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Abstract. This paper deals with the study of generalized Cauchy-Riemann (in short,
GCR) screen pseudo-slant lightlike submanifolds of indefinite Sasakian manifolds giving
a characterization theorem with some non-trivial examples of such submanifolds. Inte-
grability conditions of distributions Dy, D2, D7 and D5 on GCR screen pseudo-slant
lightlike submanifolds of indefinite Sasakian manifolds have been obtained. Further-
more, we obtain necessary and sufficient conditions for foliations determined by the
above distributions to be totally geodesic.
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1. Introduction

Riemannian and semi-Riemannian geometries have been active as well as in-
teresting areas of research work in differential geometry. In the present time, the
geometry of manifolds and their submanifolds used by most of the branches of
mathematics and physics. Indeed, lightlike geometry has its applications in general
relativity as some smooth parts of event horizons of the Kruskal-Kerr black holes.
As we know, the properties of a manifold depend on the metric which depened
on it. We study manifolds with positive definite metric in Riemannian geometry.
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A lightlike submanifold M of a semi-Riemannian manifold M is a submanifold on
which the induced metric is degenerate.

Actually, the theory of lightlike submanifolds of a semi-Riemannian manifold
was introduced by Duggal and Bejancu in 1996 (see [13]). Moreover, Chen et al.
defined bi-slant submanifolds in Kaehler manifolds (see [21]). In (see [11], [12]) the
geometry of slant and semi-slant submanifolds of Kaehler manifolds was studied by
Cabrerizo and his coauthors. A. Lotta coined the notion of slant immersion of a
Riemannian manifold into an almost contact metric manifold.

Furthermore, A. Carriazo introduced bi-slant submanifolds of almost Hermitian
and almost contact metric manifolds and later the notion of pseudo-slant subman-
ifolds was generalized by him. Recently in 1994, the notion of slant submanifold
by semi-slant submanifolds of Kaehler manifolds was extended by N. Papaghuic
(see [18]). In (see [2], [4]), Sahin studied the geometry of slant and screen-slant
lightlike submanifolds of indefinite Hermitian manifolds. The theory of slant, CR
lightlike submanifolds, SCR lightlike submanifolds of indefinite Kaehler manifolds
and indefinite Sasakian manifolds has been studied in (see [13], [14]).

The main objective of the present paper is to introduce the notion of GCR screen
pseudo-slant lightlike submanifolds of indefinite Sasakian manifolds. The paper is
arranged as follows : In section 2, we collected some useful basic results and formu-
laes. Section 3 focused on the study GCR screen pseudo-slant lightlike submanifolds
of an indefinite Sasakian manifold with example. Section 4 is dedicated to the study
of foliations determined by distributions on GCR screen pseudo-slant lightlike sub-
manifolds of indefinite Sasakian manifolds.

2. Preliminaries

The notation and formulas used in this paper are followed by (see [12]). A
submanifold (M™, g) immersed in a semi-Riemannian manifold (M™*+" ) is called
a lightlike submanifold in which induced metric g from g is degenerate and the rank
of radical distribution Rad(T'M) is r, where 1 < r < m. RadTM =TM N TML,

where
TM+ = Uperiiu € ToM : g(u,v) =0, Yo € T,M}.

Now we consider the tangent bundle T'M splits orthogonally into a non-degenerate
distribution S(T'M), called screen distribution and a degenerate (radical) distribu-
tion Rad(T M), called radical distribution, i.e.

(2.1) TM = Rad(TM) @orun S(TM).

Let S(TM+1) be a semi-Riemannian complementary vector bundle of Rad(T M)
in TM+, called screen transversal vector bundle. Since for any local basis {&;}
of Rad(TM) there exists a local null frame {N;} of sections with values in the
orthogonal complement of S(TM=) in [S(TM)]* such that g(&,N;) = &; and
G(N;,N;) = 0, it follows that there exists a lightlike transversal vector bundle
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ltr(T M) locally spanned by {N;}. Now suppose that the transversal bundle ¢r(T'M)
splits orthogonally into lightlike transversal vector bundle ltr(TM) and screen
transversal vector bundle S(T ML),

(2.2) tr(TM) = ltr(TM) @open, S(TM*).

Then, tr(T'M) is a complementary which is not orthogonal vector bundle to 7'M
in TM|p, ie.

(23) TM|1\/[ =TM® t’l"(TM)
and therefore

(2.4) TM|n = S(TM) ®oren [Rad(TM) & ltr(TM)] ©open S(TM™).

Although S(TM) is not unique but it is canonically isomorphic to the factor
vector bundle TM/RadT M (see [13]).

Following result is important to this paper.

Proposition 2.1. [14] The lightlike second fundamental forms of a lightlike sub-
manifold M do not depend on S(TM), S(TM~*) and ltr(TM).

