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APPROXIMATING COMMON ELEMENTS OF FIXED POINTS
OF BREGMAN TOTALLY QUASI-ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS AND SOLUTIONS OF A SYSTEM
OF GENERALIZED MIXED EQUILIBRIUM PROBLEMS
IN REFLEXIVE BANACH SPACES

Nguyen Trung Hieu
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Abstract. In this paper, we introduce a hybrid iterative method for approximating
common elements of common fixed points of a finite family of Bregman totally quasi-
asymptotically nonexpansive mappings and solutions of a finite system of generalized
mixed equilibrium problems. After that, a strong convergence result for the proposed
iterative method is established and proved in reflexive Banach spaces. By this result,
we get some convergence results for generalized mixed equilibrium problems in reflexive
Banach spaces. Furthermore, we give a numerical example to illustrate the obtained
results.
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1. Introduction

Let W be a real reflexive Banach space, U be a nonempty, closed and convex
subset of W, W* be the dual space of W. We denote the value of the function of
u* € W*at x € W by (u*,z). Let FF: U x U — R be a function, A: U — R be
a real valued function and B : U — W* be a nonlinear mapping. The generalized
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mixed equilibrium problem (GM EP) was introduced by Peng and Yao [24] which
is to find w € U such that

F(u,v) + (B(u),v —u) + A(v) — A(u) > 0,YVv € U.
The set of solutions of (GM EP) is denoted by
GMEP(F,A,B) ={u €U : F(u,v) + (B(u),v —u) + A(v) — A(u) > 0,Yv € U}.

In particular, if B = 0, (GMEP) is reduced to the mixed equilibrium problem
(M EP) which is to find u € U such that

F(u,v) + A(v) = A(u),Yov € U.

If A=0, (GMEP) is reduced to the generalized equilibrium problem (GEP) which
is to find u € U such that

F(u,v) 4+ (B(u),v —u) > 0,Yv € U.

If f =0, (GMEP) is reduced to the mixed variational inequality (MVI) of Browder
type which is to find u € U such that

(B(u),v —u) + A(v) =2 A(u),Yv € U.

If A=0and B =0 (GMEP) is reduced to the equilibrium problem (EP) which is
to find v € U such that
F(u,v) > 0,Yv € U.

The set of solutions of (EP) is denoted by EP(F) = {u € U : F(u,v) > 0,Yv € U}.
In this paper, we consider the following problem:

(1.1) Find u € ((VF(H)) () ( () GMEP(Fi, Ay, B),
i€l keK

where T :={1,2,...,N} and K := {1,2,..., M} for some M, N € N, and for each
i €I, F(H;) = {u € U : H;(u) = u} is the set of fixed points of the mapping
H;: U — U, and for each k € K,
GMEP(Fy, Ay, By)
= {ueU: Fy(u,v) + (Br(u),v —u) + Ax(v) — Ax(u) > 0,Yv € U}.

In the case I = {1} and K = {1}, the problem (1.1) becomes the following
problem:

(1.2) Find u € F(H)n GMEP(F, A, B).

In recent times, some authors have tried to propose certain iterative methods for
approximating the solutions of the problem (1.1) and the problem (1.2). Recently,
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by using the Bregman distance and the Bregman projection, Darvish [12, 13, 14]
introduced some iterative methods for solving the problem (1.1) where H; are map-
pings with respect to the Bregman distance in reflexive Banach spaces. After that,
some authors extended and improved the existing convergence results to solutions
of the above problems from Hilbert spaces to reflexive Banach spaces [22, 23, 39].
In 2017, by basing on a parallel iterative method which is proposed by Anh and
Chung [2], Tuyen [36] introduced some parallel iterative methods for a finite family
of Bregman strongly nonexpansive mappings in reflexive Banach spaces. Similarly,
Tuyen [35] introduced some parallel iterative methods for solving a system of gen-
eralized mixed equilibrium problems. One of iterative processes in [35] is defined by

u € WU =W
2 = Resr, ay, 5 (un)

(1.3) ky, = argmax{Dg(zr(Lk), un)  k€l}
Upi1={ueU,: Dg(u,zgk")) < Dy(u,upn)}
Upp1 = Pgﬂﬂ(ul) for all n > 2.

Furthermore, there were many methods for constructing new iterative processes
which generalize some previous ones. In 2008, Mainge [19] proposed the inertial
Mann iteration by combining the Mann iterative process and the inertial extrapo-
lation as follows.

Up = Up + nn(un - un—l)
Upt1 = (1 — ap)v, + anTv,.

After that, some iterative process es with the inertial extrapolation were introduced
[15, 26]. In 2018, Chidume et al. [11] introduced an inertial algorithm for approx-
imating a common fixed point for a countable family of relatively nonexpansive
mappings in uniformly convex and uniformly smooth Banach spaces as follows.

u,upo E WU =Us =W

Wy, = Up, + M (Up, — Up—1)

vy = J7H(1 = p)Jwy, + pJTwy)

Upt1 = {u e U, : ¢(u,v,) < é(u, wn)}
Unt1 = P, (u1) for all n>2.

Motivated by the above mentioned works, we introduce a new inertial itera-
tive method for solving the problem (1.1) where H; is a Bregman totally quasi-
asymptotically nonexpansive mapping for each i € I. After that, we prove a strong
convergence theorem for the proposed iteration in reflexive Banach spaces. In ad-
dition, we give a numerical example to illustrate the obtained results.

2. Preliminaries

Let W be a real reflexive Banach space, U be a nonempty, closed and convex
subset of W, W* be the dual space of W. Let g : W — (—00,400] be a proper,
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lower semi-continuous and convex function. We denote by
domg = {u € W : g(u) < +o0}

the domain of g. For any u € int(domg) and v € W, we denote by ¢'(u,v) the
right-hand derivative of g at uw in the direction v, that is

, _g(utAv) —g(u)
(2.1) g (u,v) = 1)}?(} 3 .

The function g is said to be Gateaux differentiable at w if the limit (2.1) exists
for any v. In this case, the gradient of g at u is the function Vg(u), which is
defined by (Vg(u),v) = ¢'(u,v) for all v € W. The function g is said to be Gateauz
differentiable on int(domg) if it is Géateaux differentiable at each u € int(domg).
The function g is said to be Fréchet differentiable at u if the limt (2.1) is attained
uniformly in [|v|| = 1. The function ¢ is said to be uniformly Fréchet differentiable
on a subset U of W if the limit (2.1) is attained uniformly for v € U and |jv|| = 1.

Remark 2.1. ([1], Theorem 1) Let W be a real reflexive Banach and g : W —»
(=00, +00] be uniformly Fréchet differentiable on W. Then g is uniformly continuous
on W.

Definition 2.1. ([18], p.509) Let W be a Banach space. The function g : W —
(—00, +00] is said to be bounded on bounded subsets of W' if for any bounded subset
U of W, then g(U) is a bounded set.

By combining [7, Proposition 1.1.10] and [7, Proposition 1.1.11], we get the
following result.

Proposition 2.1. ([7], Proposition 1.1.10 and Proposition 1.1.11) Letg : W — R
be a Gateaux differentiable and lower semi-continuous convex function. Then g is
bounded on bounded sets if and only if Vg is bounded on bounded sets.

