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Abstract. In this paper, we give some results about the generalized D-homothetic de-
formation on the almost contact metric manifold and we study the harmonicity and the
biharmonicity relative to this type of deformation. In terms of applications, we have
constructed several examples of harmonic and biharmonic maps.
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1. Introduction

Let ¢ : (M™,g) — (N™, h) be a smooth map between Riemannian manifolds.
Then ¢ is said to be harmonic if it is a critical point of the energy functional :

1
B0) =3 [ o,

with respect to compactly supported variations. Equivalently, ¢ is harmonic if it
satisfies the associated Euler-Lagrange equations :

7(¢) = TryVdo =0,
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36 B. Ghezzal and S. Ouakkas

7(¢) is called the tension field of ¢. As the generalizations of harmonic maps,
biharmonic maps are defined as follows. The map ¢ is said to be biharmonic if it is
a critical point of the bi-energy functional :

1
E2(0) = [ 17 ()P,
M
Equivalently, ¢ is biharmonic if it satisfies the associated Euler-Lagrange equations

72 (8) = ~Try (V?) 7 (9) — TryRY (r(¢),d¢) do = 0,

where V is the connection in the pull-back bundle ¢~ (T'N) and, if (¢;),.,,, is a
local orthonormal frame field on M, then T

Try (V) 7(8) = (VEVE = Ve, ) T(9),

where we sum over repeated indices. We will call the operator 72(¢), the bi-tension
field of the map ¢. For more details, we can refer the reader to [1] and [5-7]. A
quadruple (p,&,7,9) defined on a Riemannian manifold M?™*! is known as an
almost contact metric structure if

P’X =X +n(X)&En(€) =1,9(X,8) =n(X)
and
g (X, pY)=g(X,Y)—n(X)n(Y)

hold for all X,Y € I' (T'M), where ¢ is a (1, 1)-type vector field, &, the structure
vector field of type (1,0), n, 1-form and g is the Riemannian metric on M?™*!. The
manifold M?™*! equipped with the structure (o, &, 7, g) is called an almost contact
metric manifold (see [4]). Note that an orthonormal basis on (M?*™ ! o, £ 0, g) is
given by

{61', PEiy 5}7;1 .

Moreover, if the almost contact metric manifold (M 2"“‘1,(,0,5,7779) satisfies the
condition

(Vxp) (Y) =g (eX,Y)E=n(X)n(Y)
or equivalently

for all for all X,Y € T'(TM), then (M?™* ¢, & n,g) is known as a Kenmotsu
manifold (see [8]). It is well known that a Kenmotsu manifold (M?™ o, &, n,g)
satisfies the following relations :

R(X,Y)E=n(X)Y —n(Y)X

and
REX)Y=n(X)Y —g(X,Y)¢&
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From this las formula, we get
Ricci (§) =TrgR(E,-) - = —2m&.

In [9],[10] and [11], the authors were interested in the construction of harmonic and
biharmonic maps on almost contact metric manifold, in particular on Kenmotsu
manifolds. The D-homothetic deformation of almost contact metric manifolds is
a transformation that has been studied by several authors, as an example see [5].
Our objective in this paper is to generalize this type of deformation. We consider
an almost contact metric manifold (M?™ %1 ¢, & 7, g) and we define a generalized
D-homothetic deformation. In the first part of this paper, we give some properties
related to this type of deformation (Proposition 1 and Theorem 1). In the sec-
ond part, we study the harmonicity and the biharmonicity of the identity map in
two different cases where we give some special cases and this study allowed us to
construct some examples.

2. The main results.

In this section, we consider (M Al p Em, g) an almost contact metric manifold.
A generalized D-homothetic deformation is defined by

_ _ = 1 _
Y =@ n = an, fzafa 9:049+0¢(05*1)77®77a

where « is a positive function on M. One can easily check that (M ,2,6,7, §) is an
almost contact metric manifold too. Denote by V and V the Levi-Civita connections

on (M2, 0, € 1, ) and (M>™+1,5,€,7,5) respectively.
2.1. Some results on the generalized D-homothetic deformation.

As part of our first results, we prove some basic formulas about generalized D-
homothetic deformation of almost contact metric manifolds.

