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ON ESTIMATES FOR THE CANONICAL LINEAR
FOURIER-BESSEL TRANSFORM IN THE SPACE Lp(R+, x2α+1dx)
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Abstract. In this paper, we establish the analog of Abilov’s theorems and the analog
of Titchmarsh’s theorems for the canonical linear Fourier-Bessel transform in a class of
functions in the space Lp(R+, x2α+1dx) where 1 < p ≤ 2 and α > −1

2
. The proof of

the theorems is based on the algebraic properties associated with the canonical linear
Fourier-Bessel transform.
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1. Introduction and preliminaries

Consider the operator (see [5],[9])
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ics, Laboratoire de Mathématiques Fondamentales et Appliquées, Casablanca, Maroco | E-mail:
akhlidj@hotmail.fr
2010 Mathematics Subject Classification. Primary 46E30; 41A25
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where α > −1
2 ,

(1.2) m =

(
a b
c d

)
is a matrix in SL2(R) with b 6= 0

If

(1.3) m =

(
0 −1
1 0

)
we obtain the classical Bessel operator

(1.4) Bα =
d2

dx2
+

(2α+ 1)

x

d

dx
.

Let Lp(R+, x2α+1dx) the space of measurable functions f on R+ such that

(1.5) ‖f‖p,α =

(∫ +∞

0

|f(x)|px2α+1dx

) 1
p

< +∞

The chirp multiplication operator La and the dilatation operator Da are defined,
respectively by La(f)(x) = ei

a
2 x

2

f(x); a ∈ R and Daf(x) = 1
|a|α+1 f(xa ); a ∈ R∗.

The inverse of La and the inverse of Da are given, respectively, by

(1.6) (La)−1 = L−a; (Da)−1 = D− 1
a
.

In case f is even we have Daf = D|a|f .
Let m ∈ SL2(R). The canonical Fourier-Bessel transform of a function f ∈
L1(R+, x2α+1dx) is defined by (see [5],[8])

(1.7) Fmα (f)(λ) =
cα

(ib)α+1

∫ +∞

0

Kmα (λ, x)f(x)x2α+1dx

where cα = 1
2αΓ(α+1) ;

(1.8) Kmα (λ, x) = e
i
2 ( db λ

2+ a
b x

2)jα(
λx

b
).

and

(1.9) jα(z) = Γ(α+ 1)

∞∑
n=0

(−1)n

n!Γ(n+ α+ 1)

(z
2

)2n

, z ∈ C

For λ ∈ R, the kernel Kmα (., λ) of the canonical Fourier-Bessel transform Fmα is the
unique solution of:

(1.10) Bα,mKmα (., λ) = −λ
2

b2
Kmα (., λ)
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with initial conditions Kmα (0, λ) = e
i
2
a
b λ

2

and d
dxK

m
α (0, λ) = 0

Let m ∈ SL2(R) such that b 6= 0. For f ∈ C∗,c(R), we define the generalized
translation operators associated with the operator Bα,m by ([9]):

(1.11) τα,m,hf(x) = e
i
2 ( db h

2+ a
b x

2)τα,h

[
e−

i
2
d
b s

2

f(s)
]

(x);

where τα,h is the translation operator associated with the operator Bα and C∗,c(R)
is the space of the even continuous functions with support compact.

2. Main results

Our main results are inspired from the work realised by V.A. Abilov, F. V. Abilova,
M.K. Kerimov and E. C. Titchmarsh (see [1], [2], [3],[4], [5], [7], [8], [11]). Briefly, we
give new estimates for the canonical Fourier-Bessel transform of a class of function
f in a Sobolev space that we will define later.

Lemma 2.1. (see [6],[10])
We have the formulas

i) L−d
b
◦Bα,m ◦ L d

b
= Bα.

ii) Fmα = e−i(α+1)π2 sgnbL d
b
◦Db ◦ Fα ◦L a

b
where Fα is the classical Bessel trans-

form.

iii) τα,m,h = e
i
2
d
b h

2

L d
b
◦τα,h◦L− db , where τα,h is the translation operator associated

to the classical Bessel operator.

