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Abstract. In this paper, we firstly obtain a new generalized identity for twice partially
differentiable functions Riemann—Liouville fractional integrals. Then, using this equal-
ity, we obtain some midpoint-type inequalities for co-ordinated convex and co-ordinated
concave functions. We also show that our result generalizes the give several inequalities
obtained in earlier works.
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1. Introduction

The inequalities discovered by C. Hermite and J. Hadamard for convex functions
are considerable significant in the literature. These inequalities state that if £ : I —
R is a convex function on the interval I of real numbers and a,b € I with a < b,
then

(1.1) F (a;b) < bia/bF(%)dzg M
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Both inequalities hold in the reversed direction if f is concave.

Over the years, numerous studies have focused on obtaining trapezoid-type and
midpoint-type inequalities which give bounds for the right-hand side and left-hand
side of the inequality (1.1), respectively. For example, Dragomir and Agarwal
first obtained trapezoid-type inequalities for convex functions in [6], whereas Kir-
maci first, established midpoint inequalities for convex functions in [10]. Moreover
n [15], Qaisar and Hussain presented several generalized midpoint-type inequali-
ties. Sarikaya et al. and Igbal et al. proved some fractional trapezoid-type and
midpoint-type inequalities for convex functions in [17] and [8], respectively. In
[1] and [3], the authors established some generalized midpoint-type inequalities
for Riemann—Liouville fractional integrals. On the other hand, Dragomir proved
Hermite-Hadamard inequalities for co-ordinated convex mappings in [5]. In [11] and
[18], the authors proved midpoint and trapezoid-type inequalities for co-ordinated
convex functions, respectively. Moreover, Sarikaya obtained fractional Hermite—
Hadamard inequalities and fractional trapezoid-type for functions with two vari-
ables in [19]. Tung et al. presented some fractional midpoint-type inequalities for
co-ordinated convex functions in [21]. For other similar inequalities, please refer to
[2, 4, 12, 14, 16, 20].

This paper aims to prove some generalized midpoint-type inequalities for Rie-
mann-Liouville fractional integrals by using co-ordinated convex and co-ordinated
concave functions. The overall structure of the study takes the form of four sections
including an introduction. The remaining part of the paper proceeds as follows: We
first recall the definitions of Riemann—Liouville fractional integrals for single variable
functions and two-variables functions. In Section 2, an identity for twice partially
differentiable functions is presented. Then by using this equality we prove some
midpoint-type inequalities for co-ordinated convex functions. Moreover, by utiliz-
ing Jensen integral inequality for functions with two variables, we obtain several
midpoint-type inequalities for co-ordinated concave functions in Section 3. Finally,
some conclusions and further directions of research are discussed in Section 4.

Definition 1.1. Let f/ € Li[a,b]. The Riemann-Liouville integrals J¢ F and
Tyt F of order o > 0 with a > 0 are defined by

T F () = ﬁ /a% (e— )V E(t)dt, x>a

and

jba,F(%) =

1 b a—1
m/ (t— 3 L F(0)dt, < b,

el

respectively. Here, I'(a) is the Gamma function and J2, F (3) = JP_F (3) = F ().

Definition 1.2. [19] Let F € L1([a, ] X [¢,d]). The Riemann-Liouville fractional
integrals jao‘fﬁ, jffd,, Jboﬁ{;r, Jbﬂﬁdf are defined by

jﬁchrF (%’ 7)
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_ézvz_“_l — )Pt s)dsdt, x> a c
- F(Q)F(B)/a /c( )" (v =) F (t,s)dsdt, »x>a, v>c,

jaoiédfF (%7 7)

»x pd
B m/ / (e =) (s =) F (t,5) dsdt, x> a, ¥ <d,
a Jv
joi,chF (%57)
b
= m/ /’Y (t — ) (v = 8) 7 F (t,8)dsdt, < b, v >

and
jb(i',gdflf (5¢,7)

b d
- - _%a—l s — B—1 $)ds o
- F(a)F(ﬁ)/%L (t=5)"" (s =) F (t,5)dsdt, s <b, vy <d,

where I' is the Gamma function.

