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Abstract. Riemannian maps are generalization of well-known notions of isometric
immersions and Riemannian submersions. In this paper, we define and study a nat-
ural generalization of previously defined quasi bi-slant submersions [18] in the case
of Riemannian maps. We mainly investigate fundamental results on quasi bi-slant
Riemannian maps from almost Hermitian manifolds to Riemannian manifolds: the in-
tegrability of distributions, geometry of foliations, the condition for such maps to be
totally geodesic, etc. At the end of the article, we give proper non-trivial examples for
this notion.

Keywords: Riemannian maps, Quasi bi-slant Riemannian maps, Almost Hermitian
manifolds.

1. Introductions

In differential geometry, initiating and utilising the idea of appropriate transforma-
tions to compare geometric properties between two manifolds is one of the main
features. Immersions and submersions are the most used transformations in this
sense. The study of Riemannian submersions was initiated by O’Neill [8] and Gray

Received July 14, 2022. accepted October 19, 2022.

Communicated by Uday Chand De

Corresponding Author: Shashikant Pandey , Faculty of Science, Department of Mathemat-
ics and Astronomy, University of Lucknow, 226007 Lcknow, Uttar Pradesh, India | E-mail:
shashi.royal.lko@gmail.com

2010 Mathematics Subject Classification. 00A11, 53C15, 53C43, 53B20, 55B55.

(© 2023 BY UNIVERSITY OF NIS, SERBIA | CREATIVE COMMONS LICENSE: CC BY-NC-ND

99



60 S. Kumar, S. Kumar and S. Pandey

[2]. Watson [9] studied almost complex type of Riemannian submersions. Further,
several kinds of Riemannian submersions were introduced and studied [3]. These
maps have a wide range of applications in different branches of science and engineer-
ing, for example, the Yang-Mills theory [10], Kaluza-Klein theory [11], supergravity
and superstring theories [13], [14], Euclidean super-symmetry [25] etc.

On the other side, the study of Riemannian maps have risen in popularity in
recent geometric evaluations due to its envolvement in the mathematical physics.
The basic properties of Riemannian maps were first given by Fischer [1]. More pre-
cisely, a differentiable map 7 : (N1,91) — (N3, g2) between Riemannian manifolds
(N1,91) and (Na, g2) is called a Riemannian map (0 < rankm, < min{m,n}, where
dim N1 = m, dim Ny = n) if it satisfies the equation:

92(m Vi, Vo) = g1(V1, V2), (1.1)
for V1, Vs € T(ker m,)+.

Consequently, isometric immersions and Riemannian submersions are particular
cases of Riemannian maps with kerm, = {0} and (rangem.)* = 0, respectively.
In [1], the author has shown a conspicuous property of Riemannian map is that
it satisfies the generalized eikonal equation || 7, ||?= rankm and also proposed an
approach to build a quantum model using Riemannian maps that would provide an
interesting relationship between Riemannian maps, harmonic maps, and Lagrangian
field theory. Further, the notion of Riemannian map and related topics are being
studied continuously from different perspectives, as Invariant and anti-invariant
Riemannian map [4], semi-invariant Riemannian map [5], slant Riemannian map
([6], [15], [19]), semi-slant Riemannian map ([12], [16], [20], [22]) and hemi-slant
Riemannian map ([7], [17]) quasi-hemi-slant Riemannian map [21] etc.

In this paper, we study the notion of quasi bi-slant Riemannian maps from
an almost Hermitian manifold to a Riemannian manifold. The paper is organized
as follows: In Section 2, we will recall some basic definitions related to quasi bi-
slant Riemannian maps. In section 3, we will define quasi bi-slant Riemannian
map from Kéhler manifolds to Riemannian manifolds and study the geometry of
leaves of distributions that are involved in the definition of such maps. We will
provide necessary and sufficient conditions for quasi bi-slant Riemannian maps to
be totally geodesic. In section 4, we will provide some non-trivial examples of such
Riemannian maps.

2. Preliminaries

Let N; be an even-dimensional differentiable manifold. Let J be a (1,1) tensor
field on N; such that J? = —I, where I is identity operator. Then J is called
an almost complex structure on Ny;. The manifold N; with an almost complex
structure J is called an almost complex manifold [24]. It is well known that an
almost complex manifold is necessarily orientable. Nijenhuis tensor N of an almost
complex structure is defined as:

N(X1,Xs2) = [J X1, JXo] — [ X1, Xo] — J[J X1, X2] — J[ X1, JX2], (2.1)
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for all X1, X5 € T'(T'Ny).