Proposition 2.1. Let (M2m+1,g0,§,n,g) be an almost contact metric manifold

and let (M, B, 6,7, g) be a generalized D-homothetic deformation of (MQm‘H, p,&,m, g).
Then, we have

20 — 1

9 (VxY,2) = ag(VxY,Z)+ (a® —a)n(Z)n(VxY)+ X (a)n(Y)n(2)
+ 302X (@) +59(X,2)Y (@) - 59(X,¥) Z ()
£ I On@)Y (@) - P (X)n(Y) Z ()
b (0 (g (Vr6.2) — (V46 1))

2
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OZQ—O[

2
a?—a
2

Proof of Proposition 2.1. By using the Koszul formula , we have

+

n(Y){g(Vx§, Z) —g(VzE X)}

_|_

n(Z2){g(Vx&Y) +g(VyE X))

25 (VxY,2) = X@G(V,2)+Y (G(X,2)—-Z(G(X,Y))
+ ?([X,Y],Z)+§([Z,X],Y)7§(X,[KZ]),

forall X,Y,Z e T'(TM). As
g=agtala-1)nemn,

we get
29 (VxY,Z) = X(ag(Y,Z2)+a(a—-1)n(Y)n(Z))
+ Y(ag(X,Z2)+ala-1)n(X)n(2)
— Z(ag(X,)Y)+a(a=1)n(X)n(Y))+ag([X,Y],2)
+ ala-Dn(X,Y])n(Z2) +a(a—-1)n(Z,X]))n )
- ala=1)nX)n(Y,Z]) + ag ([Z, X],Y) — ag (X,[Y, Z])

X(ag(YV,Z) +ala=1)nY)n(2)) = X(ag(V,2))+ X (a(a—=1)n(Y)n(Z))
ag(VxY,Z)+ag(Y,VxZ)

+ a-1)nY)n(Z2)X(a)
+ g(Y,2)X (o)

+ ala=1)n(Z)g(VxE,Y)
+ ala=1)n(2)n(VxY)
+ ala=1)n()g(VxE Z)
+ ala=1)n)n(VxZ)

By a similar calculation, we obtain
Y(ag (X, Z) + ala-1)n(X)n(2)) ag (VyX,Z) + ag (X, Vy Z)
2a-1)n(X)n(2)Y (@)

9(X,2)Y (a)

e |
Q
Q
I
=g
N
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and

Z(ag(X,Y)+a(a=1)n(X)n(Y))

ag(VzX,Y)+ag(X,VzY)

+ Ca-0nX)n)Z(a)
+ g(X,Y)Z(a)

+ ala=1)n(Y)g(VzE X)
+ ala=1)nY)n(VzX)
+ ala—1)n(X)g(VzEY)
+ ala=1)n(X)n(VzY)

Finally, it is clear that
ala=D)n(X,Y])n(Z2) =ala=1)n(Z)n(VxY)—ala=1)n(Z)n(VyX),

ala=1)n(2,X)nY)=ala=1)n¥)n(VzX)—ala=1)n{Y)n(VxZ)

and
ala—nX)n([Y,Z]) =ala=1)n(X)n(VyZ) —a(a-1)n(X)n(VzY).

It follows that

F(TxY.2) = ag(VxY,2)+ (a*—a)n(2)n(Va¥) + 22X (@) (¥)n(2)
+ %g(Y,Z)X(aH%g(X,Z)Y(a)*%Q(X,Y)Z(O‘)
n 20‘2_177()()7,(2)1/(@)—2a2_1n(X)n(Y)Z(a)
b () (g (Vr.2) — (V26 1))
b (1) (g (VxE 2) — g (V6. X))
. fﬁgfhmzy@<vXaY>+g<vyaka

Using the proposition 2.1, we get the result which gives the relation between V and

V.

Theorem 2.1. Let (M2m+1,g0,§,n,g) be an almost contact metric manifold and
let (M, %, 6,7, y) be a generalized D-homothetic deformation of (M2m+1, P, &, n,g).
The relation between ¥V and V is given by the following formula :

VxY = VxY —n(X)n(Y)grada+ %77 (X)n(Y) grada — %g (X,Y) grada
b Lo DO e+ S o (X E@) e+ Y (@)X
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(21) + ix (@)Y + QT_ln (Y)Vx&+ QT_ln (X) Vy &+ in (Y) X (a)¢

bY@+t (VxE V) e+ T g (Vye, X
— ) Tryg (V& X)Ly (X) Tryg (V£ V) -
(0 - 1)° (0~ 1)°

—n (Y X —n(X Y)¢&.
+ (V) g (Ve X) €+ =51 (X) g (V£ Y) €
In particular, if the function « depends only on the direction of €, the equation (2.1)
becomes

— 20 — 1 1 1
VxY = Vx¥ = o (X)n(V)€(a)§ — 559 (X.Y)E(@)€+5-Y () X

a—1

b X (@Y + C (V) VxS () Vet oon (V) X ()€

(22)  + ()Y @&+ T (VaE V) E+ Ot (Ve X)¢

a—1

D) Tryg (V.6 X) - =200 (X) Tryg (V.6 Y)

(a—1)* (a—1)*

+ 5 5 n(X)g(Ves,Y)E.

n(Y)g(Ve&, X) &+

Proof of Theorem 2.1. If we consider an orthonormal frame {e;, pe;, £}, on
the almost contact metric manifold (M?™ ! ¢, & 1, g), then an orthonormal frame
on (M?™+1,5,€,7,7) is given by

