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Abstract. Our goal in this article is to construct Sobolev spaces over R7°. Completeness
of the Sobolev space over R}® are discussed. In application we have constructed the
Sobolev spaces on a separable Banach space B.
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1. Introduction and Preliminaries

One of the most important problems of mathematical physics in the 20th century
was to find the solution to Dirichlet and Neuman problems for Laplace equation (see
for instance [14]). This problem attracted famous scientists of that period, namely
Hilbert, Courant, Weyl and many more. Russian Mathematician Sergei Sobolev in
1930 overcame the main difficulty of this problem and introduced a functional space
called Sobolev space, given by functions in LP[R"] whose distributional derivatives
of order upto to k exist and are in LP[R"]. Today there are many information about
Sobolev spaces S*P[R"], where p > 1 and k = 0,1,2, ..., (see [11, 13, 14, 18]).

Definition 1.1. [10, 19] Let B[R"] be the Borel o-algebra for R", I = [—1, 1] and
I = [1I;2,41 1. For A € B[R"] the set A, = A x I, is called n'™ order box set in

R*°. We define

1 2, UB, = (AUB) x I,;
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2. Ay NV, = (ANDB) x I,;

3. BY =B x I,.

Definition 1.2. [10, 19] Define R} = R" x I,,. We denote B[R7] to be the Borel
o-algebra for R7, where the topology for R} is defined via the class of open sets
D, = {4 x I, : {is open in R"}. For any A € B[R"], we define Ao (2,) on R} by
product measure Moo (An) = Ap(A) x 2, A1(I) = A (2A), where A, is Lebesgue

measure on R™.

Theorem 1.1. [8, 10] A\o(.) is a measure on B[R7}], which is equivalent to n-
dimensional Lebesque measure on R™.

[8, 10] The measure Ay(.) is both translationally and rotationally invariant on
(R7, B[R?]) for each n € N.

We can construct a theory on R} that completely parallels that on R™. Since
o0

R? C R}*!, we have an increasing sequence, so we define H/@?‘J = nl;rgo R} = U1 R7.
n=
In [10] it is shown that the measure Ao (.) can be extended to R*. Let z =

(z1,22,...) € R, Also let I, = II2, 1 [F, 5] and let h,(Z) = x1,(Z), where
T = (24){2,,41- Recalling R} is the closure of I@?o in the induced topology from
R>°. From our construction, it is clear that a set of the form 2 = 24, x (II32, | R)
is not in ]I?R?" for any n. So, ]@‘f # R*°. The natural topology for R}° is that induced
as a closed subspace of R>. Thus if z = (z,), y = (y,) are sequences in R$°, a
metric d on R$°, is defined as

o0

1 ‘xn_yn|
diz,y) =Y ——n—Inl
(2,y) Z 2" 14 |xp — Yn|

n=1

Remark 1.1. R7 = R as sets but not as topological spaces.

We call R9° the essentially bounded version of R*. There are certain pathologies
of R* that are preserved to R?°, for example, if A; has measure 1 + € for all ¢
then Ao (A) = TI22, A(A;) = oo. On the other hand, if each A; has measure 1 — e,
then Aoo(A) = T2, A(A;) = 0. Thus the class of sets A € B[R$°] for which
0 < Ao(A) < o0 is relatively small. It follows that the sets of measure zero need
not be small nor sets of infinite measure be large.

1.1. Measurable function

We discuss about measurable function on R as follows:
Let © = (z1,22,...) € RP, I, = 152 1[5, 3] and let h,(Z) = x1, (Z), where

/.1?\ = ('/Ei)?in—kl'
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Definition 1.3. [10] Let M™ be represented the class of measurable functions on
R™ If v € R and f* € M™. Let T = (z;)"; and define an essentially tame
measurable function of order n (or e, —tame ) on R by

f(@) = [*(T) @ hn ().

We let M} = {f(z) : f(x) = f*(T) ® hn(T), = € R}®} be the class of all e,,— tame
functions.

Definition 1.4. A function f : R — R is said to be measurable and we write
f € My, if there is a sequence {f, € M}'} of e,— tame functions, such that

nhﬁngo fu(x) = f(x) Aoo — (a.e.).

1.2.  L'-Theory in R

Let L'[R7] be the class of integrable functions on R%. Since R} C R}t we define

LR = |J LY[R?]. We say that a measurable function f € L*[R5°] if there exists

n=1

a Cauchy sequence {f,} C L! [@?"] with f, € L*[R?] and 1i_>m fu(x) = f(2) , Aoo-

(a.e.).
With the fact [9, Theorem 1.18] : L}[R$°] = L'[R%]. The integral of f € L'[R%]
can be defined by

F@)dAoc(@) = lim [ fo(2)dAe,

oo n—oo oo
RI RI

where {f,} C L'[R$°] is any Cauchy-sequence converges to f(z)-a.e. (see [9, Defi-
nition 1.19])

Let C.[R7] be the class of continuous function on R} which vanish outside compact
sets. We say that a measurable function f € C.[R9], if there exists a Cauchy-

o ~
sequence{ f,} C |J C.[R}] = C.[R$°] such that lim ||f, — f|lec = 0. We define
n=1 n—oo

Co[R$°], the continuous functions that vanish at co, and C°[RP] the compactly
supported smooth functions, in similar way (see [8, page 71]).

