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Abstract. In this paper, we give some classifications about lightlike hypersurfaces of
almost Norden Golden semi-Riemannian manifolds. We show that, there is no radical
anti-invariant lightlike hypersurfaces of an almost Norden Golden semi-Riemannian
manifold. Also, we define invariant and screen semi-invariant lightlike hypersurface of
almost Norden Golden semi-Riemannian manifolds and give examples.
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1. Introduction

Manifolds are used as a tool to solve many problems in some fields of natural
and engineering sciences. It has also become a popular topic as it contributes to
the development of these fields and finds new application areas.

The biggest shortcoming in differential geometry is that very little isometrics
have been studied, except for positive definite manifolds. This is an important
shortcoming, especially considering the applications in engineering and physics. In-
deed, isometric immersions and Riemannian submersions are the most studied sub-
jects, and their degeneracy cases have been less studied due to the difficulty posed
by the metric. However, it is only possible to obtain more general and powerful
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results in terms of both mathematics and applications by switching from the non-
degenaracy (or positive definiteness) condition to the more arbitrary degenaracy
case. The degenerate version of isometric immersion has been studied by a large
group of researchers under the name of lightlike submanifold, [1, 2, 3, 12, 14, 15].

Let M be a real m-dimensional differentiable manifold and g be the symmetric
tensor field of order (0, 2) on this manifold. If the index of the bilinear form g, is the
same for every point x of the manifold and g, is non-degenerate on the tangent space
of T, M, then the bilinear form is called a semi-Riemannian (briefly, s-Riemannian)
metric and in this case the manifold is called a s-Riemannian manifold. When
the index of the metric is zero (one), the manifold is called a Riemann (Lorentz)
manifold. These manifolds are considered in mathematical physics and especially in
the configuration space of space-time models. On the other hand, the geometries of
some manifolds with differentiable geometric structures are quite interesting. These
manifolds and the maps between them have been extensively studied in differential
geometry.

The golden ratio, which has been started to be studied in modern physics in re-
cent years [5, 6], also has an important role in nuclear physics [7]. A close connection
has emerged between the golden ratio and the transition from Newtonian physics to
relativistic mechanics. Indeed, the golden rectangle is used to obtain the expansion
of time intervals and the Lorentz contraction of lengths in the special theory of
relativity [8]. At the same time, the golden ratio produces interesting and impor-
tant results in Kantor space-time, conformal field theory, topology of 4—manifolds,
mathematical probability theory, Kantor fractal theory and El Naschie’s field the-
ory [9, 10, 13]. Almost complex golden structure was introduced by Crasmareanu
and Hretcanu in [11]. This structure is the analogue of almost golden structure in
the complex case. In [8], the authors also studied almost complex golden structure
which admits a compatible s-Riemannian metric. Compatible metrics on almost
complex golden manifolds are introduced in the same way that Norden metrics on
almost complex manifolds. As well as the authors [8] studied holomorphic Norden
golden manifolds, which are almost Norden golden manifolds such that the Levi-
Civita connection of the s-Riemannian metric parallelizes the almost complex golden
structure. They proved that (M, P, g) is a holomorphic Norden Golden manifold if
and only if the Levi-Civita connection of g parallelizes the almost complex struc-
ture J@, i.e., (M, JP,g) is a Kaehler Norden manifold (see [8] - Prop. 4.3). After
the studies mentioned, the concept of adapted coupling in almost Norden Golden
manifolds was introduced by Etoya et al. [4].

This paper is arranged as follows. First, we begin with preliminaries and basic
facts related to lightlike hypersurfaces of a s-Riemannian manifold. Afterwards,
we introduce lightlike hypersurfaces of an almost Norden Golden (briefly, ANG)
s-Riemannian manifold and study two special types, namely invariant and screen
semi-invariant lightlike hypersurfaces, in ANG s-Riemannian manifolds. We inves-
tigate several properties and derive some geometric results of these types hyper-
surfaces. We also present an example. Finally, we study screen conformal semi-
invariant lightlike hypersurfaces of s-Riemann manifold.
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2. Preliminaries

Let M be a manifold and I be a identity tensor field on M. Then a polynomial
structure ¢ of degree 2 satisfying

N w

(2.1) F=p— -1,

is called an almost complex golden structure. So, (M ,$) is an almost complex
golden manifold [4].