For more information and several properties of Riemann—Liouville fractional
integrals, please refer to [7, 9, 13].

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1.3. A function F : A := [a,b] X [¢,d] — R is called co-ordinated
convex on A, for all (s,u),(y,v) € A and t,s € [0,1], if it satisfies the following
inequality:

(1.2) F(te+(1—1t) v,5u+ (1 —35) v)

< s F(ou) +t(1—8)F (se,v) +s(1 =8 F (v,u) + (1 — ) (1 — 8)F (v,v).

The mapping F is a co-ordinated concave on A if the inequality (1.2) holds in
reversed direction for all t,s € [0,1] and (¢, u), (,v) € A.

2. Generalized Midpoint-type Inequalities for Co-ordinated Convex
Functions

In this section, we establish several fractional midpoint-type inequalities for
co-ordinated convex functions via Riemann—Liouville fractional integrals. We first
prove the following lemma which will be used frequently.



410 S. K. Yildirim, H. Kara, H. Budak and H. Yildirim

Lemma 2.1. Let F : A := [a,b] X [¢,d] = R be a twice partially differentiable
2

(A), then for all (32,7) € A we have the following

equality for generalized fractional integrals,

mapping on A°.

(2.1)  HY(a,b,e,d; )
(b— >2(d—v>2

(b—a)(d—c)

//t“ﬂ 875 tla+b—s)+(1—-t)a,s(c+d—7)+ (1 —s)c)dtds
—a)’(r—o°
)(d—C)

//t”
— )’ (v -¢)’
—a)(d- )

e

+

tla+b—3)+(1—t)bs(c+d—7)+(1—s)d)dtds

tla+b—s)+ 1 —t)a,s(c+d—=)+(1—s)d)dtds

st
_ a)* (d —~)*
b—a)(d c)
//taﬁ tla+b—»)+ (1 —t)bs(c+d—7v)+(1—s)c)dtds
where
(2.2)

H*P (a,b, ¢, d; 32,7)

r 1
= F(a+b—%,c+d—’y)—%{(d— N ﬁJ(erd 7),F(a+b—%,c)
+(7,C)1 ﬁde 7)Jr/r(aerf%,d)}

F(Oé+1) —Q a
_ﬁ |:(b—%) j(a+b7%)7l> (a,C"_d—’y)

+(x—a)'™" Taivseyt b (byct+d— 7)]

o o
Lo+ DT (B+1) | Taroeram-F (@0 + Tt cray+F (b )
(b—a)(d=¢) (b—s) " (d—)'"" (x—a) " (v—0)'"

TP Flad) T F (b,c)

(atb—3)" (c+d—)* (atb—3)",(c+d—y)~
b—)"(y—0)'" (x—a)' " (d-7)""
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Proof. Using the integration by parts, we get

Lt

a+b— o, c+d )

tla+b—s»)+(1—-t)a,s(c+d—7)+(1—s)c)dtds

( ) (d =)
_<b_l;>(3+T<2—v>j<3+b‘”)F(G’Hd_w
@+ DI (B+1) g _F (a,0),

(b - %)CX+1 (d o 7)ﬁ+1 (a-‘,—b—%)*,(c—&-d—’y)

//t“ Baa (a+b—3)+(1—t)b,s(c+d—~)+(1—s)d)dtds

Fla+b—sc+d—7)

(>¢—a)(y—¢)
rB+1
_(%_ag(,y_)c)ﬁ+1‘7(/z+d 7+F(a+b—%,d)
I'la+1
- (% — aga—;i; (j/ — C) ‘7(?1+b7;4)+F (ba c+d— "y)

Fla+D)T(B+1) ap
(% _ a)a+l (’Y _ C)B+1 (a+b7%)+,(c+d—ry)+F (b; d) )

//t“ 5688 (a+b—s)+ 1 —-t)a,s(c+d—~)+ (1 —s)d)dtds

Fla+b—sc+d—7)

(b—3)(y—¢)

F(5+1) B

(=) (= (e
)"

+F(a+b*%ad)

