — 25602 8% ¢1trg
—72a5b% 321450 — 180a°b* B8¢14rop + 256na’b? 871t sy — 216a4b* B ¢13eas0
—13na8b583¢1%s9 — 96070 B2 c13carg + 1920785 85 ¢13casg — 2na T8 Ber rog
+54ab651001(323r00 — 324n04b4611(:102350 + 81b651102450 — 54nb651001023r00
—144a"b* 8514 rg 4+ 108ab* 85 ¢1% sg — 54ab8 B4 et trog + 60nalb? BPeitsg
—228na3b? B8 ¢13 cargo + 126a20° 881202 ro — 50nab? 82¢1 %02 s
—2560° %1150 — 9620?81 rog + 64na® e tso + 128na B¢ rog
—81a38 %4550 — 81na?b8 %% sg — 301988 Bertsg + 15na’be 33 et sy
—54na4b86601 22100 — 216na3b6696102350 + 54n0z2b8,8801023r00
—81nab®Beytsy + 1608583 ¢itrg — 17a°0° B3 1t sg + 6080 B2 c1 oo
—30a5b% 8413 carog + 42na8b° 8213 casg 4+ 1440”65 87 ¢1 2 e0?r
+522a5b65701202230 + 3Ona5b6/86613627'00 + 18a4b856612022r00
+108nab 87129250 — 2160365 8%¢1 0% s — 90nab® B3 ¢12e0r00
+81nb8 B M eatsy + 270808 3311 5o + 6 b8 B e o0 — 96naT b B¢t s
—252a*0% 871202 50 — 162na*b88%¢1 3 caro — 18365 88 ¢1 %020
—288no¢3b4ﬁ961202250 — 162a2b6,890102350 + 27On0z2b668012622r00
—36natb?B7c13eas0 — 144036 8%¢12e0%rg — 8280361 3%¢12¢a% s
—96b2819¢13cargo + 192n8 e 3 casg — 81na’b® B2¢at s

+3aM108 Bertsg + natPb® Bertsg

C = 2na10b862cl4 18na®b88%c1ca + 54nalb86%¢1%cr? — 5anatb88ci ¢
6a10b862 + 3Oa8b8ﬁ4cl Cy — 18a6b8ﬂ6cl2(322 — 54a4b8,88c1023
—26na2b°84c1* + 162na5b° 80¢13co — 270na*b® 581252 + 54na®b5810¢; o3
+5408b° 8% et — 126a50°8%¢13¢o — 126040 8% ¢1% 02 + 540268 50¢; ¢53
+120na6b456cl — 432na4b45801 co + 216na2b4510012022 — 144a6b456014
+14402b* 810¢1 2652 — 224na*b? B3 c1* + 288nab?B10¢1 3¢y + 96a1b? 8¢y
14960262613 ¢cy + 128na?510¢, 4,

D = 6na'’b®p3c13co — nat?b8Ber? — 54nalb® 87 cres® 4+ 81natb® 8%t — 192na2B M i8¢y
—81na?b8 B8 ex* — 27000883 ¢1% — 180808 5% ¢13 ¢y + 252050887 ¢12¢0? — 64nat Bt
+3a12b8501 6a10b8ﬂ361 Cco — 3604868,85012622 + 54a6b857clc23 + 81a4b8ﬂ9624
+13na10b6,83cl4 — 42na8b6ﬁ501302 — 108na6b6ﬂ7012022 + 378na4b66901023
+540nab*B%¢1%c0? — 324na®b B e + 720804 851t + 2160501 57 ¢1 3¢y
—7204b* %12 ¢o? — 216026 B e1e® + 11200802871 * + 192nab? 3% ¢13 ¢y
—432no¢2b2ﬂ11012622 — 48a6b267014 — 19204462B901362 — 144042132511612022
+162a 05 8%¢1¢5% — 8102058 ex? — 60na®b? B2 et + 36na’b? 713 es
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nat?60c;t — 12000010 32%¢ 3¢y 4 54na®bl0 e % e — 192046288 ¢y
—1O8na6b10[3601623 + 81no¢4b1058624 —3a2p 9t + 24&10b10,6261362
—5408b198%¢12¢52 + 81a2b088¢y? — 17na b 5%¢1t + 156na®b8 B81ei 3¢y
—486na’b88%¢1 %% + 540natb® B8 cico® — 81nab® B¢ + 3901008 5%, %
—20408b% 8% e 3 g + 1620588 85¢12¢02 + 32402888 ¢1 9% — 810208310,
—180a®0°8%c1* + 4680568 85¢13co + 324010 B3 ¢12ca? — 32402b°3 ¢ cp?
—352na8b? 85¢1* + 1344na?b* B8 ¢1 %2 — 864na®b*B10¢1%¢5? + 3360501 501
—96atb*B8¢13 ¢y — 432020 810¢1 %02 4 512na*b? 881t — 768na?b?B10¢1 3¢y
—720na565 85¢1 3¢ 4+ 1296na*b° 38 ¢1 292 — 432na2550¢; ¢
—192a26?810¢ 3¢y — 256na2 8101t + 112na80°B1e L.