Remark 1.2. 1. Ll[@cj’o] = L[R¥].
2. C3°[RF°] = C5°[RY°]
3. C.[R$] is dense in L'[R$°].

Theorem 1.2. C§{°[R] is dense in L'[R$°].
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Proof. Since C§°[R}] € LY[R7] as dense. So UCSP[R?] C UL'[R?] as dense. This
gives C°[UR?] C L'[UR?] as dense. Now lim C§°[UR?] C lim L'[UR?]. This
n— oo n—oo
implies C§°[ lim UR?] C L'| li_>m URZ]. So, C§°[R°] € LYRY] = LYRY] as
n— oo n o0
dense. [

Remark 1.3. In a similar fashion we can define the L}, [R$].

1.3. LP-Theory in R}

The LP spaces are function spaces defined using a natural generalization of the
p-norm for finite-dimensional vector spaces. They are sometimes called Lebesgue
spaces. LP spaces form an important class of Banach spaces in functional analysis
and topological vector spaces. They have key role in the mathematical analysis of
measure and probability spaces. Lebesgue spaces are also used in the theoretical
discussion of problems in physics, statistics, finance, engineering, and other disci-
plines. We now construct the spaces LP[R?], 1 < p < oo, using the same approach
that led to L'[R$]. Since LP[R}] C LP[R} 1], we define LP[@?O] = U2, LP[R7].
We say that a measurable function f € LP[R$°], if there is a Cauchy-sequence
{fn} C LP[R°] such that Lim [|fo — fll, = 0.

Similar to Theorem 1.2, we have that functions in L? [@‘I’O} differ from functions in
its closure LP[R%°], by sets of measure zero.

Theorem 1.3. LP[RS°] = LP[R3°).

Definition 1.5. If f € LP[R$°], we define the integral of f by

(1.1) f(@)dAoo(z) = lim fr(@)dAoo ().

where {f,} C LP[R$°] is any Cauchy-sequence converging to f(z)-a.e..
Theorem 1.4. If f € LP[R], then above integral exists.

Proof. The proof follows from the fact that the sequence in the Definition 1.5 is of
LP-Cauchy. O

If f is a measurable function on R?® and 1 < p < oo, we define

111l = [ | |deAoo<x>]

Remark 1.4. 1. [9, Theorem 2.1] If f € LP[RY], then the integral of (1.1) exists
and all theorems that are true for f € LP[RY], also hold for f € LP[RY].

=
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2. [8, Theorem 2.54] C.[R$°] is dense in LP[RY].

3. Let ¢ € CPRYP], ¢ > 0 and [ ¢(x)dz = 1, and define for € > 0 ¢ (z) =
e’lgb(%). If f € LP[R$°] with compact support, then ¢.(x) * f has compact
support, is of class C°[R$°] and ¢ x f converges to f in LP[R]. Hence,
CSP[RF] is dense in LP[R].

2. Meaning of D¥f(z) when z € R®

Recalling in the set theory, for two sets A and B, A CC B means that the closure
of A is a relatively compact subset of B. For example:

(0,00) C R but (0,00) £Z R where as (0,1) C R and (0,1) cC R.

The test functions D[R}] on R} are similar as test functions on R”™, so ignore the
detailed of the test functions on R7.

We denote test functions on R$° as D[R$°], to construct this spaces we use the
same approach that led to L'[R$] in subsection 1.2. Since D[R}] C D[R} ], we
define D[R$°] = U2, D[RY].

Definition 2.1. We say that a measurable function f E D[R$°] if and only if
there exists a sequence of functions {f,,} C D[}R"O} = U D[R?] and a compact

set K C R¢°, which contains the support of f — f,, for all m, and D*f,, — D*f
uniformly on K, for every multi index o € N§°. We call the topology of D[R] as
the compact sequential limit topology.

Theorem 2.1. For each p, 1 < p < oo, then test function D[R}] C LP[R}] as
a continuous embedding. Also the test function D[R] C LPIR] as a continuous
embedding.

Proof. Proof is similar as the proof of the Theorem 3.47 of [8]. O

The mollifiers are used in distribution theory to create sequences of smooth
functions that approximate non smooth functions via convolution. In 1938, Sergie
Sobolev [17] used mollifier functions in his work to create Sobolev embedding the-
orem. Modern approach of mollifier was introduced by Kurt Otto Friedrichs [7] in
1944.

Definition 2.2. (Friedrichs’s Definition) Mollifier identified the convolution oper-
ator as

ou(f)() = / velz — 1) ()dy

n

where @ (r) = e (%) and ¢ is a smooth function satisfying
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1. ¢(z) > 0 for all x € R™.
2. () = p(|z|) for some infinitely differentiable function p: RT — R.

