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Abstract. In this work, we connect Bernoulli numbers and polynomials to Mersenne
numbers via recurrence relations. We find two explicit formulas of Bernoulli numbers
by means of Mersenne numbers which are different from those given by F. Qi and X.
Y. Chen et al. Finally, we explore additional interesting relationships, which serve as
bridges between the Bernoulli polynomials and Mersenne numbers.
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1. Introduction

Bernoulli polynomials B, (z) [3] are defined by the generating function

(1.1) Zeml =3 Bn(x)%?.

e? —
n>0

The numbers B,, = B,(0) are Bernoulli numbers and can be computed by the
recursion formula

" n
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where 6y, ,, is the Kronecker symbol. We have By = _71, By = %, By = 73—10, Bg =
ﬁ and Bap4+1 = 0 for n > 1. The identity (1.2) is extracted from the well-known

relation (24.5.3) in [17]:

n—1
3 <Z>Bk0, n=23,.
k=0

Many other properties can be found in [1]. Tt is well known that the sum

n—1
Sp(n) = k"
k=1

is closely connected to Bernoulli polynomials B, (x) via the relation

1
r+1

Bernoulli polynomials have found numerous important applications, notably in
number theory and asymptotic analysis. Recurrence relations were soon used as
the most important tool [2, 10, 19] for computing Bernoulli polynomials and num-
bers. Several generalizations of Bernoulli polynomials are defined, the most recent
being the degenerate Bernoulli polynomial, which has been studied in [12, 14]. De-
generate versions of special polynomials is an active area of research and has yielded
many arithmetic and combinatorial results. For any positive integers n we consider
the partition set

(13) $,(n) = —— (Bra(n) = B,11).

r=1

7(n) = {(k1,~--,kn) e N": zn:rkrzn},

where N = {0,1,2,---} is the set of nonnegative integers. For any positive integer
k and complex number z, we denote by B(n, k, z) the sum

n

sk =3 (5 )T

m(n) r=1

< k ){kl,k'kn, if k14 +k,=k,

ki,ko, -+, kn 0, otherwise

is the multinomial coefficient. We write B(n,k) = B(n, k,0) and we remark that
B(n,k,z) =0 for n < k.

The outline of this paper is as follows. In the first section, we give a recurrence
relations for B, (x) and B, involving Mersenne numbers and the sums B(n, k, z)
different from those in the literature which involve binomial coefficient. To end with
two explicit formulas of B,, by means of Mersenne numbers. The second section is
reserved for the proof of all the theorems in the first section. In the last section,
we express Mersenne numbers as sums involving the numbers S, (3) and S, (4) to
deduce a recurrence relation for S,,(4).

where



On Recurrence Relations for Bernoulli Polynomials and Numbers 3

2. Main results

To establish the link between Bernoulli polynomials and Mersenne numbers
M, = 2™ — 1, one needs relations more complicated than the recurrence relations
[17, (24.5.1)], [1, (23.1.7), (23.1.6)] and others in the literature [9, 10, 8].

Theorem 2.1. The connection of Bernoulli polynomials to Mersenne numbers is
giwen by the following recurrence relation.

n—1

n'Mn k+1
(2.1) Bu(z) = (z+1)" Zk'n—kil By(z).

Relation (2.1) can be written under the form

2 (1) (FEimen =) o

k=0

By setting © = 0 we get the corresponding recurrence relation for Bernoulli numbers.

Corollary 2.1. The following relation holds true.

n! My, k1
(2.2) n=1— Zk'n_kj B

Since Ba,+1 = 0, then we can write

i (21 + 1) Map_ k4o

=1
K(2n—k+2)! ¢
and then
2n—1
2 (2n—|— 1)!M2nfk+2
2.3 By, =——[1-— By |.
(23) 2 3(2n+1)< kZ:O K(2n—k+2) "

Also with relation (2.2), we compute the successive values of the Bernoulli numbers.
The first are

M.

Bi=1-=2,

2
6 — 6 My + 3M2 — 2Ms
BQZ 6 ’

and
90(4 — M3)?(Ms — 3) + 5(6 — 6 Mo + 3M3 — 2M3)? — 6 M5

30

The combination of the sums B(n, k, 2) and Mersenne numbers gives another formu-
lation for Bernoulli polynomials. The result is established in the following theorem.