Proposition 2.2. ([32], Proposition 1) Let W be a real reflexive Banach space,
and g : W — (—o0,+00] be uniformly Fréchet differentiable and bounded on
bounded subsets of W. Then Vg is uniformly continuous on bounded subsets of
W from the strong topology of W to the strong topology of W*.

Let u € int(domg), the subdifferential g at u € W is defined by
Og(u) ={u" e W*: g(u) + (u*,v—u) < g(v) forall ve W},
and the Fenchel conjugate of g is the function ¢* : W* — (—o0, +00] defined by

9" (u”) = sup{(u”, u) — g(u) :u € W}
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for all w* € W*. Note that if g : W — (—o00,+0o0] is a proper, lower semi-
continuous function, then ¢g* : W* — (—o00,400] is a proper weak* lower semi-
continuous and convex function, then g* : W* — (—o0,+00] is a proper weak*
lower semi-continuous and convex function. In addition, g(u) + ¢*(u*) < (u*,u) for
all (u,u*) € W x W*. Furthermore, it follows from [18] that (u,u*) € dg if and
only if g(u) + ¢g*(u*) = (u*, u).

Next, we recall some basic notions and results concerning a Legendre function
function for our main results. More information on Legendre functions can be found
in the references, for example [28].

Definition 2.2. ([10], Definition 2.2) Let W be a real reflexive Banach and g :
W — (—00,400] be a function. Then g is said to be Legendre if the following two
conditions are satisfied.

(1) Int(domg) # O, ¢ is Gateaux differentiable on int(domg) and dom(Vyg) =
int(domyg).

(
(2) Int(domg*) # O, ¢g* is Gateaux differentiable on int(domg*) and dom(Vg*) =
int(domg™).

Remark 2.2. ([4]) Let W be a real reflexive Banach space and g : W — (—o0, +00] be
a Legendre function. Then

(1) g is a Legendre function if and only if g* is a Legendre function.
(2) (0f)~' =dg".

(3) Vg = (Vg*)™!, ran(Vg) = dom(Vg*) = int(domg*) and ran(Vg*) = dom(Vyg) =
int(domg), where ran(Vg) denotes the range of Vg.

(4) g and g* are strictly convex on the interior of their respective domains.

Definition 2.3. (][9], p.324) Let W be a real reflexive Banach space, g : W —
(—00,400] be a Gateaux differentiable function. Then the function D, : domg x
int(domg) — [0, +00), defined by

Dy(u,v) = g(u) — g(v) = (Vg(v),u —v)

is said to be the Bregman distance with respect to g.

Notice that the Bregman distance is not a distance in the usual sense of the
term. In general, Dy(u,u) = 0, but Dy(u,v) = 0 may not imply u = v; Dy is
not symmetric and does not satisfy the triangle inequality. By the definition of
the Bregman distance, the Bregman distance has the following properties. Note
that more information on Bregman functions and distances can be found in the
references, for example [29].

(1) For any u,v € int(domg), we have

Dy(u,v) + Dgy(v,u) = (Vg(u) — Vg(v),u — v).
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(2) For any u € domg and v, w € int(domg), we have
Dy(1,0) + Dy(0,0) — Dy(uyw) = (Vg(w) - Vg(v),u— v
(3) For any u,w € domg and v, z € int(domg), we have
Dy(u,v) — Dy(u, z) — Dg(w,v) + Dy(w, 2) = (Vg(z) — Vg(v),u — w).

Let g : W — R be a Gateaux differentiable function. Consider V, : WxW* —
[0, +00] defined by
Vo(u,u®) = g(u) — (u*, u) + g*(u")

for all w € W and v* € W*. The following result presents some properties of the
function Vj,.

Remark 2.3. Let W be a real reflexive Banach space, g : W — R be a Gateaux
differentiable function. Then

(1) ([18], Lemma 3.2) V; is nonnegative and Vy(u,u*) = Dg(u, Vg*(u*)) for all u € W
and u* € W,

(2) ([18], Lemma 3.3) For any u € W and u*,v* € W™, we have
Vy(u,u™) +(Vg* (u*) — u,v™) < Vy(u,u™ +0v%).

(3) ([17], p.7T) V4 is convex in the second variable. Therefore, for all w € W, we have

Dy (u, Vg* ( i )\an(un))) < i AnDg(u, un ),

n=1

where {un}ney C W and {\n}noy C [0,1] with > A = 1.
n=1

Definition 2.4. ([7], p.69) Let W be a real reflexive Banach space, g : W —
(—00,4+00] is a convex and Gateaux differentiable function, and U be a nonempty,
closed and convex subset of int(domg). The Bregman projection of u € int(domg)
onto U is the unique vector Pf(u) € U such that

Dy(Pg(u),u) = inf {Dy(v,u) : v € U}.

Remark 2.4. ([23], Remark 2.2) Let W be a smooth, strictly convex Banach space and
g(u) = |jul|?® for all w € W. Then Vg(u) = 2Ju for all w € W and J is the normalized
duality mapping which is defined by J(u) = {u* € W* : (u,u*) = ||ju||* = |ju||*} for all
u € W. Therefore, Bregman distance Dy(u,v) is reduced to ¢(u,v), where ¢(u,v) is a
Lyapunov function which is defined by ¢(u,v) = ||u||* —2(u, Jv)+||v||?>. Thus, the Bregman
projection Pf (u) is reduced to the generalized projection Iy (u) in smooth Banach which
is defined by
¢(Iy (u),u) = min {p(v,u) : v € U}.

If W is a Hilbert space and g(u) = ||ul|® for all w € W, then Dgy(u,v) = ||u — v||* for
all u,v € W, and J is the identity mapping. Therefore, the Bregman projection Pf (u) is
reduced to the metric projection from W onto U.
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Next, we recall some basic notions and results concerning a totally convex func-
tion for our main results. More information on totally convex functions can be
found in the references, for example [6].

Definition 2.5. ([33], p.1) Let W be a real reflexive Banach space, g : W —
(=00, 4+00] be a convex and Gateaux differentiable function. Then

(1) g is said to be totally convez at u € int(domyg) if any t > 0, we have

vg(u, t) :=inf {Dy(v,u) : v € domg, |[|v — u|| =t} > 0.

(2) g is said to be totally conver if g is totally convex at every point u € int(domg).

(3) g issaid to be totally convex on bounded subsets of W if any nonempty bounded
subset B of W and t > 0, we have

vg(B, t) == inf {vy(u,t) : w € BNdomg} > 0.

Proposition 2.3. ([33], Proposition 2.2) Let W be a real reflexive Banach space,
g: W — (—o00,+00] be a conver and Gdteaux differentiable function. Then g
is totally convex at v € int(domg) if and only if any {v,} C domg such that

lim Dgy(v,,u) =0, we have lim |v, —u|| = 0.
n—oo n—oo

Proposition 2.4. ([7], Lemma 2.1.2) Let W be a real reflexive Banach space,
g: W — (—o00,+00] be a conver and Gateauz differentiable function. Then g is
totally convex on bounded subsets of W if and only if any sequence {u,} C int(domg)
and {v,} C domg such that {u,} is bounded and nl;rgo Dy(vp,un) = 0, we have

lim ||v, — u,ll = 0.
n—oo

Proposition 2.5. ([31], Lemma 1) Let W be a real Banach space, g : W —
(—00,400] be Gaiteauz differentiable and totally convex, ug € int(domg) and the
sequence {u,} C domg satisfying {Dgy(un,uo)} is bounded. Then the sequence {u,}
is bounded.

