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Abstract. In the present paper, we study canal hypersurfaces according to generalized
Bishop frames of type B (parallel transport frame), type C and type D in Euclidean
4-space and obtain Gaussian, mean and principal curvatures of them in general form.
We give some results for their flatness, minimality and we examine the Weingarten
canal hypersurfaces according to these frames. Especially, we investigate the tubular
hypersurfaces by taking the radius function is constant in these canal hypersurfaces.
Keywords: Canal Hypersurface, Tubular Hypersurface, Generalized Bishop Frames,
Weingarten Hypersurface.

1. General Information and Basic Concepts

A canal surface given by the following parametric expression
Qu,v) = a(u) — p(u)p’ ()T (u) + p(u)y/1 — p%(u) (cos vN (u) + sinvB(u))

is formed by the envelope of the spheres whose centers lie on a curve and radius vary
depending on this curve. Here, a(x) is a unit speed curve is called the spine curve or
center curve, {T', N, B} is the Frenet frame of a(x) and p(z) is the radius function. If
the radius function p(x) is constant, then the canal surface is called tubular or pipe
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surface ([20], [21], [29]). Also, if the center curve of the canal surface is a straight
line, then it becomes a revolution surface. Canal and tubular surfaces have been
applied to many fields, such as the solid and the surface modeling for CAD/CAM,
construction of blending surfaces, shape re-construction and so on. In this context,
canal and tubular (hyper)surfaces have been studied by many geometers in different
spaces (see [6], [15], [22]-[26], [29]-[31], [33], [37]-[40], [41] and etc).

Furthermore, although Frenet frame has been used in lots of studies about dif-
ferent differential geometric characterizations of curves and surfaces, sometimes
geometers need alternative frames because of Frenet frame cannot be identified at
the points where the curvature is zero. Hence, new alternative frames to the Frenet
frame such as Bishop frame (parallel transport frame), generalized Bishop frames,
Darboux frame or extended Darboux frame have been defined by geometers and
the differential geometry of curves and surfaces started to be considered according
to these alternative frames (see [1], [2], [7], [9]-[14], [27], [28], [30], [35], [36], and
ete).

Here, let we recall some basic notions about Frenet frame, parallel transport
frame, generalized Bishop frames and the curvatures of hypersurfaces in E*.

Let {ey, ea,e3,e4} be the standart basis of Euclidean 4-space E*. If
T = (71,2, 23, 24), 7 = (y1,Y2, Y3, y4) and Z = (21, 22, 23, 24) are three vectors in

4
E*, then the inner product is defined by (7', %) = >_ z;u; and the vector product
i=1
is defined by
€1 €2 €3 ¢4
PXGPx T =det | T1 T2 T M

Yr Y2 Ys Y4
21 R2 23 24

Ifa: I C R — E*isaunit speed curve in Euclidean 4-space and {T, N, By, Bo}
is the moving Frenet frame along «, then the Frenet formulas are given by

T 0 K 0 O T

N’ -k 0 T 0 N
(1.1) B | 0 -7 0 o B, |’

B, 0 0 —o 0| By

where T, N, B; and By denote the unit tangent, the principal normal, the first
binormal and the second binormal vector fields, respectively; x, 7 and o are the
curvature functions according to Frenet frame of the curve a [16].

In [17], the authors have used the tangent vector T'(s) and three relatively par-
allel vector fields M (s), Ma(s) and M3(s) to construct an alternative frame which
is called a parallel transport frame along the curve o in E*. If {T, N, By, Ba} is a
Frenet frame along a unit speed curve a = a(s) : I — E* and {T, My, Mo, M3} de-
notes the parallel transport frame of the curve «, then the relation may be expressed
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as
T(s) = T(s),
N(s) = cosO(s)cos(s)Mi(s) + (— cos ¢(s)sinp(s) + sin ¢(s) sin O(s) cos ¥ (s)) Ma(s)
+ (sin ¢(s) sin(s) + cos ¢(s) sin (s) cos(s)) Ms(s),
Bi(s) = cos8(s) sin(s)Mi(s) + (cos ¢(s) cos)(s) + sin ¢(s) sin O(s) sin(s)) Ma(s)
+ (—sin ¢(s) cos 1(s) + cos ¢(s) sinO(s) sin ¥ (s)) Ms(s),
( ?2 (s) = —sinf(s)Mi(s) + sin ¢(s) cos 8(s) M2 (s) + cos ¢(s) cos 0(s) M3(s),
1.2

where 6(s), ©¥(s) and ¢(s) are the Euler angles. Also, the alternative parallel trans-
port frame (we'll call it as generalized Bishop frame of type B) equations are

T’ 0 ki ko ks T
13 M| _| =k 0 0 0 M,
: M}, ks 0 0 O My |
M; ks 0 0 O M

where ki1, ko and ks are curvature functions according to parallel transport frame
of the curve « and their expressions are as follows

k1(s) = k(s) cosb(s) cos(s),
(1.4) ka(s) = k(s) (—cos ¢(s) sintp(s) + sin ¢@(s) sinf(s) cos 1 (s)),
k3(s) = k(s) (sin ¢(s) sintp(s) 4 cos ¢(s) sinO(s) cos(s)) .