To construct mollifier in R9°, for each € > 0, let ¢, € C5°[R}°] be given with the
property
@ >0, supp(pe) C {x € RY : |z < €}, /we =1

such functions can be constructed (see page 32 [15]), for example, by taking an
appropiate multiple of

[ exp(jz]2 =€) |z < g
<p€(a:)—{ 0,z >e
Let f € L'[G], where G is open in R$°. Suppose that the support of f satisfies
supp(f) €C G (compact support), then the distance from supp(f) to 0G is a

positive number A. We extend f as zero on complement of G and also we denote
the extension in L'[R$°] by f. Define for each € the mollifier:

(2.1) fila) = [ fle = p)e)dre, v <R

From now on we consider functions f € LP[R$°] so, f = 0 almost everywhere. We
obtain the following lemma

Lemma 2.1. 1. For each € > 0, supp(f.) C supp(f) +{y : |yl < €} and
fe € C=[RY].
2. If f € Cy|G], then fo — f uniformly on G. If f € LP[G], 1 < p < oo then
[ fellerig) < N1fllorig) and fe — f in LP[G].

Proof. For (1), the proof is similar to that of [15, Lemma 1.1].
For (2), use the fact that LP[G] is dense as continuous embedding on LP[G] and
follow the proof of [15, Lemma 1.2].

Theorem 2.2. C§°[G] is a dense subset of L2[G] and LP[G].

Proof. Since C§°[G] is dense in L?[G] and LP[G], it follows that C§°[G is dense in
L?[G] and LP[G]. Tt follows the result. [

Definition 2.3. A distribution on G is a conjugate linear functional on C§°[G],
that is C§°[G]* is the linear space of distributions on G.

Example 2.1. The space L}, _[G] = N{L'[K] : K CcC G} of locally integrable

loc
functions on G can be identified with a subspace of distributions on G. That is ,

I € L}, .[G] is assigned the distribution Ty € C§°[G|* defined by

loc
Tf(¢)=/Gf<pC7 ¢ € C°[G]

where the Lebesgue integral over the support of ¢ is used.
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Remark 2.1. We can find from the theorem (2.2) that T : L, [G] — C§°[G]* is
an injection. In particluar the equivalence functions in L?[G] will be identified with
a subspace of D*[G].

o0
Let o = (o, g, .., ) be multi-index of non negative integers with |a| = > ay. We
k=1

define the operators DY and D, , by

o 1 1 \*
))O( n D n
" b=l gpan M k=1 (27ri axk> ’

respectively.

Definition 2.4. 1. We say that a sequence of functions {f,,} C C*°[R$°] con-
verges to a function f € C*°[R%] if and only if for all multi-indices o, D*f €
CR%] and for z € R for all n € N, such that

lim sup[sup sup |D“f(z)—D"f,(z)|]] =0.

m—roo o |lz||<N

2.1. Observation 1

: We say that a function f € C*°[R$°] if and only if there exists a sequence of

functions {f,} C C [I@?\O] = J C*°[R?}] such that for all x € R® and n € N,
n=1

lim sup[sup sup |D%f(z)—D"f,(z)]] =0.

m=—roo o |z||<N

From the above we can say the set of all continuous linear functionals T €

D*[R%°] is called the space of distributions on R$°. A family of distributions {7;} C
D*[R°] is said to converge to T € D*[R°] if for every ¢ € D[R], the numbers
T;(¢) converge to T'(¢).
We define derivatives of distributions in such a way that it agrees with the usual no-
tion of derivative in those distributions which arise from continuously differentiable
functions. We define 0% : D*[R°] — D*[RY] as 0%(Ty) = Ipey, |af <m, f €
C™[R%°]. By integration by parts we obtain

Tpe(y) = (1) T(DY), ¢ € C5°[RY]

and this identity suggest the following definition:
The ot? partial derivative of the distribution 7" is the distribution 9*T defined by

0°T(p) = (-1)I*IT(DY), ¢ € CRY].

Since D € L(C§C R, C§°[R), it follows that 9*T is linear. Every distribution
has derivatives of all orders and so every function. For distribution theory one can
see [1, 5, 6] and references therein.
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Example 2.2. [t is clear that the derivatives 0% and D® are compatible with iden-
tifications of C*°[R$°] in D*[R$°]. For example:

1. If f € CY[R%®] then

aﬂw:—ﬂmm:—/f®¢v:/®nwzmﬂ@

where the equality follows by integration by parts. In particular, if f(x) =
H(z), where H is the Heaveside function on R3°,

B 1 for x; > 0;
HW)‘{ 0 forz; <0, i €N

for x = (x1,x2,x3,...) € RYP, then

/R DH@e@ () = [ HE)De(x)dre(2)

R7

©(0)
Oz (2)p(2)dAoo ().

R

That is, in the generalized sense of distributions, DH(x) = O(x) the Dirac
delta function on R$°

2. Let f : R® = K be satisfy flre- € C°°(—00,0] and fipe+ € C*°[0,00) and
denote the jump in the various derivatives at O by

om(f) =D™f(0F) =D™f(07), m>0.
Then we obtain

of(p) =Df(p) +a0(f)O(w), ¢ € CF°[RTY].