Following this, we say that a submanifold (M, g, S(TM),S(TM=1)) of M is
Case 1: r-lightlike if r < min(m,n),
Case 2: co-isotropic if r =n < m, S(TM*) = {0},
Case 3: isotropic if r =m < n, S(TM) = {0},
Case 4: totally lightlike if r = m =n, S(TM) = S(TM*) = {0}.
The Gauss and Weingarten formulae are given as

(2.5) VxY = VxY +h(X,Y),

(2.6) VxV=—Ay X + V&V

for all X, Y e I(TM) and V € T'(¢tr(T'M)), where {VxY, Ay X} belong to I'(T M)
and {h(X,Y), V4 V} belong to I'(tr(T'M)). Here, V and V* are linear connections
on M and on the vector bundle ¢r(T M) respectively. The second fundamental form
h is a symmetric F(M)-bilinear form on I'(T'M) with values in I'(¢7(T'M)) and the
shape operator Ay is a linear endomorphism of I'(TM). From (2.5) and (2.6) we
have

(2.7) VxY =VxY +0{(X,Y)+h*(X,Y), VX,Y € T(TM).
(2.8) VxN = —-AxyX + Vi N + D¥(X,N), ¥ N € D(itr(TM)).

(29)  VxW = —AwX + DX, W) + VW, ¥ W € [(S(TM™)).
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where A(X,Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), DX, W) = L(T4W),
D*(X,N) = S(V&N), L and S are the projection morphisms of tr(TM) on
Itr(TM) and S(TM™') respectively. Thus h! and h® are I'(Itr(T'M))-valued and
[(S(TM+1))-valued lightlike second fundamental form and screen second fundamen-
tal form of M respectively. On the other hand, V! and V* are linear connections on
ltr(TM) and S(TM~) called the lightlike connection and screen transversal con-
nection on M respectively. Now by using (2.5), (2.7)-(2.9) and metric connection

V, we obtain
(2'10) g(hs(X7Y)7W)+g(YaDl(X>W)):g(AWX)7
(2'11) g(Ds(X’N)aW) :g(NaAWX)»

Suppose P is the projection of TM on S(T'M). Then from the decomposition
of the tangent bundle of a lightlike submanifold, we have

(2.12) VxPY =V5LPY + h*(X,PY), VX,Y € (TM),
(2.13) Vxé=-A;X +Vy¢, € eT(Rad(TM)),
€

where {V*% PY, —A; X} and {h*(X, PY), V3t€} belong to I'(S(TM)) and
['(Rad(TM)) respectively. It follows that V* and V*' are linear connections on
S(T'M) and Rad(T M) respectively. On the other hand, h* and A* are called the sec-
ond fundamental forms of distributions S(T'M) and Rad(TM) respectively, which
are I'(Rad(TM))-valued and T'(S(TM))-valued F(M)-bilinear forms on I'(T'M) x
T(S(TM)) and T'(Rad(TM)) x T'(T'M) respectively. Now by using the above equa-
tions, we obtain

(2.14) g(h'(X, PY),€) = g(A; X, PY),
(2.15) g(h*(X,PY),N) = g(AyX, PY),
(2.16) g(h'(X,€),6) =0, Az =0.

Here the induced connection V on M is not a metric connection in general.
Since V is a metric connection, by using (2.7) we get

(2.17) (Vxg)(Y.Z) = g(h"(X,Y), Z) + g(h'(X, Z),Y).

An odd dimensional semi-Riemannian manifold (M, g) is called an e-almost con-
tact metric manifold if there exists a (1,1) tensor field ¢, a vector field V called
characteristic vector field and a 1-form 7, satisfying

(2.18) $X = —X +9(X)V, q(V) = ¢, nod =0, ¢V =0,
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(2.19) 9(¢X,9Y) = g(X,Y) — en(X)n(Y),

for all X, Y € T(T M), where € = 1 or —1. It follows that

(2.20) GV, V) =e,
(2:21) 9(X, V) =n(X),
(2.22) 9(X,0Y)=g(¢X,Y), VXY € F(TM).

Then (¢,V,n,g) is called an e-almost contact metric structure on M. An e-
almost contact metric structure (¢, V,n, g) is called an indefinite Sasakian structure
if and only if

(2.23) (Vx9)Y = g(X, V)V —en(Y)X,
for all X,Y € I'(TM), where V is Levi-Civita connection with respect to g.

An indefinite Sasakian manifold is a semi-Riemannian rnanigold endowed with
an indefinite Sasakian structure. From (2.23), for any X € I'(T'M), we get

(2.24) VxV = —¢X.

Suppose (M, g, ¢,nm,V) be an e-almost contact metric manifold. If € = 1, then
M is said to be a spacelike e-almost contact metric manifold and if e = —1, then
M is called a timelike e-almost contact metric manifold. In this paper, we consider
indefinite Sasakian manifolds with spacelike characteristic vector field V.

3. Generalized Cauchy-Riemann Screen Pseudo-slant Lightlike
Submanifolds

The notion of Generalized Cauchy-Riemann (GCR) screen pseudo-slant lightlike
submanifolds of indefinite Sasakian manifolds is introduced in this section. At first,
we state the following lemma which was proved by Sahin ([14]). We shall use this
lemma in defining the notion of GCR screen pseudo-slant lightlike submanifolds of
indefinite Sasakian manifolds.

Lemma 3.1. [14] Let M be a g-lightlike submanifold of an indefinite Sasakian man-
ifold M of index 2q. Suppose that there exists a screen distribution S(TM) such that
¢Rad(TM) C S(TM) and ¢ltr(TM) C S(TM). Then ¢Rad(TM) N ¢ltr(TM) =
{0} and any complementry distribution to ¢Rad(TM) @ ¢ltr(TM) in S(T'M) is
Riemannian.