Definition 2.1. ([7])
Let k ∈ N. The kth order modulus of continuity of a function f ∈ Lp(R+, x2α+1dx)
is defined as

(2.1) Ωk,p,α(f, δ) = sup0<h≤δ‖∆k
α,hf‖p,α

where,

∆0
α,hf = f

∆α,hf = (τα,h − I)f

∆k
α,hf = (τα,h − I)kf

and I is the identity operator.
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Definition 2.2. Let k ∈ N. The kth order generalized modulus of continuity of a
function f ∈ Lpα(R+) is defined as

(2.2) Ωk,p,α,m−1(f, δ) = sup0<h≤δ‖∆k
α,m−1,hf‖p,α.

where,

(2.3) ∆0
α,m−1,hf = f,

(2.4) ∆α,m−1,hf = (τα,m−1,h − e−
i
2
a
b h

2

I)f

(2.5) ∆k
α,m−1,hf = (τα,m−1,h − e−

i
2
a
b h

2

I)kf.

We denote in the classical Bessel harmonic analysis byWr
p(Bα) the class of func-

tions f belongs to Lp(R+, x2α+1dx) that have generalized derivatives in the sense
of Levi (see [9])such that for all j ∈ {1, ..., r} we have Bjαf ∈ Lp(R+, x2α+1dx).

And by Wr,k
p,Ψ(Bα) where, r ∈ N∗, k ∈ N∗ and Ψ is a nonnegative function on R+,

the class of functions f belongs to Wr
p(Bα) satisfying the estimate

Ωk,α((Bα)rf, δ) = O(Ψ(δk) as δ → 0.

We denote in the canonical Bessel harmonic analysis by Wr
p(Bα,m−1) the class

of functions f belongs to Lp(R+, x2α+1dx) that have generalized derivatives in
the sense of Levi (see [9]) such that for all j ∈ {1, ..., r} we have Bjα,m−1f ∈
Lp(R+, x2α+1dx).

And by Wr,k
p,Ψ(Bα,m−1) where, r ∈ N∗, k ∈ N∗ and Ψ is a nonnegative function on

R+, the class of functions f belongs to Wr
p(Bα,m−1) satisfying the estimate

Ωk,p,α,m−1((Bα,m−1)rf, δ) = O(Ψ(δk) as δ → 0.

Lemma 2.2. Let f ∈ Lp(R+, x2α+1dx) we have

i) Ωk,p,α,m−1(f, δ) = Ωk,p,α(L a
b
f, δ).

ii) W r
p (Bα,m−1) = L− ab (W r

p (Bα)).

iii) Wr,k
p,Ψ(Bα,m−1) = L−a

b

(
Wr,k
p,Ψ(Bα)

)
.
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Proof. i) Let f ∈ Lp(R+, x2α+1dx)

Ωk,p,α,m−1(f, δ) = sup0<h≤δ

∥∥∥∆k
α,m−1,hf

∥∥∥
p,α

= sup0<h≤δ

∥∥∥∥(τα,m−1,h − e−
i
2
a
b h

2

I
)k
f

∥∥∥∥
p,α

= sup0<h≤δ

∥∥∥(L− ab ◦ τα,h ◦ L a
b
− I

)k
f
∥∥∥
p,α

= sup0<h≤δ
∥∥L− ab ◦∆k

α,h ◦ L a
b
f
∥∥
p,α

= sup0<h≤δ
∥∥∆k

α,h

(
L a
b
f
)∥∥
p,α

= Ωk,p,α(L a
b
f, δ).

ii)

f ∈W r
p (Bα,m−1)⇔ f ∈ Lp

(
R+, x2α+1dx

)
and ∀j ∈ {1, ..., r} Bjα,m−1f ∈ Lp

(
R+, x2α+1dx

)
⇔ f ∈ Lp

(
R+, x2α+1dx

)
and ∀j ∈ {1, ..., r} L− ab ◦B

j
α ◦ L a

b
(f) ∈ Lp

(
R+, x2α+1dx

)
⇔ f ∈ Lp

(
R+, x2α+1dx

)
and L a

b
f ∈W r

p (Bα)

⇔ f ∈ L− ab
(
W r
p (Bα)

)
.

iii) f ∈W r,k
p,Ψ(Bα,m−1)⇔ f ∈W r

p (Bα,m−1) and Ωk,p,α,m−1(Brα,m−1f, δ) = O(Ψ(δk)

⇔ L a
b
f ∈W r

p (Bα) and Ωk,p,α(L a
b
f, δ) = O(Ψ(δk) as δ → 0

⇔ L a
b
f ∈W r,k

p,Ψ(Bα)

⇔ f ∈ L− ab
(
W r,k
p,Ψ(Bα)

)
.