On the other hand, if we regard an orthonormal frame on a regular curve I — E™
parametrized by arc-length parameters as a matrix valued function Z : I — O(n)
such that the frame consists of the row vectors of Z, then for a frame on a regular
curve, we will call the matrix valued function X such that Z’ = XZ the coefficient
matrix of the frame. In this context, Nomoto and Nozawa have introduced 16
kinds of alternative frames called generalized Bishop frames on regular curves on
E*, excluding frames whose coefficient matrix has a zero column vector [35]. They
have seen that these frames are classified into four types up to the action of the
symmetric group &3 of order 3 which swaps the second, third and fourth vector of
the frame as follows:

0 B B §m
oo 0 o |iforeB
—-m 0 0 O
[0 HE ® 0] [ 0 = m 0] [ 0 m 0 M
-l 0 0 N -l 0 0 0 -l 0 0 0
- 0O o0 O |’ -—-m 0 o m |’ 0 0 o m |’
0o -m 0o o0 0o 0o -mo0]|-mo0 -m 0]
typeC
[0 m 0 m] [ 0O O m Bl [ O 0 W N
- 0O Wm0 0 0O Wm0 0 0O 0 W |
0O —m 0 O 'l - —-® 0 0 (’| —1} 0 0o 0 |’
. -m 0 0o o) |-m 0 0o 0] |-m -m 0 0]
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Here they have seen that, there are the following 4 equivalence classes of these 16 frames
on curves up to the change of the order of vectors fixing the first one which is the tangent
vector: If a frame has a coefficient matrix of the respective form for some functions 1,
T2, x3 up to the change of the order of vectors fixing the first one, we call it a generalized
Bishop frame of type B, C, D and F, respectively:

T Xro

0 O

0 0

0 0

type B
X1 0
0 T2
—I2 0
—XI3 0

type D

X3 0
0 —T1
0 ’ —T2
0 0
0 0
X3 —X1
0o |’ 0
0 0

T i) 0
0 0 0 ’
—XI3 0 0
type C
X1 0 0
0 X2 0
—T2 0 X3
0 —XI3 0
type F

So, if {T, M1, M2, M3} denotes the generalized Bishop frames of the curve «, then we

0
—x
—
—z3

0
—

0

0

can write
T/
M|
My T
M3

(1.5)

0
—by
—by

L 7b3

b1 b2 b3
0O 0 O
0O 0 O
0O 0 O
type B
d 0 0
0 dp ds
—d2 0 O
—ds 0 0
type D

T
M,
My ’
M3

C

SR

o

oo o

T
M,y
M
M3

)

M
M,
Ms
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It is obvious that, if we consider b; = k; (i = 1,2,3 and k; are the principal curvature
functions according to generalized Bishop frame of type B of the curve «) in 1.5 of type
B, then the frame becomes parallel transport frame (1.3) which has been stated above.
Furthermore, the frame of type F is closely related to the Frenet frame; it is Frenet frame
if both fi and f2 are positive. By Bishop’s theorem, every regular curve admits a Bishop
frame, but there are well known examples of regular curves which do not admit the Frenet
frame. Also, a curve is said to be 2-regular if both the tangent vector and its derivative
are nowhere vanishing and in this context, the authors have given a main result as ”Every
2-regular curve on E* admits a frame of type C and D, respectively” in [35]. In this study,
we will construct our canal hypersurface with the aid of the generalized Bishop frames of
type B, type C, type D of the center curve a(u) (which will be considered as regular for
characterizations of type B and 2-regular for characterizations of type C and type D) and
give some important geometric characterizations about them.