The proof of above lemma follows as in Lemma 4.1 of [4], so we omit it.
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Definition 3.1. [14] Let M be a ¢-lightlike submanifold of an indefinite Sasakian
manifold M of index 2¢ such that 2¢ < dim(M). Then we say that M is a general-
ized Cauchy-Riemann screen pseudo-slant lightlike submanifold of M if the following
conditions are satisfied:

(i) ¢Rad(TM) is a distribution on M such that

Rad(TM) = Dy & D,

where ¢D; C S(TM) and ¢Dy C S(TM*). Furthermore, we have ltr(TM) =
Ly ® Ly where ¢pL; C S(T'M) and ¢pLy C S(TM™),
(ii) there exist non-degenerate orthogonal distributions D] and D) on M such that

S(TM) = (¢D1 2 ¢L1) Dorth Dll DBorth Dlg Dorth {V}7

where L; is a distribution of ltr(TM),

(iii) the distribution D} is anti-invariant, i,e. ¢D} C S(T M),

(v) the distribution DY} is slant with angle 6, i.e. for each x € M and each non-zero
vector X € (D}),. This slant angle 6 between ¢X and the vector subspace (Dj),
is a non-zero constant, which is not depend on the choice of x € M and X € (Dj}),.

A GCR screen pseudo-slant lightlike submanifold is said to be proper if D] #
{0}; D} # {0} and 6 # /2.

From the above definition, we have the following decomposition:
TM = Rad(TM) Dorth (¢D1 ® d)Ll) DBorth Dll DPorth D/Q Dorth {V}

Let (Rg;”“, 3, ¢,n, V) denote the manifold Rg;”“ with its usual Sasakian struc-
ture given by

m

1 ig i
nzi(dz—Zyﬁx), V =20z,

=1

- 1 i , . . . m , , , ,
g=n®n+ Z(—Zdﬂ@dﬂ—i—dyz@dyz—i- Z dz' @ dz* + dy' ® dy"),
i=1 i=q+1
SO _(Xudwi + Yidy;) + 202) = > (Y;0w; — Xi0y:) + Y Yiy'0z,
i=1

i=1 i=1

where (2%,9%,2) are the cartesian coordinates on Rg;ﬂﬂ, Now, we construct
some examples of GCR screen pseudo-slant lightlike submanifolds of an indefinite
Sasakian manifold.

Example 3.1. Let (Ri",3,¢,7,V) be an indefinite Sasakian manifold, where § is of
signature (—,—,+,+,+,+,+,+,—,+,—,+,+,+,+,+,+) with respect to the canonical
basis {0z1, 0z2, 0x3, 0x4, Ox5, Ox6, Ox7, Ox8, OY1, OY2, OYys.0ya, Oys, Oys,

dyr,0ys,0z}. Suppose M is a submanifold of R}" given by ' = —cosuz, y' = sinwua,
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2 2 Ug 4 4 Ug 5 6
T = Ui, Yy = uz — ?a xr3 = U2, Ys = 07 T = ui, Yy = us + ?7 T =Y = us,
Y’ =a% =wug, 2" =ur, y" = us, 2® = ksinusg, y® = kcosus, z = ug where k is a constant.

The local frame of T'M is given by {Z1, Z2, Z3, Z4, Zs, Zs, Z7, Zs, Z9 }, where

Zi = 2(0x2+4 0z4 +y 0z +y"02),

Zy = 2(sinu20z1 4 cosu0yr + dx3 + y sinu20z +y 6z)
Zz = 2(0y2 + Oya),

Zy = (—0y2+ Oya),

Zs = 2(0xs+0ys+y 82)

Zs = 2(0xe+ Oys + yﬁaz)

Z7 = 20z7r+vy 8z)

Zs = 2(0yr + kcosusdrs — ksinugdys +y 8k cos ugdz),
Zy = 2(0z)=

Hence Rad(TM) = span{Z1,Z>}. Also it is easy to see that D1 = span{Z:} and Dy =
span{Zs}, where ¢pZ, = —Z3 € T'(S(TM)) and $Z> = Wo € T'(S(TM™)). Moreover
S(TM) = span{Zs,Z4,Zs, Zs, Zr, Zs, Zo }, where we can see that D] = span{Zs, Zs}
such that ¢Zs = W35, ¢Zs = W4, which implies that D} is anti-invariant with respect to
¢. Also Dy = span{Z,Zs} is slant distribution with slant angle § = cos™*(1/v/1 + k2).
On the other hand the lightlike transversal bundle ltr(T'M) is spanned by

Ny = (—0z2+ O0xs — y28z + y48z),
N2 = (—sinu20z1 — cosu20y: + Ox3 — y1 sin us0z + y36z).

From this we have ltr(TM) = span{N1, N2}, where L, = span{N1} and Lo = span{N}.

Here N1 = —Z4 € T'(S(TM)) and ¢No = Wi € T'(S(TM™)). Also S(TM™1) is spanned
by

Wi = 2(cosug0x1 — sinug0y; — Oys + yl cos u20z),

We = 2(—cosu20x1 + sinu20y1 — dys — y1 cos u20%),

Ws = 2(0x¢ — Oys + y682)

Wi = 2(dxs — dys +y°02),

Ws = 2(u7cosugdzs + ur sinugdys + y u7 cosugdz),

We = 2(k Oyr + k cosugOrs — ksinugdys + y 8k cos ugdz).

Hence M is a proper GCR screen pseudo-slant 2-lightlike submanifold of R}".