That is Of =Df + oo(f)0, we can compute derivatives of higher order as :
02f = D°f + 01 (£)0 + 0o( /)90

Bf=D3f + 0o2(f)0 + 1(f)IS + o0(f)0%6

eg O(H -sin) = H - cos

O(H - cos) = —H -sin+4. So, H -sin is a generalized solution of the ODE
(62 4+ 1)y = 4.

Definition 2.5. If o is a multi-index and u,v € L}, [R°], we say that v is the a'®
weak (or distributional) partial derivative of u and write D*u = v provided that

/ u(Dp)dAoo :(_1)|a\/ PUdAso
R7 R7

for all functions ¢ € C°[R$°]. Thus v is in the dual space D*[R$°] of D[RP].
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If u € L} [R$°] and ¢ € D[R$°] then we can define T,,(+) by

loc
Tu((p):/ UPdA o -
R7®

This is a linear functional on D[R]. If {¢,} C D[R$°] and ¢,, — ¢ in D[R], with
the support of ¢, — ¢ contained in a compact set K C R$°, then we have

Tu(en) = Tulp)l =

/ (@) pn() — 9(2)]dAoo ()
R§e

IN

sup [on(@) = p(a)] | fu(o)ldhc(a).

zeK

By uniform convergence on K, we see that T is continuous, so T' € D*[R%°]. We
assume
[lpll = sup {[D%(x)| : a € Ng°, |a] < N}
zERP

Theorem 2.3. Let D*[RJ°] be the dual space of D[R]

1. Ewvery differentiable operator D, « € N§° defines a bounded linear operator
on D[R$®].

2. If T € D*[R$°] and a € N§°, then D*T € D*[R$°] and
(DT)(p) = (-)*IT(D*p), » € DRF].
3. If |T(o)| < c||elln for all ¢ € D[K], for some compact set K C R, then
|(D°T)(¢)| < cllgllnsypl and D*DOT = DT,

4. If g =D*f exists as a classical derivative and g € L}, [R$°], then T, € D*[R}]
and

(—1)l (ﬂwKDawﬁMaxw)=u/ 9(2)p() oo ()
Ry

Rge
for all ¢ € DIRF®].

5. 1f f € C®R®] and T € D*[R¥] then fT € D*[R¥], with fT(2) = T(f)
for all ¢ € D[R] and DY(fT) = . Cap(D*P £)(DAT).
Bla

Proof. The proofs are similar to those of R™. [J

The weak and strong derivative for LP[R7] can be defined like the weak and strong
derivative for LP[R™]. For theory of the weak derivative and strong derivative for
LP[R"] we follow the definition 29.15 of [2].

Theorem 2.4. Strong differentiable implies weak differentiable in LP[R7].
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Proof. The proof is similar as (4) = (2) of [2, Theorem 29.18] those of LP[R"]. O

We state the weak and strong derivative for LP[R?°] as:

Definition 2.6. Let v € R and f € LP[RY] (f € L}, [R$°]), then 0¥ f is said

loc
to exists weakly in LP[R°](L},.[R3°]) if there exists a function g € LP[R](g €
L} _[R$°]) such that

loc
< fo0pp >=— < g, 0>, Vo € C[RT).

In this case 0} f = g.
Definition 2.7. 1. For v € R, h € R — {0} and a function f: R — C, let

[l + ) - f(x)
h

for those x € R$® such that z+hv € R7°. When v is one of the standard basis
elements e;, for 1 <i < d, we will write 9 f(z) rather than 9, f(z).

8vhf(x) =

2. Let v € R$® and f € LP[RY], then it is said that 9 f exists strongly in
LP[RP), if }llir% O f exists in LP[R$°]. In this case 95 f = }llin%) Opn f-
— —

Observation 2
~ oo
Fix n € N and let Q% = lim Q} = |J Q%, where Q7 is the set {z € R? :
n—o00 k1

the coordinates of = are rational}. Since this is a countable dense set in R}, we can
arrange it as Q7 = {x1, 22, ...}. For each k and 7, let Bi(z;) be a closed cube in R™
centered at x; with sides parallel to the coordinate axes and edge e = 2%\/5 Now
choose the natural order which maps N x N bijectively to N, and let {By : k € N}
be the resulting set of (all) closed cubes

{By(x;)| (k,i) € Nx N}

centered at a point in Q7. Let (x(x) be the characteristic function of By, so that
Ce(z) € LP[R°] N L=[RY] for 1 < p < occ.

Remark 2.2.  Any function in L*°[R7] is weakly derivable in LP[RT] so
¢r(f) € LP[R7] N L= [RY]
is also in the sense of weak if we consider in weak derivative.

Lemma 2.2. Suppose f € L}, [R$°] and O,f exists weakly in L}, .[R3°]. Then

suppm (Op f) C suppm(f), where suppy,(f) is essential support of f relative to
Lebesgue measure.
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3. Sobolev spaces over R}

The function f(z) = |z| is weak derivable in LP(R7}) which is not strongly derivable
in LP(R7). This type of functions motivate us to think in a space like Sobolev for
LP(R?}) and LP(R$°).