If Nijenhuis tensor field N on an almost complex manifold NV; is zero, then the
almost complex manifold N; is called a complex manifold.

Let g1 be a Riemannian metric on N; such that
g1 (J X1, JXz2) = g1(X1, X2), (2.2)

for all Xy, X5 € T'(TNy).

Then ¢; is called an almost Hermitian metric on N7 and manifold Ny with Her-
mitian metric g; is called almost Hermitian manifold. The Riemannian connection
V of the almost Hermitian manifold /V; can be extended to the whole tensor algebra
on Nj. Tensor fields (Vy, J) is defined as

(Vy, J)Ys = Vy, JYs — JVy, Vs (2.3)

for Yl,YQ S F(TNl)

An almost Hermitian manifold (Ny, g1, J) is called a Kéhler manifold if
(Vy, J)Y2 =0 (2.4)

for Y1, € F(TNl)

Now, we recall following definitions for later use:

Definition 2.1. [3] Let 7 be a Riemannian map from an almost Hermitian man-
ifold (N1,g1,J) to a Riemannian manifold (N3, gs). If for any non-zero vector
Y1 € (kermy)q, ¢ € Ni, the angle 6(Y;) between JY; and the space (kerm,), is
constant, i.e., it is independent of the choice of the point ¢ € N7 and the tangent
vector Y7 in kerm,, then we say that 7 is a slant Riemannian map. In this case,
the angle 0 is called the slant angle of the Riemannian map. If the slant angle is
0 < 0 < 5, then the Riemannian map is called a proper slant Riemannian map.

Definition 2.2. [3] Let (N1, ¢1,J) be an almost Hermitian manifold and (N2, g2)
a Riemannian manifold. A Riemannian map 7 : (N1, g1,J) — (N2, g2) is called a
semi-slant Riemannian map if there is a distribution D; C ker 7, such that

kerm, = D@ Dy, J(D) =D, (2.5)

and the angle § = (Y1) between JY; and the space (D;), is constant for non-zero
vector Y1 € (D7), and ¢ € Ny, where D is the orthogonal complement of D in
ker .

We call the angle 6 a semi-slant angle.
Definition 2.3. [7] Let N7 be an almost Hermitian manifold with Hermitian met-

ric g; and almost complex structure J, and Ny be a Riemannian manifold with
Riemannian metric go. A Riemannian map 7 : (N1,¢1,J) — (Na,g2) is called a
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hemi-slant Riemannian map if the vertical distribution ker 7, of 7 admits two or-
thogonal complementary distributions DY and D=+ such that DY is slant with angle
0 and D+ is anti-invariant, i.e, we have

kerm, = D’ @ D*. (2.6)
In this case, the angle 6 is called the hemi-slant angle of the Riemannian map.

Define O’Neill’s tensors 7 and A by [8]
Ap Iy = HVyp VIS + VVyp HES, (2.7)
Ty Fo = HVyp, VEs + VW HEs, (2.8)

for any vector fields Fy, F5 on Ny, where V is the Levi-Civita connection of g;. It is
easy to see that Tr, and Ap, are skew-symmetric operators on the tangent bundle
of Nj reversing the vertical and the horizontal distributions.

From equations (2.7) and (2.8), we have

V2122 = T21Z2 —I—VVZlZQ, (2.9)
VY1 =Tz, Y1 +HVz Y1, (2.10)
Vv, Z1 = Ay, Z1 + VVy, Z1, (2.11)
Vv, Yo = HVy, Yo + Ay, Yo (2.12)

for Z1,7Zy € T(kerm,) and Y1,Ys € T(kerm.)t, where HVz Y = Ay, Zy, if V)
is basic. It is not difficult to observe that T acts on the fibers as the second
fundamental form, while A acts on the horizontal distribution and measures the
obstruction to the integrability of this distribution [3].

It is seen that for p € N1, Z; € V, and Y; € H,, the linear operators
Ay, Tz, : TyN1 — TyNy, (2.13)
are skew-symmetric, that is
G1(Ay, F1, Fo) = —g1(F1, Ay, F2), 91(T 2, Fr, F2) = —g1(F1, Tz, Fa) (2.14)

for Fi, Fy € T'(T,N1). Since Ty, is skew-symmetric, we observe that 7 has totally
geodesic fibres if and only if 7 = 0.