Example 3.2. Let (Ri",5,#,7n,V) be an indefinite Sasakian manifold, where g is of
signature (—, —, +, +, +, +, +, +, —, +, —, +, +, +, +, +, +, +) with respect to the canonical
basis {0z1, 0x2, O3, Ox4, Oxs5, Ox6, Dx7, Ox8, OY1, OY2, 81/37 Ya, 63/57

Aye, Oy7,0ys, 0z}. Suppose M is a submanifold of R given by z! = sm ug, y' = — cosug,

5

2 2 Ug 4
et = u, Y= us - o, Ty = Uz, Yz = Ox—ul,y—qu?x—y:us,
y' = 2% =ue, 27 = ur, ¥ = us, 2® = kcosus, y® = ksinug, where k is a constant. The
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local frame of T'M is given by {Z1, Z2, Z3, Za, Zs, Zs, Z7, Zs, Zy }, where

Z1 = 20x2+ 0x4+ 1320z +1y*02),

Zy = 2(cosugdry + sinugdys + x3 + y' cosuadz + y>0z),
Z3 = 2(0y2 + Oya),

Zy = (—0Oy2+0ya),

Zs = 2(0xs+ Oys + y58z)

Zs = 2(0xeé+0ys+y 82)

Zr = 2(0x7+1y 8z),

Zs = 2(0yr — ksinugdzxs + kcosugdys — y 8k sin ugdz),

Zo = 2(02) =

Hence Rad(TM) = span{Zy,Z>}. Also it is easy to see that Dy = span{Z,} and Dy =
span{Zs}, where ¢Z1 = —Z3 € T'(S(TM)) and $Z> = Wo € T'(S(TM™)). Moreover
S(TM) = span{Zs, Z4, Zs, Zs, Zr, Zs}, where we can see that D| = span{Zs, Zs} such
that ¢Zs = W3, ¢Zg = Wy, which implies that D} is anti-invariant with respect to ¢. Also
D} = span{Zs, Zs} is slant distribution with slant angle § = cos™'(1/+/1+ k2). On the
other hand the lightlike transversal bundle ltr(TM) is spanned by

Ni = (=0z2+ 0xa — y*02z +y'02),
No = (—cosusdzi — sinu2dy; + 3 — y' cosu20z + y°9z).

From this we have ltr(T'M) = span{ N1, N2}, where L1 = span{N1} and Ls = span{N2}.
Here N1 = —Z4 € T(S(TM)) and ¢N> = Wi € T(S(TM™)). Also S(TM™') is spanned
by

Wi = 2(—sinu2dzi + cosua0yi — dys — y1 sinu20z),

Wa = 2(sinu20x1 — cosu20y1 — Oys) + y1 sinu20z,

Wi = 2(dz — dys + y°02),

Wy = 2(dzs5 — dys +y°02),

Ws = 2(urcosugdzs + ur sinugdys + y u7 cosugdz),

We = (k: Oyr — ksinugdxs + k cosugdys — y 8L sin ugdz).

Hence M is a proper GCR screen pseudo-slant 2-lightlike submanifold of R}”.

Now, for any vector field X tangent to M, we put
(3.1) ¢X = PX + FX,

where PX and F'X are the tangential and transversal parts of p.X respectively. We
denote the projections on Dy, Dy, ¢D1, ¢Lq1, Dy and D} in TM by Py, Py, Ps, Py,
P5 and P respectively. Similarly, we denote the projections of ¢r(TM) on ltr(TM)
and S(TM~) by @ and R respectively. Thus, for any X € I'(TM), we get

(32) X:P1X+PQX+P3X+P4X+P5X+P6X+77(X)V,
Now applying ¢ to (3.2), we have
(3.3) X = pP1 X + ¢Po X + ¢P3 X + Py X + ¢Ps X + P X
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which gives
(3.4) OX = P X + ¢pPo X + ¢P3 X + ¢Py X + ¢pPs X + fPs X + FFPs X,

where fPs; X and F P; X denotes the tangential and transversal component of ¢ Ps X .
Thus we get ¢P.X € T(S(TM)), ¢PoX € T(¢pDs) C I'(S(TM*1Y)), ¢P3X €
I(Dy), ¢PyX € T'(Ly) C T(ltr(TM)), ¢PsX € T'(D}), fPsX € T'(D)), FPsX €
['(CRyW) C T(S(TM™). Also, for any W € T'(tr(TM)), we have

(3.5) W = QW + RW,

Applying ¢ to (3.5), we obtain

(3.6) PW = QW + ¢RW,

which gives

(3.7) W = s W + ¢pQ2W + ¢RI W + ¢RoW + ¢pRsW + BRyW + CR,W,

where, BR3W (resp. CR3W) denotes the tangential (resp. transversal) component
of pRsW. Thus we get ¢QW € I'(S(TM)), ¢QW € I'(S(TM™1Y)), ¢pRiW €
['(Dy), pRoW € I'(Ls), ¢RsW € T'(D}) BRyW € T'(D)), CR,W € T'(S(TMY)).
Now, by using (2.23), (3.4), (3.7) and (2.7)-(2.9) and identifying the components
on Dy, Dy, D1, ¢Ly, D}, Dy, ltr(TM) and S(TM~), we obtain

(3.9)
P (VxoPY)+ P (VxoPsY)+ PiI(Vx fBY) = Pi(App,y X) + Pi(App,y X)+
Pi(App,y X) + Pi(App,y X) + 0PV xY —n(Y) P X,