Theorem 2.1. Let 1 < p ≤ 2, m ∈ SL2(R) and ψ be a nonnegative function on

R+. For all f ∈ Wr,k
p,Ψ(Bα,m−1) we have,∫

|λ|≥N
|Fmα (f)(λ)|qλ2α+1dλ = O

(
N−rq(Ψ)q

(
(
c

N
)k
))

as N → +∞

where c is a positive constant, r ∈ N; k ∈ N∗; q is the conjugate exponent of p.

Proof. We have f ∈ Wr,k
p,Ψ(Bα,m−1)⇔ L a

b
f ∈ Wr,k

p,Ψ(Bα). Then by [7] we have

∫
|λ|≥N

|Fα(L a
b
f)(λ)|qλ2α+1dλ = O

(
N−rq(Ψ)q

(
(
c

N
)k
))

as N → +∞

where c is a positive constant, r ∈ N; k ∈ N∗; q is the conjugate exponent of p. By
relations (see[6],[10])

(2.6) Dbf = D|b|f for all b ∈ R∗ and f is is even function.
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(2.7) Fmα = e−i(α+1)π2 sgnbL d
b
◦Db ◦ Fα ◦ L a

b

we deduce the result.

Corollary 2.1. Let Ψ(t) = tβ and f ∈ Wr,k
p,tβ

(Bα,m−1) where β > 0 and 1 < p ≤ 2.
Then, ∫

|λ|≥N
|Fmα (f)(λ)|qλ2α+1dλ = O

(
N−rq−qkβ

)
as N → +∞

where, q is the conjugate exponent of p.

Theorem 2.2. Let Ψ(t) = tβ and 0 < β < 2 this conditions are equivalents

i) f ∈ Wr,k
2,tβ

(Bα,m−1)

ii)
∫
|λ|≥N |F

m
α (f)(λ)|2λ2α+1dλ = O

(
N−2r−2kβ

)
as N → +∞

Proof. i)⇒ ii). By corollary (2.1) we deduce easily the result.
ii)⇒ i). Let f ∈ L2

(
R+, x2α+1

)
such that

∫
|λ|≥N |F

m
α (f)(λ)|2λ2α+1dλ = O

(
N−2r−2kβ

)
as N → +∞

by lemma (2.1) we have the formula

Fmα = e−i(α+1)π2 sgnbL d
b
◦Db ◦ Fα ◦ L a

b

where Fα is the classical Bessel transform. Then

∫
|λ|≥N |F

m
α (f)(λ)|2λ2α+1dλ =

∫
|λ|≥N |e

−i(α+1) Π
2 sgnbL d

b
◦D|b|◦Fα◦L a

b
(f)(λ)|2λ2α+1dλ

=
∫
|λ|≥N |D|b| ◦ Fα(L a

b
f)(λ)|2λ2α+1dλ

=
∫
|λ|≥N |

1
|b|α+1Fα(L a

b
f)( λ|b| )|

2λ2α+1dλ

by change of variables we put λ = |b|µ. we have dλ = |b|dµ and |λ| ≥ N equivalent
to |µ| ≥ N

|b| . Then,∫
|λ|≥N |F

m
α (f)(λ)|2λ2α+1dλ = 1

|b|2α+2

∫
|µ|≥ N

|b|
|Fα(L a

b
f)(µ)|2(|b|µ)2α+1|b|dµ

=
∫
|µ|≥ N

|b|
|Fα(L a

b
f)(µ)|2µ2α+1dµ.