We recall that the notation of second fundamental form of a map between two
Riemannian manifolds. Let (N1,¢1) and (Ng, g2) be Riemannian manifolds and
7w (N1,91) = (Na,g2) be a C* map then the second fundamental form of 7 is
given by

(Vi )(Z1,Z2) = Vi w2y — 1 (V3! Zs) (2.15)
for Zy,Zy € T(T'Ny), where V™ is the pullback connection and we denote for con-
venience by V the Riemannian connections of the metrics g1 and g2 [23].

Finally we also recall that a differentiable map 7 between two Riemannian man-

ifolds is totally geodesic if
(V) (Z1,Z3) =0, (2.16)

for all Zy,Z, € T(T'Ny). A totally geodesic map is that it maps every geodesic in
the total space into a geodesic in the base space in proportion to arc lengths.



Investigation of Quasi bi-slant Riemannian maps 63
3. Quasi bi-slant Riemannian maps

Now, we introduce the notion of a quasi bi-slant Riemannian map as a natural
generalization of hemi-slant Riemannian map and semi-slant Riemannian map from
almost Hermitian manifolds to Riemannian manifolds.

Definition 3.1. Let (Ny,g1,J) be an almost Hermitian manifold and (N, g2) be
a Riemannian manifold. A Riemannian map

T (Nl,gl,J) — (N2792)7 (31)

is called a quasi bi-slant Riemannian map if there exist three mutually orthogonal
distribution D, D, and D, such that

(i) kerme = D @ Dy @ Da,

(i1) J(D) = D i.e., D is invariant,

(#91) J(D1) L Dy and J(D3) L Dy,

(w) for any non-zero vector field Y7 € (D1)y, ¢ € N1, the angle 6; between JY;
and (D), is constant and independent of the choice of point ¢ and Y in (D1)g,

(v) for any non-zero vector field Z; € (D2)q, ¢ € Ny, the angle 65 between JZ;
and (D3), is constant and independent of the choice of point ¢ and Z; in (Da2)g,

These angles 61 and 65 are called slant angles of the Riemannian map.

We easily observe that

(@) If dimD = 0,dim D; # 0,0 < 0; < § and dim Dy # 0, 02 = 7, then 7 is a
hemi-slant Riemannian map.

(b) If dim D = 0,dim Dy # 0,0 < 6; < § and dim D3 # 0, 0 < 6 < T, then 7
is a bi-slant Riemannian map.

(c) If dim D # 0,dim Dy # 0,0 < 61 < § and dim Dy # 0, 0 = 5, then we may
call 7 is an quasi-hemi-slant Riemannian map.

(d) If dim D # 0,dimD; # 0,0 < 60; < § and dim Dy # 0, 0 < 6 < T, then 7
is proper quasi bi-slant Riemannian map.

Let 7 be quasi bi-slant Riemannian maps from an almost Hermitian manifold
(N1,91,J) to a Riemannian manifold (Na, g2). Then, we have

TN, = kerm, @ (ker,)*. (3.2)

Now, for any vector field V; € T'(ker 7y ), we put
Vi = PVi +QVi + RVi, (3.3)

where P,@Q and R are projection morphisms [13] of kerm, onto D,D; and Da,
respectively.

For Z; € (T'kerm,), we set
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JZl = ¢Zl + le, (34)
where ¢Z; € (T'kerm,) and wZ; € (I'ker,)= .

From equations (3.3) and (3.4), we have

JZy = J(PZ)+J(QZ1)+ J(RZy),
= ¢(PZ1) +w(PZ1) + $(QZ1) +w(QZ1) + ¢(RZ1) + w(RZ1),

since JD = D, we get wPZ; = 0.

Hence above equation reduces to
JZy = ¢(PZ1) + ¢QZ1 + wQZ1 + ¢RZy + wRZ,. (3.5)
Thus we have the following decomposition
J(kerm.) = D ® (¢D1 ® ¢D3) ® (wD1 ® wD>), (3.6)

where @ denotes orthogonal direct sum.
Further, let V4 € T'(D;) and V3 € T'(D3). Then

g1(V1,V2) = 0. (3.7)
From definition 3.1(#4i), we have
gl(JVl,Vg) = 91(V1, JVYQ) =0. (38)
Now, consider
g1(oV1, Vo) = gi(JVi —wVi, Va),
= gl(JV1> ‘/2)7
= 0.
Similarly, we have