+ /3+1

I'(

()_ )j(z_kb_%),F(a,c—&-d—'y)

) (5 + 1) a,3
1 c),@-i-l (a+b—3)" ,(c+d— 7)+F(a’d)

+ o
(b—

__Tle+
(b—3)"" (v -

L

and

tla+b—3)+1—-t)b,s(c+d—)+(1—s)c)dtds
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Flat+b—sctd—7)

(2 —a)(d—")
r@B+1) 8

(3 —a) (d — 7)ﬁﬂ (et+d—m-F (a+b—5.0)
'« + 1) o

+(% a)a ( 7)‘7(a+b7%)+F(b’c+d77)
FW+¢)(5+D B
( a)a ( )ﬁ+1 (a+b7u)+,(c+d77)_F (b’ C) :
By the identities (2.3)-(2.6) we obtain the required result (2.1). O

Theorem 2.1. Let F : A — R be twice partially differentiable mapping on A°. If

gsaFt € L(A) and ‘%‘ , 18 a co-ordinated convex, then for all (32,v) € A we have

the following inequality for fractional integrals,

(2.7) |1 (a,b, ¢, d; 52,7)|

1
(a+2)(B+2)(b—a)(d—-c)

x{‘gzgt(a+b%,c+d'y)‘
x[(b= 3" + (e — )] [(d =7+ (v = )]
i || G 0= (@7 (0= 4 (o)

T 1) || asor

gz(;: (a+b— %,d)‘ (y—¢)? ((bf »)? + (%a)Qﬂ

IN

+

. H§$“%c+dvﬁw%f<W7y*(7@ﬂ

(a+1)
|G e d= | o= o (10 =27+ - )
CETETD
< (02 @2 |5 @0 + oo - |2 00)
+ 0= (= 0P [ S ()] + - 0= | 52 0.0 ) ]

where H*P (a,b, ¢, d; ¢,7) is defined as in (2.2).
Proof. By taking modulus in Lemma 2.1, we have

(2.8) [H*" (a,b, c,d; 32,7)]
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(b— )’ (d ")

= (b—a)(d—rc)
//|“B| tla+b—s)+ (1 —t)a,s(c+d—~)+ (1—s)c) dtds
(x—a)*(r—¢)’
+ b—a(d c)
// oy >’
|t | asat(t(a'H?—%)+(1—t)b78(0+d—7)+(1—s)d) dtds
%) (v -0
bfa) —0)
// 57 O%F
|| 5eg; (@b =) + (L =t)a,s (ct+d—7) + (1 - s)d)| dids
—a)’(d—v)°
+ eI >
// tla+b—2)+1—-t)b,s(c+d—7)+(1—s)c)|dsdt.
Since ‘% is co-ordinated convex, we get
// aﬁ"aat tla+b—2x)+(1—-t)a,s(c+d—7)+(1—s)c)|dtds
2
+ta(1—t)sﬁ+1 §2g (a,c+d— 7)‘+t%ﬁ(1—s)(1—t)’§2g( )]dtds
1 O%F 1 92F
- (a+2)</3+2)‘asat(“+b‘”’c+d‘”‘+(a+z)</3+1>(6+2)’asat(“”—%v@
1 0*F d 1 02F
A DEra e oo 7)‘+(a+1)(oz+2)(6+1)(5+2) asat(a’c)"
Similarly, one can establish
(2.10)
/|ta5!‘6at (a+b=5)+ (1—t)b,S(C+d—7)+(1—s)d)‘dtds
>’r 1 0% F
(o + )(/34_2) 8sat(a+b—%7c+d—7) +(a+2)(6+1)(6+2)’856t<a+b_%’d)
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1 O%F 1 o2r
+<Of+1><a+2><6+2>’élsé% (b’”d_”‘*<a+1><a+z)<ﬂ+1><ﬁ+z> gsr |
(2.11)
//|aﬁ|‘ t(a+b—x)+ (lt)a,s(chd'y)Jr(ls)d)‘dtds
F 1 O*F
(a+ )(5+2)‘55t(a+b%’C+d7)‘+(a+2)(ﬂ+1)(5+2) asat(”b”’d)‘
T : ’azf (a,c+d— )‘+ ! ‘azf (a,d)
(a+1)(a+2)(B+2)[0s0t T a+)(@+2) (B+1)(B+2) |osat Y|
(2.12)
//|ta ﬂ|‘88t (a+b—s)+(1—t)b,s(c+d—~)+ (1 —s)c)|dtds
82
(a+2)(6+2) 358t(a+b ”’”dﬂ)’
1 0%F
T eT) GG |asa @ TP
1 0*F
+(a+1)(a+2)(6+2)‘asat(b’”d_”‘
1 62F
e D@ BB |asar