Proposition 2.6. ([34], Proposition 2.3) Let W be a real Banach space, g : W — R
be Legendre such that Vg* is bounded on bounded subsets of int(domg*), ug € W
and {un} C W satisfying {Dg(uo,un)} is bounded. Then the sequence {uy,} is
bounded.

Proposition 2.7. ([8], Corollary 4.4) Let W be a real reflexive Banach space,
g: W — (—o0,+o0] be Gateauz differentiable and totally convex on int(domg), U
be a nonempty, closed and convex subset of int(domg) and u € int(domg). Then
the following statements are equivalent.

(1) w= P (u).
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(2) w is the unique vector such that (Vg(u) — Vg(w),w —v) >0 for allv e U.

(8) w is the unique vector such that Dg(v,w) + Dy(w,u) < Dg(v,u) for allv e U.

Definition 2.6. ([37], p.203, p.207, p.221) Let W be a Banach space and denote
by S1 ={ue W :|ul <1} and B, = {u € W : |ju|| < r} for some r > 0. Then

(1) g: W — Ris said to be uniformly convex on bounded subsets of W if p.(t) > 0
for all ¢,e > 0, where the function p. : [0, +00) — [0, +00) is defined by

0 ng(u) + (1 —n)g(v) — g(nu + (1 —n)v)
u,'UEBEaHu_'U”:t»”]e(Oal) T](l - 77) .

pe(t) =

(2) g : W — R is said to be uniformly smooth on bounded subsets of W if
oe(t)

%iH(l)T = 0 for all ¢ > 0, where the function o, : [0,+00) — [0,+00) is
—
defined by
B ng(u+ (1 —n)tv) + (1 —n)g(u — ntv) — g(u)
o:(t) = sup .

u€B.,v€S1,mE(0,1) 7](1 - 77)

Note that if g is uniformly convex, then the function p. is nondecreasing map-
ping. Furthermore, p.(t) = 0 if and only if ¢ = 0 (see [37, page 203]).

Remark 2.5. ([21], p.6) The function g is totally convex on bounded subsets of W if
and only if g is uniformly convex on bounded subsets of W.

Definition 2.7. ([16], Definition 1.3.7) Let W be a Banach space and g : W —
(=00, +00] be a function. Then

(1) g is said to be coercive if lim g(u) = 4o0.
llu]l—+o0

u
(2) g is said to be strongly coercive if  lim & =
lull=-+oo |[u]

+o0o

Proposition 2.8. ([37], Proposition 3.6.3) Let W be a real reflexive Banach space
and g : W — R be a convex function which is strongly coercive. Then the following
statements are equivalent.

(1) g is bounded on bounded subsets of W and uniformly smooth on bounded subsets

of W.

(2) g is Fréchet differentiable and Vg is uniformly continuous on bounded subsets
of W.

(3) Dom(g*) = W*, g* is strongly coercive and uniformly convezr on bounded subsets
of W*.
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Proposition 2.9. ([37], Proposition 3.6.4) Let W be a real reflexive Banach space
and g : W — R be a convex function which is bounded on bounded subsets of W.
Then the following statements are equivalent.

(1) g is strongly coercive and uniformly convex on bounded subsets of W.

(2) Dom(g*) = W*, g* is bounded on bounded subsets of W* and uniformly smooth
on bounded subsets of W*.

(3) Dom(g*) = W*, g* is Fréchet differentiable and Vg* is uniformly continuous
on bounded subsets of W*.

Lemma 2.1. ([21], Lemma 2.2) Let W be a Banach space, € >0 and g : W — R
be convexr on W and uniformly convex on bounded subsets of W. Then

m m
g(zanun) < Zang(un) _aiajp&‘(“ui _ujH)
n=1 n=1

where i,7 € {1,2,...,m}, uy, € Be ={u e W :|u|| <&} and a, € (0,1) such that
> an, =1, and the p. is defined as in Definition 2.6.
n=1

By using Lemma 2.1, we get the following result.

Lemma 2.2. Let W be a real reflexive Banach space, g : W — R be a Legendre,
strongly coercive function which is uniformly Fréchet differentiable and bounded on
bounded subsets of W. Then

Dy (w, Vg (D" anVo(un)) ) < S anDy(u,un) = asapt(IVg(us) — Vglu)I),
n=1 n=1
where i,j € {1,2,...,m}, Vg(u,) € B ={uec W*: ||u|| <e} and a, € [0,1] such
that > a, =1, and the pf is defined as in Definition 2.6.
n=1

We denote by F(H) = {u € W : Hu = u} the set of fixed points of the mapping
H : W — W. Next, we recall some notions of the mappings with respect to
the Bregman distance for our main results. More information on various classes of
Bregman nonexpansive operators can be found in the references, for example [20].

Definition 2.8. Let W be a real reflexive Banach space, g : W — R be a
Gateaux differentiable function and H : W — W be a mapping. Then

(1) ([5], Definition 2) H is said to be a Bregman quasi-nonexpansive mapping if
F(H)# @ and for all w € W and p € F(H), we have Dy(p, Hu) < Dy(p, u).
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(2) ([38], Definition 2.10) H is said to be a Bregman quasi-asymptotically nonexpan-
sive mapping if F(H) # () and there exists a real sequence {k,} C [1,00) with
lim k, =1 such that D,(p, H"u) < k,Dgy(p,u) for all u € W and p € F(H).

n—oo

(3) ([10], Definition 2.10) H is said to be a Bregman totally quasi-asymptotically
nonexpansive mapping if F(H) # () and there exist nonnegative real sequences
{nn}, {n} with lim 5, = lim p, = 0 and a strictly increasing continuous

n—roo n—roo

function & : [0,00) — [0, 00) with £(0) = 0 such that
(2.2) Dy(u, H"x) < Dg(u, x) +nn&(Dg(u, ) + pin
for all u € W and p € F(H).

(4) ([5], Definition 2) H is said to be a Bregman firmly nonexpansive mapping if
for all u,v € W, we have

(Vg(Hu) — Vg(Hv), Hu — Hv) < (Vg(u) — Vg(v), Hu — Hv).

(5) H is said to be closed if any sequence {u,} in W such that lim w, =u €W
n— oo

and lim Hu, =v € W, we have Hu = v.
n—oo

(6) ([27], p.3877) H is said to be uniformly asymptotically reqular on W if for any
bounded subset U of W, we have lim sup ||H" " u — H"u| = 0.
n—oQ welU

Remark 2.6. (1) Every Bregman quasi-asymptotically nonexpansive mapping is a Breg-
man totally quasi-asymptotically nonexpansive mapping with £(¢t) = ¢ for all ¢ > 0,
n = kn — 1 with &k, > 1 satisfying lim k, = 1, and u, = 0, but the converse is
n— oo
not true.
(2) Every Bregman firmly nonexpansive mapping is a Bregman quasi-nonexpansive map-
ping.