Let U; € T(D) and Uy € T'(Dy). Then we have

91(¢Uz,Ur) = g1(JUz —wUs, Uy),
= q1(JU2,Uy),
= —g1(Us, JUy),
0,

as D is invariant i.e., JU; € T'(D).
Similarly, for U; € T'(D) and Us € T'(D5), we obtain

91(¢Us,U1) =0, (3.10)
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From above equations, we have

gl(¢W17¢W2) = 07 (311)

and
gl(le,wWQ) = 0, (3.12)

for all Wy € I'(Dy) and Wy € T'(Dy).
So, we can write

¢D1 N (bDQ = {O},le N ng = {0} (313)

If 6, = %, then ¢R = 0 and D is anti-invariant, i.e., J(Ds) C (kerm,)*. In this
case we denote Dy by D+.

We also have
J(kerm,) = D ® ¢D; ® wD; ® JD . (3.14)

Since wD; C (kerm,.)*, wDy C (kerm,)*. So we can write
(kerm,)t = wD; ® wDy ® p, (3.15)

where y is orthogonal complement of (wD; @ wDs) in (ker 7, ).

Also for any non-zero vector field Y; € I'(ker 7, )", we have

JY, = BY; + CYl, (316)
where BY; € I'(ker,) and CY; € I'(ker m,)t.

Lemma 3.1. Let 7 be a quasi bi-slant Riemannian map from an almost Hermitian
manifold (N1, g1,J) to a Riemannian manifold (N2, g2). Then, we have

&*W, + BwW; = —W1,woW; + CwW; = 0, (3.17)
wBWy + C?*Wy = —Wa, ¢ BWy + BCW, = 0, (3.18)
for all Wy € I'(ker 7,.) and Wy € T'(ker . ).

Proof. Using equations (3.4), (3.16) and J? = —I, we have Lemma 3.1. [

Lemma 3.2. Let 7 be a quasi bi-slant Riemannian map from an almost Hermitian
manifold (N1, g1,J) to a Riemannian manifold (N2, g2). Then, we have

(i) ¢*Z; = —(cos? 6,)Z;

(i1) g1(9Z;, 9V;) = cos® b191(Z;, Vi),
(iid) g1(wZi,wV;) = sin® 0191 (Z;, Vi),
for all Z;,V; € T(D;), where i = 1,2.
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Proof. By Lemma (3.2) in [18], we obtain Lemma 3.2. O

Lemma 3.3. Let 7 be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1,91,J) to a Riemannian manifold (Na, g2). Then, we have

VVy, ¢Ys + Ty,wYs = ¢VVy, Yo + BTy, Yo, (3.19)
Ty, 6Ys + HVy,wYs = WVVy, Vs + CTy, Yo, (3.20)
VV 3. BZs + Ay, CZs = Ay, Zo + BHY 5, 2o, (3.21)
Ay, BZs +HV 5,C % = wAy, 7o + CHY 5. 7o, (3.22)
V. BZ1 + Ty, C 70 = 6Ty, Z1 + BHV v, 7, (3.23)
Ty BZy + HVy.C 71 = wTy, Z1 + CHVy, Z4, (3.24)
VV 1, Y1 + AzwVi = BAsYi + 6VV 2 Y1, (3.25)
Ay, Vi +HV 7,0Y: = C Az Y1 +wVV5 Vi (3.26)

for any Yi,Ys € I'(kerm,) and Z;, Zy € T'(ker 7, )*.

Proof. Using equations (2.9), (2.10), (2.11), (2.12), (3.4) and (3.16), we get equations
(3.19)-(3.26). [

Now, we define

(Vvi9)Va = VVy,¢Vo — ¢VVy, Vo, (3.27)
(Vy,w)Va = HVy,wVa — wVVy, Vs, (3.28)
(Vz,C)Zy =HN 2,CZy — CHN 3, Zs, (3.29)
(V2. B)Zs = VN 5, BZs — BHV 2, Zo (3.30)

for Vi, Vy € T'(kerm,) and Z1, Zo € T'(kerm,) .