B e, B = e e g "
€; = \/aeuspez = \/a@eu T i:1-
For all X, Y € T'(TM), we have
VxY =5 (VxY,e)e +7(VxY,2e) pe; + 7 (VxY,€) &

By Proposition 2.1, A rigorous calculation gives us

g(VxY,e)e = l?(vxyvei)ei

Q

1 1
= g(VxY,e)e + %X (a)g(Yiei)ei+ =Y (a) g (X, e) e

2a
(X)) e () e

n(X){g9(Vyv& e)ei—g(Ve & Y) e}

-1

a—1

n (Y) {g (va7€7;) € —4g (V€i€7X) ei} )



7 (VxY,pe;) pe;

and
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1
9 (VxY, pei) pe;

1
= g(VxY, pe;) pe; + 20X (a) g (Y, pe;) pe;

() 9 (X, pei) i = 59 (X, ¥) (er) (o) e
n(X)n(Y) (pe:) (o) pe;
N (X){g (Vy& pei) pei — g (Ve £, Y) pei}

n(Y){g (Vx&, vei) vei — g (Ve &, X) e}

—Y
20
200 — 1
2
a—1
2
a—1

2

9(VxV.DE = 3(Tavie)e

1 a—1 20 — 1
= — Y, —_— Y —X Y

~g (VY €) + i (VxY) + 52X (a)n (V)
1

530 (V.6 X (0) + 550 (X.8)Y (0) ~ 530 (X, Y) € (0)

2OV (@) - 22y (X)n ()€ (o)

I (X) g (V& V) +1/(V) g (Ve X))}

o {9 (VX V) +9 (Vv X))

o

(07

+

It follows that

VyY

+

1 1
VxY —n(X)n(Y)grada + %77 (X)n(Y)grada — %g (X,Y) grada

W”m”(y)f(a)“O;T_;g(KY)f(a)&iY(a)X

S X (@Y + 22y (V) Ve + S (X) Ve + 5 (V) X ()€

S (X)Y (@) €+ Lo (Ve V) + C L (Vg X) e

O () Tryg (V6,X) -~

(a— 1)
2a

LX) Tryg (V.6,7) -

(a— 1)
2a

n(Y)g(Ve&, X) €+ n(X)g (Ve Y)E.

If we assume that the function o depends only on the direction of £, we obtain

then

ei (a) e; = (pe;) (@) pe; = 0,

grada = & (a) €.
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By replacing this last formula in (2.1), obtain equation (2.1). From Theorem 2.1,
if (MQW‘H, w,&,m, g) is a Kenmotsu manifold, we obtain the following Corollary.

Corollary 2.1. Let (M2m+1, v, &, m, g) be a Kenmotsu manifold, by using the fact
that

Vx{=X—-n(X)§, Vyé=Y —n(Y)¢, Vef =0
and
Trgg(X7V§):X_7](X)§7 Trgg(Y,Vf)zY—n(Y)§,
the equation (2.1) becomes

_ 20— 1
ViV = Vyvy-22

n(X)n(Y)grada — %g (X,Y) grada + 2LY () X

v
Coz DOy (xnm) e+ St (X 1))

+ (V)X @)+ 5on ()Y (@) €+ g (X, V)¢

If the function o depends only on the direction of &, then

V¥ = Va¥ = B ()0 E(@)€ - 50 (X, V)€ ()€

(24) £ (V)X )€+ 5on(X)Y (@)€+ 5V (0) X

2a
n ix(a)yjuo‘T*lg(X,Y) * L0 )e

2

As the first_application, we will study the hamonicity of the identity map Id :
(M 3,6,7,9) — (M 0,6, 9).

2.2. The biharmonicity of the identity map
Id: (M2m+1a¢7§aﬁ7§) — (M2m+17 ¢a§7’r]ag)'

In this part, we consider an orthonormal frame {e;, pe;, £}~ on the almost contact
metric manifold (Mzm“, w,&,m, g), then an orthonormal frame on (MzmH, ©,&,7, g)

is given by
_ 1 _ 1 - 1"
{ez = ﬁeu pe; = ﬁ‘peu §= aé}i_l
Thanks to Equation (2.1) of Theorem 2.1, we deduce that
(2.5) Ve, = Veei— — mda—f—mf(a)g
. e;¢1 = e; Ci 2ag 20(2

a—1

+ %ei () e; + 9(Ve&,ei)€
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and
(2.6) v , =V — Zgrad +7m(a_1)£()£
. pe; P = pe; P 2Oégvﬂa « 502 «
1 a—1
+ o (9062') (a) pe; + Tg (vgoeifv QO@Z') g