In the one dimensional case the Sobolev space S*P [R] for 1 < p < o is defined as
the subset of functions f in LP[R] such that f and its weak derivatives upto order
k have a finite L? norm.

In one dimensional problem it is enough to assume that f*=1), the (k—1)th deriva-
tive of the function f is differentiable almost every where. That is

S“P[R] = {f(z) : D"f(x) € L”[R]}.

For multi-dimensional case the transition to multiple dimensions entails more dif-
ficulties, starting with the definition itself. The requirement that f*~1 be the
integral of f*) does not generalize, and the simplest solution is to consider deriva-
tives in the sense of distribution theory.

A formal definition we now state as: Let kK € N, 1 < p < oco. The Sobolev space
SkP[R?] is defined as the set of all functions f on R? such that for every multi-index
a with |a] < k, the mixed partial derivative

f(a) _ ala\f

Ox{....0xp"

exists in the weak sense in LP[R?] that is || f(®)||1» < cc.
Therefore the Sobolev space S*P[R?] is the space

S*P[R}] = {f € L[R}]: D*f € LP[RY], V|a| < k}.

We called k as the order of the Sobolev space S¥?[R?]. We define a norm for S¥?[R?]
as: .
> DL, |, for 1< p < oo;

1 |lwsrpmn) = lal<k

max ||D¥ f||p~ , for p = oo
|l <k

For k=1
1
fllsromyr = (11718 + DAy
and
||f\|51,w[R7] = sup f(@)dAoo ()] + sup / Df(z)dAoo(x)]| -
r>1 R? r>1 R?

We can consider equivalent norms

=

Fllsiomgr = | 1Ay + SR ey |
j=1
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[ fllsremrny = [IfllLemre) + Z D fl ey
=1
when 1 < p < 0o and

[ fls1.00 = max{][|f|| L rn, [IDf||Loorrs - - - [|Dnfl| Lo wey }-

3.1. Completeness of Sobolev Spaces

A sequence (f;) of functions f; € S*P[R?] i = 1,2,... converges to a function
f € SkP[RY] if for every € > 0 there exists i such that

1 fi = fllskpme) <€ wheni>i.

Equivalently
lim ||f; — fllsrpmn =0
1— 00

A sequence (f;) is a Cauchy sequence in S®P[R?] if for every e > 0 there exists 4.
such that
[fi = fillskrrn) < € when 4, j > d.

Theorem 3.1. S®P[R?}] is Banach space.

Proof. First we prove ||.||sk.p[rn] is a norm.

L |[fllskrrs =0 <« f=0ae. inR}.
Hf||sk,p[R7] =0= ||f||Lp[R7] = 0 which implies f =0 a.e. in R7.
Now f =0 a.e. in R}, implies

/ D fodhae = (—1)I1 [ fDYpdAs = 0 for all p € C°[R}].
R} R}

As f € L}, [RY] satisfies [, fodAos = 0 for every ¢ € CG°[R}] then f =0
I

loc

a.e. in RY}. This implies D*f = 0 a.e. in RY} for all o, |o| < k.

2. |lafl|seore = ||| fllsrpmn), o €R.

3. The triangle inequality for 1 < p < oo follows from elementary inequality
(a+0)* <a®+b* 0<a<1and Minkowski’s inequality.

Now, let (f;) be Cauchy sequence in S*P[R?%], since

(D f; = D*fillLery) < [Ifi = fillskwre ol <k

it follows that (D f;) is Cauchy in LP[R?], |a| < k, next follow the completeness of
LP[R?}] implies that there exists f, € LP[R?}] such that D*f; — f, in LP[R}]. O
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Remark 3.1. Sobolev space is a vector space of functions equipped with a norm

that is a combination of LP-norms of function together with its derivatives upto a
given order.

Theorem 3.2. S*P[R?], 1 < p < oo is separable, however S*°[R?] is not sepa-
rable.

Proof. In the case k = 1 consider the mapping S*?[R?] to LP[R?] x LP[R%]. The
product space LP[R?}] x LP[R?] is separable. From the [4, proposition 3.25] T'(S'?)
is also separable. Consequently S'P is separable.

Let Q = Q % (0,1), @ c R¥~!is bounded. For 0 < z < 1 choose 7, > 0 such that
I.=(z—ryz+ry) C(0,1) and

, TN t1 th—1
F.(z ,zN) :/ / / Xr1.ds....dtg_q
0 0 0

where z = (2, zy) € @ = Q x (0.1). Then F, € §%°°[Q)] and the set (U,).c;s is
uncountable, pairwise disjoint, open and non empty subset of $¥°°[Q)] where

: 1
U. ={f € S$"[Q]: |If - Fllse < 5}
This means, f € U, NU., implies ||F., —F., || gr.cojq) < 1. S0, ||0% (Fz, —F., || Lo o) <

1. Hence, |[xr., — x1.,llz~p1 < 1 implies z; = 2. Therefore, S%>[Q] is not
separable. [

The space S*2[R7] is a Hilbert space with the inner product

< f,9 >sr2rr= Z <D*f,D%g >r2rn,

lal<k
where
<D*f,D% >p2rn= /R" D fD*gd Moo ().
7
Observe that ||f|\5k,z[R7] =< f,f >§'k’2[R?] .
Theorem 3.3. For 1 <p < oo, we have
1. If 1 < p < oo then SFP[RY] is uniformly convex.
2. If 1 < p < oo then SFP[R?] is reflezive.