Furthermore, the differential geometry of different types of (hyper)surfaces in 4-dimensional
spaces has recently become a popular topic studied by geometers ([3]-[5], [8], [18], [19],
[34], and etc). If
Q: U C E3 — E4, Q(CE1, T2, 323) = (Ql(a:l, T2, .Tg), Qz(wl, T2, 563)7 Q(.Tl, x2, 563)7 Q4(:c17 X2, 1’3))
is a hypersurface in F*, then the unit normal vector field, the matrix forms of the first
and second fundamental forms are

Qe X Qg X Qg
€2, X Qay X Qag|’

(1.6) N

o ggl 922 923 )
(1.7) [gij} = 9?21 9?22 9?23
931 G932 933

and o o o
0 h%zl héz hsl)S

(1.8) [hi;] = | h31 h3e has |,
hy  hS, R

respectively. Here gff = (Qu,,Qu,), hi) = (Qaya; , N), Qu, = 2z 1.z.23) Qayo; =

ox;
2Q(xy,w9,23)

, 4,7 € {1,2,3}. Also, the shape operator of the hypersurface Q is

oz
(1.9) S% = [a33] = [g53) " [hi5),
where [g?j]fl is the inverse matrix of [gﬁ]

With the aid of (1.6)-(1.9), the Gaussian and mean curvatures of a hypersurface in E*
are given by

det[h$}]
Q Qy (%)
(1.10) K? = det(S%) = detlg®)
and

(1.11) 3H = tr(5Y),

respectively [32]. We say that a hypersurface is flat or minimal, if it has zero Gaussian
curvature or zero mean curvature, respectively.

After recalling some basic notions about generalized Bishop frames and the Gaussian
and mean curvatures of hypersurfaces in E* in this section, we study on canal hypersur-
faces according to generalized Bishop frames in E* in the second section. We obtain the
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Gaussian, mean and principal curvatures with the aid of first and second derivatives of
canal hypersurface according to generalized Bishop frames and give some results about
their flatness and minimality. Also we give a characterization about Weingarten canal hy-
persurfaces according to generalized Bishop frames. In the third section of this study, we
give some characterizations, which have been given for canal hypersurfaces in the second
section, for tubular hypersurfaces according to generalized Bishop frames in E*.

2. Canal Hypersurfaces according to Generalized Bishop Frames in F*

In this section, we study the canal hypersurfaces according to generalized Bishop frames
in Euclidean 4-space E*. In this context, firstly we obtain Gaussian, mean and principal
curvatures of a canal hypersurface € according to generalized Bishop frames with the aid of
its first and second derivatives. Also, we give some results for flat, minimal and Weingarten
canal hypersurfaces.

Let us consider the canal hypersurface € according to generalized Bishop frames of
type B, type C and type D in E* given by

e(u,v.t) = au) - (p(u) (W) T(w)
(2.1) + p(u)y/1 — p'(u)? [(cosvcost) Mi(u) + (sinvcost) Ma(u) + (sint) Msz(u)],

where u € [0,1] and v,t € [0, 27). We must note that, from now on we state o = a(u),
p=pu), p =2 T =T(u), My = M (u), Ma = Ma(u), Ms = Ms(u); we will consider

du
the ”£” in equation (2.1) as 4" and we will give our results for ”+”. One can obtain
similar results by taking the sign as ”—". Also throughout this study, the center curve a(u)

will be consider as a regular curve when we investigate the generalized Bishop frames of
type B and a(u) will be consider as a 2-regular curve when we investigate the generalized
Bishop frames of type C and D.

In all of the following calculations and results,

e if one takes « is regular and a = b =1, ¢c =d = 0, ©; = b, = k;, then the results
belong to generalized Bishop frame of type B (parallel transport frame);

e if one takes « is 2-regular and a =d =1, b = ¢ = 0, x; = ¢;, then the results belong
to generalized Bishop frame of type C;

e if one takes « is 2-regular and a = b =0, c = d = 1, x; = d;, then the results belong
to generalized Bishop frame of type D,

where ¢ € {1,2,3}.

First, from (1.5) and (2.1), the first derivatives of the canal hypersurface (2.1) according
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to generalized Bishop frames of type B, type C and type D are obtained as

Qu — (1_p/2_p( /1_p/2w+p//))T
(cxg sin v cos t+dxg sint)(l—p/2)+pp” coswvcos t

1—p'2cosvcost —p p':C1+ V12 >M1
I plmsinvcost—Fp (g;2 (cmcosvcost — ap’) _ %\/%)) Mo
+ (/1= pZsint +p (m (*bp’ + dmcosvcost) - %\/Lrlﬂ;)) Ms,
—p

¢, = —py/1—p'2((sinvcost) My — (cosvcost) M),

¢ = —py/1—p'?((cosvsint) My + (sinvsint) My — (cost) Ms),
(2.2)
where

(2.3) W = x1cosvcost + axssinvcost + bxssint.