For the term ﬁg& by noting that

Tng (vé.a 6) =g (VEEa f) € = Ov
we deduce that
_ a+1
(2.7) V& = aVel — grada + T§ () €.
By using the fact that
1 o 1 - 1
ﬁe% pe; = ﬁ@e“ g - 557

we obtain the following formulas

€; =

1
V&€ = aveiei ~ 5aCi (a) e,

1
Ve 0€; = avwm@@i — — (pei) (o) pe;

202
and ) )
& T gvﬁf T3 (a)€.
Returning to equations (2.5), (2.6) and (2.7), we conclude that
s — 1 m m(a—1)
(2.8) V&€, = aveiel - ﬁgmda + Tﬁ ()€
a—1
+ ﬁei (O[) € + o2 g (veiE’ ei) 57
= B m m(a—1)
(2.9) Va0 = vaeitpei — ﬁgr(zda + Tf ()&
1 a—1
t o5z (pei) (@) pe; + 2 Y (Ve & pei) €
and
— _ 1 1 1
(2.10) €= EVgﬁ - ﬁgmda + gf (o) €.

43

Theorem 2.2. The identity map Id : (M>™1,5,£,7,9) — (M*™ ¢,&,n,9)

is harmonic if and only if

ma—m+1

(2.11) %grada - <a3) ()€~

a—1
«

5 ((div€) § + V&) = 0.
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In particular, if the function o« depends only on the direction of £, the equation
(2.11) becomes
m—1

(2.12) ——¢(a)

o’

((dWS) £+ Vel) = 0.

Proof of Theorem 2.2. By definition of the tension field of the identity map
Id: (M2m+la¢7£aﬁ7§) — (M2m+17<)07§anag)7 we have

7 (Id) = V&€ — Veri + Ve p€; — Ve pe; + Vel — VL.

Using the fact that

_ 1 _ 1 1
€ = ﬁeiv pe; = ﬁ@% §= afa
we obtain
- 1 1
Veei = — Ve, e — 5oz € (@) e,
1 1
Ve pei = — Ve, 0€; 202 (pei) (a) we;
and

— 1 1
Ve = — Ve - —£(a)¢.
Thanks to equations , (2.9) and (2.10), we deduce that

_ = m m(a—1 1
Vege — Vge = ﬁgmda - (273)5 (@) — gei (@) €;
o —

= g(VhE,ez)f

= m m(a—1)
QQTadOz—T

1
o £(0) €~ — (per) (@) e
- T_ng (Vgaei£7 (Pei) f

(07

and ) 1
— — — (0%
Ve = Vel = —5—Vel + 2g?“@nda 3 & (a) .

It follows that

ma—m+1

£ (@)

(2.13) 7(Id) = ggrada — (dwf) £+ Veth,

3
where

div =g (V &e ) g (Vsaezg ‘Pez) .
Then, the identity map Id : (M?*™*1,5,£,7,9) — (M?™T1, 0,1, 9) is harmonic
if and only if

m ma—m+1

((dlvﬁ) £+ Vel) = 0.
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In particular, if the function a depends only on the direction of £ (grada = & (@) §),
the harmonicity condition of Id : (M*™ 1, 5,£,7,5) — (M?™+1,¢,&,n,g) is given
by

—1

m_1 S (i) €+ Veg) = 0.

()& -

[e%

In the case where (M 2mtl 5 €7, ?) is a Kenmotsu manifold, we obtain the follow-
ing Corollary.

Corollary 2.2. Let (M2m+1,¢, &7, §) be a Kenmotsu manifold. Then the iden-
tity map Id : (M*™1,5,6,m,9) — (M*™F,0,&,n,9) is harmonic if and only
if

(2.14) magrada — (ma—m+ 1) & (o) € — 2ma (o — 1) € = 0.

Moreover, if a depends only on the direction of €, the equation (2.14) becomes
(2.15) (m—1)¢(a) = 2ma(a—1)=0.

To study the biharmonicity of the identity map Id : (M2m+1 ,9,6,7, §) — (M2m+1, w,&,m, g) ,
we need the following Lemma.

Lemma 2.1. Let (M?™, ¢,&,n,9) be a Kenmotsu manifold and let

_ - 1 _ _
<s0=<p,£=aﬁ,n:an,g:aﬁa(a—l)n@n)

a generalized D-homothetic deformation defined on M, where a depends only on
the direction of &. Then for any smooth function f on M which depends only on
the direction of £, we have

m—1 2mf

E@ene+ Te(ne- 2t

(216) TryV2fe = S e(e ()t

o? o’

Proof of Lemma 2.1. Let {e;, ¢e;, £} be an orthonormal frame on the Ken-
motsu manifold (M?™ 1, ¢, €, n,g). By definition, we have

(2.17) TrgVfe = VeVeft— Ve of€+ Ve Ve ft
— Veea /it VeVef = Vo /s,

where
1 o 1

:

—¢€;, €; — —— ey, = —C.