Lemma 3.4. Let 7 be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1,91,J) to a Riemannian manifold (Na, g2). Then, we have

(Vv,9)Va = BTy, Vo — Ty, wVa, (3.31)
(VVlw)‘/Q = CTV1‘/2 - TV1 ¢‘/23 (332)
(VZ1 C)Zz = w.AZl Zg - .AZlBZg7 (3.33)
(Vz,B)Z2 = ¢ Az, Zy — Az,CZs, (3.34)

for Vi, Vo € T(kerm,) and Zy, Zy € T'(ker m, ).
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Proof. Using equations (3.19), (3.20), (3.21), (3.22), (3.27), (3.28), (3.29) and (3.30),
we get all equations of Lemma 3.4. [

If the tensors ¢ and w are parallel with respect to the linear connection V on
N7y, respectively, then

BTU1 U2 = TU1°JU23 CTUl U2 - TUl ¢U2; (335)
for Uy, U, € F(TNl)

Theorem 3.1. Let 7 be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1, 491,J) to a Riemannian manifold (N2, g2). Then, the invariant distribution D
is integrable if and only if

91(Tz,J 2o — Tz, J Z1,wQVL + WRVY) = g1(VN 2, J Z3 — VN 2,J Z1,pQV1 + $RV1)
(3.36)
for Zy,Z5 € T(D) and Vy € T(Dy @ Ds).

Proof. For Z1,Z, € I'(D), and V; € I'(D1®D3), using equations (2.2), (2.4), (2.9), (3.3)
and (3.4), we have
91([Z1, Z2], V1)
= q1(Vz,JZ2,IV1) — 91(V 2, T Z1, T V),
= g1(T21 JZ2 - 7}2JZ17WQ% + CUR‘/l) - gl(VV21 JZZ - VVZQJZ17 (bQVl + QSR‘/l)a

which completes the proof. [

Theorem 3.2. Let w be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1, 491,J) to a Riemannian manifold (No, go). Then, the slant distribution Dy is
integrable if and only if
91(Tx,wpXo — Tx,wp Xy, Z1)
= 01 (TXleQ — TszXl, JPZl + (bRZl) + gl(HVXleQ — %VXQUJXl,szl)

for X1, Xs € T(Dq) and Z; € T'(D @ D).
Proof. For X1, X5 € I'(D1) and Z; € I'(D @ D3), we have
91([X1, Xa], Z1) = 91(Vx, X2, Z1) — 1 (Vx, X1, Z1). (3.37)
Using equations (2.2), (2.4),(2.9), (2.10), (3.4) and Lemma 3.2, we have

91([X1, X2], Z1)
= gl(VXlJXg,le) — g1(VX2JX1,JZ1),
91(Vx,0X2,JZ1) + 91(Vx,wX2, JZ1) — 1 (Vx,0X1, T Z1) — 91 (Vx,wX1, J Z1),
= c08?0191(Vx, Xa, Z1) — cos? 0191(Vx, X1, Z1) — 91(Tx,wpXo — Tx,wd X1, Z1)
+91(HVx,wXs + Tx,wXs, JPZ1 + ¢RZy + wRZ)
—gl(HVXQle + Tx,wX1,JPZ) + ¢RZ; +wRZy).
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Now, we have
sin® 0191 ([X1, X2, Z1)
= 01 (TXleQ — TX2LL)X1, JPZl + ¢RZ1) =+ a1 (HVXIWXQ - HVX2OJX1,LURZ1)
-1 (Tx,wopXo — Tx,wp X1, Z1),

which completes the proof. O
The proof of the following theorem is similar as the Theorem 3.2.

Theorem 3.3. Let w be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1, 491,J) to a Riemannian manifold (Na, g2). Then, the slant distribution Do is
integrable if and only if
91(Tz,wpZs — Tz,wdZ1, X1) (3.38)
= g(HVzwZ; —HV z,wZi,wX1) + g1(Tz,wZs — Tz,wZy, $X1)

fOT Zl,ZQ < F(Dg) and X, € F(D@Dl)

Theorem 3.4. Let m be a quasi bi-slant Riemannian map from a Kdhler mani-
fold (N1, ¢91,J) to a Riemannian manifold (N2, g2). Then the horizontal distribution
(ker 7,)* defines a totally geodesic foliation on Ny if and only if
g1(Av, Vo, PW; 4 cos? 01QW, + cos® 0, RW7) (3.39)
= g1 (HVy, Va,wdpPW1 + wpQW1 + wpRW7)
+g1(Ay, BV + HVy, CVa,wWh)

for Vi, Vo € T(ker )+ and Wy € T'(ker 7).
Proof. For Vy, Vs € I'(kerm,)* and Wy € I'(ker ), we have
91(Vy, Vo, W1) = g1(Vy, Vo, PW1 + QW1 + RWh). (3.40)
Using equations (2.2), (2.4), (2.11), (2.12),(3.3),(3.4), (3.16) and 3.2, we have