From (1.6) and (2.2), the unit normal vector field of € in E* is
(2.4) N = —p'T+ /1 —p2((cosvcost) My + (sinvcost) Mz + (sint) Ms).

Also, the coefficients of the first fundamental form are given by

2

(1-0") (1 -0 =p (\/1 —pPW + p”))
(" (cxasinvcost + dzssint) (1 — p'?) 2

pp' /1= p2x1 — p' (1= p'* — pp”’) cosvcost
911 = 1= 2 app’\/1 — p'?x2 — cp (1 — p'*) @2 cosv cost : ’
+ / /2 /! :

—p (1 —p = pp )smvcost

4 bpp'\/1— p'%xs —dp (1 — p'?) x5 cosv cost :
_p/ (1 _ p/2 _ pp//) Sint

(2.5)
—T2 (ap’ 1—p2cosv—c(1—p'?)cos t)

¢ ¢
912 = 921 = P
+sinw (xlp'\/l —p'? —|—d(1 — p/z) T3 sint)

cost,

p'\/1— p'?(z1cosv + axssinv)sint >

gis = 951 = p°
137 sl —x3 (bp'\/ 1—p2cost—d(1—p'?)cos v)

g% =p?(1—p'?)cos®t, g5 =g% =0, g55= p2(1—p'?)

and it follows that
R 2
(2.6) det[gi;] = pt(1—p'"?) (1 —p%=p (\/ 1—p?W+ p”)) cos t.

Now, for obtaining the coefficients of the second fundamental form, let we give the
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second derivatives €;,.; = 5z-—— of the canal hypersurface (2.1):
: x5

Couw = CL T+ 2 My + €3, My + ¢ M,

Cup = Cpy = 1— p'2p(x1sinv — aws cosv) cos t) T
+ 5t (pp'p" sinv — (1 — p'?) (cpr2 cosv + p smv)) M,
o

1
5L ((cpaysinv — p' cosv) (1 — p'?) + pp'p’ cosv) Ma

- /1_p/2
— (dpy/1 — p’?2x3sinv cost) M3,

Cut = €y = /1 — p'?p(x1cosvsint + axgsinvsint — bxscost) T
. . / : /2
(2.7) L1 ((p(cxasinvsint — dzs cost) — p' cosvsint) (1 — p'?)) M,

Vi—p2 \ +pp'p” cosvsint

+ Ti“t (pp'p" sinv — (cpza cosv + p' sinv) (1 — p'?)) Ma

+\/1i7(p (1fp — pp") cost — dp(1 7p2)$3COS'USiIlt)M3,

Cov = —py/1 — p'2 ((coswv cost) M + (sinwvcost) Ms),

Cot = €y = py/1 — p'? ((sinwsint) My — (cosvsint) Ms),

¢ = —py/1 — p'? ((cosvcost) Mz + (sinvcost) Ms + (sint) My4),

where

1 ’ (.2 2.2 2.2 7 " 2pp p' W
Chw = pp' (a1 + a®23 4+ b%23) — 2p'\/1— p?W = 3p'p" — pp e
Tz ™ (czesinvcost + drssint)
oVl < (acx2 + bda? + xl) cosvcost — axh sinvcost — bxssint

C2, =x1 —2p%x1 — 2p'\/1 — p'2 (cxasinvcost + dagsint) — 2pp” a1
T 5 (m% + 24+ d2a7§) cosvcost
P P + (az1T2 + cxh) sinvcost + (bxixs + drs)sint
2 3
+ 2pp’ p!’ (czg sin v cos t+dz3 sin t)—2p,2 p'! cos v cost— pp”2 cos v cost—pp’ p’’' cosvcost

\/1 0’2
2 112

—%‘WJF L —p'2p" cosvcost + pp' (acz3 + bda; — 2}) ,

Ciu = — ((a2 + %) py/1— p'?a3 sinwcost)
a —cpp'z1 — 2ap"® — (ab+ cd) py/1 — p2x3sint — 2app”
+ x2 _’_((200/*@03”1)(1*0/ )—2cpp’p"")
\/1 Pl2
(4¢" -1

. ( e

(=) | e

cosvcost

sinwvcost

p
/
T2 )
< cosvcost > )

)
+ ("4 (1- "') sinv cos t
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d(1—p'?)cosvcost o
\ ) (1 _ p/2) _bp/. /1 — p,g 3
Cou = 7(17 ,2)3/2 —p'p"sint
i —p'"%sint
+(1—4p"> +3p*) psint
— ((b2—|—d2)p 1—p’2ac§sint)
b—dpp'z1 — 2bp'? — (ab+ cd) p\/1 — p'2z2 sinwv cost — 2bpp”’