Ja v =Rt a

Using the fact that (M?™ ¢,&,n,9) be a Kenmotsu manifold and the fact that
« depends only on the direction of £, we obtain

g =

vﬁig = €4, ViPQf = e, ng =0.
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Then equations (2.8), (2.9) and (2.10) give us

— 1 m m(a—1
veZ i avelez - ﬁg (a)§+ %g:
= 1 m m(a—1)

Veepti = —Voepei = 53¢ (@) &+

and o
Vel =0.
For the term Ve Ve f§ — Vg _.. f§, we obtain

VeVefe-Vo o f6 = V. Ve 1q. per Dot @) ere- "0 g e
A simple calculation gives us

veiveif = vei €is

vaieiff = fveiei + mff - mg (f) 5

and

VefE=E(f)¢,
it follows that

f

m m
(2.18) VerVefé = Vg, /6= ﬁf (@) &(f)E+ Ef (flg——
The same method of calculation gives

(219)  VouVouft ~ Vo, uft = st (@€ (NE+ e (e~ "Le

kaei

To complete the proof, note that

(220) VeVelt = 56 (E ()€~ 56 (@E()E

By replacing (2.18), (2.19) and (2.20) in (2.17), we deduce that

TryV?fe = e (E (1) E+ Tt (@ E () E+ e (e~ e

Thanks to Lemma 2.1, we will characterize the biharmonicity of the identity map
IdJV[ : (M2n+17¢7£7ﬁ,§) — (M2n+1a§07£anvg)'

Theorem 2.3. Let (M2m+1, go,f,n,g) be a Kenmotsu manifold and let

_ - 1 _ _ _
<s0=<p,§=a&n=an79:ag+a(a—1)n®n>
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a generalized D-homothetic deformation defined on M where we suppose that o
depends only on the direction of €. The identity map Idyy : (M2”+17¢,§,ﬁ, §) —
(M2"+1, gpf,n,g) 18 biharmonic if and only if

D (a) + =G0 () €2) () + 222 (a)
+ 260 (a) = M= (¢ (@) - 2R (€ (a))”

ot @
+ 2 (¢ ()” — B¢ (a) + 226 () + 50 — 0

ab ab at

Proof of Theorem 2.3. The tension field of the identity map
IdM : (M2m+1u @7%7 ﬁv g) — (M2m+17 2 67 m, g)

is given by

mLee- 2=

then, Idyy : (M2m+1,¢, &7, §) — (M2m+1, v, &,m, g) is biharmonic if and only if

?(IdM): o3

(2.21) (m—1){TrgV?L& () €+ L& (a) TrgR (€,) -}

a3

—2m {TrgV?ezt + 25 TrgR (€,-) -} = 0.

o2

As a depends only on the direction of ¢, it is easy to prove that £ («) depends only
on the direction of . Using Lemma 2.1, we obtain

T e = e (o) e P e (e
2 1 2
+ (M,&(a)) - @)
A simple calculation gives
1 1 3
e(Z¢@) = 5@ - L)
and 1 1 9 12
€0 (361@) = 5569 (@)~ @€ @)+ 13 (€)',
it follows that
TV e (@)E = 260 )6+ 716 (0) €2 (a)€ + pe® (a)€
(222) B0 20) (g @) e - O (o) e - e o)

A similar calculation gives us
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and

which gives

-1 2 1 2(m—4
TrgV?e—g = 6 (@€ =@ ()¢ + % (€ ()¢
(2.23) - P )Pt Me(a)e - e (e - O e
Finally, it is easy to see that
(2.24) TrgR () =

By replacing (2.24), (2.23) and (2.22) in (2.21), we deduce that the identity map
Idy o (M, 5,6,7,9) — (M2”+1,90 &€,m,g) is biharmonic if and only if

(m-1e®) (o) 4 =m=10) ¢ () £2) (@) 4 2Mm=3)£(2) (@)
+2me) () — M(g( )) w(f(a)f

at ab

+2m00 (6 (0)° - B (0) 4+ 226 (a) + G <0

ab a3

Example 2.1. We consider the manifold M = {(x,y,z,u, v) € R5}, where (z,y, z, u, v)
are the standard coordinate in R® . An orthonormal frame is given by e; = 67”%,
ex = 67”8% and e3 = 671}%, eq4 = 67“6% and es = 67”6%. taking es = & and using
Koszul’s formula we get the following

Ve, e1=—es5, Ve ea =0, Ve, e3 =0, Ve, e4 =0, Ve, es =e1
Ve,e1 =0, Ve,e2 = —e5, Ve,e3 =0, Ve,e4 =0, Ve,e5 = €2
V5361 = 0, V5362 = 07 V53€3 = —€s, V53€4 = O7 V5365 = e3
Vese1 =0, Vese2 =0, Vese3 =0, Vesea = —e5, Ve,e5 =e€4
Ve561 =0, Veseg =0, V6563 =0, V5564 =0, V65€5 =0.