By assumption, we have .J; = 0. Contracting J; = 0 with b’ and using (3.4) imply

that
(3.5)

where

do =

dq
da

ds

d42

d52

d50[5 + d40£4 + ngés + d2a2 + dia+dy =0,

[39 (3021)2 + 47101)2 (3n0262 + 3nb2%cy + 401) (302ﬂ50 — 2017’00),

759(302172 + 4nc1)2(3n02b2 + 3nesdb?® + 4c1)(3cafBso — 2¢1700)s

g7 (30262 + 401) (27nb6662380 + 276% Bea3sg + 18b* Berea’rg + 90b* Berea’ sy
+132nb%Be12cas0 + 18nbter2cargy — 6b*c12eargy + 48nb? Bercaro

+90nb? Berea?sg + 24b2 Ber 2earg + 96b%Ber 2 easy + 24nbZer oo
+18b*Berea’rg — 24b% 13 rog + 80nBer®so + 32n6013r0),

—,87 (81n624b8ﬁ50 + 81b8/BC24$0 + 216nb666102350 + 216b666102350

+18b%¢12¢0% 100 + 288nb* Ber 2 ea? sy + 144b* Beyea®rg + 828b* Ber?ea? s
7156[)4013027'00 + 33677,[)250130280 + 384[)25613627"0 + 960b2ﬂ6130250
—192b%¢1 %100 + 192n8e1sg + 2568¢1%rg 4+ 2568¢1sg

+90nb%¢1 292100 + 228nbci3cargy + 14:41:711720147"00)7

—2¢1b%3° (54nb6ﬁ02350 + 27nb*Berea?ro + 216nb* Berca’ sy

—36b*Berca?sg + Inbrer2earoo — 15b% i 2eargy + 72nb%Ber 2 eary
—48b2Ber %oty — 13202 Ber®casg + 12nb2 e ®rog — 24b%¢13rog
+152n8e13sg — 488c13rg — 1208¢13so — 9b* Berea®rg
+36nb%Beicasy + 48n6013r0),

20° 3¢y (54nb6/3’02380 + 189nb* Bercasg + T20% Berea®ro

+15nb*er2eargy — 81b%c12eargo + 258nb%Bercasg + 726¢1° so
+324b%Be12easg + 18nb2cr3rgg — 90b% e 3o 4+ 128n8e1 s
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12406281 2o + 26164 Bey ca?so + 192ﬂ013r0>.
By (3.5), we get

dsa* + dsa® + dy =0,

(3.
(3. dyo 4+ dya® +dy = 0.

(3.6) implies that there exists a non-zero function f = f(z,y) such that
(3. ro0 = cBso + fa?,

where ¢ := 3ca/(2¢3) is a real constant. Similarly, (3.7) implies that there exists a
non-zero function g = g(x,y) such that the following holds

(3.9 Too = cfso + ga’.

Since f # g and also f is not a multiplication of g, then by (3.8) and (3.9) we get

(3.10) oo = ¢fso

or equivalently

(3.11) ri; = g(bisj +bsi).
(3.11) implies that

(3.12) rozgw%.
Putting (3.10) and (3.12) in (3.7) yields

(3.13) F(z)so =0,
where

F(z) = 27nbScer?c?at — 2TnbBecica® B2a? — bBeei?e?9a + 108 nbcies® ot
781n68024ﬂ20¢2 + 90nb8ec3eaa — 81b8024,32a2 — 162nbﬁccl2622[32a2
+48b*cer3ea 20 — T56nbiei2ea? B2 + 144b*cer 2er? Bt — 34btei e B
—264b%c3coat — 648b% ¢ %2 %0 — 160nb%ce 820 + 28nb*cei e B
—54b5cei?e0? B2 — 378nbScrca® B2a® + 54b%cereo® B — 81nbSey? gt
—720%¢1 %520t + T2nbtetat — 378b66102352a2 — 288nb4ccl362B2a2
+304nb%c1tat + 96b%ce1 1 B2 a? — T68nbci3eaf2a? 4 96b%cer B e Bt
+216mnbtcer?e? B — 96 cei tat + 612nbreieaat — 216b% ¢ 03Bt
—78b5cerBesat + 432nb8¢1 %t + 128ncer B — 320ne,* 520
—43b2012022,64 — 240b%c;*at — 38b261362ﬁ2a2 — 144b201262264
—27b8¢cre03 B2 0% — 810%¢o* Bt + B5anbSecy e Bt — 192nc: 3y 8

Let F(z) = 0. Then we get

(3.14) fiat + f2B%0® + f382 =0,
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where fi = fi(x), fo = f2(x) and f3 = f3(z) are scalar functions on M. (3.14)
implies that

(3.15) 2 <_g = VQQ; - 4fh)52.