(3.9)
PQ(Vx(bPlY) + PQ(VX¢P3Y) + PQ(foPGY) = PQ(A¢p2yX) + PQ(A¢p4yX)
+ P2(Appy X) + Po(Arpyy X) + oR1 1 (X, Y) —n(Y) P2 X,

(3.10)
P;(Vx¢PY)+ Ps(VxoPsY )+ Ps(Vx fPY) = P3s(App,vy X) + P3s(App, v X)
+ P3(Agp,v X) + Ps(Arpsy X) + 0PIVXY —n(Y)Ps X,

(3.11)
Py(Vx¢PY) + Py(Vx¢P3Y) + Py(Vx fPsY) = Py(Agp,y X) 4+ Ps(Agp,y X)

+ Py(Appsy X) + Pa(Appyy X) + Q101 (X, Y) — n(Y) P, X,

(3.12)
P5(VX¢P1Y) + P5(VX¢P3Y) + P5(foP6Y) = fP6VXY + P5(A¢p2yX)—|—
Ps(App,y X) + Ps(Agp,y X) + Ps(App,y X) + 9R3h*(X.Y) —n(Y) P X,
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(3.13)
Ps(VxoPY) + Ps(VxoP3Y) + Ps(Vx fPsY) = Ps(App,y X) + Ps(App,y X)

+ Ps(Agpsy X) + Ps(Arpsy X) + BR4A*(X,Y) — n(Y) P X,

(3.14) Q1 (X,dPY) + QDY (X, pPY) + Q1h (X, pP3Y) + Q1A (X, fPsY)
= ¢PyVxY + ¢PhL(X,Y) — Q1VioPY — Q1 DY(X, ¢PsY) — Q1 D' (X, FPsY),

(3.15)  Qoh!(X,¢P1Y) + Q2D (X, ¢PoY) + Qb (X, pP3Y) + Qoh! (X, fPsY)
= Q2VidP1Y — Q2DY(X,¢P5Y) — Q2DY(X, FP:Y),

(3.16) R1h*(X,JPY) + Rih*(X,JPY) + RiD*(X, JPyY) + R h*(X, fPsY)
= JP,VxY — RiV%JIPY — RV FPY — RiV5%JP5Y,

(3.17)  Ryh*(X,JP1Y) 4+ Roh®*(X, JPsY) + RyD*(X, JP,Y) + Roh*(X, fPY)
= JQ2h!(X,Y) — RyV% JPY — RyV4 FPsY — RyV5 JPsY,

(3.18)  Rsh®(X,$P1Y) + Rsh®(X,¢PsY) + RsD* (X, pP,Y) + Rsh® (X, fPsY)
= ¢PsVxY — RyV5oPoY — RyVS FP;Y — RV ¢ P5Y,

(3.19) R4h*(X,¢P1Y) + Ryh*(X, ¢PsY) + RyD* (X, pPY) + Ryh* (X, fP;Y)
= FP;VxY — RyV%oPY — RyV% FPsY — RyV%6P5Y,

(3.20) N(VxoPY) +n(VxoPsY) +n(Vx fPY) = n(Agp,y X) + n(Agp,y X)
+1(Agpy X) + n(Arpyy X) + (X, Y)V.

Theorem 3.1. Let M be a g-lightlike submanifold of an indefinite Sasakian man-
ifold M of index 2q. Then M is a GCR screen pseudo-slant lightlike submanifold if
and only if

(i) there exists degenerate orthogonal distributions Ly and Lo such that ltr(TM) =
Ly @ Ly where gLy C S(TM) and ¢Lo C S(TM™),

(ii) the distribution DY is anti-invariant, i.e. D} C S(TM™),

(iii) there exists a constant X € [0,1) such that P2X = —\X, for all X € T(D}),
where A = cos?0 and 0 is the slant angle of D}.

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. Then the distribution D] is anti-invariant with respect to
¢ and Rad(TM) is a distribution on M such that Rad(TM) = D; & Dy, where
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¢D; C S(TM) and ¢Dy C S(TM*1). Thus ltr(TM) = Ly ® Lo, where ¢L; C
S(TM) and ¢Ly C S(TM+). Therefore for any X € I'(L1), $X € T'S(TM). Hence
¢(¢X) € T'(Ly), which implies —X € T'(Ly), which proves (i) and (ii).

Now, for any X € I'(D}) we have |PX| = |¢pX|cos b, i.e.

|PX]|
3.21 cosf) = ——.
(321 6X]

. |PX]> _ g(PX,PX) _ g(X, P°X) .
In view of (3.21), we get cos?f = GXZ ~ 90X 0%) — g(X.X)’ which

gives
(3.22) g(X, P?X) = cos? 0g(X, ¢* X).

Since M is a GCR screen pseudo-slant lightlike submanifold, cos? # = \(constant)
€ [0,1) and therefore from (3.22) we get g(X, P2X) = A\g(X, ¢*X) = g(X, A\p*X),
for all X € I'(D]), which implies

(3.23) 9(X, (P = X¢*)X) =0

Since (P? — X\¢?)X € I'(D}) and the induced metric g = g[p;xp; is non-
degenerate (positive definite). From (3.23) we have (P? —\¢?)X = 0, which implies

(3.24) P2X = \*X = —\X, VX € T(D)).

This proves (iii).

Conversely, suppose that conditions (i), (ii) and (iii) are satisfied. From (iii), we
have P?X = \¢?X, VX € I'(D}), where X € [0,1).