Moreover, let g be a s-Riemannian metric. Then g is called a Norden golden
metric on M if it satisfies

(2.2) §(pU1,Uz) = g(Ur, pUs),

PR . 3
(2.3) (U, 9U2) = §(pU1,U2) = 59(U1, Ua),
for Uy, Uy € T(TM). In this case, (M, g, ) is called s-Riemannian manifold [4].

Example 2.1. Define a map by
g:R* — R*
(z1,22,23,24) —> @(x1,%2,23,%4) = (@cxh?cxz,éc%,(ﬁsw@
1+ /5i 1— /54

2
Therefore (R4, ) is an almost complex golden manifold.

where &, = and &, =

. Then it is easy to see that ¢ satisfies (2.1).

Let M be a s-Riemannian manifold with index ¢, 0 < ¢ <m + 2, and M be a
hypersurface of M, with g = § |ps. Then M is a lightlike hypersurface of M, if the
metric ¢ is of rank m 4 1 and the orthogonal complement 7'M+ of T M, given as

™" = U {Vp € TyM : g,(Up, V;) = 0,VU, € T(T, M)},
peEM

is a distribution of rank 1 on M, [1]. TM* C TM and then it coincides with the
radical distribution Rad TM = TM NTM>.

A complementary bundle of TM~ in T'M is a non-degenerate distribution over
M, which is known the screen distribution and denoted by S(TM).

Theorem 2.1. [1] Let (M, g,S(TM)) be a lightlike hypersurface of a s-Riemannian
manifold M. Then there exists a unique rank 1 vector sub-bundle ltr(T M) which is
called the lightlike transversal vector bundle of T M , with base space N, such that for
every non-zero section £ of Rad T M, there exists a section of ltr(T M) satisfying:

g(N,N)=0, g(N,W)=0, g(N,&) =1, for WeT(S(TM)).
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By the previous theorem, we can state:

(2.4) TM = S(TM)1LRad TM
and
T™M = TM ®ltr(TM)
(2.5) = S(T'M)L{Rad TM & ltr(TM)}.

Let w:T'(TM) — I'(S(T'M)) be the projection morphism. For U,V € I'(TM), we
have

(2.6) VvV =VyV + B(U, V)N,
(2.7) VuN = —AxU + 7(U)N,
(2.8) VowV = ViwV + C(U,wV)E,
(2.9) V€ =—AU - 7(U)E,

where V and V* are the linear connections on T'M and S(T'M), respectively, Ayx
and Ag are called the shape operators on TM and S(TM), respectively, 7 is a 1-
form on TM. In addition B and C are called local second fundamental forms on
TM and S(TM), respectively.

For the induced connection V, we have
(2.10) (Vug)(V,Z2) = B(U, 2)0(V) + B(U,V)0(Z),
where 0 is a differential 1-form and
(2.11) 0(U) =g(N,U).

Also note that

(2.12) B(U,¢) =0,
(2.13) 9(AfU,wV) = B(U,wV), g (AfU,N) =0,
(2.14) g(ANU,wV) = C(U,wV), g(AnNU,N) =0,

(2.15) Aie=0.
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3. Lightlike Hypersurfaces of Almost Norden Golden
Semi-Riemannian Manifolds

Let (M, §, ) be a (m+ 2)-dimensional ANG s-Riemannian manifold and (M, g)
be a lightlike hypersurface of M. Then for any Uy € I'(TM) and N € I'(itr(TM)),
we can write

(31) Uy ZQOU1+V(U1)N,

(3.2) N =U + v(N)N,
where Uy, U € T'(T'M) and v is a 1—form defined as below,
(3.3) v(Uy) = g(Ur, §5).