3. Ske°[R?] C SKP[R?] for 1 <p < o0.
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Proof. (1) Let T : S®P[R}] — LP[R}], defined as x — (D*z)|q )<k, be a closed and
isometric embedding. Since LP[R?] is uniformly convex for 1 < p < oo, so is any
closed subspace, and hence as S¥?[R?] is isometric to its image under 7, it follows
that S*P[R?] is uniformly convex for these p.

(2) Follows from part (1).

(3) Let f € S®°°[R7]. This implies that |fR? D* f(x)dAso ()| is uniformly bounded
for all n. Then | fR}L D f(2)d\s (x)|P is uniformly bounded for each p, 1 < p < cc.

So, it is clear
"M%
] < Q.

/}L DY f(x)dAso ()

Therefore, f € S¥P[RY]. O
Theorem 3.4. SYP[R?] — LP[R?}] as continuous embedding for 1 < p < cc.

Proof. As [18], we have SVP[R?] — L4[R7] for 1 < p < ¢ < oo. Also, LiRY}] C
LP[R?] as continuous dense for 1 < p < oo. So, SVP[R}] — LP[RY] for 1 < p < oo.
We need to prove S¥P[R?] — LP[R?]. For this we find

fllzewny < |[fllstpme

for f € SLP[RY], which gives our result. [

3.2. Sobolev Spaces on R*®
In this section we will discuss S*?[R3°]. As SFP[R?] C SFP[R7T, we can define
SPPRE) = | SPPRY).
n=1

Definition 3.1. We say that for 1 < p < oo, a measurable function f € S¥P[R°],
if there exists a Cauchy sequence {f,} C S*P[R¥] with f,, € S¥P[R?] and

lim D% f, () =D*f(z), Ao — a.e.

n—oo
Definition 3.2. Let f € S®P[R%], we define the integral by
[ D t@dieo) = im [ D fu@)irela)
R7 7
where f,, € S¥P[R3°] for all n and the family {f,} is a Cauchy sequence.

Theorem 3.5. S*P[RF] = SFP[RS).
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We define Sobolev space S*P[R°] as
S*PRY) = {f € LP[RF] : D*f € LP[RY], V|a| < k}.

We called k as the order of the Sobolev space S*P[R%°]. We define a norm for
SkP[R3] as:

Tz P (I E‘ikHDainp , for 1 < p < oo;
PRS] = al<

max ||DF f||p~ , for p= oo

| <k
For k=1
1
Ifllsiomzer = (L1 pmse) + DAl comser)
and
||f‘|sl,o¢[R?o] = sup f(z)dM\o ()| + sup / Df(x)d oo ()] .
r>1|JRs r>1|JRe

We can consider equivalent norms

1
P

HfHSlvP[]RiO] = ||f||1£p[]R;o] + Z ||Djf‘|ip[R70] ’
j=1
[ fllsroreer = [Ifllzemree) +Z||Djf||LP[R;>°]
=1

when 1 < p < oo and
[fs1.00 = maX{HfHLQC[R?O]v ||]D)fHL°°[R§°]; - ||an||L°°[lR;°]}-

Remark 3.2. The remark 5.1 follows that the functions of S*P[R] are equal al-
most everywhere.

Theorem 3.6. Let f € SFP[R], then
[ D t@dieo) = im [ D fu@)irla)
R7 7

where f, € SFP[RS] for all n and the family {f,} is a Cauchy sequence.

Proof. Since the family of functions {f,} is Cauchy, it follows that if the integral
exists, it is unique. To prove the existence, follow the standard argument and
first assume that f(z) > 0. In this case, the sequence can always be chosen to be
increasing, so that the integral exists. The general case now follows by the standard
decomposition. [J
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Theorem 3.7. For 1l < p < oo, we have

1. If 1 < p < oo then S¥P[R] is uniformly conver.
2. If 1 < p < oo then SFP[R$] is reflexive.

3. SFe°[R3°] € SFP[R$] for 1 < p < oc.

Proof. (1) As S*P[R?] is uniformly convex for each n and that is dense and com-

o)
pactly embedded in S¥P[R%¥] for all p, 1 < p < oo. So, |J S¥P[RY] is uniformly

n=1

convex for each n and that is dense and compactly embedded in |J S*P[R$°] for

n=1
all p, 1 <p<oc.
However S*» [I@;\O] = |J S*P[R?]. That is Sk [@] is uniformly convex, dense and

n=1
compactly embedded in S¥P[R%] for all p, 1 < p < co. As S¥P[R%¥] is closure of

Sk.p [H/Q.ﬁ\o] Therefore S¥P[R%°] is uniformly convex.
(2) From (1) we have S*P[R$] is reflexive for 1 < p < oc.
(3) Let f € S*P[R3°]. This implies

/ ESEESE

P
is uniformly bounded for all r. It follows that ‘ S D f(x)d)\oo(x)’ is uniformly
I
bounded for 1 < p < oco. It is clear from the definition of S¥?[R$°] that

ok
] < M| f[|srpmee) < 00.