We suppose that the function a depends only on v, by Theorem 2.2, we deduce that the
identity map Idas : (M, 2,&,7, §) — (M, ,&,1m,g) is harmonic if and only if

e ’a’ (v) —da(a—1)=0.

By solving this last equation, we conclude that Ida : (M, %,€,7,9) — (M,¢,&,1,9) is

harmonic if and only if
1

a(v) = Cae 11

By Theorem 2.3, the identity map Idas : (M, 3, €,7, g) — (M, p,&,m, g) is biharmonic if
and only if

v (3 8e 2V 1 1 eV (4a—6) 1
easa()_ieae o'« —1—7((1 ) oy

e V(4a+27 ’ 4e~ 2V (a—3 N2
4 Do) — ag ) (o)

@

+96a—73v (Oél)3 + 32(;)43—1) —0.




On the biharmonic maps on the generalized D-homothetic deformation ... 49

Example 2.2. We consider the manifold M = {(m, Y, 2) € R3 2z # 0}. The Riemannian
metric on M is defined by

—dw + - dy + —d 2
and the orthonormal frame is given by e; = z%, e = z% and ez = —z%. The vector
fields e1, e2 and es satisfies

Vel €1 = O, Vel €2 = 0, Vel €3 = €1,
V32€1 = 07 V€262 = 07 V€263 = €2,
Vese1 =0, Vezea =0, Vezez3 =0.
If we suppose that the function o depends only on z, we deduce that identity map Id :

(M7 2,€,7, §) — (M, p,&,m,g) is biharmonic if and only if « is solution of the following
differential equation

2z " ’ 6z2 72

a505 405 + 505 - 405 + (o)
_2 2 4 4a 1
;5 ()" + 25 — Hd' + ( ) = 0.

Example 2.3. We consider the manifold (M3, gp,é,n,g) be a Kenmotsu manifold with
a p-basis
. 0 _. 0 0
e1=e€e ~—, es=¢€e ~— e3 == —.
oz
The Riemannian metric on M is defined by
g — €2zdﬁf2 + e2zdy2 + dZQ7
The vector fields e1, ez and es satisfies
Vel €1 = _57 Vel €2 = 0> Vel €3 = €1,
ngel = 0, Vg262 = *6, v6263 = €2,
Vese1 =0, Vesea =0, Veses = 0.

If we suppose that the function o depends only on z, we deduce that identity map Id :
(M, ©,¢,7, §) — (M, p,&,m, g) is biharmonic if and only if « is solution of the following
differential equation

ala—2)a" —2(a—3) (0/)2—1—204(04—2)0/—}—4043(04— 1)=0.
2.3. The biharmonicity of the identity map
IdM : (M2m+17§0a€777ug) — (M2m+17¢7€7ﬁ7§)'

Theorem 2.4. The identity map Idy; : (M*™, 0,&,m,9) — (M*™F15,£,7,7)
is harmonic if and only if

(2.25) — (etm=1) grada + (w) £(a)¢
+o=L (div€) €+ (a — 1) V& = 0.

In particular, if the function o depends only on the direction of £, the equation
(2.25) becomes

(0%

(2.26) (O‘ e (o) + a; ! (dwg)) €4 (0 —1) Ve = 0.
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Proof of Theorem 2.4. By definition of the tension field of the identity map
IdM : (M2m+17907£77779) — <M2m+17¢7£1ﬁ7§>7 we have

T (Id) = Ve,e; — Ve €i 4+ Ve, p€; — Ve, 06 + Ve& — V€.

Using Theorem 2.1, we obtain

= m m(a—1)
Ve, pei = Ve, pe; — %grada + “onr E(a) €
1 a—1
+ —(pei) (@) pei + ——g (Voo £ pei) €

and 41

— o

V€ = aVe€ — grada + Tf () €.
It follows that

2 _
m(rd) = M grada+ SEOEDAS M ey Ly (o)
b (Ve e) €+ = (pe) (@) ooy
a—1

+ Tg (Vapeigv 9061)5 + (a - 1) V§f
Finally, using the fact that
grada = e; (o) e; + (pe;) (a) pe; + & (a) €
and
div =g (Veifa ei) +9g (Vgaei,ga 9061') s
we deduce that

a+m-—1 a2 +ma—m

7 (Id) grado + Tf ()&

a—1

o (divg) € + (v — 1) Ve&.