Now cosg = @X. PX) (X, ¢PX) _ g(X,P?X) | g(X,¢’X) _
[¢X|[|PX]| (¢ X[ PX] |0 X || PX]| loX || PX]|
96X, 0X)
X[ PX]|
From the above equation, we obtain
9 X|
(3.25) cosf = )\W.

Therefore (3.21) and (3.25) give cos? § = A(constant). [J

Theorem 3.2. Let M be a g-lightlike submanifold of an indefinite Sasakian man-
ifold M of index 2q. Then M is a GCR screen pseudo-slant lightlike submanifold if
and only if

(i) there exist degenerate orthogonal distributions Ly and Lo such that ltr(TM) =
Ly @ Ly where gLy C S(TM) and ¢Lo C S(TM™),
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(ii) the distribution D is anti-invariant, i.e. ¢D} C S(TM™),
(iii) there exists a constant X € (0,1] such that P2X = —\X.

Moreover, there exists a constant p € [0,1) such that BFX = —uX, for all
X € I(D}), where D} and DY are non-degenerate orthogonal distributions on M
such that and X = cos? 0, 6 is slant angle of D).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. Then the distribution D] is anti-invariant with respect to
¢ and Rad(TM) is a distribution on M such that Rad(TM) = D; @ Dy, where
#D; C S(TM) and ¢Dy C S(TM*). Thus ltr(TM) = Ly @ Ly, where ¢L; C
S(TM) and ¢Ly C S(TM+1). Therefore for any X € T'(Ly), X € T'S(TM). Hence
¢(¢X) € T'(Ly), which implies —X € I'(Ly), which proves (i) and (ii).

Now, for any vector field X € I'(D}), we have

(3.26) ¢X = PX + FX,

where PX and FX are the tangential and transversal parts of ¢X respectively.
Applying ¢ to (3.24) and taking the tangential component, we get

(3.27) —X = P?X + BFX, VX € T(D}).

Since M is a GCR screen pseudo-slant lightlike submanifold, P2X = —\X, VX €
I'(D}), where A € (0,1] and therefore from (3.25) we get

(3.28) BFX = —uX, VX € (D)),

where 1—\ = p(constant) € [0,1). Now, in view of Theorem 3.1, we have A = cos? 6.
This proves (iii).

Conversely, assume that conditions (i), (ii) and (iii) are satisfied. From (3.24) we
get

(3.29) ~X = P*X — iy X, VX € (D)),
which implies
(3.30) P2X = -\ X, VX € T(D))

where 1 — p; = Ai(constant) € (0,1]. Therefore, M is a GCR screen pseudo-slant
lightlike submanifold. [

Corollary 3.1. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then for any slant distribution D of M with slant
angle 0, we have

g(PX,PY) cos® Bg((X,Y) — n(X)n(Y)),
g(FX,FY) = sin®0g((X,Y) —n(X)n(Y)),

for all X, Y € T(D).
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The proof of the above corollary follows by using similar steps as in the proof of
Corollary 3.1 of [4].

Theorem 3.3. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then the distribution D1 C Rad(T M) is integrable
if and only if

(i) PLI(VxoPY) = PI(Vy¢P1X) and Ps(VxpP1Y) = Ps(VyoP1 X)),

(ii) Q1A (X, ¢P1Y) = Q1R (Y, P X) and Rih*(Y,pP1X) = Rih*(X,¢pPY),

(iii) Rsh®(Y,0P1X) = Rsh®*(X,9oP1Y) and Ryh*(Y, 0P X) = Ryh* (X, 0P Y),

for all X, Y € T'(Dy).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. Suppose X,Y € I'(D;). From (3.8), we have P, (Vx¢P,Y) =
¢P3VxY, which implies P, (Vx¢P,Y) — Py (Vy¢P1X) = ¢P3[X,Y]. From (3.13),
we have Ps(Vx¢PY) = fPsVxY + BR4h*(X,Y), which gives Ps(VxopPY) —
Ps(VydPIX) = fP[X,Y]. From (3.14), we have Qih!(X,6PY) = ¢PyVxY,
which gives Q14! (X, pPY) — Q1R (Y, pP1X) = ¢P4[X, Y].

From (3.16), we have R1h*(X,pPY) = ¢PoVxY, which implies R1h*(X,pP1Y)
— Rih*(Y, 6P, X) = ¢Ps[X,Y]. From (3.18), we have Rsh®(X,¢P1Y) = ¢PsVxY,
which implies R3h®(X,oP\Y) — R3h*(Y,6P,X) = ¢P5[X,Y]. From (3.19), we
have Rih*(X,6P\Y) = FPVxY + CR4h*(X,Y), which gives Rih* (X, pP1Y) —
R4h*(Y,¢pP1 X) = FPs[X,Y], which completes the proof. [

Theorem 3.4. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then the distribution Dy C Rad(T M) is integrable
if and only if

(i) Pr(Agp,y X) = P1(App,xY) and P3(Agp,y X) = P3(App,xY),

(i) Ps(Vx¢P2Y) = Ps(Vy¢P2X) and Q1 D' (X, ¢PY) = Q1 D'(Y, P2 X),

(iii) RsV%dPoY = RsV5 9P X and RyV%oPY = RyV5 9P X,

for all X, Y € T'(Dy).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. Suppose X,Y € I'(D1). From (3.8), we have P;(Ayp,y X) =
—¢P3Vx Y, which implies Py (Agp,y X)—Pi(Agp,xY) = —¢P3[X,Y]. From (3.10),
we have P3(A¢pzyX) = 7¢P1VXY, which gives Pg(A¢p2yX) - Pg(A¢p2Xy) =
—¢P[X,Y]. From (3.13), we have Ps(VxodPY) = fPsVxY + BR4sh*(X,Y),
which gives Ps(VxoPY) — Ps(VydPaX) = fPs[X,Y].