Lemma 2.3. ([10], Lemma 2.16) Let W be a real reflexive Banach space, g :
W — (—00,400] be a Legendre function which is totally convex on bounded subsets
of W, U be a nonempty, closed and convex subset of int(domg), H : U — U be
a closed and Bregman totally quasi-asymptotically nonexpansive mapping. Then
F(H) is a closed and convex subset of U.

For solving the problem (GM EP), let us assume that F' satisfies the following
conditions.

(Cl) F(u,u)=0forall u € U.
(C2) F is monotone, that is, F(u,v) + F(v,u) < 0 for all u,v € U.

(C3) For all u,v,w € U, we have limsup F(tw + (1 — t)u,v) < F(u,v).
£10
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(C4) For each u € U, v — F(u,v) is convex and lower semi-continuous.

In order to find the solution of the problem (GMEP), Darvish [12] intro-
duced the notion of mixed resolvent of F. In addition, this notion was studied
in [13, 14, 35].

Definition 2.9. ([12], Definition 2.4) Let W be a real reflexive Banach space,
U be a nonempty, closed and convex subset of W, g : W — (—o00,+0o0] be a
Gateaux differentiable function, F' : U x U — R be a bifunction satisfying the
conditions (C4) - (Cy), A : U — R be a lower semi-continuous and convex function,
B : U — W* be a continuous monotone mapping. The mized resolvent of F' is
the operator Res%, apW— 2V defined by

Resf, 4 p(u) = {w e U : F(w,v) + A(v) + (B(w),v — w)

+(Vg(w) — Vg(u),v —w) > A(w) for all v € U}.

By using a similar idea of [30, Lemma 1], the author of [12, 13] proved that if g :
W — (—o0,+00] is a strongly coercive and Gateaux differentiable function, then
dom(ReS% A, 5) = W. We find that the formula of the function Res%, 4 p contains
the term B(u) for all w € W. Since domB = U C W, the value B(u) does not exist
for all w € W\ U. Motivated by this confusion, we revise the formula of the function
Res%’A’B by replacing the term B(u), u € W by B(w), w € U. This formula has
been stated in [23, Lemm 2.5] as follows

Res% 4 p(u) = {weU:F(w7v)+A(v)+(B(w),v—w>

(2.3) +(Vg(w) — Vg(u),v —w) > A(w) for all v € U}.

Next, by using the idea of [30, Lemma 1], we also prove that dom (Res%’AB) =W
under some suitable conditions, where the function Res%y A,p s defined by (2.3).

The following lemma presents some properties of the mixed resolvent Res%" AB
which is defined by (2.3). The proof of this lemma is similar to the proof [12,
Lemma 2.8]. Furthermore, these results have been studied in [23, Lemm 2.5].

Lemma 2.4. ([12], Lemma 2.8) Let W be a real reflexive Banach space, U be a
nonempty, closed and convexr subset of W, g : W — (—o0,+00] be a Legendre
function and F : U x U — R be a bifunction satisfying the conditions (C1) - (Cy).
Then

(1) Res}, 4 p is a single-valued.

(2) Res%’ AB 5@ Bregman firmly nonexpansive mapping.
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(3) F(Res, 4 p) = GMEP(F, A, B) with

F(Res}, o p) = {u € U : Res}, 4 p(u) = u}.

(4) GMEP(F, A, B) is a closed and convex subset of W.

(5) For allp € F(Res, 4 ) and u € W, we have

D, (p, Res%,A,B(u)) + Dy (Res%,A,B(u)vu) < Dy(p, ).

3. Main results

Let H; : W — W be Bregman totally quasi-asymptotically nonexpansive map-
. . ) () (i) e
ping with nonnegative real sequences {n’} and {us’} satisfying

lim ng) = lim uﬁf) =0
n— oo n— oo

and strictly increasing continuous functions €@ : [0, 00) — [0, 00) with £ (0) = 0
for each i € I :={1,2,...,N} with N € N. Put

N = max{n® :i € I}, g, = max{p? :i € I},and &(t) = max{¢D(t) : i € I}

for all t > 0. Then lim 7, = lim w, =0, £(0) =0, and by (2.2), we obtain
1— 00

n—oo T

Dy(p, H'u) < Dy(p,u) +nn€(Dg(p,w)) + fin

for all u € W and p € (| F(H;), and for all i € I.
icl

Theorem 3.1. Let W be a real reflexive Banach space, and U is a nonempty,
closed and convexr subset of W, and g : W — R be Legendre, strongly coer-
cive on W, and g be bounded, totally convex, uniformly Fréchet differentiable on
bounded subsets of W. For each k € K = {1,2,...,M} with M € N, Fy :
U x U — R satisfies the conditions (C1) - (Cy), Ax : U — R is a lower semi-
continuous and convex function, By : U — W* is a continuous monotone map-
ping. For each i € I, H; : W — W is a closed, uniformly asymptotically reg-
ular and Bregman totally quasi-asymptotically nonexpansive mapping with non-

negative real sequences {n,(;i)} and {ug)} satisfying lim ng) = lim MS) =0 and
n—oo n—oo

strictly increasing continuous function £ : 0, 00) — [0, 00) with €9 (0) = 0 such

that F = ( N F(HZ)> N ( N GMEP(Fk,Ak,Bk)) is nonempty and bounded. Let
iel keK
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{un} be a sequence generated by

U, U € U,Ul = Ug =U

Up = Up + bp (Uyy — Up—1), n>2

wy, = Vg* (amOVg(vn) + Z an, ZVg(H”vn))

(3.1) A9 € U such that Fu(=9) + Au(y) + <Bk<z£k)>,y )
+H(Vg(z") = Vglwa),y — 24) 2 Ax(=), Wy € U.

kn = argmax{Dg(z,(Lk), ) ke K}

Uni1 = {u € Uy : Dy(u, 25™)) < Dy(u,v,) + 0}

Un+1 = P&LH (ul)a

where 6, = 1, sup {§( (u,vn)) :u € F} + pin, {bn} C [0,1], and {a, i} C [0,1]

for all i € I such that Z an,; =1 and liminf ay, oa,,; > 0 for alli € I.
iz0 n—00
Then the sequence {u,} strongly converges to p = P¥(u1).

Proof. The proof of Theorem 3.1 is divided into following six steps.

Step 1. We claim that P%(uq) is well-defined. Indeed, we conclude from Lemma
2.3 and Lemma 2.4 that F(H;) and GM EP(F}, Ay, By) are closed and convex sets
for all : € I and k € K. This proves that

F= (mF(HZ)) ﬂ( ﬂ GMEP(Fk,AkaBk))
iel keK

is a closed and convex subset of U. Since F is a nonempty set, we find that F
is a nonempty, closed and convex subset of U. This fact ensures that P (uq) is
well-defined.

Step 2. We claim that Pf}nﬂ(ul) is well-defined. Indeed, we first claim that
U, is closed and convex for all n > 2 by mathematical induction. Obviously, we
have Us; = U is closed and convex. Now, we assume that U, is closed and convex
for some m > 2. It follows from the definition of U,, 41, we get that

Unir = {u€Upn: (Vg(m),u—vm) = (Vg(z0m)),u— z0m)
(3:2) < g(=0m) = g(om) + O}

Then by directly checking, we find that U,,41 is convex. Furthermore, we conclude
from (3.2) and the continuity of Vg(.) that U, is closed. Therefore, we find
that U,,+1 is closed and convex, and hence U, is closed and convex for all n > 2.
Combining this with U; = U is closed and convex, we get that U, is closed and
convex for all n € N.