G (Vi Vo, W) = g1(Vv, JVa, JPW1) 4+ g1(Vv, JVa, JQWY) + g1(Vv, JVa, JRWY),
= g1(Ay, Vo, PW7 + cos? 01QW; + cos? 02 RW7)
—q1(HV v, Va,wpPW1 + wopQW7 + wdpRW7)
+g1(Av, BVs + HVy, OV, wPW, + wQW; + wRW)).

Now, since wPW; + w@QW; + wRW; = wW; and wPW; = 0, one obtains

G (Vv Vo, W1) = g1(Ay, Va, PWy + cos? QW + cos? 0, RW))
—g1(HVv, Vo, wp PW1 + wpQW1 + woRW?)
+91(Av, BVa + HVy, CVa, wW7).



Investigation of Quasi bi-slant Riemannian maps 69

Theorem 3.5. Let w be a quasi bi-slant Riemannian map from a Kdhler mani-
fold (N1,¢1,J) to a Riemannian manifold (Na,g2). Then the vertical distribution
(ker ) defines a totally geodesic foliation on Ny if and only if
91(Tx, X2, Z1) + cos® 0191 (Tx, QXa2, Z1) + cos” 0291 (Tx, RX2, Z1)(3.41)
= q(HVx,wpPXs+ HV x,wpQXs + HV x,wpRXs, Z1)
+01(Tx,wX2,BZ1) + g1(HV x,wX2,CZy)

for X1, X5 € T'(kerm,) and Z; € T'(kerm,)t.

Proof. For X1, X3 € T'(ker7,) and Z; € T'(ker )"+, using equations (2.2), (2.4) and
(3.3), we have
91(Vx, X2, Z1)
= q(Vx,JPX3,JZ1) + 91(Vx, JQX2, JZ1) + 91 (Vx, JR X3, J Z1).

Now, using equations (2.9),(2.10), (3.4), (3.16) and Lemma 3.2, we have

91(Vx, X2, 2y)

= g1(Tx, X2, Z1) + cos® 0191 (Tx, QX2, Z1) + cos® 0291 (Tx, RX2, Z1)
—01 (HVX1w¢PX2 + HV x,wpQXs + HV x, wpRXo, Zl)
+91(VX10JPX2 + Vx,wQXs + Vx, wRXo, JZl).

Since WPXs + wQXs + wRXs = wXs and wPXs = 0, we have

91(Vx, X2, Z1)

= 91(Tx, X2, Z1) + cos® 0191 (Tx, QXo, Z1) + cos® Oag1 (Tx, RX2, Z1)
—01 (HVX1w¢PX2 —+ HVX1W¢QX2 + HVXIUJ(bRXQ, Zl)
+91(Tx,wX2, BZ1) + g1(HV x,wX>,CZy).

O

Theorem 3.6. Let w be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1, 491,J) to a Riemannian manifold (N2, g2). Then, the invariant distribution D
defines a totally geodesic foliation on Ny if and only if

91(Tu, JPU2, wQW1 + wRW1) = —g1(VVy, JPU2, pQW1 + ¢RW), (3.42)
and
g1(TU1 JPUQ, CWQ) = —gl(Vle JPUQ, BWQ) (3.43)
for Uy, Us € F(D),Wl S F(Dl (&) DQ) and W € F(keI’ﬂ'*)L.
Proof. For Uy,U; € T'(D),W; € T'(Dy @ Dy) and W5 € T'(ker 7)™+, using equations
(2.2),(2.4),(2.9),(3.3) and (3.4), we have
g (Vu, U, W1) = g1(Vu,JUs, JWY),
= ¢1(Vy, JPUy, JQW1 + JRW?),
= 91(Ty, JPU2, wQW1 + wRW1) + g1(VVy, J PUz, QW1 + ¢RW).
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Using equations (2.2), (2.4), (2.9), (3.3) and (3.16), we have

91(Vu, Uz, Wa) = g1(Vu, JUa, JWs),
= gl(VlePU2,BW2+CW2)
= g1 (VVy, JPUy, BW3) + g1 (Ty, JPUs, CW),

which completes the proof. O

Theorem 3.7. Let w be a quasi bi-slant Riemannian map from a Kdhler mani-
fold (N1, g1,J) to a Riemannian manifold (Na, g2). Then, the slant distribution D
defines a totally geodesic foliation on Ny if and only if

g1 (TvywdVa, Z1) = 1 (Tv,wQVa, JPZy + ¢RZ1) + g1(HVvy,wQVa,wRZy), (3.44)

and
g1 (’HVVlw(;SVQ, ZQ) =g (HVVleQ, CZQ) + 01 (TvleQ, BZQ) (3.45)

for Vi,Va € T(Dy), Z, € T'(D @ Dy) and Z € T'(ker m,)™*.