Then, the identity map Idy; : (M?*™,0,&,n,9) — (M?*™1,5,£,7,7) is har-
monic if and only if

_|_

J— 2 - —
SO ST 064 C L (g4 (o - 1) Veg =0,

In particular, if the function a depends only on the direction of &, the harmonicity
condition of Idy : (M?™F 0, &, n,g9) — (M?*™1,5,£,7,9) is given by

(C5e(@)+ 2t @i ) €+ (a 1) Veg =0,

a2
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Corollary 2.3. The identity map Idy : (M?™, 0,&,n,9) — (M*™,5,£,7,7)
is harmonic if and only if

(2.27) (—a? — ma + @) grade + (a® + ma —m) € (@) £ + 2ma (o — 1) € = 0.
In particular if « depends only on the direction of &, the equation (2.27) becomes

(2.28) (a =m)¢(a) +2ma(a—1)=0.

Now, we study the biharmonicity of the identity map Idy : (Mzm“, v, &, g) —
(M?H,5,€,7,7).

Theorem 2.5. Let (M?*™ ! ,&,n,9) be a Kenmotsu manifold and let
_ = 1. _ _
p=pl=_L=ang=agtala-1nen

a generalized D-homothetic deformation defined on M, where we suppose that the

function o depend only on the direction of §. Then, the identity map Idys :
(MQm“, 0, &, n,g) — (Mzmﬂ,@,fﬁ, g) is biharmonic if and only if

2_ mo-r+m m(a4+m
a=me(3) (a)+%4+m)§(a)§(2) (a)+2m(2”‘a—§+)§(2) (a) — (a-sk ) (¢ ()
m(2m— am(ma®—(m+1)a+2m m2(a—
2R (¢ ()2 4 Il berin) o) smileoh

To prove Theorem 2.5, we will need two lemmas. In the first lemma, we calculate

the two terms Trgﬁ% and TTQWQ f&, where the function f depends only on the
direction of £

Lemma 2.2. Let (M2m+1,<p7§,77,g) be a Kenmotsu manifold and let

_ 1
(sa%faf,nan,gag+a(a1)n®n>

a generalized D-homothetic deformation defined on M, where o depend only on the
direction of £&. If we consider a smooth function f on M where we suppose that f
depends only on the direction of £, we have

(2:29) Tr, % = 1€ (0)6~ o (€())E
b O e @) 2
and

(230) Tr, ¥ fe = (et Le® @et Ze@e(nerome (e
S A

2a3 «

€.
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Proof of Lemma 2.2. First, we will simplify the term Trgv2§. By definition, we
have

72 —_ — —_ —_ —_ —_ [— —_
TrgV f = Veiv@if - Vveieig + v@‘%‘v‘/’@if - Vv¢ei<p6¢£ + vgvgg o VV§§£~

Using equation (2.4), we obtain

— 1
Ve & =¢e; + %5 (a) €i,
then .
Ve, Ve, & =Ve,e + Ve, 2—5 (a)e;.
o
Using the fact that
s m m(a—1)
Ve, €i = Ve,e€; ngf (@) &+ Tf

and

we deduce that
VTl = Vet 5o6(0) Voo~ 1 (€ (@))€
s O e+ M
For the term ﬁv%eig, noting that

n(veiei> =9 (veiehf) =—-m

and
(veiei) (Oé) = —m§ (Oé) )

a similar calculation gives us

— 1 m
vaieig - veiei + %g (OZ) veiei - %5 (Oé) 5 + mga

it follows that

AR AP 2., ma—1) _m
Ve Vel = Vy, e,§ = 1o (€ (a)" &+ o2 ()€ o
The same calculation method gives
- — = m 2 m(a—1) m
theivtpeif - vv«peiﬂpeig = 7?@3 (5 (a)) 5 + a2 5 (a) 5 - E

Finally, by a simple calculation, we prove that

VeVeé = éfQ ()¢,



On the biharmonic maps on the generalized D-homothetic deformation ... 53

where

We conclude that

m

_om 2m (o —1)
203

Tr, 76 = 26 ()€ — 5o (€ (@) €+ 0 De () e~ e,

For the term T?"gv2 f&, a rigorous calculation gives us
ﬁve,ieiff = fvveieig —m§ (f) 3
ﬁv«pei@ei f§ = fﬁvweiweig - mg (f) g

and
VeVef = [TV + £ (HE(@)E+E (NE
It follows that
Tr, T 6 = [Tr T+ € (1) €+ 2E ()€ (a) €+ 2mE (/)&

Coming back to the equation (2.29), we deduce that

17,96 = € (e+Led e+ Zeenerame (e
2 -1 2
b 2O D - e e - 2

In the following lemma, we will look at the term TR (¢, -) -.