Now for all Uy, Uy € T(TM), if we apply ¢ to both side of (3.1) and use (2.1) we
get

3
Uy + v(U)N — 5U1 = 2U; 4 v(pU,)N + v(U)U + v(Uy)v(N)N.

If the tangential and transversal components on both sides of above equation are
equalized, we obtain

3
O, = U; — 5U1 —v(Uy)U,

and
v(Uy)N = v(pUy)N + v(Up)v(N)N,

respectively. Similarly, if we apply ¢ to both side of (3.2) and using (2.1), we get
3
U+v(N)N — QN = U +v(U)N +v(N)(U +v(N)N).

The following equations are obtained by equalizing the tangential and transversal
components on both sides of the above equation:

U =U—-v(N)U

and
(v(N))?N = v(N)N — %N —v(U)N.

If we use (3.1) in (2.2) and (2.3), then we get
9(eU1, Uz) + v(Ur)g(N, Us) = g(Ur, pUz) + v(Uz)g(Ur, N)
and

- 3
g(pUr +v(Ur)N, Uz +v(Uz)N) = g(oUy +v(Ur)N, Us) — 59(U1, Uz).

Now we can introduce the following lemma.
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Lemma 3.1. Let (M,chﬁ) be an ANG s-Riemannian manifold and (M, g) be a
lightlike hypersurface of M. Then for all Uy,Us, U € T(T'M), we have

(3.4) O U, = (p — gl —vU)U,

(3.5) v(elr) = (1 = v(N))v(Uh),

(3.6) U = (I - v(N))U,

(37 ((N))? = v(N) = ST = w(U),

(3.8) 9(pU1, Uz) = g(Un, ¢Us) + v(U2)n(Us) — v(Ur)n(Uz),

(3.9) 9(eUr, eUs) = g(eUs,Uz) = n(pUs)v(Uz) — n(eUz)v(Ur)

FO)(Us) ~ Sg(U, )

Definition 3.1. An ANG s-Riemannian structure ¢ is called Norden Golden (briefly,
NG) semi-Riemannian structure if ¢ is parallel, i.e.,

(3.10) V@ = 0.

Let (M,g, @) be a NG s-Riemannian manifold and (M, g) be a lightlike hyper-
surface of M. Then for all U;,Us € T'(T'M) from (3.10), we get

Vu,0Us + B(Uy, pUz) N

(3.11) ( +77(U1)1/(U2)N 7U1(V(U2))N+B(U1,U2)U

) oV, Us + V((val UZ)N
+B(U1, UQ)I/(N)N + I/(UQ)ANUl

and

Vi, U+ BULUN +U(w(N)N \ [ —pAxUs — v(ANUL)N
(3.12) ( i DN ) = (s )

By equating the tangential and transversal components of (3.11) and (3.12) respec-
tively, we state

Lemma 3.2. Let (]\:/[, g, ) be a NG s-Riemannian manifold and (M, g) be a light-
like hypersurface of M. Then for all Uy,Uy € T'(T M), we have

(3.13) (Vu,p)Us = g(AzUl,Ug)U-i-U(Ug)ANUl,
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(3.14) (Vu,v)Uz = B(Uy,U2)v(N) — B(Ux, ¢Uz) — v(Uz)n(Un),
(3.15) Vu,U=—pANU1 + n(U1)U + v(N)AnUy,
(3.16) Ui(v(N)) = =B(U1,U) —v(AnUy).

Definition 3.2. Let (M,gz, @) be an ANG s-Riemannian manifold and (M, g) be
a lightlike hypersurface of M. If

i) (TM) C TM then M is called an invariant lightlike hypersurface.

ii) p(Rad(TM)) C S(TM) and ¢(ltr(TM)) C S(TM) then M is called a screen
semi-invariant lightlike hypersurface.

iii) (Rad(TM)) C ltr(TM) then M is called a radical anti-invariant lightlike
hypersurface.