Next, we prove by mathematical induction that F C U, for all n > 2. Obviously,
we obtain F C U = Us. Suppose that F C U, for some m > 2. Now, we prove
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that F C U,yy1. Assume that v € F. It follows from F C U, that u € U,,. By
using Remark 2.3(3) and the fact that H; is a Bregman totally quasi-asymptotically
nonexpansive mapping, we get

Dy(u,wy,) = Dy <u, Vg* (am,oVg(vm) + Z amyng(Hvam)))
=1

00

< am,ODg (u; Um) + Z am,iDg (u7 Hlmvm)
=1

< am7ODg(ua 'Um) + Z am,i[Dg(U» Um) + UnC(Dg(% Um)) + Mm]
i=1

= am70D9(u7 V) + (1= am,O)[Dg(u’ V) + nnC(Dg(ua Um)) + ]

(3.3) < Dgy(t,vm) + .

By definition of the function Res%k,Ath as in (2.3), we get that

(km) — 9
Fmo = ResfkynvAkyankm (wm)'

From Lemma 2.4, we find that Resfckw A, Br,, is a Bregman firmly nonexpansive
mapping and hence it is a Bregman quasi-nonexpansive mapping for each k,, € J.
Then, by Remark 2.6(2), we conclude that Res?‘km,AkWBkm is a Bregman quasi
nonexpansive mapping. It follows from (3.3) that

Dg(u7z1(”r]fm)) = Dg(u’ Res?kmﬁAkm *Bkm (wm)
< Dy(u,wm)
(3.4) < Dy(u,vm) + .

This leads to w € Upy41. It means F C U,,qq. This imples that F C U, for all
n > 2. Then, we conclude from U; = Uy that F C U, for all n € N. Since F is
nonempty, we conclude that U, is nonempty. By the above, we obtain that U, is
nonempty, closed and convex. Therefore, we find that Pf}nﬂ (uq) is well-defined.

Step 3. We claim that {u,} is bounded and lim Dg(u,,u;) exists. Indeed, we
n—oo

conclude from u, = Pf (u;) and Proposition 2.7 that
(3.5) Dgy(v,un) + Dg(tn,ur) < Dg(v,uq)

for all v € U,. Suppose u € F. It follows from F C U, that v € U,. By taking
v =1 in (3.5), we get

(3.6) Dy(u,un) + Dg(un,u1) < Dg(u,ur).

This leads to Dy (tn, u1) < Dg(u,u1)—Dg(u, uy) < Dg(u,ur), and hence {Dgy(un,u1)}
is bounded. By Proposition 2.5, we find that the sequence {u,} is bounded.



Approximating Common Elements of Fixed Points 393

It follows from the definition of U, that u, 1 = Pgn+1(“1) € Upy1 C Uy. By
choosing v = u,41 in (3.5), we obtain Dg(upy1,un) + Dg(tn, 1) < Dg(Unt1,u1),
and hence Dg(upn,u1) < Dg(tnt1,u1) — Dg(tnt1,un) < Dg(tny1,ur). This implies
that the sequence {Dg(un,ul)} is nondecreasing. It follows from the boundedness
of the sequence {Dg(uy,u1)} that the limit li_>m Dgy(un,ur) exists.

n o0
Step 4. We claim that lim u, = p € U. Indeed, for m > n, it follows from
n— o0
the definition of U,, that u,, = Pgm (u1) € Uy, C Uy, Therefore, by taking v =
in (3.5), we obtain Dgy(tm,un) + Dg(tn, 1) < Dg(tm,,ur). This implies that
(3.7) 0 < Dy(tm,un) < Dg(tm,u1) — Dg(un, u1).

Letting the limit (3.7) as m, n — oo, and using the existence of the limit lim Dgy(w,, u1),
n— 00
we find that

(3.8) lim  Dg(tm,un) =0.

m,n— 00
Then, we conclude from (3.8), the boundedness of {u,} and Proposition 2.4 that
(3.9 lm ||t — uy|| =0.

m,n— oo

This implies that the sequence {u,, } is a Cauchy sequence in U. Since W is a Banach
space and U is a closed subset of W, there exists p € U such that lim u, = p.
n—oo

Step 5. We claim that p € F. First, we prove that p € [ F(H;). Indeed, by

iel
taking m =n + 1 in (3.8) and (3.9), we obtain
(3.10) nhﬁn;(} Dy(tunt1,un) = nth;O ltns1 — unl = 0.
It follows from w1 = Pgnﬂ(ul) € Upy1 C U, that
(3.11) Dy(tn1,2)) < Dy(uns1,vn) + On.

We have ||v, — un|| = bnlln — up—1||. By combining this with (3.10) and the
boundedness of {b,}, we obtain lim |lv, — u,|| = 0. Since lim w, = p, we find
n— oo n—oo

that lim v, = p. Therefore, we conclude from lim v, =pand lim w,+; = p that
n—oo n—oo n—oo

lim ||up41 — vy || = 0. It follows from the definition of D, that
n—oo E

|D9(un+1a U’ﬂ)| = |g(un+1) - g(vn) - <v9(vn)7un+l - Un>|
(3.12) < g(unt1) = g(on)| + [tns1 — va|[[[Vg(va)ll-

Furthermore, by Remark 2.1, we obtain that g is uniformly continuous on W. By

using Proposition 2.1, we find that Vg is bounded on bounded subsets of W. Then,

by combining this with the boundedness of {v,}, lim |up+1 —v,] = 0 and (3.12),
n—oo

we find that

(3.13) lim Dg(up+1,v,) = 0.

n—oo
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Suppose that u € F. By the definition of D, we have

[ Dy (u, vn)| 19(u) = g(vn) = (Vg(vn), u = vn)]
|9(u) = g(vn)] + [lu = on[.[Vg(on)]

lg(w) + g(en)| + (lull + lloal)-[IVg(wn)ll

Then, we conclude from (3.14), the boundedness of F and {v,, }, the uniform conti-

nuity of g and the boundedness on bounded subsets of Vg that | D, (u, v,)| < 0o, and

hence the sequence {D,(u, v,)} is bounded. It follows from lim n, = lim p, =0
n—oo n—oo

that

IN A

(3.14)

lim 6, = nh_}rrgo (nn sup {f(Dg(u,vn)) Tu € ]:} + ,un) =0.

n—oo
By combining (3.11), (3.13) and li_>m 0, = 0, we find that li_>m Dgy(tnt1, z,(Lk”)) =0.
By using the same proof as in that of (3.4), we conclude that
(3.15) Dy(u, 2)) < Dy(u,vn) + 0.

Then, we conclude from the boundedness of {Dy(u,v,)}, {0,} and (3.15) that

the sequence {Dg(u,zflk"))} is bounded. By Proposition 2.9, we find that ¢* is

bounded on bounded subsets of W*.This implies that Vg* is bounded on bounded
subsets of W*. By combining this with the boundedness of {D,(u, z&k))} and using
Proposition 2.6, we find that the sequence {zy(lk")} is bounded. By combining this
with nh_}rr;o Dy (un+r1, zflk")) = 0, and using Proposition 2.4, we have

lim [lupy1 — 25| = 0.
n—oo
Then, it follows from (3.10) and 1Lm ||tnt1 — vpn|| = O that
lim |ju, — 25| = lim |jv, — 2] = 0.
n—oo n—oo
Since Vg is uniformly continuous on bounded subsets, we get that
(3.16) lim [|Vg(v,) — Vg(2i))] = 0.