/ D) (z)

So, f € SFPR¥]. O
Theorem 3.8. SU?[R$°] — LP[RY] as continuous embedding for 1 < p < oo.

Proof As S“’[R”] — LP[R}] as continuous embedding for 1 < p < oo. So,
U SLP[R?] — U LP[R?] as continuous embedding for 1 < p < oo. Therefore

n=1 n=1 1
Sl’p[R}’o] — LP[R‘I’O} for 1 < p < oo. Hence, S¥?[R3°] — LP[R$] as continuous
embedding for 1 <p <oo. O

4. Application on R}

In this section, as an application of R$°, we will construct a Sobolev spaces on
an separable Banach spaces B. Let B be a Banach space with S-basis. We can
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find from the definition of a Schauder basis that, for any sequence (z,) of scalars

associated with a z € B, lim z, = 0.
n—oo

Recalling from [8], J, = {— ST lhTD) m(}g“)} and J" =112 Ji, J =10172 J, If

{ex} be an S-basis for B and let z = Y7 | z,e,. Recalling that P, (z) = >")_, znex
and define Q,x = (1,2, .., ), we define B} by

T ={Qn(x): x€ B} xJ"

with norm

[I(z)]

k
By = max || E;xieil\ = jmax [|P(2)l[5.
P

Since B? C B} we set BY = |Jo, B%. We define B, by

By ={(z1,22,..): Zxkek € B} C BY
k=1

and define a norm on B by
lzl|, = sup || Pu(x)l|5 = [ll2]]| 5.
n

Let B(B$°) be the smallest o—algebra containing B5° and define
B(By) =B(B5°) N By. Using the [8, Theorem 1.61] gives that,

n
(4.1) llzllls = sup || S zxenlls
T k=1
is an equivalent norm on B. When B carries the equivalent norm (4.1), the operator
T:(B,|||lllls) = (Bs,||-||B,) defined by T'(z) = (xf) is an isometric isomorphism
from B onto Bj. By is called canonical representation of B (see [8, page 67].

Definition 4.1. [8, Definition 2.42] Define Ty, 7, on A € B(R) by 7x(A) =

%, Fe(4) = “(;29:)’“) for elementary sets A = II%2 | By, A € B(B"), define 77}

by:

05 (A) = Uy 0k (Ag) x T2, 1175 (Bk).
If B is a Banach space with an S—basis and A € B;(B). We define pup(A) =
vy (T(A)).
Let v be any probability measure on B(R) with density f. For each € B%, and
each A € B;(B), define fi(z) by

F(a) = (@7;_1 fm)) ® (®z°_n+l xmm)
and U7 on B ;(B) by
7 (A) = /T oy B

where 7' is the isometric isomorphism between B and B also R® C B;.
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4.1. Test Functions and weak derivatives

Definition 4.2. We define the set of test functions (or C*°-functions with compact
support on B as

Dy(B) = {¢ € C=(B) : supp(¢) = {x: ¢(z) #0} C B is compact.
We call supp(¢) the support of ¢.

Lemma 4.1. The space of test functions D;(B) is dense in LP(B)
for1 <p< oo

Let M§ be the set of all multi-index infinite tuples a = (a1, a2, ..) with a; € N and
all but a finite number of entries are zero.
We define the operator D* and D, by

« o0 aak
DY =1 e

and

1 0\
D ()

2mi Dy,

Definition 4.3. [8, Definition 2.84] If « is a multi-index and u,v € L, (B), v is
the a'™ weak partial derivative of u provided that

[ utpmoydun = (-1 [ v

B B

for all functions ¢ € C°(B).

Lemma 4.2. C§°(B’) is dense in LP(B’).

Proof. Taking ¢ € C3°(B'), ¢ > 0 and [, ¢dup = 1. Define ¢c(z) = e 'p(2). If
f € LP(B’) with compact support then ¢, * f has compact support is of the class

C*(B’) and ¢, x f converges to f in LP(B'). O

Theorem 4.1. (Fundamental lemma of the Calculus of variations) If f € L}, (B)
satisfies [ fodup =0 for every ¢ € C§°(B), then f =0 a.e. in B.