By =
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Theorem 2.2. We have By(z) =1, Bi(z) =z — % and for n > 2 we get

Bu(z) = (x+1)"7f1+11 +n!> (-1)FB(n, k, z)
k=2
+ Fl; (J)B(J,kx)( + 1)

Consequently the expression of Bernoulli numbers by means of numbers M,, and
B(j,k) is given by the following corollary.

Corollary 2.2. Forn > 2 we have

n

Bn - 1- n+1 Z

k=2

(2.4) + 5 Z( ( >

=1k=1

<.

Identity (2.4) conducts to the following corollary.
Corollary 2.3. We have

22n+1 -1 2n A
B = 1—-— 2n)! —1)*B(2
2n—1 j m
(2.5) + Y D (-1 ( ‘>B(j,k)
=1 k=1 J
J
and
2n J
M2n+2 —1 B 2n+1 .
gz "L = L) (! ( ; )3(3,@
Jj=1k=1
2n+1
(2.6) + @2n+ 1) (-1DFB@En+1,k).
k=2

In [18] (see identities (1.3) and (1.5)), F. Qi and R. J. Chapman provided two
closed forms for Bernoulli numbers. The first is according to Stirling numbers
of the second kind and the second is expressed as the determinant of a known
matrix. Recently, X.Y. Chen et al. [4] derived two closed formulas for Bernoulli
numbers in terms of central factorial numbers of the second kind. The partial Bell
polynomials By, i := Bp i ((2r)r>1) [5] of an infinite sequence (x,),>1 are defined
by the generating function

1 " "
(2.7) o anm :ZBnyk(xl,mg,-'-)H

n>1 ’ n>1
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for which the explicit formula is

(2.8) Brg (#r)r>1) = > klln7|knl 11 (%)k '

Kyt thn=k
kq+2kg+-Fnkp=n

The complete Bell polynomials Y,, :=Y,, ((z,)r>1) [5] are defined by

Yo=3 Bur Yo=1.
k=1

For which the generating function is

n

" z
exp anﬁ :ZY"H'

n>1 ’ n>0

The degenerate version of these polynomials is studied in several works, we can refer
to [11, 15, 16] and reference therein. In addition, researching this degenerate ver-
sion by connecting it with degenerate Dowling lattice can produce very interesting
results, as the case for Degenerate Whitney Numbers of First and Second Kind of
Dowling Lattices [13]. According to these polynomials the following theorem gives
two other closed formulas for Bernoulli numbers in terms of Mersenne numbers.

Theorem 2.3. Forn > 1 we have

(2.9) B,=1+ mzn:l (l) i(—l)kk!Bmk ((iwff>>1> ,

k=1

and

(210)  Bp=-n—01,n+(-1)" i(*l)kk!Bn,k ((ifﬂll) )

k=1

3. Proof of the main results

First we recall the tools necessary for the demonstration, in this case Mersenne
numbers and the inverse of a generating function. The sequence of Mersenne num-
bers M, = 2™ — 1 is defined by the ordinary generating function (see [6, Identity

4])
(3.1) e =Y M

_ 2
1—3z+22 =

and the exponential generating function (see [6, Identity 7])

2z z EX z _ z
(3.2) e“* —e* =2e? smh(Q)ZOMnn!.
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Bell polynomials appears among others in the series expansion of the inverse of any
invertible generating function. Let f(z) =1+ )" ., an,2"; the series expansion of
f71(2) by means of B,, . is given as follows [7]

n

z
- — | rl
(3.3) =1+ Z Z )"k By i (Flar)r>1) = e
n>1k=1
3.1. Proof of Theorem 2.1
We have
2" M’Vl-‘rl z" _ (z+1)z
Bua) r I\ i | =¢
n>0 n>
and then
(1) Mkt ) 2 - S
k/n—k+1 1 !
n>0 \k=0 n>0
Finally
n
n Mn—k+1
— 1 n
> () gt = e+
k=0
and

3.2. Proof of Theorem 2.2
To prove Theorem 2.2 we need the following lemma.

Lemma 3.1. The connection of Mersenne numbers to partial Bell polynomials is
given by the following relation.