Theorem 3.1. (MLQ, @) be an ANG s-Riemannian manifold and (M, g) be a light-
like hypersurface of M. Then the following three statements are equivalent:

i) M is p—invariant.
it) v vanishes on M.

iii) ¢ is an ANG structure on M.

Proof. Let M be an invariant hypersurface. In this case for all U; € T'(TM), we
have @U; = Uy, which implies (i4). On the other hand, if v is equal to zero on M
then we get

- 3
©?Uy = §*Uy = Uy — §U1
and
9(pUy,Us) = §(pU1, Uz) = g(Ur, Uz) = g(Uy, pUsz),

for all Uy € T'(T'M). By the way ¢ is an ANG structure on M and so (i7) implies
(4i7). It is easy to see that if ¢ is an ANG structure on M, then M is p—invariant. [

Theorem 3.2. There is no radical anti-invariant lightlike hypersurface of an ANG
s-Riemannian manifold.

Proof. Let an ANG s-Riemannian manifold (M , g, %) have a radical anti-invariant
lightlike hypersurface. Then for £ € I'(Rad T M), we have ¢ € I'(ltr(TM)). By
using (2.2) and (2.3), we have

9(¢¢,€) =0,
which implies ¢¢ & T'(Itr(TM)). This is a contradiction with our assumption. [J
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4. Screen Semi-Invariant Lightlike Hypersurfaces of Almost Norden
Golden Semi-Riemannian Manifolds

Let (M, §,$) be a (m~+2)-dimensional ANG s-Riemannian manifold and (M, g, S(T'M))
be a screen semi-invariant lightlike hypersurface of M. If

Dy = ¢Rad TM, Doy = GltrTM

and

D=D, 1 RadTM 1 $Rad TM,
then we get
(4.1) S(TM) = D, Ll (D, Dy),
(4.2) TM = D® Do,
(4.3) TM = D@Dy®ltrTM,

where D, is a (m — 2)-dimensional distribution. We denote vector fields U and V
as below,

(4.4) U=¢N, V=gt

Lemma 4.1. Let (M, §, ) be a (m~+2)-dimensional ANG s-Riemannian manifold
and (M, g,S(TM)) be a screen semi-invariant lightlike hypersurface of M. Then,
for allUy,Us e T(TM), U € T'(D2) and V € T'(Dy), we have

(4.5) ©?Uy = (p — %I —v®eU)U,

(4.6) Welh) =w(lh), @U=U, w(U)=—3,

(4.7) 9(eU1,Uz) = g(Ur,9U2) + (n@v —v@n)(Us,Ua2),
9(eUr, ¢Us) = g(eUs,Uz) 4 g(Ur, Uz) + v(U1)n(Uz)

(4.8) —n(pUn)v(Uz) = v(Ur)n(pUs),

(4.9) (Vu,p)Us = v(Us) AUy + B(Uy, Us)U,

(4.10) (Vi v)Us = —=B(Uy, oUs),

(4.11) (Vu,U) = —pAnUs 4+ n(U1)U.
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Proof. (4.5) is obvious from Lemma 3.1. Since @& € I'(ltr(T'M)), it is easy to see
that

(4.12) v(N) = g(N, ¢¢) =0,

and from (3.5), we get
v(eUy) = v(Uy).
Then using (3.6) and with the help of (4.12), we get
U =U.
Finally via (3.3), we obtain
v(U) = g(oN, ¢)

and ; )

It’s obvious that (4.7), (4.8) and (4.9) are obtained from Lemma 3.1 and (4.10)
follows from Lemma 3.2. With the help of Lemma 3.2, we get v(Usz) = g(Uz, ¢€) =
g(pUs, &) =0, via (4.12). Thus we obtain (4.11). Finally if we use (4.12) in (3.15),
(4.11) is easily obtained. O

Additionally since v(NN) = 0, (3.16) becomes
B(Uy,U) = —v(ANUy) = —g(ANU1, $§) = —g(ANUL, V).
Then by using (2.14) we get
(4.13) B(U,,U) = -C(Uy,V).
Moreover, for @UIV = @Ul pE = @@Ulf, we obtain
(4.14) Vo,V + B(Uy, V)N = —pAUL —n(Ur)V — v(AgUp)N.