If we substitute the inequalities (2.9)-(2.12) in (2.8), we obtain the required result
(2.7). O

Corollary 2.1. Under assumption of Theorem 2.1 with » = “'ZH’ and v = "+d
we have the following midpoint-type inequality,

)

‘ICOQ[; (a7 b7 ) d)|
< (b—a)( 4 a+b c+d
= 16(a+2) 6+2 asat 2 2
N 2 a+b N 0’F a+bd
(B+1) 85875 dsot \ 2
N 2 c+d +82 bc—i—d
(a—|—1 85875 dsot \\ 2
82
+(O¢+1 ﬂ+1 (‘a ot \“¢ ‘ ‘838t(b’d)‘>
0’F
+(o¢—|—1 TCESY) (’a at ‘ ‘858t(b’c))]
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sl i T N R

where

KB (a,b, ¢, d)
a+b c+d
B F( 2 "2 )
L(B+1)2°71 [ 54 a+b s a+b
o Ty (5500) gyt (504
C(a+1)2071 [ c+d o c+d
T b-a” ﬂ?M>FQ“2 )+@%WF<@ )

22 (AT (o + 1)T (B + 1)
(b—a) " (d—c)*"

a,fB a.c a,fB
[Ty ooy T @9+ Ty e

o a 0 o)l .
Ty sy 0D+ Ty gy 09

2

+F (b,d)

Remark 2.1. If we choose @« = 8 =1 in Corollary 2.1, then Corollary 2.1 reduces to [11,
Theorem 2].

Theorem 2.2. Let F : A — R be twice partially differentiable mapping on A°. If

DL [(A) and | ZL|", ¢ > 1, is a co-ordinated h I A
5561 551| » 4 =1, is a co-ordinated convex, then for all (s,7) €
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we have the following inequality for fractional integrals,

‘7—[“’5 (a,b,c,d; s, 'y)}

1 1 P 2 2
< ra@o ((ap+1)(6p+1)) {(b_ %) (d_V)

q

838t (a C)|

2 q
gsért (a+b—sc,c+d—7) ’

mat b (a,c+d—)

asat (a+b » c)‘
4

+(x—a)’ (y—¢)’

| q

Z},Sat(a%»b »,c+d— 'y)|

6,Sat(a+b %d)} +| (b ct+d—-)
4

Be{if 5 (a,d)

q
aeat 5 (a,c4d— ’Y)| ’

2 q
—gsart (a4+b—sc,c+d—7) |

Sk (a+b—s,d)| "+
4

+ (3 = a)” (d =)

g

where H*P (a, b, c,d; 32,7) is defined as in (2.2) and % + % =1.

mat (b,ctd— ’7)‘ ‘q

52 q
Bsgt (“+b7%’c)‘ mat (b,c

Osat(a+b »,c+d— 7)’

X sieal)
Hb— 0 (o
X )

Proof. By using Hélder’s inequality, we have
(213)H (a,b, ¢, d; 5,7)|

< (b(b_a (// [tesh|” dtds)

([ [ | b—%)+(1—t)a,s(c+d_7)_~_(1_8)8)thd8>3
*(Tb_aa 2(/ [ st )

([ [ o ttaro—+ “”b’s(”dv)ﬂls)d)thds)q
+(b<b—a a0 (//If“ i dtds>

( 5‘38t b—%)+<1—t>b,s(c+d_w+(1_S)d)thds);

e (/ [otos)
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q
dtds)