Furthermore, by using similar arguments as in the proof of (3.13), from

lim ||z,(Lk”) —vp| =0,
n—o0

we obtain

(3.17) lim Dy(2F) v,) = 0.

By the definition of k,, we find that lim Dg(z%k),vn) = 0 for each k € I. By
n—oo

combining this with the boundedness of {v,} and using Proposition 2.4, we get
(k)

that lim ||Z£Lk) — vy || = 0. Then, it follows from lim v, = p that lim z,’ = p.
n—oo n—oo n—oo
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Next, by the definition of Res§, ,, p,, we obtain 2lhn) Resf‘k" A, By, (Wn)-

Then, by Lemma 2.4(3)&(5), we find that Dy (u, zT(Lk"))—l—Dg(zy(Lk"), wp) < Dy (u,w).
This leads to

(3.18) Dy (2% wy,) < Dy(u,wy) — Dy(u, 285).
By using the same proof as in that of (3.3), we obtain

(3.19) Dgy(u,wyn) < Dg(u,vy,) + 0y

It follows from (3.18) and (3.19) that

(3.20) Dg(z,(f”),wn) < Dy(u,vy) — Dg(u,z,(f”)) +0,.
From the property of the Bregman distance D,, we obtain

|Dg(u7 27(1kn)) - Dg(uvvn)‘
| = Dy (2, vn) + (Vg(vn) — Vg(28)), u— 2{))|
(3.21) < Dg( on) | + lu = 25| Vg(vn) = V(=)

Therefore, we conclude from (3.16), (3.17), (3.21) that

lim |Dg(u,z,(f”)) — Dy(u,vy,)| = 0.

n—oo
By using (3.20) and lim 6,, = 0, we find that lim Dg(zglk"),wn) = 0. Moreover,
n— 00 n—oo
by using (3.19) and the boundedness of {Dy(u,v,)}, we get that {Dg(u,w,)} is
bounded. It follows from the boundedness on bounded subsets of Vg* and Propo-

sition 2.6 that {w,} is bounded. Then, we conclude from Proposition 2.4 and
(kn) (kn)

lim Dy(zn ", wy) =0 that lim ||z, " —wy| = 0. Then, by lim Hzf,er) —v,| =0,
we have lim ||w, — v,|| = 0. By using similar arguments as in the proof of (3.13),
n—oo

we get that lim Dy(wy,v,) = 0. By combining this with the boundedness of {v,}
n—roo
and using Proposition 2.4, we obtain that lim ||w, — v,| = 0. It follows from the
n—oo

uniform continuous on bounded subsets of Vg that
(3.22) Jim [[Vg(wn) = Vg(va)| = 0.

Since H; is a Bregman totally quasi-asymptotically nonexpansive mapping, we ob-
tain

Dy(u, H"vn) < Dg(u, vn) + mn&(Dg(u, vn)) + fin.
Then, it follows from the boundedness of { D, (u, v,,)} that {Dg(u, H'v,,)} is bounded.

By using the boundedness on bounded subsets of Vg* and Proposition 2.6, we
find that {H"v,} is bounded. Then, we conclude from the boundedness of {v,},
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{H!v,} and the uniform continuity on bounded subsets of Vg that {Vg(v,)} and
{Vyg(H!vy)} are bounded in W*. Put

e = max{sup [[Vg(vn)[|, sup [[Vg(H; v, )| }-
neN neN
This leads to Vg(vy,), Vg(Hv,) € BZ. Therefore, by Lemma 2.2, we obtain

Dy(u,w,) = D, (u, Vg* (aan(vn) +(1- an)Vg(van)))
anDg(u,v,) + (1 — an)Dg(u, H'vy,)
—an(1 = an)pi([|Vg(vn) — Vg(H v,)|)

IN

< anDy(u,vp) + (1 = an)[Dy(t,vn) + 1n&(Dg (1, vp)) + fin]
—an(1 = an)pZ([Vg(va) — Vg(Hva)l])
< Dy(u,vn) +0n — an(l — an)pZ([Vg(vn) — Vg(H] vn)))-

This proves that
(3.23) an(1 = an)pZ([|Vg(vn) — Vg(H vn)|]) < Dg(u,vy) — Dg(u, wy) + On.
By the property of the Bregman distance D, we have

|Dg(u, wn) = Dg(u,vp)] = | = Dg(wn,vn) + (Vg(vn) = Vg(wn), u — wn)|
(3.24) < [Dg(wn, vn)| + [lu — wall.[[Vg(vn) = Vg(wn)]|.

Therefore, we conclude from lim Dgy(wy,,v,) =0, (3.22) and (3.24) that
n—oQ

lim |Dg(u,wy) — Dg(u,vy,)] =0.

n—roo

It follows from (3.23) and liminf a, (1 — a,) > 0 that

n— 00
Tim pZ([[Vg(vn) = Vg(Hvn)|l) = 0.

Now, we claim that lim [|Vg(v,) — Vg(Hv,)|| = 0. Suppose the assertion is false.
n—oo
Then we find that there exist € > 0 and a subsequence {k(n)} of n such that

k(n
1V9(vk(my) — Va(H vl > €.

By using the nondecreasing property of pZ, we find that

* k(n *
PV g (k) = Va(H o)) > o1 (e)
for all n € N. By letting the limit as n — oo, we have 0 > pZ(g). This contradicts the
fact that pf(e) > 0. Hence, ILm IVg(v,) — Vg(H,)|| = 0. Since Vg* = (Vg)~!
is uniformly continuous on bounded subsets, we have li_)m v, — Hl'vy|| = 0. It

follows from lim v, = p that lim Hv, = p. We also have
n—oo n—oo

(3.25) 1 o = pll < [ HP o — H'o | + | Hvn = pll.
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Therefore, since H; is uniformly asymptotically regular and using (3.25), we find
that lim Hi”an = p. This proves that lim H,(H['v,) = p. By using the closed-
n—oo n—oo

ness of H;, we find that H;p = p, and hence p € (| F(H,).
i€l
Next, we claim that p € (| GMEP(F}y, Ak, Bi). Indeed, for each k € K =
keEK

{1,2,..., M}, we have 2 = Res?, 4, p, (wn). It follows from (2.3) that
Fr(2 )+ Ak () +(Bi(=), y =20+ (Vg (27) = Vg(wn), y—21) = Ar(z"), Vo € U.
By using the condition (Cs), we get

(3.26)  (Bi(z{), v — 2y + (Vg(P) = Vg(wn), v — 2) + Ap(v) — A(z{P)
> —Fi(zP,v) = Fi(o,2]).

Now, by lim [|v,—wy| =0and lim v, = p, we find that lim w, = p. Then, from
n—oo n—oo n—oo

lim ||z,(1k) —v,]| =0and lim |Jv,—wy,]|| = 0, we conclude that lim Hzgk) — wyl|| = 0.

n—00 n—00 n—00

Since Vg is uniformly continuous on bounded subsets, we obtain

lim [|Vg(2¥) — Vg(w,)|| = 0.

n—oo

This implies that

(3.27) lim (Vg (=) = Vg(wn),v — z{)[ = 0.