Then by using tangent and transversal components of (4.14) following equalities are
obtained,
le V= —QOAEUl - 77(U1)V,

and
B(U,,V) = —V(AzUl).

Via these equalities we get

B(U1, V) = —v(AgUr) = —g(AgUr, ¢€) = —g(A¢Ur, V) = —=B(U, V)

and so B(U;,V) = 0. On the other hand since V is a metric connection then by
using §(U,N) = g(pN,N) = 0, we get

C(U,,U) = 0.

Thus we can state:



822 F.E. Erdogan, S.Y. Perktag, B.E. Acet and §. N. Bozdag

Corollary 4.1. Let (M,g,@) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. In this case for U =@N on M,
we have B(Uy,U) = 0. Namely, the vector field U makes the second fundamental
form of lightlike hypersurface degenerate.

Corollary 4.2. Let (M,§,$) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. In this case we have B(Uy,U) =
g(A:ULU) = g(AUr, ¢N) = 0, that is, there is no component of Af in Da.

Corollary 4.3. Let (M,§,3) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. In this case we have C(Uy,V) =
g(ANUL, V) = g(AnUy, §€) = 0, that is, there is no component of AyU; in D;.

Proposition 4.1. Let (M,g,@) be an ANG s-Riemannian manifold and M be
a screen semi-invariant lightlike hypersurface of M. Then D, is a @—invariant
distribution.

Proof. For all Uy € T'(D,), £ € I'(Rad TM) and N € I'(itr(T'M)), we have

9(pUL, &) = g(Ur,98) =0,

Therefore there is no component of pU; in Rad TM and ltr(TM). On the other
hand for all Uy € I'(D,), U € I'(D;) and V € T'(D3), we get

g(eU,U) = g(Ui,¢U) =0,
g((ﬁUlaV) = §(U1,S77V):0»

which imply that there is no component of @U; in D; and Dy. So the proof is
completed. [

Corollary 4.4. Let (M,§,3) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. Then D is a p—invariant distri-
bution.

Theorem 4.1. Let (M,§,$) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. Then V is a parallel vector field
on M if and only if n =0 and M is totally geodesic on M.

Proof. Let V be a parallel vector field on M. For all U; € I'(T'M), if we use (3.1),
(3.4) and (2.1), we get

(4.15) _SDAZUI — n(Ul)V = _(ﬁAEUl — 77(U1)V =0.
Then if we apply ¢ to both sides of (4.15) and via (3.1), (3.4) with (2.1), we obtain

3 3
(4.16) —pAeUr+ S AU = n(U)V + 5n(U1)€ = 0.
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After that by using (4.15) and (4.16), we obtain

3 3
(4.17) SATUL+ Sn(U)E = 0.

Because of A;Uy € I'(S(T'M)), (4.17) is satisfied if and only if AfU; = 0 and
n(U1) = 0. Hence AUy = 0 if and only if B = 0. The proof is completed. [

Theorem 4.2. Let (M,g,gb) be an ANG s-Riemannian manifold, M be a screen
semi-invariant lightlike hypersurface of M and V be a parallel vector field on M.
Then, either ¢ or U is parallel on M if and only if both M and S(TM) are totally
geodesic on M.

Proof. Let ¢ is parallel on M. For all Uy, Us € T(T M), if we use (4.9) we get
(418) B(Ul, UQ)U = 7V(U2)ANU1.