Proof. For Vi,Vo € T'(D1),Z; € T(D @ D) and Z5 € T'(ker )+, using equations
(2.2),(2.4),(2.10),(3.3),(3.4) and Lemma 3.2, we have

91(Vy, Va, Zy)
= q(VinoVa,JZ1) + g1(Vv,wVa, JZ1),
= cos?01g1(Vv, Vo, Z1) — g1 (Tv,wdVa, Z1)
+91(T,wQVa, JPZy + ¢RZ1) + g1 (HVv,wQVa,wRZ:).

Now, we have

sin® 0191 (Vv, Va, Z1)
= —q(TvwéVa, Z1) + g1 (Tv,wQVz2, JPZ1 + $RZ1)
+91 (HVy,wQVa,wRZ1)
Next, from equations (2.2), (2.4), (2.10), (3.3), (3.16) and Lemma 3.2, we have

a1 (VnVa, Zs) = gi(Vv,oVa, JZ3) + g1 (Vv,wVa, JZ5),
= cos?0191(Vv, Va, Zo) — g1 (HVv,woVa, Zo)
+91(HVv,wVa, CZs) + g1 (Tv,wVa, BZs).

Now, we have

sin2 9191 (Vvl VQ, ZQ)
= —gi(HVvwoVa, Zo) + g1 (HVv,wVa, CZs) + g1 (Tv,wVa, BZs).
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The proof of the following theorem is similar as the Theorem 3.7.

Theorem 3.8. Let w be a quasi bi-slant Riemannian map from a Kdhler mani-
fold (N1, g1, J) to a Riemannian manifold (Na, g2). Then, the slant distribution Da
defines a totally geodesic foliation on Ny if and only if

91(To,woUsz, Y1) = g1(To,wQUz, JPY: + ¢RY1) + g1 (HVy,wQUz,wRY1), (3.46)
and
g1 ('HVUlwqi)Ug, }/2) =0 (HVUIOJUQ, C)/Q) + g1 (TUIUJUQ, B)/Q) (347)

fO’f‘ Ui,Us € F(Dz),yl € F(D D Dl) and Yy € I‘(kerw*)J-.

Theorem 3.9. Letw be a quasi bi-slant Riemannian map from a Kdhler manifold
(N1, 491, J) to a Riemannian manifold (N2, g2). Then, w is a totally geodesic map if
and only if

g1 (HV v, wpQVa + HV v, wdRVa — cos® 01V, QVa — cos? 63V, RV, Uy)

= qa(VVvy,JPVs + Ty,wQVa + Ty,wRVa, BUY)
+91(Tv, JPVa + HV y,wQVa + HV y,wRVa, CUY),

and

g1 (HV 1,wpQVi + HV 17,wp RV} — cos? 01V, QVy — cos? 02V, RV, Us)
= gl(Vle JPVl + AU1WQV1 + AUleVh BUQ)
+91(Ay, JPVL + HV y,wQV1 + HV y,wRV;, CU3)

for Vi, Vy € T(kerm,) and Uy, Us € T'(ker ).

Proof. Since 7 is a Riemannian map, we have
(V) (U, Us) =0, (3.48)

for Uy, Us € T'(ker m,)*.

For Vi, V, € T'(ker m,) and Uy, Uz € T'(ker )+, using equations (2.2), (2.4),
(2.9), (2.10), (2.15),(3.3),(3.4) and Lemma 3.2, we have

92 (V) (V1, V2), m.U)

—91(Vy, Vo, Ur)

91(Vv, JVa, JUY)

91(Vv, JPVa, JUy) — 91(Vv, JQVa, JUL) — g1(Vv, JRV:, JUY),
(
(

91(Vv, JPVa, JUL) — g1(Vv, ¢QVa, JU1) — g1(Vv,0RV3, JU)
gl VVNJQV%JUl) _gl(vVIWR‘/QN]Ul))
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92((Vm.)(Vi, Vo), mUn) (3.49)
= —q(VVy,JPVa + Ty,wQVs + Tyv,wRVs, Uy)

—g1(Ty, JPVa + HV v, wQVa + HV y,wRVa, CU,)

—g1(cos? 0;Vy, QVa + cos? 05V, RVa — HV v, wdQVa — HV v, wdRVa, Uy).