Lemma 2.3. Let (MQ"L“‘l,cp,f,n,g) be a Kenmotsu manifold and let

£,n—an,g—ag+a(a1)n®n>

Q|+

(sa =, E=
a generalized D-homothetic deformation defined on M, where o depend only on the

direction of £. If we consider a smooth any function f on M where we suppose that
the f depend only on the direction of &, we have

(2.31) TrgR(E,-)- = —%52) ()€ + ;’% ()’ e- %mg.

Proof of Lemma 2.3. By definition, we have

TT.‘]R (57 ) = R (57 ei) e + ﬁ (55 9062) Pei.-
The first term R (€, e;) e; is given by

R (& ei)ei =VeVe,ei — Ve, Veei — Vie e €
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A simple calculation gives us

(a—1)

— m— 1 —
ngeiei = ngeiei — 5V5$§ (Oé) &+ ng f

m 1
= V€V€1 € — %g (Oé) g + %g (Oé) veiei

— 55 (E@) - 55 (a)¢

m(a—1)

&)

1 m
— , (2
ngei e + 20&6 (Oé) vei €; 202 5 (CY) g

+ o €@+ =8 (@),

_ _ 1 _
Vengai = Vengfi + %f (a) veiei

1
= VengBi —+ %5 (O[) veiei

m(a—1)
202

m
403

(E(@)e+ ()€

and

— m m(a—1
Vigeiei = Vigeei + 5 56 (a)§ — %5'
Which gives us

m

R e)er=—5 562 ()€ +

3m
4a3

(@) e

The same method gives

N e — — T e(2) om
R (& pei) pei = =5 567 () €+ 3

2 m
(€ ()"~ Eé
We deduce that

3m

TryR(E) = 56 (@) €+ o (€ (@))€~

Remark 2.1. Using Lemmas 2.2 and 2.3, we obtain the following formula :

T,V e+ TrR(fE ) = €2 (Ne+ Le® e~ e (@ye+ Zeaye (e
2m(a—1) f mf 2, 4mf

(2.32) + 2mE(f)E+ E(a) &+ 5 (€(a))"€ £

a? o
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Proof of Theorem 2.5. The tension field of the identity map

Idy o (M2 0,61, 9) — (MP™H 5,€,7,9)

is given by
a—m 2m (o —1)

7 (1) = e (o) € +

then Idp; is biharmonic if and only if

£,

(07

Trq amf()‘f+Trq ( e (a )5)
+2m (Tr, ¥ osie 4+ Tr R (252, ) -) = 0

Using the following formulas

55

a o
— — 3(a—2 2(a—3
€ (P @) = T - 1T (@) e )+ 2T o),
—1 1
e(25) = et

and ) ) )

¢ (aa ) = 6P (a) - S (€ ()",
we obtain

TryV oz & ( )§+Trgﬁ(a;§” (oz)g,')~

e (0) € + 2ot ()€ (o)

_|_2m(z;m) 5(2) (a)f _ m(a+m) ( ( ))35

- 2mmaTetm (¢ ()€ - e (a) €

and
=2a—1 —(a—-1 2 -1
Tr,V " ——¢+Tr,R (O‘aa ) R O TR:
2 2 1 4 —
N m(aa3a+ )«f(a) B m(;)zz 1)f~
We conclude that the identity map Idy : (M?™ ¢, &,n,9) — (M*™T1,5,£,7,79)
is biharmonic if and only if
2o (o) 4 MR (o) €0 (o) 4. 2CTIMIN £(2) () mlekm) (g )2

+2m(27'n—1) (5 (04))2 + 4m(ma 7(m+1)a+2m)£ (a) . st(i(;_l)

a3 a3

=0.
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Example 2.4. We consider the manifold (MB, go,f,n,g) be a Kenmotsu manifold with
a p-basis
. 0 _. 0 0
e1=e ~— es=e€e ~— e3=€6=—.
0z

ox’ oy’

The Riemannian metric on M is defined by
g= edeJ:2 + 62zdy2 + dZ27
The vector fields e1, ez and es satisfies

Ve er == Veer =0, Ve, €3 = e,
V.32€1 = 0, Vﬁzeg = 75, V€263 = €2,
V53€1 = 0, Ve3€2 = 0, V€3€3 = 0.

If we suppose that the non-constant function o depends only on z, we deduce that identity
map Id : (M,¢,&,n,9) — (M, ©,€,7, §) is harmonic if and only if « is solution of the
following differential equation

(a—1)a' +2a(a—1)=0,

then Id : (M,¢,&,n,9) — (M7¢,E,ﬁ,§) is harmonic if and only if @« = Ce %*. By
Theorem 2.5, the identity map Id : (M, p,&,n,9) — (M7 ?,€,7, g) is biharmonic if and
only if « is solution of the following differential equation

a®(a-1)a® +aa+1)a'a” +2a* (20° —2a+ 1) a” — (@ +1) (o)?
+202 (a')? 4 402 (0® —20+2)a’ —8a® ( — 1) = 0.
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