+ T3 _ ((bpm1—2dp") (1=p"?)+2dpp’p"") oSV oSt
\/1 02

Thus, from (1.8), (2.4) and (2.7), the coefficients of the second fundamental form are given
by

_AW(1 — /2)3/2
423 (1 — p'?) (cos® v cos® t + 0 (1 — cos” v cos® t))
—4(c* + a®sin® v) cos? t
4c%p’ cos? t
2 2
—xz5(1 — p'*) | 2 3+ cos(20)
P “r\ -2 cos(2t) sin® v
+8acy/1 — p’2 cosvcost
(ab+ cd)(1 — p'?)2x3 sin(2t) .
Az ( —2a+/1 — p'2p" cost sm
2cp’ /1 — p’2 sinw
1—p? P t
+p z2(l—p") ( +a(1 — p'?) costsin(2v) cos
+4x4 (1 — p/g) —2dp’ \/1 — p'2sint
=b(1—p’ )cosv sin(2t)
+24/1 — p'2p" cosvcost
2bdp’\/1 — p'2 cos ’UQCOSt ,
201 _ 2 201 2 cos” vcos”t
z3(1—p") A=) Ciny
—b* (sin®t + p’? cos® t)
—2b+/1 — p'2p"z3sint 4 p'"?
1)
1—p2cosv—c(l—p'?)cost

NDrzsint + p'y/1 — p’2x1) sinwv
0% (1 cosv + axe sinv) sint )

+x3 bp 1—p'2cost — - p'z)cosv)

hfi = p" +

h12 = h21 COSt,

h13h31_P<

hSy = %) cos’t, h$3 =h$ =0, h§3 =—p(1—p'?)

and it implies

(2.9)det[hs;] = p° (1 — p'?) (\/1 — W+ p”) (1 %= <\/1 — W+ p")) cos” t.

So, from (1.10), (2.6) and (2.9), we have

Proposition 2.1. The Gaussian curvature of the canal hypersurfaces (2.1) according
to generalized Bishop frames of type B (parallel transport frame), type C and type D in
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FEuclidean 4-space is

1 _ /2W /1
(2.10) K¢ = ViZ W Ep .
p2 (l_pl2_p( /1_p/2w+pn)>
Corollary 2.1. The canal hypersurfaces (2.1) according to generalized Bishop frames of

type B (parallel transport frame), type C and type D in Euclidean 4-space cannot be flat
when z1 # 0.

Proof. Let we suppose that canal hypersurfaces (2.1) is flat; i.e. K¢ = 0. From (2.3) and
(2.10), we get

(2.11) (z1 cosv + azxasinv) cost + brzsint + 1p7 =0.

Since the set {cost,sint, 1} is linear independent, we have
/!

2.12 xlcosv—kamgsinv:bxg:pizo
(

/1 . p/2
Also, since the set {cosv,sinv} is linear independent in the first part of (2.12), it must be
x1 = axe = 0 and this is a contradiction. [

Corollary 2.2. Let € be a canal hypersurface according to generalized Bishop frame of
type B (parallel transport frame) given by (2.1) in E*. When « is a straight line, the canal
hypersurface € is flat if and only if p(u) = Au~+ pu, (A, pu € R, X # £1).

Proof. If v is a straight line, then all of the curvature functions k;, ¢ € {1, 2, 3}, according
to generalized Bishop frame of type B (parallel transport frame) of a vanish. So from
(2.10), the Gaussian curvature becomes (fora=b=1,c=d =0)

/17

2.13 Ke=—— f
(2.13) p? (1 —p = pp”)

and so, the proof completes from (2.13). O

Also, after finding the inverse of the matrix of the first fundamental form and using
this and (2.8) in (1.9), the shape operator of the canal hypersurface (2.1) is obtained by
[ Sh Sk Sis
(214) SQ = Sgl S2¢2 Sgg 5
S5 S5 S5

where the nonzero components of this matrix are
¢ — \V1-p"2W+p"
11

- 1*0/2*0(\/17ﬂ'2w+/)”) ’
p'A/1—p'2(z1 sin v—amy cos v) sec? t+(1—p'2)(c:cg+d:cg sinwv tant)sect

[
S21 - p(—sec t+p\/1—p’2(zl cos v+axg sin v+bxg tant)+(p’2+pp”)sect) ’
S@ _ p'\/1—p'2(z1 cosvsin t4axg sin v sin t—bx3 cos t)+d(17p’2)13 cos v
31— p(l*p’pr(\/lprW«l»p”)) ’
55— 5% -1

R

Hence from (1.11) and (2.14), we get
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Proposition 2.2. The mean curvature of the canal hypersurfaces (2.1) according to gen-
eralized Bishop frames of type B (parallel transport frame), type C and type D in Euclidean

4-space s
2(1-p") =30 (VI=pPW+")
3p (1 7p/2 7p( /1 fp’QWer”)) '
Corollary 2.3. The canal hypersurfaces (2.1) according to generalized Bishop frames

of type B (parallel transport frame), type C and type D in Euclidean 4-space cannot be
minimal when x1 # 0.