From (3.14), we have QD (X, ¢PY) = —¢pP,VxY + ¢P,hl(X,Y), which im-
plies Q1D!(X,¢P,Y) — Q1 DY, 6P, X) = —¢Py[X,Y]. From (3.16), we have
RsV5¢PY = ¢PsVxY, which gives R3V%¢PY — R3V5oPoX = ¢P5[X,Y].
From (3.17), we have RyV%¢PoY = FP;VxY, which implies RyV5 pPoY —

R,V5 ¢Po X = FPs[X,Y], which completes the proof. [

Theorem 3.5. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then the distribution D} is integrable if and only
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if

(i) Pr(Appsy X) = Pi(Agp,xY) and Ps(Agp,y X) = P3(App,xY),

(ii) Ps(Vx¢PsY) = Ps(VypPsX) and Q1D'(X,pPsY) = Q1 DY, pPs X),
(iii) Ryh*(Y, 6PsX) = Rih* (X, 6PsY) and RyVdPsY = RyV5 o Ps X,
for all X, Y € T'(Dy).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. Suppose X,Y € I'(D;). From (3.8), we have P;(Ayp,y X) =
—¢P3VXY, which implies P1 (A¢p5yX) _Pl (A¢p5Xy) = —(ng[X, Y] From (310),
we have Pg(A¢pst) = —¢P1VXY, which gives P3(A¢p5yX) — P3(A¢p5Xy) =
—¢P1[X,Y]. From (3.13), we have Ps(VxoPsY) = fPsVxY + BR4h*(X,Y),
which gives Ps(VxoP5Y) — Ps(VydPs X) = fPs[X,Y].

From (3.14), we have QD' (X,¢PsY) = ¢PyVxY + ¢Pih (Y, X), which implies
Q1DY(X,6P5Y) — Qi DI(Y,6PsX) = ¢Py[X,Y]. From (3.16), Rih*(X,dP5Y) =
¢P,V Y, which implies B1h*(X,¢P5Y) — Rih*(Y,¢PsX) = ¢P3[X,Y]. From
(3.17), we have Ry V5 ¢PsY = FPsV Y, which gives R;V¢PsY — R{VS¢Ps X =
FPs[X,Y], which completes the proof. [

Theorem 3.6. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then the distribution D} is integrable if and only if
(1) Pu(Vx fPsY)=Pi(Vy fPsX) = Pi(Appyy X)—P1(Arp,xY) and P3(Vx fPsY ) —
P3(Vy fPsX) = P3(Appsy X) — P3s(AppsxY),

(ii) Q1D X, fPsY) — Q1 DY (Y, fPsX) = Qi DY, FPs X) — Q1 D'(X, FPsY),

(iii) Rsh*(X, fP5Y) — Rsh*(Y, fPsX) = RsV$ FPsX — RyV FPsY and

Ryh®(X, fPY) — Ryh*(Y, fPsX) = R4V FPX — RyV5 FPY,

for all X, Y € T'(D}).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. Suppose X,Y € I'(D;). From (3.8), we have P, (Vx fPsY) =
Pi(Arpyy X)+¢P3VxY, which gives P\(Vx fPsY)—P1(Vy fPsX) = Pi(Arpyy X)
— Pi(App,xY) + 6P3[X,Y]. From (3.10), we have P3(Vx fPsY) = Ps(App,y X) +
¢P1V xY, which gives P3(Vx fPsY)—P3(Vy fPs X) = P3(Arp,y X)—P3(Arp,xY)
+ P [X,Y].

From (3.14), Q1 D'(X, fPsY) = ¢PyVxY — QD'(X, FP;Y) + ¢Pyhl(X,Y),
which gives Q1 D!(X, fPsY) — Q1 DV(Y, fPsX) = ¢P4[X,Y] — Q1 D'(X, FPsY) +
Q1D!(Y, FPsX). From (3.16), we have Rsh®(X, fPsY) = ¢PsVxY — RyV4 FPsY,
which implies R3h®(X, fPsY) — R3h®(Y, fPsX) = ¢P5[X,Y]| — RsV5, FPY +
R3V3 FPsX. From (3.17), we have R4h®(X, fPsY) = FPsVxY — R4V FEY,
which implies R4h*(X, fPsY) — R4h*(Y, fPsX) = FFs[X,Y] — RyV5 FPY +
R4 V5 FPs X, which completes the proof. [J

4. Foliations Determined By Distributions

In this section, we obtain necessary and sufficient conditions for foliations deter-
mined by distributions on a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold to be totally geodesic.
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Definition 4.1. A GCR screen pseudo-slant lightlike submanifold M of an indef-
inite Sasakian manifold M is said to be mixed geodesic if its second fundamental
form h satisfies h(X,Y) = 0, for all X € I'(D;) and Y € I'(D2). Thus M is a
mixed geodesic GCR screen pseudo-slant lightlike submanifold if A'(X,Y) = 0 and
M(X,)Y)=0, VX eT'(Dy) and Y € T'(D>).