1
q

a+b—

as01 2)+(L=t)bs(c+d—7)+(1—s)c)

(L] 155

Since ‘g) aFt’ is a co-ordinated convexity on A, we obtain

q
(2.14) _ - - .
888t tla+b—s)+(1—t)a,s(c+d—7)+(1-s)c)| dids
q
/0 /0 ts 8sat(a+b_%’c+d_7) dtds
1,1 2 p
+// L=s (a4+b—30¢)| dids
o Jo ot
1,1 2 p
+//(1—f>3 2 (a,c4d—)| dtds
0°F a
(1—
// t) )‘aat(a,c) dtds
2F q
Bsat( a+b—sxc+d— 7)‘ +@(a+b—%,c)
4
O°F d— a %K q
DsOt (a7c+ ’7) + D50t (a C)
+
4
Similarly we get
q
(2.15) // 388t tla+tb—s)+(L—-t)bs(ct+d—7)+(1—s)d)| dtds
O°F q
asat(a—Fb n,c+d— 'y)‘ +@(a—|—b—%,d)‘
< i 7
%(b’c—’_d_w‘ 686t(bd)
+
4
q
(2.16) // 8sat tla+b—s)+ (1 —t)bs(c+d—v)+(1—s)d)| dids
gF(aer %,chdf’y)‘qu‘%(aerf%,d)q
a 4
2 q 2 q
%(a’wd—v)\ + %(a,d)‘
+ )
4
and
q
(217 oLt b =)+ (D) bs (et d =)+ (1 s)0)| drds
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a q
gzgt(a—i-b—%,c—i—d—’y)‘ + gzgt(a—l—b—%,c)
<
- 4
o°F ?
D50t (b7c+d_7)‘ + | 557 (0, C)‘

+

4

If we substitute the inequalities (2.14)-(2.17) in (2.13), then we obtain the desired
result. O

Corollary 2.2. Under assumption of Theorem 2.2 with » = “7“’ and v = C"z'—d, we
have the following midpoint type inequality,

‘ICO‘”B (a,b,c, d)|
1
(b—a (d c) P
( ap+1)(5p+1)> )
{( S (ot )| + Bk (o2 o) '+ ke (e )|+ <>|>
4
1
(2.18) . ( 2 (=52, )| 4| 84 (2. 0)| 4| Bk (0,550 |+ | B2k <w>1">“
4
1
o (ot )| "+ Bk (o52a) | +| 82 (o5 |+ B w0\
+ 4
1
. ( B (5 )| Bk (0.5 + 33«5@@1?) ‘
4

where K% (a,b,c,d) is defined as in (2.18).

Theorem 2.3. Let F : A — R be twice partially differentiable mapping on A°. If

asat € L(A) and ‘gsgt’ , q > 1, is a co-ordinated convex then for all (¢,7) € A
we have the following inequality for fractional integrals,

|’Ho"ﬁ (a,b,c,d; s, 'y)|

1 1 1-3 ) ,
(b—a)(d—0)<(a+l)(5+1)) A==
1 0%F q

) ((a+2)(/3+2) Dsot

IN

(a+b—s,c+d—7)

q

+b— )

ot )(ﬂJrl 12 ‘a a4

q

+ (a,c+d—7)

(a+1)(a—|—2 (B+2) ‘8582?
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11)411

q

>’

1
PTG

Ter D+ @)@+
+ (=)’ (= o)
1

0’F

858t(
0’F
0sot
*r
0sot (

a+b—sxc+d—7)

X<m+2wﬂ+m
1
(@+2)(B+1)(B+2)
1
(a+1)(a+2)(B+2)
1
(a+1)(a+2)(B+1)(B+2)
+(b—3)" (y— o)
x( !
(a+2)(B+2)
1
(@+2)(B+1)(B+2)
1
(a+1)(a+2)(B+2)
1
(a+1)(a+2)(B+1)(B+2)
+(c—a)’ (d—7)°
1

q
+

(a4+b—3,4d)

q

+

b,C-’-d—'}/)