My _ ZZ( ) (& + 1) (—1)* k1B, (Br(2))rs1)

ntl j=1 k=1
(3.4) + (z4+ D)™

Proof. From (3.3) we have

= Y ) KB (Br(a))ea) oy

n>1k=1

Then

Mn n n,n
So et 2 (5 EE ) (1 S S ) B (Be)n)

n>0 n>0 ’ n>1k=1
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According to Cauchy product of series, the desired result follows. O

To get Theorem 2.2, we remark that
k\Bj i ((Br(2))r>1) = !B, k, x)

and then

n

j=1k=1

Since B(n,1,z) = By(x), then

MnJrl n
= @ an(x)+kZ:2( )Yen!B(n, k, )
n—1 7 n
+ Z(-)(Hl)” H(=1)%4'B(j, k, x)
j=1k=1 J
and
Bu(z) = (z+1)"— Muir | i(—l)kn!B(n k, )
n+1 P B
n—1 jJ n 4
+ Z Z < ')(37 + )" (=D)*5IB(j, k, @),
== M
3.3. Proof of Theorem 2.3
We have
-1
2" My 2"
Yoo (105
= n! = n+1n!
But

—1

n+lZ MT+1
+Zn+1ﬁ _1+ZZ k'Bnk<(7’+1>r>1>

n>1k=1

We consider the sequence a,, defined by

- M,
_ _ k r+1
ao =1 and a, = g (—1)%E!B,, ((T 1 >T21> .

k=1

Wt = e e S (e G )
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Then we get

ZB—1+Z(1+Z< )a ) =

n>0 n>1

and the first identity (2.9) follows. For the second identity we have

-1
n

P . z
+Z ni:rl1 n! - ZB"H’

n>0
and
I A o o L T
€Y Bamr =2 > ()0 B
n>0 n>0 k=0
But
- n n—k _ n - n
(1)t =Y (1) o
k=0 k=0
Then

which leads to the desired result (2.10).

4. Further identities
Using the roots of the polynomial 1 — 3z + 222 we write the ordinary generating
function of M, 11 under the form f5(z) = m Then we obtain
fa(z) = exp[—log (1 — 2) — log (1 — 22)].
Since we have
1 2m
log(1—2)=— —z" and log (1 —22) = — —2z".
og(l—2) ;nz and log ( 2) 7;1”2

Then we can write
1 + 2”

fa(z) = exp

n>1

One remarks that 1 +2" = 5,(3) = n+1 (Br+1(3) — Bp41) and

- 1! (Bns1(3) = Bnt1)
My =Yy (( ;(r+ 1) i >r21> .

So the following theorem holds true.
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Theorem 4.1. Forn > 1 we have

@) My = ZZ ( )U(W)k

k=1m(n)

Now we consider the generating function

1
B = i a=39 ZA

The explicit formula of Az(x) involves Mersenne numbers as it is explained in the
following lemma.

Lemma 4.1. For n > 0 we have
(4.2) An(3) =

Proof. We have

Z 3" Z (2"+1 - 1) z"

n>0 n>0

According to Cauchy product of generating functions we deduce that

3) = zn::a"—’“ (2M1! —1) =3 <22n: 2/3)k zn: (1/3) )
k=0

k=0 k=0
Since .
k=0
and
n . 3n+1 -1
3" 1 = —.
St =2
k=0
Then o
nre — M,
A (3) = M
2
O

It should be noted that the function f3 allows us to build a recurrence relation for

M,,. By noticing that
ST
k=0
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to obtain

n
My =3"42 =23 3" My,
k=0

M, 13 is useful for constructing a recurrence relation for computing B,,(4) as shown
in the following theorem.

Theorem 4.2. Forn > 1 we have

e AN (g

k=1 T{'(TL)

Proof. On the one hand we have

On the other hand it is obvious to remark that

Bn+1(4) — Bn-i-l P

fs(2) = exp Z n(n+1)

n>1

et )

n>1

and

The comparison between the two identities makes it possible to deduce that

A= Ly, (<T!Br+;gj>“¢r+l)m> |

The desired result follows from the Lemma 4.1 and the expression of Y,, for the

1 Bry1(4)=Bri1
sequence (r 1) oy O

So to be precise we get this recurrence relation for S, (4).

Bl Sty ) T ()

k= 27r(n) =

As it is also possible to construct a recurrence relation for S, (3) with the Theorem
4.1.
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5. Conclusion

In this work, we have extended some recurrence relations satisfied by Bernoulli

numbers and polynomials to those involving Mersenne numbers. This allows us
to give two closed formulas of Bernoulli numbers by means of Mersenne numbers.
Moreover, we highlighted the link of Mersenne numbers with the sums S, (r) to
give a recurrence relation for the numbers S,,(4). In our approach we combined the
generating functions of the Mersenne numbers and Bernoulli polynomials to build
the necessary bridges using Bell polynomials.
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