Next, using equations (2.2), (2.4), (2.9), (2.10), (2.15), (3.3), (3.4), (3.16) and Lemma
3.2, we have

92((Vm, ) (U1, V1), m.Uz)
= —gi(Vy,V1,Us)

= —g(Vy,JV1,JUs)

= —g(Vy, JPV,JUs3) — g1(Vy, JQV1, JUs) — g1(Vy, JRV;, JUs),

= —q1(Vu, JPV1,JU2) — g1(Vu, 9QV1, JUz) — g1(Vu, ¢ RV1, JU>)
—91(Vu,wQVy, JU3) — 1 (Vy,wRVy, JU),

92((Vm) (U, V1), . U2) (3.50)
= —g(VVy, JPVI + Ay, wQVi + Ay,wRVy, BUs)

—g1(Ay, JPVL + HV 1y, wQVy + HV y,wRVy, CUy)

—g1(cos? 01V, QVi + cos? 02V, RVy — HV 1y, wdQVy — HV 1y, wp RV, Us).

The proof follows in view of equations (3.49) and (3.50). O

4. Example
Note that given an Euclidean space R?® with coordinates (Y1, Y2y eenne L Y25—1,Y25) We
can canonically choose an almost complex structure J on R?® as follows:
J( + 0 + + + 0 )
aq A 7 T eevvnennnnn ags—1 a9
o Yo ° Oyas—1 ° Oyas
u ta 0 n a 0 n 0
= —a2 1T T ceeeeennnnens — az 2s—1
oy yo * Oyas—1 T Oyas

where a,ag, ............. ,ags are C*° functions defined on R?*. Throughout this sec-

tion, we will use this notation.

Example 4.1. Define a map 7 : R'® — R® by

(Y1, Y2y coeveenes » Y15, Y16) = (Y3 sin a—ys cos a, 2021, yg, y7 sin B~y cos B, 2022, y10, Y13, Y14),
(4.1)

which is a quasi bi-slant Riemannian map such that

0] 7] 0 7] 0
Vi = —Va=_——Vag=cosa— +sina—,Vi=_-—,
! ot oy P 0ys dys’ ' Oya
7] 7] 0 0 0 0 0
Ve = cosf—+sinf—,Vo=—,Vo=—,Voe=— Vo=—Vip= ,
° ﬂalﬁ 631}9 ¢ Oys ! Oy11 s Y12 ’ Y15 10 Y16
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kerm. = D @® Dy ® Do,

where
0 0 o] 0 1o} 1o}
D = <WVi=—Vo=— Vo= Vs = Vo = ,Vio =
! o1 2 0ya ’ Ay s Oy12 ’ y1s 10 Y16
Dy = <V—cosai+sinaiv—i>
1 = 3 = 9ys Dys’ 476y4 )
0 0 0
D = = 53— 1 - _
2 < Vs c0558y7+smﬁay9,% Ee >,
(kerm)l
o . 1o} o . 0 0 1o} 1o} 0
= < —,sina— —cosa—,sinf— —cosf—, —

3y6 (9y3 8y5
with bi-slant angles « and S.
Example 4.2. Define a map 7 : R'* — R® by

(Y1, Y2, ovoveneee , Y13, Y14) = (yl\éngoLy%

-3
W7 202, y10, Y13, Y14),

which is a quasi bi-slant Riemannian map such that

M= el e Vam g Ve = Vi o
Vs = %( 38%7+a%))7\/6:8iy8,v7:%%:85127
kerm, =D @ D1 & Do,
D = <v3:8iy5,v4:8i%,v7:%,v8:%>7
Di = <Vi= (ght o) Ves g >
Dy = <Vi=3(Viz o) Vo= 5>,
(ker )
- <8%2’%(8%7aiyg)’%(aiw*‘/gaiw)’8510’351373514 ~

with bi-slant angles 0; = g and 6> = %4

(4.3)

(4.4)
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