1
Q>q

q

o%r
0sot

+

(b, d)

o*r

0sot (
O*F
dsot
0’F
dsot (

a+b—sx,c+d—7)

q
+

(a+b—%ad)

q

4>é

q

+

G,C+d_'y)

2
PF 0a)

+ 950t

0’F

0sot (
0’F
0sot
*r
0sot

a+b—sc+d—7)

X<m+2wﬂ+m
m+ﬂﬂﬁilﬂﬂ+%
m+ﬂﬂai2ﬂﬁ+%
<a+1ﬂa+2iﬂ+1wﬁ+m

q
+

(a+b—3c)

q

3;}

+

(b,C—I—d—’Y)

P*r

+ 0sot

(b;¢)

where H*P (a,b, ¢, d; 32,7) is defined as in (2.2).
Proof. By using power-mean inequality, we have

(2.19)
‘Ho‘ﬁ (Cl, ba ¢, d7 7, 7)‘

< S ([ o)
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Since‘

(2.20)

(//t”

(o

S. K. Yildirim, H. Kara, H. Budak and H. Yildirim

=

<//t“

/ [1etae)”

tla+b—»)+(1—-t)b,s(c+d—)

TGO BTT Y ‘8 ai (@)

tla+b—s)+(1—t)a,s(c+d—7)+

+(1-s)d)

Q=

(1-s)c) ' dtds)

Q=

q
dtds)

+(b(b_a (/ / s ﬂ|dtds)
a a
<// tla+b—s)+(1-t)a,s(c+d—7)+(1—3s)d) dtds)
e <//|t“ /3|dtds>
(b—a
q 7
(// FHatb—s)+(1—t)bslctd—)+(1—s)c) dsdt) .
% ! , ¢ > 1, is a co-ordinated convexity on A, we obtain
a
// 68 tla+b—s»)+(1—-t)a,s(c+d—7)+ (1 —s)c)| dtds
s
a
// tetlghHl 88t(a+b w,c+d—7)| dtds
1o 2 a
+/ / totlsh gsgt (a+b—s0c)| dtds
0o Jo
1o 2 a
0
+/O /0 e ( FLa 8Sg(a,c+d—v) dtds
1o 2 a
o°r
+/O/Ot (I-t)(1—2s9) 68t(a’c) dtds
O*F !
(a+2)(5+2) asat(“l’_”’c*d_”)
a
HEEDN 5+1 B+2) ’a gg (@ b= 70)
q
Tar a+2 Y(B+2) ’a gi (wetd=7)
r q
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Similarly, we have

(2.21) /‘/‘ﬁ/ﬂaa )+(1—was@+d—yy+u—synqﬁw

q

62

838t(a+b w,c+d—7)

(a+2)(6+2)

+ (a+b—5d)

(@+2)(B+1)(B+2) ‘aat “
q

+ (byc+d—")

(a+1)( o<+2 ,3—|—2 ‘8 ot
q

*r
HEES) (a+2) (B+1)(B+2) ‘65875 (b,d)

i

(2.22) //taﬂ (a+b—3)+ (1—t)a,s(c+d—7)+(l—s)d)thds

q

32

(a—|—2)(ﬁ+2) ‘8 at(a+b7%,c+d—7)

q
(a+b—34d)

+

(a+2)(B+1)(B+2) ‘881&

q

(a,c+d—7)

HCEICEDICES) ‘a ot
q

0*r (a
0sot

d)

)

+(a+1)(a+2>(ﬁ+1)(6+2)

and

(2.23) //taﬁ

(a+2)(5+2)

q

a+b—un)+(1—-t)bs(c+d—7)+(1—s)c)| dtds

0s0t

q

82
0sot

(a+b—s,c+d—7)

q

+ (a+b—0c)

(a+2)( 5+1 (B+2) ’a ot
q

+ (b,c+d—")

(@+1)(a B+2 ’a ot
q

*r
Tt Dot )(5+1)(ﬁ+2) ‘&sat (5:¢)

If we substitue the inequalities (2.20)-(2.23) in (2.19), then we obtain the desired
result. [
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Corollary 2.3. Under assumption of Theorem 2.3 with » = %% and v = s