Since V is a parallel vector field on M via Theorem 4.1, B = 0 and via (4.18), we
have v(U)AnyU; = 0. Here if we substitute U = $N instead of Us, we write

V(U) = 96N, 56) = (N, 36) — 29(N,€) £ 0.

Here for all Uy, Uy € T(T'M), we obtain AyU; = 0 hence C = 0.
Similarly let U is a parallel vector field on M, from (3.1) and (4.11) we get

(419) —@ANUl + Z/(ANU1)N + U(U1)U =0.
Then if we apply @ to (4.19), we obtain
3 3
(420) CPANUl + (I/(ANUl) + 5"7(U1))N = §ANU1 + (V(ANUl) + 77(U1))U
By subtracting (4.19) from (4.20) we get
3 3

(421) iANUl + V(ANUl)U — Z/(ANUl)N — §TI(U1)N =0,
and from tangential and normal components of (4.21), we obtain

3 3
(422) §ANU1 = —V(ANUl)U, I/(ANUl) = —57](U1)

Since V is a parallel vector field from Theorem 4.1 we know that n(U;) = 0, therefore
v(AnU;) = 0 and AyU; = 0. So the proof is complete. [

Definition 4.1. Let (Mlg,@) be an ANG s-Riemannian manifold and M be a
lightlike hypersurface of M. If B(U;,Us) = 0, for all Uy, Uy € T'(D3), then M is
called as Dy—totally geodesic lightlike hypersurface.
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Definition 4.2. Let (M,§,$) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. If B(U;,Us) = 0, for allU; € I'(D)
and Uy € T'(D3), then M is called as mixed geodesic lightlike hypersurface.

Theorem 4.3. Let (M,g,@) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. Then the following three state-
ments are equivalent:

i) M is a mized geodesic lightlike hypersurface.
it) There is no component of An in Do.

iit) There is no component of AE i D1.

Proof. Let M be a mixed geodesic lightlike hypersurface and w be a projective
projection on S(T'M). Hence if we use (4.13), we have

(4.23) C(Ur,wUz) = g(AnUr,wls)

and

(4.24) g(ANUL, N) = 0.

We obtain

(4.25) B(U,,U) = -C(U1,V) = —g(ANU, V) = 0.

Therefore since V' € I'(D3) there is no component of Ay in Dy. On the other hand
if we use (4.23), (4.24), (4.25), we get

g(AgULLU) = —g(ANUL, V),
which implies there is no component of Az inDy. O
Theorem 4.4. Let (M,g,gé) be an ANG s-Riemannian manifold and M be a

screen semi-invariant lightlike hypersurface of M. Then distribution D is integrable
on M if and only if

- - - 3
(4.26) B(@Us,9U2) = B(Us, Uz) = 5 B(U1, Ua).

Proof. Let D be an invariant distribution. For U; € T'(D) we have ¢U; € T'(D).
Thus for all U;,Us € T'(D) and V' € T'(Dy), the distribution D is integrable if and
only if

v([pU1, Us]) = 0.

Therefore we get
v([eUs, Us]) = g([¢U1,Us], V)
- - N 3
B(@Uy, ¢Uz) — B(Us2, ¢U1) + §B(U27 Up) = 0.
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Since B is symmetric as a result we get,

s . - 3
B(@Ui, ¢Us) = B(@U1,Us, ) — §B(U17 Us).
O

Theorem 4.5. Let (M,§,p) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. Then the following three state-
ments are equivalent:

i) D is a parallel distribution.
it) D is totally geodesic.
iii) (Vu,)Us = 0, where Uy, Uy € T(D).

Proof. For all Uy,U; € I'(D) and V € I'(Dy), D is parallel on M if and only if
V(le UQ) =0.