Since Ay, is lower semi-continuous and lim z( ) = p, we find that
n—oo

(3.28) lim inf Ay (2F)) > Ag(p).

n—roo

By the condition (Cy), we get that Fy, is lower semi-continuous in the second vari-
able. It follows from lim z( ) = = p that

n— oo

(3.29) lim inf Fy (v, z7) > Fi (v, p).

n—oo

We also have

(3.30)  [(Bi(z"),0 = =) — (Bu(p),v —p)|
= [(Bu(=") = B(p),v) — (Bi(= ,22’“) + (Bi(p), p)|
< 1Bi(=") = Bi(p), o) + [(Bi(=i"), 2 = p)| + [(Bi(=4") — Bi(p), p)|
< [Bi(=) = Bu(p), v)| + | B (). Hz(’“) = pll + (Bi(=") = Bu(p), p)].

It follows from (3.30), the continuity of By, By(z (k)) € W* and hm 2 = p that

(3.31) lim (By(2"),v = 2) = (Bi(p),v — p).

n—oo n
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Then, by (3.26), (3.27), (3.28), (3.29) and (3.31), we find that
(3.32) (Br(p),v = p) + Ax(v) = Ax(p) = Fi(v,p)

for all v € U. For all ¢t € (0,1], put v; = tv + (1 — t)p. Due to y,p € U and U is
convex, we have v; € U. Then, by replacing y by v; in (3.32), we conclude that

(3.33) Fy.(ve,p) + (Br(p),p — ve) + Ar(p) — Ax(ve) < 0.

By using the condition (C;), the convexity in the second variable of Fj and the
convexity of Ay and (3.33), we conclude that

0 = Fi(vg,vr) = Fr(vg,ve) + (Be(p),ve — vp) + Ag(ve) — Ag(v4)
tF(ve,y) + (1 — ) Fr(ve, p) + t{Br(p), y — vy)
+(1 = t)(Bk(p),p — vt) + tA(y) + (1 — ) Ag(p) — Ax(ve)
= t[Fi(vr,v) + (Br(p),v — v) + Ap(v) — Ag(vr)]
+(1 =) [Fi(ve, ) + (Bi(p),p — ve) + Ap(p) — Ax(vr)]
(3.34) < t[Fi(ve,y) + (Be(p), v — ve) + Ap(v) — Ag(vy)].

It follows from (3.34) and ¢ > 0 that

IN

(3.35) Fy.(ve,v) + (Bi(p),v — ve) + Ag(v) — Ag(ve) > 0.
Therefore, by the condition (C3), we have

(3.36) lim sup Fy (v, v) = limsup Fi(tv + (1 — t)p,v) < Fi(p,v).
t10 10

Since Ay, is lower semi-continuous, we get that — Ay is upper semi-continuous. From

lim v; = tlirr(l)(tv + (1 —¢)p) = p, we find that
—

t—0

(3.37) lim sup[—Ag(v:)] < —Ak(p).

t—0

y (3.35), (3.36), (3.37) and }irr(l) v = p, we find that
—

Fy.(p,v) + (Br(p),v — p) + Ap(v) — Ar(p) > 0

This implies that p € (| GMEP(Fy, Ak, Bi). By the above, we conclude that
keK

peF= (ﬂ F(Hi)) N ( (| GMEP(F, Ay, Bk)).

keK

Step 6. We claim that p = P%(u1). Indeed, we put u = P%(u1). We will prove
that u = p. By u, = Plg]n (u1) and Definition 2.4, we find that

(3.38) Dy (un,u1) < Dg(v,uq)
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for all v € U,. It follows u = P%-(u1) € F and F C U, that u € U,,. Therefore, by
choosing v = u in (3.38), we conclude that

(3.39) Dy(tn,u1) < Dg(u,uq)
We also have

[Dg(un,u1) = Dg(p,ur)l = [g(un) = g(p) + (Vg(ur),p — un)|
19(un) = g(@)| + [[Vg(ur)][-lp = unl-

It follows from (3.40) as n — oo, lim wu, = p, the uniform continuity of g and the
n—oo

boundedness on bounded subsets of Vg that lim Dg(u,,u1) = Dg(p,u1). There-
n—0o0

fore, we conclude from (3.39) that Dy(p,u1) < Dgy(u,uq). By definition of u and
p € F, we conclude that p = u = P%(u1). O

(3.40)

IN

In Theorem 3.1, by choosing I = {1}, Hy = H, F, = F, A, = Aand B, = B
forall k e K ={1,2,..., M}, we get the following result.

Corollary 3.1. Let W be a real reflexive Banach space, and U is a nonempty,
closed and convex subset of W, and g : W — R is Legendre, strongly coercive on
W, and g is bounded, totally convex, uniformly Fréchet differentiable on bounded
subsets of W. Suppose that F' : U x U — R satisfies the conditions (C1) - (Cy),
A:U — R is a lower semi-continuous and convex function, B : U — W™ is a
continuous monotone mapping. Let H : W — W be a closed, uniformly asymptot-
ically regular and Bregman totally quasi-asymptotically nonexpansive mapping with
nonnegative real sequences {n,} and {u,} satisfying lim 7, = lim @, =0 and
n—oo n—oo
strictly increasing continuous function & : [0,00) — [0,00) with £(0) = 0 such that
F=F(H)N GMEP(F, A, B) is nonempty and bounded. Let {u,} be a sequence
generated by

U1, U2 € U,U1 = U2 =U
Up = Up + by (Uy, — Up—1) for alln > 2
w =V (€ Vg(vn) + (1 - a)Vg(H"v,))

Zn = Res%)AB(wn)
Upt1 = {u € U, : Dy(u, zn,) < Dg(u,v,) + Hn}

un+1 :ng U1)7

i (
where 0, = n, sup {&(Dy(u,v,)) : u € F} + pin, {bn} C [0,1], and {a,} C [0,1]
such that lirginf an(1—an) >0, and the function Resy, 4 p is defined as in (2.3).
Then the sequence {u,} strongly converges to p = P%(uq).

Remark 3.1. (1) Since every Bregman quasi-asymptotically nonexpansive mapping is
a Bregman totally quasi-asymptotically nonexpansive mapping with £(¢) = ¢ for all
t >0, n, = kn, — 1 with k, > 1 satisfying hm kn = 1, and p, = 0, the conclusions

of Theorem 3.1 and Corollary 3.1 hold when H is a Bregman quasi-asymptotically
nonexpansive mapping for all ¢ € I and 6,, = (k, — 1) sup {DA U, Vp) U E .7:}
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(2) The conclusions of Theorem 3.1 and Corollary 3.1 are satisfied when (GMEP) is
replaced by (GEP), (GMP), (MVI) and (EP)

In Theorem 3.1 and Corollary 3.1, when H; is an identity mapping for all ¢ € I,
we obtain the following two corollaries, respectively. Note that the iterative process
(3.41) is an improvement of the the iterative process (1.3) in the sense of adding
the inertial extrapolation. Therefore, the following result is a generalization of the
main result in [35].