Since,∫
|µ|≥ N

|b|
|Fα(L a

b
f)(µ)|2µ2α+1dµ = O

(
N−2r−2kβ

)
as N → +∞

and by [4] we have L a
b
f ∈W r,k

2,tβ
(Bα). Thus

f ∈ L− ab
(
W r,k

2,tβ
(Bα)

)
= W r,k

2,tβ
(Bα,m−1).
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Theorem 2.3. Let 0 < γ ≤ k and f ∈ Wr
p(Bα,m−1) such that

‖∆k
α,m−1,h(Bα,m−1)rf‖p,α = O(hγ) as h→ 0,

then
Fmα (f) ∈ Lβ(R+, x2α+1dx)

for
2αp+ 2p

2p+ 2α(p− 1)− 2 + γp+ rp
< β ≤ p

p− 1
.

Proof. Let f ∈ Wr
p(Bα,m−1) and 1 < p ≤ 2 we have

‖∆k
α,m−1,h(Bα,m−1)rf‖p,α = ‖

(
Tα,m−1,h − e−

i
2
a
b h

2I
)k (

(Bα,m−1)rf
)
‖p,α

= ‖L− ab ◦∆k
α,h ◦ L a

b

(
(Bα,m−1)rf

)
‖p,α

= ‖∆k
α,h

(
(Bα)rL a

b
f
)
‖p,α

= O(hγ) as h→ 0
Therefore by the result in [5] and lemma (2.1) and lemma (2.2) we deduce Fmα (f) ∈
Lβα(R+)

2αp+ 2p

2p+ 2α(p− 1)− 2 + γp+ rp
< β ≤ p

p− 1
.

Definition 2.3. Let 0 < γ ≤ 1. A function f ∈ Wr
2 (Bα,m−1) is said to be in the

k-m−1-Bessel Lipschitz class, denoted by DLip(γ, 2, k,m−1), if

(2.8) ‖∆k
α,m−1,h(Bα,m−1)rf‖2,α = O(hγ) as h→ 0.

Lemma 2.3. Let 0 < γ ≤ 1 and k ∈ N we have

(2.9) DLip(γ, 2, k,m−1) = L− ab (DLip(γ, 2, k))

Proof. We have

f ∈ DLip(γ, 2, k,m−1) ⇔ f ∈ Wr
2 (Bα,m−1) and ‖∆k

α,m−1,h(Bα,m−1)rf‖2,α =

O(hγ) as h→ 0
⇔ L a

b
f ∈W r

2 (Bα) and ‖∆k
α,m−1,h(Bα,m−1)rf‖2,α = O(hγ) as h→ 0

⇔ L a
b
f ∈W r

2 (Bα) and ‖∆k
α,h(Bα)rL a

b
f‖2,α = O(hγ) as h→ 0

⇔ L a
b
f ∈ DLip(γ, 2, k)

⇔ f ∈ L− ab (DLip(γ, 2, k)).

Theorem 2.4. Let f ∈ Wr
2 (Bα,m−1). The following are equivalents
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1) f ∈ DLip(γ, 2, k,m−1)

2)
∫
|λ|≥s |λ|

2r|Fmα (f)(λ)|2λ2α+1dλ = O(s−2γ) as s→ +∞

Proof. By lemma (2.3) we have
f ∈ Dlip(γ, 2, k,m−1)⇔ L a

b
f ∈ DLip(γ, 2, k)

Corollary 2.2. Let f ∈ DLip(γ, 2, k,m−1). Then

(2.10)

∫
|λ|≥s

|Fmα (f)(λ)|2λ2α+1dλ = O(s−2γ−2r) as s→ +∞

3. Conclusion

In this work, via the chirp multiplication from Lp(R+, x2α+1dx) into Lp(R+, x2α+1dx)
and by the algebraic relations:

i) L−d
b
◦Bmα ◦ L d

b
= Bα.

ii) Fmα = e−i(α+1)π2 sgnL d
b
◦Db◦Fα◦L a

b
where Fα is the classical Bessel transform.

iii) τα,m,h = ei
d
2bh

2

L d
b
◦τα,h◦L− db , where τα,h is the translation operator associated

to the classical Bessel operator.

we were able to establish, without using calculations, the first and the second gen-
eralized Abilov’s theorems and generalized Titchmarsh’s theorems.
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