Here we get
v(Vu,Uz) = 9g(Vu,Us, V) = B(Uy, ¢Us),

namely D is totally geodesic. On the other hand for all Us € I'(D), we have
v(Us) = 0. Thus by using

(Vu,9)Uz = g(AgUL, U2)U + v(U2) ANUs,
we obtain

(VUléﬁ)U2 = g(AzUlaUQ)U
B(Ula U2)Ua

which implies (Vy,0)Uz2 =0. O

Theorem 4.6. Let (M,§,p) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. Then distribution D is totally
geodesic on M if and only if

(4.27) (Vu,)Uz =0,

(4.28) (VUlw)U = ANUl,

where Uy € T(TM), Uy € T'(D) and U € T'(Ds).
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Proof. Let M be a totally geodesic hypersurface. For all Uy € I'(D), v(Usz) = 0 and
(429) (VUIQO)UQ = B(Ul, UQ)U + V(UQ)ANUl.

From (4.29), we find (Vy, @)Uz = 0. Similarly, for all U € I'(Ds), since v(U) = 1
then by substutiting U instead of Us in (4.29), we obtain

(4.30) (Vuy,o)U = B(Uy,U)U + AnUs.
Then from (4.30), we get (Vy,)U = AyUs.
Conversely, let us assume that (4.27) and (4.28) are satisfied. Let Uy € T(T'M)

from (4.2), we can write Uy = (U)? + fU, where (Us)? € T'(D) and f is a function.
Therefore we have

B(Uy1,Us) = B(Us, (U2)") + fB(U1,U)

and
(4.31) (Vu,w)U = B(Uy,Ua)U + v(Uz) ANU;.
Then in (4.31) if we write (Uz)? instead of Uy and via (4.27) we get

B(Uy, (U2)?) = —v((U2)P)ANUL = —g((U2)", §€) = 0.
Similarly, in (4.31) if we substitute U instead of Uz and via (4.28) we have

(Vo,w)U = B(Ur,U)U +v(U)AnUL = AnUn.

Therefore we obtain B(Uy,U) = 0 and B(Uy,Us) = 0. So the proof is complete. [

Theorem 4.7. Let (M,§,$) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. If M is totally umbilical then
M is totally geodesic in M.

Proof. Let M be a totally umbilical screen semi-invariant lightlike hypersurface of
M. Then
B(U17V) = )‘g(UhV) =0

Here if we substitute U instead of Uy, we get A = 0. Hence B = 0. So the proof is
complete. [

Theorem 4.8. Let (M,g,@) be an ANG s-Riemannian manifold and M be a
screen semi-invariant lightlike hypersurface of M. If screen distribution S(TM) is
totally umbilical then it is also totally geodesic.

Proof. Let screen distribution S(TM) be totally umbilical. Then for all U; €
(T M) we have

C(Ul, U) = ug(Ul, U) =0.
If we substitute V instead of Uy, we get u = 0. Hence C' = 0, which completes the
proof. [
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Example 4.1. Let (R}, §) be a semi-Riemannian manifold with signature (—, 4, —, +, +)
and (z1, 2, ...,x5) be a standard coordinate system of R3. If we take

gﬁ(azl,mg, ...,I5) = (él‘l,émz,@l‘g,@x%@x‘s),
thus @ is an ANG structure on R3. Let M be a hypersurface in R} defined by X =
o1 + @2 + 3. Then TM = Span {U1,Usz,Us, Us}, where

Ur = 0x1 + ¢0zs,
Uy = 0z2 + $Oxs,
Uz = 0x3 + Oxs,
Uy = 0z4.
It is easy to check that M is a lightlike hypersurface. Thus

Rad TM = {¢ = ®U, — ®U, + Us}

and
S(TM) = {Wy, W, Wz}
where
W1 = (9%4
Wy = —0z1 + Ox2 + POx3 + POx5
Wy = —— (“0a1 — Ows + BOws — BOws)
3 = 22+ 9) 1 T2 T3 T5
and
ler(TM) = {N _ ﬁ(@aml + BOws + O — am5)} .

Also, Wy = @&, W3 = ¢N, thus M is a screen semi invariant lightlike hypersurface.
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