Theorem 4.1. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then Dy C Rad(TM) defines a totally geodesic
foliation if and only if

I(Vx¢P3Z +Vx [P Z,¢P1Y) = g(App,z X + App, 2z X + Arp,z X, 9P1Y),
for all X e T(Dy) and Z € T(S(TM)).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. To prove that D; C Rad(TM) defines a totally geodesic
foliation, it is sufficient to show that VxY € Dy, for all X,Y € I'(D;). Since V is a
metric connection, using (2.7) and (2.19), for any X,Y € I'(D;) and Z € T'(S(TM)),
we get

(4.1) (VxY,Z) =g((Vx$)Z — Vx9¢Z,¢Y).

g
Now from (2.20), (3.4) and (4.1) we get
(4.2) 9(VxY,Z) = —g(Vx(OPsZ + ¢P1Z + ¢Ps Z + ¢Ps Z), g 1Y),

In view of (2.7)-(2.9) and (4.2), for any X,Y € I'(D;) and Z € I'(S(T'M)) we obtain
(4.3)
9(VxY,Z)=—-g(Vx¢pPsZ — Aypp,zX — App,z2X +Vx fPsZ — App,z X, pP1Y),

which completes the proof. [

Theorem 4.2. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then Dy C Rad(TM) defines a totally geodesic
foliation if and only if

G(h* (X, pPsZ) + h*(X, 6P Z) + h*(X, fPs Z) + h*(X, fP: Z), o PyY)
= —G(D*(X,¢PyZ) + V4 FPsZ + V5% FP: Z,pP,Y),

for all X €e T'(Dy) and Z € T(S(TM)).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold M. To prove that Dy C Rad(TM) defines a totally geodesic
foliation, it is sufficient to show that VxY € Dy, for all X,Y € I'(Dy). Since V is a
metric connection, using (2.7) and (2.19), for any X,Y € I'(D3) and Z € T'(S(TM)),
we get

(4.4) §(VxY,2) =g((Vx$)Z — VxdpZ,¢Y).
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Now from (2.20), (3.4) and (4.1) we get
(4.5) 9(VxY,Z) = =g(Vx(OPsZ + OP1Z + ¢Ps Z + ¢Ps Z), g P2Y).
In view of (2.7)-(2.9) and (4.2), for any X,Y € I'(D3) and Z € I'(S(T'M)) we obtain
(4.6) 9(VxY,Z) = —g(h*(X,0P32) + D*(X, 0P, Z) + Vx ¢ Ps Z
+h¥ (X, fPZ)+ VX FP: Z, ¢ PY)

which completes the proof. O

Theorem 4.3. Let M be a GCR screen pseudo-slant lightlike submanifold of an
indefinite Sasakian manifold M. Then D) defines a totally geodesic foliation if and
only if

(i) g(~Ax6Z, JY) = —g(Vi 62, FY),

(i) 9(Apgun X — VxdQiN, [Y) = g(h* (X, 6Q1N) + VidQaN, FY),

(iii) g(Agw X, JY) = g(D*(X,$W), FY)

forall XY € T'(D}), Z e T(Dy), W € T'(pltr(TM)) and N € T'(ltr(TM)).

Proof. Let M be a GCR screen pseudo-slant lightlike submanifold of an indefinite
Sasakian manifold. The distribution D)} defines a totally geodesic foliation if and
only if VxY € I'(D}), V X,Y € I'(D}). Since V is a metric connection for any
X,Y e (D)) and Z € T'(D]), we get

(4.7) §(VxY,Z) = §(Vx9Y,0Z) = —g(VxdZ,$Y).

From (2.7), (3.1) and (4.7) we get

(4.8) J(VxY,Z) = —g(—Ax¢Z + V% dZ, fY + FY).
In view of (2.8) and (4.8) we obtain

(4.9) 9(VxY,Z) = —g(-Ax¢Z, fY) — (VX 9Z, FY).
Now by (4.9) we get the required result

(4.10) 9(—Ax¢Z, [Y) = —g(Vx¢Z, FY).

Now for any X,Y € I'(D}) and N € D(itr(TM)) we have

(4.11) §(VxY,N) = g(VxoY,¢N) = —=g(Vx N, $Y).
From (2.7), (3.1) and (4.11) we get

(4.12) g(VxY,N) = —=g(¢Q1N + ¢Q2N, fY + FY).

In view of (4.12) we obtain
(4.13)
§(VxY,N) = —g(VxoQi1N — Agq,n X, [Y) = g(1°(X,0Q1N) + VX ¢Q2N, FY).
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Now from (4.13) we get the required result

(4.14)  g(Ap.n X = Vx9N, fY) = g(h*(X, Q1 N) + VX ¢Q2 N, FY').
Now for any X,Y € I'(D}) and W € I'(¢litr(TM)) we have

(4.15) g(VxY, W) = g(Vx oY, ¢W) = —g(Vx W, ¢Y).

From (2.9), (3.1) and (4.15) we get

(4.16) J(VxY, W) =—-g(—Ayw X + D*(X, oW), fY + FY).

In view of (4.16) we obtain

(4.17) 9(VxY, W) = g(Aew X, fY) = g(F'Y, D*(X, oW)).

Now from (4.17) we get the required result

(4.18) 9(Asw X, [Y) = §(D* (X, oW), FY),

which completes the proof. [
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