Corollary 3.2. Suppose that W is a real reflexive Banach space, and U is a
nonempty, closed and convex subset of W, and g : W — R is Legendre, strongly
coercive on W, and g is bounded, totally convex, uniformly Fréchet differentiable
on bounded subsets of W. For each k € K = {1,2,..., M} with M € N, F}, :
U x U — R satisfies the conditions (Cy) - (Cys), Ax : U — R is a lower semi-
continuous and conver function, By : U — W™ is a continuous monotone mapping

such that Fy = (| GMEP(Fy, Ay, Bi) is nonempty and bounded. Let {u,} be a
keK
sequence generated by

ui,ug E U, U =Us =U

Up = Up + by (Uy, — up—1) for alln > 2

zy(Lk) = Res%k7Ak7Bk (vn)

kn = argmax{Dg(z,(lk),vn) ke K}

Upy1 = {u e U, : Dg(u,zr(lk")) < Dg(u,vn)}

Upg1 = Pgn+l(u1),

(3.41)

where {b,} C [0,1] and the function Res%, 4, p, is defined as in (2.3). Then the
sequence {u,} strongly converges to p = ij_-l (u1).

Corollary 3.3. Let W be a real reflexive Banach space, and U is a nonempty,
closed and convexr subset of W, and g : W — R be Legendre, strongly coercive on
W, and g be bounded, totally convex, uniformly Fréchet differentiable on bounded
subsets of W. Assume that F: U x U — R satisfies the conditions (Cy) - (Cy),
A:U — R is a lower semi-continuous and convez function, B : U — W* is a
continuous monotone mapping such that Fo = GMEP(F, A, B) is nonempty and
bounded. Let {u,} be a sequence generated by

uy,up € U, U =Uy =U

Up = Up + by (Uy, — Up—1) for alln > 2

0 = Resth . p(0n)

Upt1 = {u € Up: Dy(u,z,) < Dg(u,vn)}
Un+1 = PgnH(ul)’

where {b,} C [0,1] and the function Res, 4 p is defined as in (2.3). Then the
sequence {un} strongly converges to p = PZ (uy).
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Finally, we give a numerical example to illustrate for the convergence of the

mentioned iterations.

Example 3.1. Let W =R, U = [0,1], g(u) = v*, H;(u) = % forallu € W andi=1,2.

Let Bi(u) = ku, Ax(u) = ku? and Fy(u,v) = k(—u? 4+ uv) for all u,v € U and k = 1,2.
Then

(1)

(2)

4
By directly calculating, we have Vg(u) = 4u® for all w € W, ¢*(w) = 3 (Y and
Yy y g, g » 9

Vg*(w) = Zfor all we W.

For all u,v € W, we have

Dy(u,v) = Plu) - Fv) - (Vg(v),u—1)

ut —v? — 40® (u —v) = u* 4 30" — qu®.

For each ¢ = 1,2, we obtain F'(H;) = {0}. Therefore, for all p € F(H;) and u € U, we
find that

u
oni

Dy(p, H'w) = 3(H'w)" = 3(5) " < 3()* = Dy(0,u) = D, (p, ).

This proves that H; is a Bregman totally quasi-asymptotically nonexpansive mapping
with 177(1” = ugf) =0 for all n € N.

By directly checking, for each k = 1,2, we find that Fy satisfies the conditions (C1) -
(C4), and Ay is a lower semi-continuous and convex function, and By, is a continuous
monotone mapping.

Now, we will find the formula of Resf, 4, 5, asin (2.3). Indeed, w = Resf, 4, 5, (u)
for all w € W if and only if
(342)  Fi(w,v) + Ak(v) + (Br(w),v — w) + (Vg(w) — Vg(u),v —w) > Ar(w)

for all v € U. By substituting Fx, Ay, Br into (3.42) and by directly calculating, we
find that ) .
kv? + (2kw + 4w® — 4u®)v 4 40P w — 4w — 3kw® > 0.

Put h(v) = kv? 4+ (2kw + 4w® — 4u®)v 4 4uw — 4w* — 3kw?. We have
A = (4dkw + 4w’ — 4u3)2.
We consider the following two cases.
Case 1. A > 0. Then the quadratic equation h(v) = 0 have two solutions as follows.
4u3 — 4w — 3kw
—

In oder to h(v) > 0 for all v € U, we have the following cases.
4u® — 3k —4
Case 1.1. v1 =1 and v2 > vi. Then w =v; =1, and v = — > 1 and

k
hence v > ¥k + 1.
3

U
Case 1.2. v1 =0 and v2 < v1. Then w =v; =0, and ve = T< 0 and hence u < 0.

v1 =w and v2 =
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Case 2. A < 0. Then kw + w® = v® and h(v) > 0 for all v € U. Note that
2
(%/\/81u6 T2k + 9u3) — Y12k
/18 Y/V/8Tub + 12k3 + 9u?

kw +w® = w® if and only if w =

N. T. Hieu

have 0 < kw + w® = v® < k+ 1 and hence 0 < u < ¥k + 1. Therefore,

Res%k,Ak,Bk (u) =

By the above, all assumptions in Theorem 3.1 are satisfied with the given functions

w =

0

(%/\/81u6 T2k + 9u3)2 — Y12k

ifu<O

fo<u< Vk+1

Y18Y/V/31ub + 12k3 + 9ud

1

ifu>Jk+1.

Tteration (3.41) | Tteration (3.41) | Tteration (3.41)
I . h 1 h 1 th In + 2

n | Iteration (1.3) with b,, = - with b,, = 5 with b,, = 012
1 1.000000 1.000000 1.000000 1.000000

2 0.792136 0.800000 0.800000 0.800000

3 0.606144 0.530425 0.530425 0.121742

4 0.456147 0.330499 0.296756 0.121742

5 0.342213 0.210390 0.134941 0.091306

6 0.256668 0.139776 0.040525 0.047862

7 0.192502 0.096005 0.040525 0.006481

8 0.144376 0.067314 0.030394 0.006481

17 0.010840 0.003690 0.000087 0.000014

18 0.008130 0.002708 0.000018 0.000007

19 0.006097 0.001990 0.000018 0.000001

20 0.004573 0.001464 0.000013 0.000001

21 0.003430 0.001078 0.000008 0.

22 0.002572 0.000795 0.000004 0.

23 0.001929 0.000586 0.000001 0.

24 0.001447 0.000433 0. 0

45 0.000004 0.000001 0. 0.

46 0.000003 0. 0. 0.

49 0.000001 0. 0. 0.

50 0. 0. 0. 0.

Table 3.1: Number of iterations of the iterative processes (1.3) and (3.41).

. Since w € U, we
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Fy, Ak, By, T;. Therefore, by Theorem 3.1, the sequence {u,} which is defined by (3.1)
2 2

converges to 0 € ( N F(Hz)) N ( N GMEP(Fk,Ak,Bk)).
i=1 k=1

Now, we compare the rate of convergence of the iterative process (1.3) and the iterative
process (3.41) to 0 which is a solution of the system of (GM EP). Numerical results of
the mentioned iterative process es with the initial point u1 = 1, u2 = 0.8 and the different
choices of b, are presented in Table 3.1.

The above table shows that for given mappings, the iterative process (3.41) has a
better convergence rate and requires a smaller number of iterations than the iterative
process (1.3).
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