2
we have the following midpoint type inequality,

|1Ca’6 (aa b7 ¢, d)|

1—1
q

IN

1 1
waﬂdd<®wlﬁﬁ+n>
o= (GrmErs

1 0’F <a4-gc)
0s0t 2

NCED I CES IR
O%F c+d
dsot <a’ 2 )

q

PF (a+b c+d
0s0Ot 2 7 2
q

1 q

NCEDICEDICES)

) 02F N

+_(a~+1)(a-+2)(ﬂ‘*1)(5'+2) asat(a,c) )
1 O’F fa+b c+d ?
+(%—a>2(7_6)2<(a+2)</6+2) 88(‘%( 202 )

1 q

HEED I ICES)
1
TerD@+2(B+2)

1

F (a+b
Dsot ( 2 »d>
Or ([, c+d
858t<’ 2 >
O2F a g
+(a+1)(a+2)(5+1)(5+2) asat(b’d) )

2 2 1 OPF (a+b c+d
+(b—=3)"(y—¢) <m+2M5+2)8§%< 2 7 2 )

0’F <a+b d)
0s0t 2’

0*F c+d
dsot (a’ 2 )

0*F o
0sot )

q

q

1 q

MCESICEICES)
1
*Xa+1ﬂa+2Hﬁ+m
N 1
(a+1)(a+2)(B+1)(B+2)

, , 1 O?F (a+b c+d
+(x—a)” (d—7) ((a+2)(ﬂ+2) 5‘55t< 27 2 )
1

O%F (a+b
+QHQM5+DW+% &m( 2’9

1 0’F bc+d
*Xa+1ﬂa+2Mﬂ+2)aa%<’ 5 )

q

(a,d)

q

q

q
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92F KI)é}
C

1
0s0ot (,¢)

e D@ @I B12)

where KP (a,b,c,d) is defined as in (2.18).

3. Generalized Midpoint-type Inequalities for Co-ordinated Concave
Functions

In this section, we prove some midpoint-type inequalities for co-ordinated can-
cave functions by utulizing Jensen inequality.

Theorem 3.1. Let f : A — R be twice partially differentiable mapping on A°.If

q
gsgt € L(A) and ’gsat , ¢ > 1, is a co-ordinated concave then for all (3¢,77) € A

we have the following inequality for fractional integrals,

|HQ’B (a’7 b7 Cy d7 %, ’Y)|

IN

(o ﬁpH)

[o—?@-
iy

0%r <2a+b—% 20—|—d—’y)‘

) D50t 2 T 2
+(<b3j((d >) asng(awg_%’cwj_w)’
S o ()
A o (e )

where H*P (a,b, ¢, d; 32,7) is defined as in (2.2) and Il) + % =1.

q > 1, is a co-ordinated concave on A, by using Jensen integral

q
Proof. Since|2 336t 8t ,
inequality, we obtain
q

3.1) 83875 tla+b—s)+(1—t)a,s(ctd—7)+(1—s)c)| dids
— //toso (tla+b—s)+(1—t)a,s(c+d—7)+(1—s)c)| dtds
o Jo 0sot
1 1
< (//tosodtds>
0 0
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o (fftosodtds/ / (@+b=2)+{1~1)a)dids

’folfoltosodtds/o /O (S(C+d—7)+(1—8)c)d8dt>

O’F (2a+b—3x 2c+d—~\|"
0sOt 2 ’ 2

Similarly, we have

q
(3.2) // 8sat tla+b—2)+ 1 —-t)b,s(c+d—~)+(1—s)d)| dtds
a+2b—x c+2d—7
338t 2 ’ 2
q
(3.3) 6sat tla+b—s)+ 1 —-t)a,s(c+d—~)+ (1 —s)d)| dtds
20 +b—x c+2d—7
asat 2 ’ 2
q
(3.4) 5‘5875 tla+b—s)+(1—-t)bs(c+d—7)+(1—s)c)| dsdt

a+2b—»x 2c+d—~
888t 2 ’ 2

If we substitue the inequalities (3.1)-(3.4) in (2.13) , we obtain the desired result. O