Proof. Let v, vy € L}, (B) are weak ath partial derivatives of u, then

/ uDpduy = (~1)° / o ddpi
B B

(—1)le! /B vaddys
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for every ¢ € C5°(B). We have now,

/(vl —v2)dpdup =0 for every ¢ € C3°(B).
B

Let B’ is open and B’ is a compact subset of B. Since C§°(B') is dense in LP(B’)
then there exists a sequence of function ¢; € C5°(B’) such that |¢;| < o in B’ and
®; — sgn(vy —vg) a.e. in B’ as i — 0o. Now from dominated convergence theorem,
with the majorant |v; — vo)d;| < 2(|v1| + |v2]) € LY(B’), gives

0 = hm (1}1 — U2)¢Z‘d,u3
1—00 B’

= / lim (v; — vo)dup
B’ 11— 00

= / (v1 — vg)sgn(vy — ve)dup
= |v1 — v2|dup
B/

This implies that v; = vy a.e. in B’ for every B’ € B. Thus v; = v a.e. in B.
Consequently, if f € L, (B) satisfies Jg fodus = 0 for every ¢ € C5°(B) then
f=0ae inB. O

Definition 4.4. [8, Definition 2.87] A function f € C*°(B) is called a Schwartz
function, or f € S(B), iff, for all multi-indices « and /8 in N§*, the seminorm p, g(f)
is finite, where

pas(f) = sup [2* D’ f (x)|
z€EB

S(B) (respectively S(B’)) is a Fréchet space, which is dense in Cy(B). The test
function space Dy(B) is subspace of S(B) so from the Lemma 4.1, S(B) is dense in
L?(B).

4.2. Sobolev space on separable Banach spaces

In this sub section, we discuss Sobolev space S¥?2(B) on separable Banach space B.

Definition 4.5. 1. The Sobolev space S*2(B) consists of functions u € L?(B)
such that for every multi-index « with |a| < k, the weak derivative D%u exists
and D% € L*(B). Thus

Sk2(B) = {ue L*(B): D*we L*(B), |a| < k}.
2. We assume the inner product on S*2(B) as:

(4.2) (fl19)ge= Y (Df[Dyg) ,

jal<m
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H"?(B) = Ck(B) N S*2(B),
where the closure is with respect to the norm induced by <. | . >gk2 .

3. Hg’2(B) = Dy(B) is with respect to the induced norm on S*:2.

Theorem 4.2. S%2(B) is a Hilbert space with the inner product (4.2).

Acknowledgment:

The authors would like to thank the reviewer for careful reading the manuscript
and making valuable suggestions that have significantly improved the presentation
of the paper.

REFERENCES

1. M. A-Avgwarz, Theory of Distributions, Pure and Applied Mathematics, Mono-
graph, Marcel Dekker, Inc, 1992.

2. BRUCE K. DRIVER, Analysis tools with application, Springer, 2003.

3. S. Coulibalt, I. Fofana, On Lebesgue Integrability of Fourier Transforms and Amalgam
Spaces, J. Fourier Anal. Appl. 25(2019) 184-2009.

4. HamM BRrEzis, Functional Analysis, Sobolev Spaces and Partial Differential Equa-
tions, Springer, 2010.

5. N. DuNFORD, J. T. SCHWARTZ, Linear operators part I. General Theory, Wiley
classics edition, Wiley Interscience, New York, 1988.

6. F. G. FRIEDLANDER, M. JOSHI, Introduction to the theory of Distributions, Cam-
bridge University Press, 1982.

7. K. O. FrIEDRICHS, The identity of weak and strong extensions of differential opera-
tors, Trans. Amer. Math. Soc. 55 (1)(1944) 132-151.

8. T. L. GiLL, W. W. ZACHARY, Functional Analysis and the Feynman operator Cal-
culus, Springer New York, 2016.

9. T. L. GiLL, H. KaLITA, BHAZARIKA, A family of Banach spaces over R™®, Proceed-
ings of the Singapore National Academy of Science, 6 (1) 1 (2010) 1-9.

10. T. L. GiLL, T. MYERS, Constructive Analysis on Banach spaces, Real Analysis Ex-
change 44 (2019) 1-36.

11. J. KINNUNEN, Sobolev Spaces, Department of Mathematics and Systems Analysis,
Aalto University, 2017.

12. J. KUELBS, Gaussian measures on a Banach space. J. Funct. Anal. 5(1970) 354-367.

13. G. LEONI, A first course in Sobolev spaces, AMS Graduate studies in Mathematics,
Vol. 105, American Mathematical Society, Providence, RI, 2009.

[RS] R. E SHOWALTER, Hilbert Space methods for Partial Differential Equation, Electronic
Journal of Differential Equations, Monograph 01, 1994.

14. W. MCLEAN, Strongly Elliptic Systems and boundary Integral equation, Cambridge
University Press, 2000.



15

16.

17.

18.

19.

Sobolev spaces over R 771

. R. E. SHOWALTER, Hilbert Space Methods for Partial Differential Equations, Elec-
tronic Journal of Differential Equations Monograph 01, 1994.

J. C. SAMPEDRO, On the space of infinite dimensional integrable functions, J. Math.
Anal. Appl. 488(2020) 124043, 1-27.

S. L. SOBOLEV, Sur un thdérme ddnalyse fonctionnelle Recueil Mathématique
(Matematicheskii Sbornik) (in Russian and French), 4(46)(3)(1938) 47-497.

M. VLADIMIR, Localization moduli of Sobolov embeddings for general domains, In
Sobolov spaces (A series of Comprehensive studies in Mathematics) Vol 342, pp 435—
459, Springer, Berlin, Heidelberg 2011.

Y. YAMASAKI, Measures on infinite dimensional spaces, Series in Pure Mathematics,
Volume 5, World Scientific Publishing Co. Pvt. Ltd, 1985.