(2.15) H® = —

Proof. Let we suppose that canal hypersurfaces (2.1) is minimal; i.e. H* = 0. From (2.3)
and (2.15), we get

2(1*P/2)*3PPN
3/) 1_012

=0.

(2.16) (z1 cosv + axz sinv) cost + bxssint —

With similar procedure in the proof of Corollary 2.1, the proof completes. [

Corollary 2.4. Let € be a canal hypersurface according to generalized Bishop frame of
type B (parallel transport frame) given by (2.1) in E*. When « is a straight line, the canal
hypersurface € is minimal if and only the differential equation

(2.17) 2~ 20" (u) — 3p(u)p (u) = 0
holds.

Proof. If a is a straight line, then from (2.10), the mean curvature becomes (for a = b = 1,
c=d=0)
_ /2 _ /!
3p(1—p2—pp")
Thus from (2.18), the proof is obvious. [

By solving the equation (2.17) (see [26]), we get the following corollary:

Corollary 2.5. Let « be a straight line. Then, the canal hypersurface (2.1) according to
generalized Bishop frame of type B (parallel transport frame) in E* is minimal if and only

if the radius function p(x) is given by /L =tz +pu, (\,peR)

Vi-(3)?

Here, from (2.10) and (2.15), we can state the following theorem which gives an im-
portant relation between Gaussian and mean curvatures of the canal hypersurfaces (2.1)
according to generalized Bishop frames of type B, type C and type D:

Corollary 2.6. The Gaussian curvature K and the mean curvature H of the canal hyper-
surfaces (2.1) according to generalized Bishop frames of type B (parallel transport frame),
type C and type D in E* satisfy

1 2
2.19 H® = Z(K%p” = 2).
(2.19) 3(Kp p)
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Now, if H,K, — H,K, = 0, H Ky — HiK,, = 0 or H,K; — H;K, = 0 hold on
a hypersurface, then we call the hypersurface as (H, K){u,}-Weingarten, (H,K){y -
Weingarten or (H, K)y, ;- Weingarten hypersurface, respectively.

From (2.10) and (2.15), we have

3pp (1= p"*)*PW? 4 (200" + p'p” (=24 5pp")) /1 — p'2
+p'(1fp'2) (72+2p/2+7pp”)W+p( 1*P/2pw+Wu)
e —pp'? ( 1= 20" + QWu) T pp' W
o) | N (o (Vi) ’
K¢ — A=p")> 2y, .
v 02 (171)/27/)( /1,plzw+pu)) ’
Kf _ (1—p'2)3/2y,
p2 (l—p’Z—p( /1—p'2W+p”))2
and
20/ (1= p/*)* —dpp’ (1 - p'*) ((1 P+ 1 - p’Qp”)
) 3,0/(1 _ pl2)3/2w2 + 7p/(1 _ p/2)p//W + 5p/p//2 1— p/2
HQ‘ + + 1— ,0/2PW _ p/2 ( /1 — p,gp/// 4 2Wu) + Wu 4 P/4Wu
oby N ), /
e _ (1—p'2)3/2w,
! 3(1—p/2—P(mW+p”))2,
e (1=p'2)% 2w,
! 3(17p’2fp(\/mw+p”))2’
where
W, = x} cosv cost + axh sinv cost + brh sint,
(2.22) Wy = cost (—z1sinv + az2 cosv),

Wi = —sint (z1 cosv + axs sinv) + brs cost.
So (2.20)-(2.22), we have

Proposition 2.3. The canal hypersurface (2.1) according to generalized Bishop frames
of type B (parallel transport frame), type C and type D in E* is (H®, K%){, +y- Weingarten
hypersurface.

Proposition 2.4. The canal hypersurface (2.1) according to generalized Bishop frames
of type B (parallel transport frame), type C and type D in E* cannot be (H, Ke){u,v} and
(HE®, Kc){uyt}—Wemgarten hypersurface when x1 # 0.