)

Corollary 3.1. Under assumption of Theorem 3.1 with » = a'z*'b and v = ﬂ
we have the following midpoint type inequality

|K*F (a,b,c,d)|
(b—a)(d—c) 1 v
- 16 ((ap+1)(5p+1))

O*F (3a+b 3c+d O*F (a+3b c+3d
H838t< 2 72 ‘ 85815( 2 72 )‘
‘32F <3a—|—b c—|—3d)‘+ o%r <a+3b 3c—|—d>H
0s0t 2 72 0s0ot )

where K% (a,b,c,d) is defined as in (2.18).
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Theorem 3.2. Let [ : A — R be twice partially differentiable mapping on A°. If
géf’?; € L(A) and ’8 L

0s0t
we have the following inequality for fractional integrals,

, g > 1, is a co-ordinated concave then for all (3,7) € A

1P (a,b, ¢, d; 52,7)|

< (wrvery)
e S (S e e S )
+((b—3)2((g cc))2 aiaFt (31§<a—”>+b’gii<c—7>+d>\
+(w )%g 328;%<Zi;w%)+%gI;@V)HO‘
e | (A e 0 5 =) )

where H*P (a, b, c,d; 32,7) is defined as in (2.2).

. 82 g, . . . .
Proof. Since ‘ﬁgﬁ’ is a co-ordinated concave on A, by using Jensen integral in-
equality, we obtain

(3.5) //|taﬁ|‘ t(a+b— )+ (17t)a,s(c+d7"y)+(1—s)c)thds

( /0 /O to‘sﬁdsdt>
« g;; ((fol foltisﬂdsdt) /Ol/olta (t(a+b—3) + (1 —t)a) dids

(f fo t“sﬁdsdt // s(etd—7)+ (1—5)c)dtds)

q

82 a+1 B+1 q
(0‘+1)(5+1)‘388t<a+2(b ”)+“’ﬁ+2(d—v)+c>
Similarly, we get
q
o //|ta ﬁ“ﬁat th—s)+(1=t)bs(ctd—7)+(1-s)d)| dids

b

atl B+1
(a+1)(ﬂ+1) 686t<a+2( _%) ’5+2(C_’V)+d)
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q
(3.7) //ytaﬁ\‘aat (@+b—s)+ (1=t as(c+d—n)+(1—s)d)| dids
*F (a+1 B+1 B
(a+1)(5+1)‘8sat(a+2(b_%)+a’5+2(c_7)+d) ’
q
(3.8) //|taﬁ|‘aat (a+b—s)+(1—t)bs(c+d—~)+ (1 —s)c)| dtds

q

0*r <a+1 B8+1

(O‘+1)(5+1)‘385t ar2@” )+bm(d ’Y)+c)

If we substitute the inequalities (3.5)-(3.8) in (2.19), then we obtain the desired

result. O

Corollary 3.2. Under assumption of Theorem 3.2 with » = “T*b and v =
have the following midpoint type inequality

|IC047[3 (Cl, b7 ¢, d)|
B < 1 )zé(b—a)(d—c)
= \(a+1)(B+1) 16
X[82F ((a+3)a+(a+1) B+1 )
dsot 2(a+2) B+2
PF ((a+3)b+ (a+1)a 6+1
+‘3s8t< 2ty g2 +d)‘
’F ((a+3)a+ (a+1)b 6+1
+‘358t< 2 (a+2) 5+2 +d>‘
PF ((a+3)b+ (a+1)a B+1
+‘858t< 2 (o +2) ’/3’+2<0l_7 +C)]

where KP (a,b,c,d) is defined as in (2.18).

4. Conclusion

c+d

5=, we

We prove some new midpoint-type integral inequalities for twice partially dif-
ferentiable co-ordinated convex functions. Furthermore, by considering the special
cases of newly proven inequalities, we were able to obtain some new midpoint-type
integral inequalities. It is an exciting and new problem and researchers have proven
similar inequalities for different types of convexity or different kinds of fractional

integrals in their future works.
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