(67—

This contradicts with the positive-definiteness of a. Thus F # 0. Therefore, by
(3.13) we get s; = 0. Putting it in (3.10) yields r;; = 0. On the other hand, the
S-curvature of an («a, 8)-metric F' = a¢(s), s = /a, on an n-dimensional manifold
M is given by

(316) S = [2\11 — i)ff((l;))):| (’I"o + 50) - %(7’00 — 20[@80),
where
_ Jysin" %t T(bcost)dt
) = Josin" 2 tdt
T(s) = ¢(¢—s¢)"?[(¢—s¢) + (b = s*)¢"].

The relation (3.16) is independent of dimension of manifold. By putting s; = r;; =0
in (3.16), we get S=0. O

Proof of Theorem 1.1: By Proposition 3.1, every weakly Landsberg cubic metric
on a manifold M of dimension n > 3 satisfies S = 0. In [3], Cheng-Shen proved that
an (o, B)-metric F':= a¢(s), s = B/, satisfies S = 0 if and only if 7;; = s; = 0. In
[7], Li-Shen considered weakly Landsberg («, 8)-metric and proved that a weakly
Landsberg (a, 8)-metric satisfies s;; = 0. Then 3 is parallel with respect to « and
F' is reduced to a Berwald metric. Thus Theorem 1.1 is proved for the dim(M) =
n > 3.

Now, we consider the class of 2-dimensional cubic (a,()-metrics. Every 2-
dimensional Finsler manifold is C-reducible

1
*{hijfk + hjrd; + hkin}~

(3.17) Cin = 3

Taking a horizontal derivation of (3.17) yields
1
(3.18) Liji, = g{hijjk -‘rh]’kJi—FhkiJj}.

Putting J = 0 in (3.18) implies that L = 0. On the other hand, the Berwald
curvature of 2-dimensional Finsler manifold can be written as follows

; 2 .2 ) . )
(3.19) Bl = ==Ll + Z{ Eihi + Buhl + E;ihi |-
For more details see formula (3.15) in [22]. By Putting L = 0 and E = 0 in (3.19)

it follows that F' is a Berwald metric. This completes the proof. [
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Proof of Corollary 1.1: In [5], Kim-Park proved that the cubic metric F' =
V1626 + co43 is a Berwald metric if and only if (1.1) holds. Also, in [8] Matsumoto
showed that every cubic Finsler metric with vanishing Landsberg curvature is a
Berwald metric. Then by Theorem 1.1, we get the proof. [

Proof of Corollary 1.2: Let F' = /A be a cubic metric on M, where A is given
by
(3.20) A= agn(z)y'yiyF

with a;j, symmetric in all its indices. Put

0A 9?A 0A

=gy T gy T ek

Ag = Azk’yk7 AOj = Amknyk

Suppose that (A;;) is a positive definite tensor and (A%) denotes its inverse. Then
the following hold

1 . . 1
9ij = §A7%Az‘j, g = ATEAT = gAi%Au

where .
Aij = 3AAW — AZ‘AJ'7 A” = 3AAZ] + Eyzyj

The Cartan tensor of F' is given by the following

1 7
(3.21) Cijk = §A7§C¢jk,

where 4 .
(Cijk = AQAijk + §A7A]Ak — EA{AiAjk + AjA]ﬂ; + AkAij}.

Thus the mean Cartan torsion is as follows
» 1 3
(322) I = g”Oijk = §A73A”Cijk.
In [28], Yu-You found that the spray coefficients of F' are given by
1
(3.23) G'= i(AOj — A)AY.

It is easy to see that G* are rational functions in y. Since L, = f%ysGsy
then we have

iyjykv
L4 s
Lijr = _EA 3AG yiydyk:

Therefore, we have

yiyiyk:

(3.24) Jr =g Lij, = —%A‘lAijAsGs
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Since F' has relatively isotropic mean Landsberg curvature J = ¢F'I, then by (3.22),
(3.24) and F = V/A we get

(3.25)

A2AGE = —2cV/ACy..

yiylyk

The left hand side of (3.25) is a rational function in y, while its right hand side is
an irrational function in y. Thus ¢ = 0 and F is reduced to a weakly Landsberg

metric.

10.

11.

12.

13.

14.

15.

16.

By Theorem 1.1, we get the proof. [
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