Proof. Using (2.20)-(2.22), we get

12 — 20
2p’(1—p’2)2<p((1 pPEW + /1 pp)

i - t
- p’2)3/2 ) (z1sinv — axa cosv) cos

HEKS — HEKS = .
3p/4 (1 _ p/2 _ p( /1 _ p’2W+p”))

(2.23)
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Let the canal hypersurface (2.1) according to generalized Bishop frames of type B
(parallel transport frame), type C and type D in E* is (HG,KC){uﬂv}-Weingarten and
z1 # 0. Then from (2.23), we get

20/ (1 —p'?)? (—(1— )3/2—|—p(( PPIW 41— p2p )) (x1sinv — axa cosv) cost = 0
and here, we have
(2.24) (—(1 — ¥4 (( oW + p”p")) (1 sinv — azxz cosv) = 0.

Because of the set {sinv, cosv} is linear independent and 1 # 0, the second part of (2.24)
cannot be zero. Hence the first part of (2.24) must be zero, i.e.

(2.25) —( =) 4 p (1= pW+ VT= %) = 0.
Using (2.3) in (2.25), we get

17 /2 _ /1
Py
pV/1—p?

Since the set {cost,sint, 1} is linear independent, we have

cost (z1 cosv + axg sinv) + brssint —

1— ,0/2 _ pp//
p/1=p?
So, from the first part of (2.26), it must be z1 = 0 and this is a contradiction.

Similarly, from (2.20)-(2.22), we get

(2.26) 1 €08V + axe sinv = bxrs = =0.

x1cosvsint
“+axs sinvsint
—bxz cost

3t (1= 92— p (WV/T=p + p”))4

W 1— /2 + 1— 72 /1
2!’/(1*!’/2)2( _(q(_ p/§)322 peep

HyK{ — H{ K} =
(2.27)

and if the canal hypersurface (2.1) according to generalized Bishop frames of type B
(parallel transport frame), type C and type D in E* is (HC,KC){uyt}, then from (2.27),
we reach a similar contradiction with above. So, the proof completes. [

Proposition 2.5. The canal hypersurface (2.1) according to generalized Bishop frame of
type B (parallel transport frame) is (H®, Kﬁ){uyv} -Weingarten and (HS, Kﬁ){u,t} -Weingarten
hypersurface when o is a straight line.

Also, from (2.14) we have

(14 xp)? (—/\ F A2+ V1= pPW "+ Ap (\/1 — W+ p”))
p2 (1 *P/Q 7p( /1 *PIQW‘FPN))

(2.28)

By solving the equation det(S® — AI3) = 0 from (2.28), we obtain the principal curvatures

of the canal hypersurfaces (2.1) according to generalized Bishop frames of type B, type C
and type D in E* as follows:

det(S€ — AI3) =
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Proposition 2.6. The principal curvatures of the canal hypersurfaces (2.1) according to
generalized Bishop frames of type B (parallel transport frame), type C and type D in E*
are

1_ 2 1"
(2.29) A =ag =1 ae Vi-pPWtp

P :1—p’2—p(mw+p”).

3. Tubular Hypersurfaces according to Generalized Bishop Frames in
E4

In this section, we study the tubular hypersurfaces according to generalized Bishop frames
in E*. By taking p(u) = p =constant in (2.1), we get the tubular hypersurface 7 according
to generalized Bishop frames in E* as

(3.1)  T(u,v,t) =afu) £ p[(cosvcost) Mi(u) + (sinvcost) Ma(u) + (sint) Ms(u)],

where u € [0,1] and v,t € [0,27). Considering ”+” as 7’4" in (3.1), we obtain the following
results:

Firstly, from (1.5) and (3.1), the first derivatives of the tubular hypersurface (3.1) are
obtained as

To=(1—=pW)T — p(cx2costsinv + drssint) My
+ (cpx2 cosvcost) Mz + (dpxs cosvcost) Ms,

To = —p((sinvcost) M1 — (cosvcost) Ma),

Te = —p((cosvsint) My + (sinvsint) My — (cost) Ms) .
From (1.6) and (3.2), the unit normal vector field of 7 in E* is
(3.3) N7 = (cosvcost) My + (sinwcost) M + (sint) Ms.
Also, the nonzero coefficients of the first fundamental form are given by

g11 = (pcostcosv)? (P23 + d*a3) + p* (ca2 costsinv + dws sint)® + (1 — pW) 2,

912 = p? (cxa cost + drasinvsint) cost, gls = dp’z3cosv, gag = p>cos’t, gis = p°
(3.4)
and it follows that
(3.5) det[gzj—v} =p* (1= pW)?cos’t.

Now, for obtaining the coefficients of the second fundamental form, let we give the



Canal Hypersurfaces According to Gen. Bishop Frames in E* 735

02T

second derivatives Tu,z; = g
i, Y

of the tubular hypersurface (3.1) as follows
21 (cxo costsinv + dxs sint)
Tow= | p| — (acx3 +bdzi+ 2})cosvcost | —pp” | T
—axh sinvcost — brhsint
n (xl ) (a1 + P23 + %2333) cos v cost o )) M,
+ (az1m2 + cki)sinvcost + (bzixs + dzy)sint
— (a® + ¢®) pas sinvcost M
* ( +z2 (@ — apzi cosvcost — (ab + ed) pxs sint) + cprh cosv cost ) 2
34) + x3 (b — bpzy cosvcost — (ab+ cd) prasinv cost)
’ — (b2 + d2) px3sint 4+ dpxh cosvcost
Tuv = Touw = (p (21 8inv — azxa cosv) cost) T — (cpxa cosv cost) My
— (cpx2sinvcost) Mz — (dpxs sinv cost)Ms,
Tut = Tew = p (1 cosvsint + aza sintsinv — bxg cost) T
+ p(cxesinvsint — dzgcost) My — (cprasint cosv) My — (dpxssint cosv)Ms,
Tow = —p ((cosv cost) My + (sinwvcost) Ms),
Tot = Tew = p((sinwsint) My — (sint cosv) Ms),
Tt = —p ((cosvcost) My + (sinvcost) Ma + (sint) Ms) .

)MS,

Thus, from (1.8), (3.3) and (3.6), the nonzero coefficients of the second fundamental form
are given by

hi; = —px? cos® vecos? t + g (—a2 —2¢% +a? cos(21))) x2 cos? ¢

+ x2 (a — 2(ab + cd)psintas) costsinv
+ x3 (bsint —p (d2 cos?vcos?t + (b2 + d2) sin? t) xg)

3.7) + 21 (1 — 2p (az2 costsinv + bxsgsint)) cosv cost,
Rl = —p (cx2cost + dxssintsinv) cost,
rl; = —dpzs cosv, hly = —pcos® t,hls = —p

and it implies
(3.8) det[n]] = p*W (1 — pW) cos’ t.
So from (1.10), (3.5) and (3.8), we get

Proposition 3.1. The Gaussian curvature of the tubular hypersurfaces (3.1) according
to generalized Bishop frames of type B (parallel transport frame), type C and type D in E*
18

(3.9) K" = w

p?(1—pW)
Thus from (3.9), we have

Corollary 3.1. Let T be a tubular hypersurface according to generalized Bishop frame
of type B (parallel transport frame) given by (3.1) in E*. When « is a straight line, the
tubular hypersurface T is flat.

Also, after finding the inverse of the matrix of the first fundamental form and using
this and (3.7) in (1.9), the shape operator of the tubular hypersurface (3.1) is obtained by

sty Sl Sk
(3.10) ST=| 8%, SL S& |,
S S% St
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where the nonzero components of this matrix are

ST _ W

11 — 1—pW>
ST _ (czo+dxs sinvtant)sect

21 = p(=sect+pzy cos vtapxy sin v+bprg tant)’
ST _ _ dxzgcosv

i} 7/3(1*0W)’

1

522 = 533 =7

P
Hence from (1.11) and (3.10), we reach that

Proposition 3.2. The mean curvature of the tubular hypersurface (3.1) according to
generalized Bishop frames of type B (parallel transport frame), type C and type D in E* is

-2+ 3pW
3.11 T 2o
(3.11) 3p(1 — pW)

Thus from (3.11), we get

Corollary 3.2. Let T be a tubular hypersurface according to generalized Bishop frame
of type B (parallel transport frame) given by (3.1) in E*. When « is a straight line, the

tubular hypersurface T is not minimal and it has negative mean curvature T=.

3p
Furthermore, from (3.9) and (3.11), we have

Proposition 3.3. The tubular hypersurface (3.1) according to generalized Bishop frames

of type B (parallel transport frame), type C and type D in E* is (H” , KT){WJ}, (HT, KT){%

and (H",KT) {v,t3- Weingarten hypersurface.
Also, from (3.10) we have
(14 Ap)? (—1 — M+ ﬁ)
03
By solving the equation det(S” — Al3) = 0 from (3.12), we obtain the principal curvatures
of the tubular hypersurfaces (3.1) in E* as follows:

(3.12) det(ST — AI3) =

Proposition 3.4. The principal curvatures of the tubular hypersurfaces (3.1) according
to generalized Bishop frames of type B (parallel transport frame), type C and type D in E*
are 1 W

3.13 M=x=-M=—"—.

(3.13) 2 5N =T W
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